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Recap
* Center of Mass, Moments of Inertia

Today Point mass
* Moments of Inertia, Kinetics of Rigid Bodies m

y 2

T loz =mr
o X
Arbitrary rigid body Simple shapes: tables
Disk:
1 2

Icz = M pr2dV lez =5mr
B

rcp = distance orthogonal to Z-axis
Parallel Axis Theorem  Ip, = Ic; + mré must be from COM

" B B : :
Additive Theorem  [E% =[,1 + [ ,,2 must be on the same point, along the same axis

First use Parallel Axis Theorem, then Additive Theorem



Rigid Body Kinetics

Kinematics —— 7, v

S

,d, W, a (no forces)

-

Kinetics —> F =md, M = I&, forces, moments

Particle: XF = md

Equations of motion

Rigid Body: YE = ma,
2Mez = Iczaz| C=CoM = Center of Mass
o)
XMy; = lpzaz| O = Fixed Point

Forces & inertia | Motion

> o

Moments m, 1 a,a




Initially

P accelerates A.
B.
C.

C accelerates
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Example

Disk starts at rest.
No gravity.
Force D,, > 0 applied at P



O 0 W

2D,

3

Dy

c5|

_Dx

-2D

=

Example

>

O 0 w

Disk starts at rest.

No gravity.

Force D,, > 0 applied at P
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Moments

My =7.p X Fp| moment about C due to force at P




Example: Rigid-rod Pendulum

1. System diagram

SO

Rigid rod, length €, mass m, gravity g

Find: angular acceleration as a function of 9, 6

2. FBDs



Example: Rigid-rod Pendulum

3. Kinematics: d., @




Example: Rigid-rod Pendulum

3. Kinematics: d., @

r6
—16>
.
2162
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m O O W >

Coordinates for a;?
A. Cartesian
B. Polar



Example: Rigid-rod Pendulum

4. Kinetics (Newton):

¥4
B. Rq
¥4
C. —°R,
D. %R,




Example: Rigid-rod Pendulum

4. Kinetics (Newton):

—

0 0
R = Rrér + Rgég a= (j/— Téz)ér + (7"9 + Z%é)ég

SF = md, =>}_?)—mgj=—m§92ér+mgéé9 €
1 2
XMcz = Icz0z Icz = Emf
— > - v A A A ¥ ~
My =7 XR = (_E r) X (Rr6, + Rgég) = —=Rgk
MCZ =ICZaZ i—gRQ =%m‘€29 @
5. Algebra (1) 6-direction = Rg —mgsin = mgé ©)
@ = —fRg = cmt?d O

3)+1) = —mgfsin9=§m€2é

.o 3 . . .
6 = _E%Sme Solve this numerically




Example: Rigid-rod Pendulum
Alternative solution using fixed-point O

0 0
4. Kinetics (Newton): d = QV— r02)é, + (r6 + 2%5)@9

1
LMoz = loz0z oz = gmfz

1\70 = Toc xﬁ"a = (gér) X (mg cosf é, —mgsinf éy)
MO = —mgésin@l?

My, = lpza; = —mgésin@ = %mfzé?

5. Algebra 6 = —%%sin@




Instantaneous Centers (IC)

Rigid body moving in 2D.
* Rotating and possible translating

IC = M = point that is not moving
= point that RB is rotating about
(only defined instantaneously)



Instantaneous Centers (IC)

Rigid body moving in 2D.
* Rotating and possible translating

IC = M = point that is not moving
= point that RB is rotating about
(only defined instantaneously)

AN

A
/ Which point is M?

°C

K




Instantaneous Centers (IC)

Rigid body moving in 2D.
* Rotating and possible translating

IC = M = point that is not moving
= point that RB is rotating about
(only defined instantaneously)

\E A, E

A
/ Which pointisM? |
) C C \

B\ 'D/' B\ D




Which point is M?

Ce

N

IC Examples

Direction of Vg ?




IC Examples

Which point is M? Direction of Vg ?
\ B
E
A
Ce # > A
Ce °|B o A
\
/ D
Dl
Which point is M? Direction of Vg ?
+—nE B
A
E
Ce °|B o A Ce % > A
\
Do D




IC Examples

Which point is M?




Intuition for IC

From M, Up is orthogonal to 7y,p (Why?)

s P
Up = WTyp
. speed proportional to distance from M
| M
<




>e

More IC Examples

Which point is M?

Up



More IC Examples

Which point is M?

Up
A
B e
C
D
E
E Which point is M?
D¢ OB ¢E
// \\

> e



Even More IC Examples

Which point is M? D
Ae
E - none
C
Which point is M?
D
A B

E - none



Graphical Rules for Finding M (the IC)

Draw lines perpendicular to velocities

If the lines intersect at a single point

= that pointis M

If the lines are the same lines

= Draw a line through the velocity tips

* |f the lines intersect at a single point

= that point is M

Careful!
Consistent direction of rotation

Consistent speeds v = wr

Body may not be rotating (pure translation)



Example

°C

N

Which body is translating?

A.

moow

RB #1
RB #2
both

. heither

can’t tell

RB #2

A,

oF

N



Some Key Points

Rotation is a property of the body as a whole
Translation really isn’t such a property
(unless we have pure translation)

We can talk about translation of specific points,
like center C



Calculating the Position of M

Key property: M is the point with v, = 0 at that instant
OR vp is in pure rotation about M.

Example Ve = (4,2)m/s
w = —2rad/s

Where is M relativeto C ?




Example

74 = (1,4)m Uy = (=3,—=9)m/s
5 = (3,3)m vg = (0,—3)m/s
Where is M?




Example

The Ladder is sliding down the wall.
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