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TAM 212 – Dynamics



Recap
• Rigid Bodies in Contact, Gears
Today
• Rigid Body Acceleration, Gears

P

C

y

x𝑶𝑶

𝑟𝑟𝐶𝐶

𝑟𝑟𝑃𝑃

𝑟𝑟𝐶𝐶𝐶𝐶

𝛼𝛼𝑧𝑧𝑟𝑟𝐶𝐶𝐶𝐶⊥ 𝜔𝜔𝑧𝑧𝑟𝑟𝐶𝐶𝐶𝐶⊥

−𝜔𝜔𝑧𝑧2𝑟𝑟𝐶𝐶𝐶𝐶𝑎⃗𝑎𝑃𝑃/𝐶𝐶

𝜶𝜶 𝝎𝝎

Assume
𝝎𝝎 𝜶𝜶

𝑣⃗𝑣𝑃𝑃 = 𝑣⃗𝑣𝐶𝐶 + 𝜔𝜔 × 𝑟𝑟𝐶𝐶𝐶𝐶

𝑟𝑟𝑃𝑃 = 𝑟𝑟𝐶𝐶 + 𝑟𝑟𝐶𝐶𝐶𝐶

𝑎⃗𝑎𝑃𝑃
= 𝑎⃗𝑎𝐶𝐶 + 𝛼⃗𝛼 × 𝑟𝑟𝐶𝐶𝐶𝐶 +𝜔𝜔 × 𝜔𝜔 × 𝑟𝑟𝐶𝐶𝐶𝐶

For 2D x-y plane:

𝑎⃗𝑎𝑃𝑃 = 𝑎⃗𝑎𝐶𝐶 + 𝛼𝛼𝑧𝑧𝑟𝑟𝐶𝐶𝐶𝐶⊥ − 𝜔𝜔𝑧𝑧2𝑟𝑟𝐶𝐶𝐶𝐶

𝑣⃗𝑣𝑃𝑃 = 𝑣⃗𝑣𝐶𝐶 + 𝜔𝜔𝑧𝑧𝑟𝑟𝐶𝐶𝐶𝐶⊥
𝑟𝑟𝑃𝑃 = 𝑟𝑟𝐶𝐶 + 𝑟𝑟𝐶𝐶𝐶𝐶

stick = no relative velocity at contact
𝑣⃗𝑣𝐴𝐴 = 𝑣⃗𝑣𝐵𝐵 𝑣𝑣𝐴𝐴𝐴𝐴 = 𝑣𝑣𝐵𝐵𝐵𝐵

slip = relative velocity at contact
𝑣⃗𝑣𝐴𝐴 ≠ 𝑣⃗𝑣𝐵𝐵 𝑣𝑣𝐴𝐴𝐴𝐴 = 𝑣𝑣𝐵𝐵𝐵𝐵

𝜔𝜔1𝑧𝑧
𝜔𝜔2𝑧𝑧

= −
𝑟𝑟2
𝑟𝑟1

Gears:



Standard Sign Conventions

P2P1

𝜔𝜔1
𝜔𝜔2

𝑟𝑟1 𝑟𝑟2

𝑩𝑩𝟐𝟐

𝑩𝑩𝟏𝟏

C1 C2

̂𝚥𝚥

̂𝚤𝚤

𝑣⃗𝑣𝑃𝑃1 = 𝑣⃗𝑣𝐶𝐶1 + 𝜔𝜔1 × 𝑟𝑟𝐶𝐶1𝑃𝑃1
= 0 + 0, 0,𝜔𝜔1𝑧𝑧 × 𝑟𝑟1, 0, 0
= 0,𝜔𝜔1𝑧𝑧𝑟𝑟1, 0

𝑣⃗𝑣𝑃𝑃2 = 𝑣⃗𝑣𝐶𝐶2 + 𝜔𝜔2 × 𝑟𝑟𝐶𝐶2𝑃𝑃2
= 0 + 0, 0,𝜔𝜔2𝑧𝑧 × −𝑟𝑟2, 0, 0
= 0,−𝜔𝜔2𝑧𝑧𝑟𝑟2, 0

𝑣⃗𝑣𝑃𝑃1 = 𝑣⃗𝑣𝑃𝑃2
𝜔𝜔1𝑧𝑧𝑟𝑟1 = −𝜔𝜔2𝑧𝑧𝑟𝑟2

𝜔𝜔1𝑧𝑧
𝜔𝜔2𝑧𝑧

= −
𝑟𝑟2
𝑟𝑟1

𝜔𝜔1𝑧𝑧𝑟𝑟1

𝜔𝜔2𝑧𝑧𝑟𝑟2

Standard sign convention uses CCW as 
positive direction for 𝜔𝜔 and let the resulting 
sign of 𝜔𝜔 to determine the actual direction.  

𝜔𝜔1
𝜔𝜔2

Alternative sign convention



Example

𝑟𝑟2

C2

𝑟𝑟3

C3

𝑟𝑟1

C1

A. 𝒓𝒓𝟏𝟏
𝒓𝒓𝟑𝟑

B. 𝒓𝒓𝟑𝟑
𝒓𝒓𝟏𝟏

C. 𝒓𝒓𝟏𝟏𝒓𝒓𝟑𝟑
𝒓𝒓𝟐𝟐

D. 𝒓𝒓𝟐𝟐
𝒓𝒓𝟏𝟏𝒓𝒓𝟑𝟑

𝝎𝝎𝟑𝟑𝟑𝟑

𝝎𝝎𝟏𝟏𝟏𝟏
=

𝝎𝝎𝟑𝟑𝟑𝟑

𝝎𝝎𝟏𝟏𝟏𝟏
= ⎕

A. Positive sign
B. Negative sign



Example

A. 𝒓𝒓𝟏𝟏𝒓𝒓𝟐𝟐
𝒓𝒓𝟑𝟑𝒓𝒓𝟒𝟒

B. 𝒓𝒓𝟏𝟏𝒓𝒓𝟒𝟒
𝒓𝒓𝟐𝟐𝒓𝒓𝟑𝟑

C. 𝒓𝒓𝟐𝟐𝒓𝒓𝟑𝟑
𝒓𝒓𝟏𝟏𝒓𝒓𝟒𝟒

D. 𝒓𝒓𝟏𝟏𝒓𝒓𝟑𝟑
𝒓𝒓𝟐𝟐𝒓𝒓𝟒𝟒

E. 𝒓𝒓𝟑𝟑𝒓𝒓𝟒𝟒
𝒓𝒓𝟏𝟏𝒓𝒓𝟐𝟐

𝝎𝝎𝟒𝟒𝟒𝟒

𝝎𝝎𝟏𝟏𝟏𝟏
=

𝝎𝝎𝟒𝟒𝟒𝟒

𝝎𝝎𝟏𝟏𝟏𝟏
= ⎕

A. Positive sign
B. Negative sign

𝑟𝑟2

C2 C3

𝑟𝑟3𝑟𝑟1

C1

𝑟𝑟4

C4



Acceleration in contact (“no slip”)

𝑟𝑟2

C2

𝑟𝑟1
C1

𝜔𝜔2𝜔𝜔1

𝜔𝜔2𝑧𝑧

𝜔𝜔1𝑧𝑧
= −

𝑟𝑟1
𝑟𝑟2

𝜔𝜔1𝑧𝑧𝑟𝑟1 = −𝜔𝜔2𝑧𝑧𝑟𝑟2

1. Differentiate velocity expressions

2. Contacting points have equal tangential acceleration

𝑟𝑟2 C2
𝑟𝑟1C1

𝜔𝜔2𝜔𝜔1 P Q

̂𝚥𝚥

̂𝚤𝚤



Gear Drives
Gears

Chains

𝜔𝜔1
𝜔𝜔2

𝑟𝑟1 𝑟𝑟2C1 C2

P2P1

𝑟𝑟2

C
2

𝑟𝑟1
C1

𝜔𝜔2
𝜔𝜔1

P1

P2

P3

𝜔𝜔2𝑧𝑧

𝜔𝜔1𝑧𝑧
= −

𝑟𝑟1
𝑟𝑟2

𝑣⃗𝑣𝑃𝑃1 = 𝑣⃗𝑣𝑃𝑃2

larger gear spins slower
opposite directions

← no slip

𝜔𝜔2𝑧𝑧

𝜔𝜔1𝑧𝑧
=
𝑟𝑟1
𝑟𝑟2

𝑣𝑣𝑃𝑃1 = 𝑣𝑣𝑃𝑃2 = 𝑣𝑣𝑃𝑃3

larger gear spins slower
same directions

← same speeds



Example

What is the 
direction of 𝒂𝒂𝑷𝑷?

𝒂𝒂𝑷𝑷𝒙𝒙 = A. 1 B. 2 C. 4 D. 8 E. 16  (m/s2)

E

C D

AB

𝛼⃗𝛼1 = −4�𝑘𝑘 rad/s2

𝑟𝑟1 = 2 m

𝜔𝜔1 = 2�𝑘𝑘 rad/s

𝑟𝑟2 = 4 m

𝑎⃗𝑎𝑃𝑃 = 𝑎𝑎𝑃𝑃𝑥𝑥 ,𝑎𝑎𝑃𝑃𝑦𝑦

𝒂𝒂𝑷𝑷𝒚𝒚 = A. 1 B. 2 C. 4 D. 8 E. 16  (m/s2)

̂𝚥𝚥

̂𝚤𝚤

𝑟𝑟2

C2

𝑟𝑟1
C1

P



Example

Planetary gears

ring fixed

𝜔𝜔𝑠𝑠𝑠𝑠 = 2 rad/s

What is the direction of 𝒗𝒗𝑷𝑷?

E A

B

C

D

C2

Bs

B2

B3

B1

Br

P

Q

ring gear

sun gear

planet 
gear



Contact Point

Speed and torque are transmitted at the contact point. The contact point is 
between the gear teeth along a line that passes through the line of centers of 
the two gears. This is a simplified view of the complex interaction between 
two gears.  In this view, adopted in TAM 212, the contact point between two 
pitch circles is “not moving” and the transferring of torque is ideal (without 
losses).
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