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Topology and Geometry in Modern Electronic
Structure Theory"

Goals: O Understanding of the foundations of grong
theory in solid state physics

& Develop tools to analyze research papers
on topological materials

& Learn to apply Berry phase techniques



to analyze electronic properties op solids

Rough guide to topics & Space group synmetimes
& Berry phases and Warnier functions

② Band topology
① TopologicalCrystalle insulators

course website : courses-physics -
illime - edulphyssagte

course companatsi - HW (S



- class partrigation
- final presentations
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① Review/Introduction to Grong Theory
Useful · Dresselhaus "Applications of grang they
Resources to the physics of solids



· Serie "Linear representations of
finite group sil

· Bradley and Grachnell "Mathematial

Theory of Symmetry in solids

Starty ganti HV...
HIV-El4-Schrodger equation

transformations * 140-141
ge g



Symmetries : transformations H-H = H

This course : mainly interested in transformations of space
>

y- y= RY + d & by retation or
reflection

+ i = Rq RT-pil a esthogonal

-translation vector

Basic Facts :

① = Y transformation where do

gege nothing -
- Identity transformation"



② I can always unde a transformation consider
transformations that have inverses

③ If I have two transformations , I a compose
them to get a third

-> Define : a set G is aegpof

① there's an operation product/ such that

966 , 96 9:976

9: 1998 = 19, 92 · g
,
(assewater



② there exists &G such that

E . g = g . E =g for all go

&If get of there exists gt s .
t
.

gig = gig = E

Examples of grongs :

① Unitaryoperators on Ed-dimensional Hilbert space
Und - the set of didmates VeO(d

ut=p-



·

Binary operations mate multiplication
· Identity Matrix # is E
· unitary matrices all have inverses
V , keura

Crive)
*
= Vett =Nik)

+

& The group ef rotations in 36 space

special orthogonal group sorst
↑ ↑ ↑

determinant transpose 343 natures
is inverse

My



& Translations in 30 space P
- elements are 3d rectors VER
- binary operation : Vector addition
- dentry -s :
- versesi v

=
= -V

*- Y = y +V

Soma important facts about groups
Given a grang G

we can consider subsets



HGG such that I sale a group
&
yureggs HSG /"His a subgragetG

HCG is a subgray of
· Eh
· I is closed under : hi, hlthine
· It is closed under taking inverses helt
=> H

Examples: · Groug 5013) and pick some as in

& all retations about 5 Sors



sorz orst
· translatin group

R3 = Etie) 11,y,zers
pick 3 linearly independent rectors- ~

Este, to

T-Erit+Ett/11211e]
TSIR = subgrays of this form are
called Bravas latties

HSG - is a subgrad of G ( could be G itself



HSG - His a "proper subgroup" (I is a subgrey of
-

H +6)

We can use subgrays HSG to learn about the

structure of G :

given 6 a group HSG a subgrad
we can define , for each get , the

right caset of I by 9

Hg =Elighelt)



-Important fact : Every element gitG is in over

and only one right coset of H

Proofi. First show that every get is in at least

are right coset , then show its in onlane

I. Remember Felt

Hg' = Shog/helt) Egogl

2. Now we show this is the only one :

assume geHg , and getge gifts



and show Hg , Hgz

gleHg , gelten
↓ ↓

gshig,
Y !

g=h2 : 92

hig , hig

Wh , 9 , = hilrie
9,hilig hihelt

Hs, = Elig , I hel



= SheheShelte
-

Wthibz
-Sh · In/h) = He Y

group multiplication
is invertible

-> every element of Gisin exactly one right coset-
right cosets ofI partitie G

H

⑭⑮



6 HU Hs
, UHgy ....UHg,,, i coset decomposition

of G

[ ,91152-3 roset representatesa

1. total It of right cosets of
I - the huy

of Hi G 1 = 16 : H

The number of coset representatives is freed, but

the representatives themselves are not nurque



Hh gi and hgi have
to be in the save coset

let he/helT= H


