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Problem: given Az,5 and At g, what are Az, 5, At' 457

(1) ForAz =0,At # 0 (1 —v?2/c?)"1/2

At' = y(v)At < Fitzgerald time dilation

(2) Since S’ sees S move in time At’ a distance —vAt’
AZIlAZ:O = _UAtllAz=0 = —vy(v)At
(3) For At = 0, Az # 0,

Az'|pp=o = Y(V)Az < inverted Lorentz contraction

(4) For At = 0, Az # 0,

_U@AZ

At,lAt=0 - Cz

<« “relativity of simultaneity”
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In our case this implies:

by (3) and (4),

Azye = y(V)Azy, Aty = —(y()v/c*)Azyc

and by (1) and (2),

Azgg = —vy(v)Atcp, Atcp = y(v)Atcp

sosince Azyp = Az + Azpg (etc.), and Azye = Azyp

Az = vY(V)(Azsp — VAL
AB y(@)( AB AB) (and AXAB = Axyp,

Atgp = y()(Atap — (/c*)Azyp) etc.)

0

standard Lorentz transformation
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ADDITION OF VELOCITIES IN SPECIAL RELATIVITY

S" . Ou

. >
v(relative to S’)
S' -l —
u(relative to S)
S -0

What is velocity of S“ relative to S? (call it w)

Consider (any) two events as viewed from S, S' and S":

LT - . Ax —uAt . At —ulx/c?
T o px = At =
(S5 J1—u2/c? J1—u2/c?
LT - " Ax" — vAt

At" = [not needed]

(S > S") : _\/1—U2/C2

_ (Ax —uAt) —v(At — ulx/c?)
- JA—u?/e)(A —v2/c?)

_ Ax(1 +uv/c?) — (u+v)At
) V-

Suppose 2 events are e.g. light flashes emitted by 0", so Ax" = 0,

then Ax/At = (u +v)/(1 +uv/c?). But Ax/At is by definition
just w, SO

B u-+v
14+ uv/c?

w Whichis< cforanyu,v <c
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Analogy: rotation in ordinary (2D) space

x1

W 1
—
0.5 { : y \ origin
km o mmmm e us ¢ © (Race & University)

A ’ origin \
1 km (Race & University)

X' =X,y =y (but (distance)? = x' 2 +y' 2= x2 +y2)

“Minkowski space”:

NEHNE o
X : 7
= |0
c <
0 /'ct'\
ot —» slo/pe
=7v/C
X' #X U=t

C'2—x2=c2t2—x2  provided we rescale axes
\ J [\

l —  appropriately
(As")? (As)?




THE TWINS PARADOX IN MINKOWSKI SPACE™: Phys 598 CPP 5
Analogy in ordinary (2D) space: (trivial!)

o) > X

(AS)ZZD = (AX)Z + (Ay)z

ASo o aox = Asop + As gy # As oy

>)
Minkowski space:
X
(viewed from Alice’s
(inertial) frame)
2 =2 2 _ 2
ctT | (As)?\1in = C2(At)? = (Ax)
A
0 N,

Proper time elapsed = (As . )/c

(AS iota ) Barbon = AS oa + AS px # As oy =ct

(<)

*largely based on A.P. French, Special Relativity. pp. 154 -9



(a) As?, =0

(“light-like
separated”)
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ct

d light
of E;

cone
<_backwa rd_>

light cone of

All observers agree on
sign of At,,

<« backward

light cone of
El
ct T
(b) Asf, > 0 Z
(“timelike
separated”)
1 :
 —> (L.T.)
All observers still agree
on sign of At,,
(C) A8122 <0 ctT gqual
time for O v
(“spacelike X
separated”’) N\ | /¥ _ _.2

ELSEWHERE

Observers may
disagree on sign
of At,,

equal time
for O’




Phys 598 CPP 7

forward —»

light cone of X ~._ <«— backward
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Relativistic mechanics

Newton Einstein
Transformation ¢ t’=y(u)(t—(u/c2)x)
X'=X—-ut X'=}/(U)(X—U’[)
Invariant?
time interval yes no
spatial interval no no
space-time interval no yes
mass yes yes
momentum no no
energy no no

eg s egs . UA—B —I-UB_C
Addition of velocities v, . =0, 5 + U ¢

Upc =
1+ (UA_BUB_C /¢’ )
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P »
A 4 >

u
O reckons: OeM
Initial —>SP=0 —U L
momentum m m
Final —P'=mo+m(-v)=0
momentum

! .
= P'=P, momentum is conserved
O’ reckons:

P=-Mu=-2mu

P'=—-mo/ +mu,
but if O’ uses relativistic velocity-addition law, then he reckons
r —u+y, | —U+v , —U+v, -U-—v

Cltug /e 1w/t T /E I—un/c

3

and so
o T . 2 2
P’:m( u+02j+m( - Uzj:—zmu v éc # P!
l+uv/c l-uv/c 1—(uz)) /c*

momentum is not conserved = Lorentz invariance violated.

(since statement true for O is not true for O")

Conclusion: cannot simultaneously maintain

(1) Conservation of mass

(2) Newton’s laws with standard definition of momentum
(3) General Lorentz invarance
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M
Oe
s B

Relax mass conservation, i.e. setM =2m?
But would need
(1—02/C2)

M /2m= 5
1—(UU/CZ)

< dependsonu

— violates Lorentz invariance

Alternatively, consider collision where all masses same, then

O reckons:
|n Zml) Zml out - out
O’ reckons: (i)
(o U)

Zmu =>m,

i 1-|-UU /C

(i) _
P, = X mell = ¥ [ohe-u)

i (1+u Out/C )

in general,
! 4
P.#P,

out
P =P

out In

— Violate Lorentz invarance
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1 m.( .—u)
P’=§ mJ. = E L

1

:\/l—uz Z\/l 02/C _UZ\/I v’

T T T

constant conserved by must also
hypothesis be conserved!
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If we assume that description of collision processes is Lorentz
invariant, i.e. that conservation of momentum in one inertial frame
implies its conservation in any other, then we are forced to
conclude that the quantity

m.c*
' (*)
Zi: \/l —v’/c’

1s conserved in any inertial frame.

Now, mc?

= mc’ +lm02 ¥
\/1—1)2/02 2 0

nonrelativisitic KE

Should we take the mc? seriously?
One advantage if we do: On Lorentz transformation, then it turns out
that

P'=y(v)(P-vE/C?)

E'=y(v)(E-vP)
Just like X and t!

=0

Disintegration: —v

Conservation of the expansion (*) implies
Mc® =2mc> /~/1-0? / ¢

or M = 2m om

\/1—1)2/C2
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Momentum seen by observer O':

o Z m,u;

i \/I—Ui'2 /c’

, SO
1-up, /¢

but v =

P’ sziJi , when

(,—u)/(1-up, /c?)

J. = X<+ 1-uv /c*:
1_(ui—u)z/c2

(l—uz)i /Cz)2

\/1—02+uzui2/c4—uf/c2+/cz—u2/cz

B v, —U - ~u
\/1+ufui2/c“—uf/cz—uz/cz \/l—uf/cz N1-u? /¢




