Phys 486 Spring 2023

Midterm Exam 2 Formula Sheet
April. 4, 2023

Reference formulae

Time-dependent Schrodinger equation: ih% (x,t) = —%g—; (x,t) + V(z,t)(x,t)
Normalization: [ dx [¢(x,t)]* =1

Expectation values: (O) = [*_dz*(z,t)O¢(z,t)

standard deviation o: ¢ = (0?) — (O)?

Time-independent Schrodinger equation: H,(z) = ;‘; 52 Un(x) +V(2)n(z) = Enthn(T)
D(@,t) = 3, cathu()e”Fnt/

Orthonormality: [ dz ¢, (2)thn(2) = 6pmn

Operators: momentum p <> —iha—i; position x <+ x; Hamiltonian H < p*/2m + V(x,1t)
Commutator [A, B] = AB — BA; [x,p| = ih

Uncertainty o303 > (2 ([A, B]))

4Q) = (/W)(H. Q) + (0Q/0)

Infinite square well, V(z) =0 for 0 < z < L, V(2) = oo elsewhere:

Uy (z) = \/%sin(nm:/L) B, = 22 (m)2

2m \ L
Free particle, V' = 0. Momentum eigenstates ¢ (x) = \/%e“m
Continuum orthonormality, [*°_da ¢} (2)ty, (x) = 6(k — ko)

Integrals: Gaussian, [~ du e~ +81) — /1 [ eB/4 for Reaw > 0

[Z dza’e —oa® — /i [4aB

Delta function, §(z) = 0 for z # 0, oo for =0, [*°_dz6(x — a) f(x) = f(a)

Fourier transform: f(z) = —&= [7 dkf(k)e** f(k) = 7= [ duf(x)e=
1

Simple harmonic oscillator, V (z) = smw?z?: define 2§ = h/mw, then

Un(z) = Ane*xz/ngHn(x/xo), A, = (2"nlzg/7)” 1/2 Hermite polynomials H,(y): Ho(y) =1
Hi(y) = 2y, Ho(y) = 49> — 2, H3(y) = 8y> — 12y, Hy(y) = 16y* — 48y* + 12
E,=(n+1/2)hw

Raising and lowering operators,

1 (= ,x0p> ; 1 (:17 ,:vop) ;
a=—|—4+1— ), a'=———-1—, a,a'l =1
V2 (xo h 2 \ 7o h @,



Laplacian in spherical coordinates:

Cr20r or r2sin 6 00 00 2 sin? § D2
Angular momentum operators

Commutation relations: [L,, L,] = ihL,, [L,, L.] = ithL,, [L., L,] = ihL,, [L,,L*] =0

In spherical coordinates:

19 9 1o 9
=i (el ) 4+ L [
Lmeae (Sm 89) * sin296¢2] T

Raising and lowering operators,

. o (- o 0
Ly=L,+il, = he* <z cot 98—¢ + %> , L., L] = +hL.

First few spherical harmonics:

B 1 B 3 s _ /3
Yoo = I Y1i1—:F\/8—7TSln9€ Yio = \/ECOSH
15 , /15 - [ D
Yoig = |/ = sin® e Yor1 = Fy/ = sin 6 cos e Yoo = () ——(3cos? §-1)
321 8T 167
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Problem 1 - Finite dimensional Hilbert space [25 pts]

Consider a Hilbert space consisting of three orthonormal states {|1),[2),|3)}
(a) A linear operator is defined on this Hilbert space:
Z==2+B3)  ZR2)=-D+B)  Z[3)=1) (1)
write a matrix representation of this operator.
(b) Find ZT by giving expressions for ZT[1), ZT|2), ZT3).

(c) The system is prepared in the state %(]1) +|2)—i13)). An unspecified observable is measured

and found to be some definite [unspecified] value. Directly after the measurement the system
has collapsed to the state %(\1) + |3)). What was the probability of this measurement
outcome?

Problem 2 - Simple Harmonic Oscillator [25 pts]

A simple harmonic oscillator is prepared in the initial state:

1
[¥) = \ﬁ(IO) +11) (2)

where |n) are eigenstates of the number operator N.
(a) Compute the average “occupation® = (4| N [¢)). What is the average energy of the SHO?
(b) Use creation and annihilation operators to compute (| & [))

(c) [This problem requires little to no algebra] Consider the state oc afaa’afaa’ |0). The propor-
tionality constant is unspecified but needed to make this state normalized. A measurement
of the energy is made on this state, what are the possible outcomes? What can you say about
the state o< afaaalaal|0)?

Problem 3 - Angular momentum [25 pts]
Consider a particle on a sphere specified by the angles (0, ¢) used in spherical coordinates. The
particle is in some state [i))

(a) The angular momentum L, L? are simultaneously measured and the state collapses to |[¢,m)
for integer £, m. Write an algebraic expression for the probability of this outcome - firstly use
the abstract Hilbert space langauge and secondly use the position basis representation where

(0,0 ) = (0, 9).
(b) The value of L? is measured to be 12A%. What are the possible values of L,?

(c) Compute the commutator of %(Lx + Ly) and L2 + L2.




