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Motivation 

• We want to study the spontaneous formation 
of micelles and vesicles 

• Applications in drug delivery and biological 
self-assembly 

 



Past work 



Outline of the project 

• Use canonical ensemble MC to simulate 
system of Janus particles with umbrella 
sampling 

• Use weighted histogram analysis method 
(WHAM) to reconstruct a free energy surface 

• Investigate assembly landscapes for different 
temperature/density systems 

 



Janus Particle System 

• Kern-Frenkel Janus Particle 

• Hard sphere on one side and hard sphere with a 
square-well attraction on the other side 
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Free energy calculation 

• Want to calculate the free energy along the 
reaction coordinate/order parameter  

 

 

 

•              can be obtained from the probability 
distribution of  

• Can use MC/MD to find            directly 

 

where 



Problem with direct sampling 
Free energy 

Order parameter 

Simulation spends most of the time at equilibrium 

Free energy barrier is rarely sampled 



Umbrella sampling 

• Bias the sampling toward a fixed order 
parameter by a harmonic potential 
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• Construct histograms for the distribution of  
at various fixed points along the chosen order 
parameter 

 



Reaction Coordinate/Order Parameter 

• Use the order 4th rotationally invariant 
spherical harmonics : 𝑄4 

• Used in umbrella sampling of nucleation of 
Lennard Jones clusters to drive from liquid to 
aggregate structures 



Canonical Ensemble MC 

• Possible particles moves 

  - translation 

 - rotation of a patch vector 

• Add harmonic potential term to total energy 
for umbrella sampling 

𝑎𝑐𝑐 𝑠𝑖 → 𝑠𝑖
′ = min 1, 𝑒−𝛽Δ𝑉𝑒−𝛽Δ𝛼  

• Construct histograms of 𝑄4 for set of fixed 𝑄4 
windows 

 



Reconstruct free energy surface 

• Use WHAM to reconstruct the free energy 
surface 

• Need to convert the biased distributions of 𝑄4 
to become unbiased 

• Tries to find weights for each window that 
maximize the expected likelihood of the data 
from our unbiased distribution 



How to use WHAM 

• Self-consistently solve the system of equations 

 

 

 

 

 

• Calculate A() from P() 

𝐴 𝜉 = −
1

𝛽
ln𝑃𝑢(𝜉) 



Different Assembly Phenomena 



Structures 
Vesicle Sheet 

Tube 
Micelle 



Vesicles Sheets 
and 

Tubes 

Free  
particles 

Micelles 

Mapping Structure to FE Landscape 



Constant Density (𝜌𝜎3 = 0.05) 



Constant Temperature (𝛽 = 5) 



Conclusions 

• Umbrella sampling able to bias simulations to 
different assembled structures 

• Able to effectively capture the assembly 
landscape for Janus particles based on local 
particle symmetry using the WHAM algorithm 

• Issues with chosen reaction coordinate 

 

 

 



Proposed Future Work 

• Bias based on a cluster order parameter, not 
particle order parameter 

• Incorporate Grand/Gibbs Canonical moves to 
allow for easier fluctuations in structure as cell 
volume and number of particles change 

• Utilize generalized geometric cluster algorithm 
to allow for cluster moves 
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