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Key Topics of this Lab

1. The Fourier Transform and its Uses

2. Lock-In Amplifiers

3. Data Analysis
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2. Lock-In Amplifiers
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Fourier Series

Circa 1807, while struggling to solve the heat equation, Jean Baptiste
Joseph Fourier described how any* real-valued waveform can be
um of sinusoidal waves (web visualization)

described uniquely** as a s

gy ™ N
s
N\ N\
JANEIVAN JANEVAY
\/ A4
N AR
Jean Baptiste Joseph v v
Fourier
I (1768 — 1830) Physics 401

Asinwt (w = 2xf)

A
+§sm 3wt

A
+§51n 5wt

A .
+;51n 7ot + ...

* square-integrable, periodic, ...

**sin, cos a basis for function space 4


https://bl.ocks.org/jinroh/7524988

Fourier Transform

Extend this scheme elegantly to any* complex function by:

1. Replacing sin and cos with complex exponentials (e'®t = cos wt + i sin wt)
2. Allow for complex coefficients (incorporates phases)
3. Replacing sums with integrals

Physics 401 * square-integrable, periodic, ... 5




The Discrete Fourier Transform

Suppose that our data is a regularly-sampled time series, h,, = h(t,;) = h(n At).
Then the right analog of the FT is the Discrete Fourier Transform:

N-1
- 1
H, = H(fy) = H(k 6§f) = ) hpe 2mnk/N Af =31

N A
n=0
In 1965 J.W. Cooley and J. Tukey* showed how to compute this extremely efficiently

if N is a power of 2 (or at least has few prime factors). This is the Fast Fourier
Transform (FFT), and is approx. the only Fourier transform anyone computes

| | Only modulus of

components shown
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Fourier Analysis of Sighals and Systems

Fourier analysis is very useful for working with Linear Time-Invariant (LTI) systemes,
because differential equations become algebraic ones

Input x(t) Output y(t)
— — LTI System
—— H e
Xle—lwlt (w) Hlxle_lwlt
+ Xyemtw2t + HpX,e @2t
+X38_lw3t +H3X3€_lw3t
+ o + .

The (complex) transfer function H(f) fully describes the response of an LTI system, and can
be applied (in Fourier space!) to any desired input.

Use for diff. eq., filters, control systems, signal processing, circuits (complex impedance), ...

I Physics 401




Frequency Domain Spectroscopy

Input: A sin wt Output: B sin wt + B, cos wt

LTI System = B sin(wt + ¢)
/\/ — — \_\

H(w)

Apply a sine wave input to the system under study and measure the response.

For a linear system the response will be at the same frequency, but possibly
amplified/attenuated (B /A) and phase-shifted (o).

Vary the driving frequency to measure the transfer function H(w) directly

I Physics 401
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2. Lock-In Amplifiers
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The Lock-In Amplifier

Immensely powerful and widely-applicable tool, implemented in hardware or
(increasingly) digital signal processing

Signal in Signal
®— amplifier >
Reference in
| o—| VCO™ =
Modern lock-in amps
credited to

Bob Dicke (1916-1997)
Princeton astronomer

Reference out @

Physics 401

Signal
monitor

output

DC

Low-pass
amplifier

filter

v

-9

‘PSD - phase sensitive detector
“VCO - voltage-controlled oscillator

John H. Scofield
American Journal of Physics 62 (2)
129-133 (Feb. 1994).
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The Lock-In Amplifier: How It Works

Multiplier (“Mixer”)

Signal 1 N Low-Pass Filter
>

/\ - / J\./\ R Amplitude of
; ' single Fourier
\ \/ | c DC output component
Reference \V

The DC output signal is the magnitude of
the product of the input and reference
i : fth ignal
demodulation in AM radic 5|gna.Is AC components of the ou.tput S|gna
receivers are filtered out by the low-pass filter, with
time constant t (here t=RC()

I Physics 401 11

Similar to homodyne




The Lock-In Amplifier: How It Works

AC ) Measuring ' Results as DC voltage
corresponding Uamer Urms -

equipment

@

Simple
implementation

I Physics 401
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Why Synchronous Detection?

o 3 ° .
Clean” sine wave — no noise Because sine wave of

uy)

o different frequencies
) are orthogonal
}— m) U -0.63643V

2m
f sinnx sinmx dx = o,
0

lock-ins can reject
contamination

“Noisy” sine wave extremely well
1 .. ‘ Upc = 0.63643 V How well depends on
] D integration time
- constant T

1
time (s)

Physics 401 13




Amplitude [V]

Why Synchronous Detection?

0.5s integration time

"*'MJM

—— Sig+gaussian noise, rms 1.0
——— Sig: 78.1 Hz, amp 0.01 V

0.0 0.1

Signal amplitude

1/100t of noise rms

20 kHz sampling

! \

Physics 401

0.0101 Peak 0.00963
S/N 10.0
0.008 A

0.006 -

0.004 -

r.m.s. 0.000964

0.002 A

0.000 A

Real part of (2/N)*FFT [V]

—0.002 ~

74 76 78 80 82
Frequency [Hz]

Moral: Synchronous detection can
identify faint signals buried in
overwhelming noise.

Precision measurements often take

this form!
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Lock-In Amplifier: Phase Shifts

y 4 V,,=sin(ot+r/4)

Q=Tt/4, V,u =0.72V;, V\ /\

reference

|
Vsin(ot+e) |

reference

Physics 401
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Dual-Channel Lock-In Amplifier

We can measure the phase shift of the output relative to the reference by
demodulating with both the reference and a % phase-shifted copy of the reference.

Yields two amplitudes (E,/E,, or I/Q), or equivalently an amplitude and phase shift

Components also
often called

* l:in-phase
 Q: quadrature

Phase dela

2
(4

Physics 401 16



Digital Lock-In Amplifier

Digitize everything and implement the above with Digital Signal Processing (DSP)

rather than hardware demodulators, filters, ...
Digital interface

T

e.

In

Input

—— mu . ADC ~ DSP — DAC /»

External reference signal Analog outputs

Asin(ot+¢) 'nte"?al
“ Function
generator

Physics 401 17



SR830 Digital Lock-In Amplitier

Output filter

time constant
& order

Auto

Sensitivity settings Function
range  Channel #1 Channel #2 Generator

STANFC)F\D RESEARCH SYSTEMS Model SR830 DSP Lock-In Amplifier

Analog inputs Analog Interface

Power line -
outputs settings

notch filter
I settings Physics 401
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SR830 Digital Lock-In Amplitier

The SR830 manual includes a

description of the lock-in
amplifier concept

SR830 BASICS N

WHAT IS A LOCK-IN AMPLIFIER?

Lock-in amplifiers are used to detect and measure
very small AC signals - all the way down to a few
nanovolts! Accurate measurements may be made
even when the small signal is obscured by noise

experiment at the reference frequency. In the dia-
gram below, the reference signal is a square wave
at frequency oy. This might be the sync output
from a function generator. If the sine output from

\\engr-file-03\PHYINST\APL Courses\PHYCS401\Common\EquipmentManuals

Physics 401

chapter dedicated to a general
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Key Topics of this Lab
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2. Lock-In Amplifiers
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Experiment: Lock-In Measurement of the
Transfer function of an RLC Circuit

SR830 L —
| g = L ClE b L
- __g B o | B o -:g tt. -~
GF " EEE & | EEE & E|kEl
ol | BEE e |EED o IEclee
input 4
FG output
VOUt

Setup for measurement of

C l the transfer function of the

RLC circuit.

in

\V/ H(w) =

Vout

Physics 401 21



Calculating Frequency-Domain Response

In the frequency domain,

Example 1. Simple high-pass filter each linear component has a
C (complex) transfer function,
| Z4 called its impedance.
o—|f+—o0 o——+——oO
|4
Vin(w) R Vout(w) ‘ Vin(lw) Z, Vour(w) Z(w) = %
e O O +—O

Makes everything a voltage
divider!

Applying Kirchhoff’s Z, ()
Law to this simple mmm) |V, (0) = H®) V(@) = 2 Vi (@)

network... Z(w) +Z(w)

I Physics 401 22




Assigning Impedances

o

{)
Capacitor: CV = (Q; c& -2 _ I: iwCVel®t = [elwt
Vinlw) R Ve (@) dt — dt
O O /Ideal components\ 4 More realistic... )
EZfe =R 22}2 = R + --.
Z; = ilwlL — ;

Z(w) EV((U) L1 ; ZL la)L;‘RL

[(w) Le=T—=—— Zc =+ —1
e wC )\ iwC +Rg"

Z;(w)

Inductor: Ve'®t = L% (Ie'®t) = jwLle'®t

Evout(w) = H(w) * Vin(w) —

Z{(w)+Zy(w)

Vin (w) }

Physics 401
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High-Pass Filter Freqguency-Domain Response

cl: Convenient to define:
O—|| O  Time constant T =RC [seconds]
1
Vi.(w) R v, () e Cutoff frequency w, = - [rad/s]
O O
Hp(w) + iH;(w)
Ve (@ R lwRC LT WT
H(w) = ;ut(( )= = . = — = >— (w7 + 1)
in(w) R4 1+iwRC 1+iwt 14wt

LlwC

wT

|H(w)| = HZ + H? = == 0(w)=tan™" (%) = tan~! (ﬁ)

Physics 401
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High-Pass Filter Frequency-Domain Response

o

Vin(w)

O

R

O

Vout(w)

O

(V)

out

hi-pass filter: C=20nF,R= 20K

0.1 111

i / Ao)|=JH +H = dd
0.2 [ 1+(a)r)2

i | | |

! @, 1 1

| .f; —_— —_— —_—

] 2 27t 2mRC

10° 10° 10° 10°
f (Hz)

Physics 401
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Aside on Frequencies and Time Constants

Be careful of your factors of 2!

Your formulas will

[ ] i — 4
Time constant T = Rf [seconds] naturally use these
* Cutoff frequency w, == [radians/s]v><
T W, Your measurements will
f3aB = py- [cycles/s = Hz] naturally use these

The cutoff frequency is when the power (P o« V?4) is down by a factor of 2
(a.k.a. -3 dB), so the amplitude has dropped by a factor of V2 (0.707 of peak).

Note to remember: Time constants are the inverses of omegas (angular
frequencies), not frequencies!

I Physics 401
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High-Pass Filter: Fitting

B4 0% - BER BS &

Format Window Help

| Options.. Ctrl-U Vout| = Viu | * [ H (a))‘ =@* >
System Variables... | \/1 + (a)‘[,')
Protection (20
3
Fitting Function Builder... 8 ||
R . Parameters V0 tau Voff
Il-'lttmg parameters: V, 1, Voff ‘
Parameters | Constants
Param = Unit = Meaning |Fized| InitialVYalue = Significant Digits
V0 ? ] 1 System [«
tau ? ] 1 System [«
Voff ? ] 1 System [«

Function Body [Dependent Vanables : y)
y=\ 02 pirwtaudsqrt(1+(2*pittau) " 2]+ off

Fitting function

Physics 401




High-Pass Filter Frequency-Domain Response

o

Vin(w)

O

R

O

Vout(w)

O

0 (°)

40 E
30 E
20 E

10 E

hi-pass filter: C=20nF, R=20K

\ O(w,) = arctan(1) = 45°

10°

Physics 401
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Low-Pass Filter Frequency-Domain Response

low-pass filter C=5nF, R=20k

R low-pass filter C=5nF, R=20kQ 0
osk \
E \ f 20
04 [

VW)
T
o(’)

Valo) —= 7,0

02 f
0.1 \
O O 00 \
10° 10° 10* 10°

, Hp(w) + iH;(w)
Vout (w) __iwC_ _ 1 _ 1 _ 1—iwt
Vin(w) — p . LC 1+ iwRC 1+iwt 1+ w?t?
)

H(w) =

— 2 2 __ 1 ) _ —1 ﬂ _ —1
|H(w)| —\/HR+H, = = O(w) = tan (HR)_ tan™ (wT)

Physics 401 29




RLC Circuit Frequency-Domain Response

v,

L
R
VSIS
o—

c I VC

1
H(a)) _ Vc(w) _ LwC _ 1
=— = = _ —
Vi (w) R+ia)L+l.£C 1+ iwRC — w?LC
®—> Defining wo = %; T=RC;, Q= ﬁand rearranging...
0

H(w) =

(@) e (@) o)

(1 - (wﬂo)z)z + (w1)? (1 _ (w%)z)z - (w%)z

Physics 401 .



RLC Circult Frequency-Domain Response

20
i n ——R=0
— R=50Q
— R=100Q

— R=200Q
R=500Q

R e
8k 12k
f (Hz)

16k 20k

Resonance curves with varying R (and thus Q)

Physics 401 31



RLC Circuit Frequency-Domain Response

1 . . 1 100;
VLC’ WoT 80 |

60 E

H(w)| = \

2 20

7
{f/ __

(-G)) @) & —

o R
) ‘N

0 = tan™! - (@) Nl

-100 E L 1 L 1 | 1 S S S . e NSNS NN SN RRANRARRRRRET] 1
6k 8k 10k 12k 14k 16k 18k 20k 22

f(Hz)
Resonance curves with varying R (and thus Q)
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Applying a Lock-In to Study RLC Response

Actual damping resistance R is the
R R, sum of:

. * R:the explicit resistor

* * R, the function generator
V. C Ve output impedance
) o— * R,: the resistance of the coil

Actual R from fitting parameters is
R=0; R, = 50 O; R, = 35.8 0 ~88.8 ohms, not far from
calculated 85.8 ohms

Physics 401 33



H]

Fitting RLC Circuit Response

20 |

15 |

Model Resonance C (User)

g=2*pi*x/wo;
Equation g'l\=23)qﬂ(((1-9“2)“2+(Q/Q)A2)/((1-9“2)"2+(9/Q)"2
Reduced 2.75573E-4
Chi-Sar
Adj. R-Sq 0.99998

Value Standard Error

wo 57400.8488 061174 [ ]

H Q 19.31773 0.00457

10 |

Physics 401

(1=

w

Wo

))

Fitting for amplitude |H|
Fit parameters wgy and Q
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Fitting RLC Circuit Response

100 £ e

E Model teta_res1 (User) — 1 - . - 1
80 E Equation ?ggﬁ:ﬁéﬁ%*“_g,\zmmﬁ | wO —_ ﬁ’ T — RC’ Q pu— w_(ﬂ
60 E igjji(irsquare — Value Standard Error Hi
| =R (2)
20 F — W
— 3 h @ = tan 1 0 >
S o E w
F T o(1-(2))
20 E N Wy
ok Fitting for amplitude |H|
. Fit parameters wgy and Q
-1005------ e B S B ST EE DUCCCTTet FECTer Tt ETETeTT TTIIT I ulf

6k 8k 10k 12k 14k 16k 18k 20k 22k
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From Time Domain to Frequency Domain: Experiment

Wavetek
Out Sync

input

Lock-in SR830

Reference in

T I

F(t) — periodic function F(t)=F(t+T,):

Vo 0.50 f .

[patwmod

Time domain pattern

Frequency
domain ?

=)

Physics 401

( T,
V0 <t < 7
V(t) =+« T
_VO:_O <t S TO
\ 2
To 2mnt
an=T—O o F(t)cos( T, )dt
, 2 (To FO)s (Znnt) .
= — sin
" Ty g To
2 (ko) at
aAn = —
T ToJ
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From Time Domain to Frequency Domain: Lock-In
Vo oo =

0.25 |

time (ms)

Time domain

I measured

v calculated

ARmman

5 10 15 20

Spectrum measured by
SR830 lock-in amplifier

Harmonic number

Frequency domain

I Physics 401 37




From Time Domain to Frequency Domain: Origins

Vo 0.50 L A v
0.25 |
1] S —— >
-0.25 0
050 by Ml Yoo
0.0 0.5 1.0 1.5
time (ms)

Time domain trace acquired
using Tektronix scope

Origins can convert saved data file

to frequency domain

Statistics
Mathematics

Data Manipulation
Fitting

Signal Processing

Peaks and Baseline

1 Peak Analyzer: <Last used>...
2 Peak Analyzer: <default>...
3 FFT: <default>...

4 FFT: <Last used=>...

5 Integrate: <Last used>...

6 Integrate: <default>...

7 Subtract Straight Line...

8 Differentiate: <Last used=...

9 Differentiate: <default>...

10 Nonlinear Curve Fit: <default>...

Analysis | Gadgets Tools Format Window Help

Physics 401

Deconvolution...

Coherence...

Correlation...

Hilbert Transform...

Envelope...

Decimation...

2 o% - SER BE & QB 4y
4 A—'v_ Lv_ ;0 v,:v‘o
Project Explor
CJFFT
Smooth P 3 Fold
EFT Filters...
EFT EFT » 1 <Llast used>
Wavelet 2D FFT
S - Open Dialog...
IFFT...
Conyolution... N
~ ) 2D IFFT
2D Correlation...
STFT...

.GraphZ
.Graph3
] Graph11
.Peak An
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From Time Domain to Frequency Domain: Origins

VO 050 ..

Y

.........

Time domain trace acquired
using Tektronix scope

resolution of the scope.

0.8

0.6

0.2

0.0

0.88

1

0.29
0.18
| 0.11 0
0 5 1

0

orjesgons

Harmonic number

Spectrum calculated by Origin. Accuracy is limited by the modest

Physics 401

0




From Time Domain to Frequency Domain: Scope

VO 0.50 —M - oA T
E 0.8
TQ 0.6
=
L > 04
time (ms)
Time domain trace acquired 0.2

using Tektronix scope

0.0

0.87

0.17

| 0.29
0 5

I Physics 401

L1

0

21007 00§ 005 0.
. 15 . 2

Harmonic number

Spectrum calculated by the Math options of the Tektronix scope.
Accuracy is limited by the modest resolution of the scope.

0
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From Time Domain to Frequency Domain:

Tek Run' [ _ [ ; '_ }' ; . Trig’d Tek Run | E g _] Tr_ig’d
: . : f : v P S— e —— T T oo N
: : @:  984mv Definition i @:  360mV g Impedgncg
rﬂﬂﬁ .!H' Fl!’l‘.lﬂﬂ ﬂﬂl-!l ----’.'-"'.--CFH-F-I’eﬁ’-’ Set FFT ............................................... Ch.lFreq ......
: ; [ 2.500kHz Source to 2.494kHz DC
N I A T N R A Ich1| ............................................................
: : i Set FFT ) : :
: Ch1 Ampl ) ) Ch1 Ampl
T I HE R HE T HEELHE 5.52y - W?rt Saleto  Ea ottt E 1000 o1 1 2 dmy AC AL
: : ; |Lmear RMSI : : : -
[I\:-i-é-é- E—*I-é-f-i—-f-é-i-i-é-Z-é-i-é-é-;-i-é-é-é-.-é-é-f-i--5-§-§-§-é-§-§-Z-é-é-;-i-é-é-é-;é-é-;-i- $et FFT m M
| : window to : GND&
\ReCta"QU'arl R B B 1 PR s O A U
.N.!;h'-- |j1:j‘:J‘::ﬂ:Ju.! !.! .!.hi..!..!!i...i'..!‘ ‘_“J‘J :
m},cmw JL.MAIJ LR dlorhs la el L Ch K8 A UJ_L ~:Lﬂakﬁ41ddmswulabbw__mw Q
 oomv 12wz wovocooos Math  10.omyv  125kHz@o~0.00000s | ] [so]
Dual wWfm Couplin Invert |Bandwidth Fine Scale Position Offset Probe
| Math FFT ol Y Full 200mV- | o.00div | 0000V | S8'RP
Spectrum of square wave Spectrum of pulse from
from signal generator signal generator
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From Time Domain to Frequency Domain: Lock-In

Examining different pulse shapes on the SR830

V (V)

) -
> 02} |
RNTTENNIL (SNRNRANNL / oo L III“J||HJLIHJL,H
18 A7 -16 [ 5 10 15 20
H i b

Ramp

(
Vv

Pulse

c |
0.15— |
e hl 1
5 0

time (ms) Harmonic number

Physics 401



Appendix: References

1. John H. Scofield, “A Frequency-Domain Description of a Lock-in Amplifier”
American Journal of Physics 62 (2), 129-133 (Feb. 1994). link

2. Steve Smith “The Scientist and Engineer's Guide to Digital Signal Processing”
copyright ©1997-1998 by Steven W. Smith.

For more information visit the book's website at: www.DSPguide.com

You can also find an electronic copy of this book in:

\\engr-file-03\PHYINST\APL Courses\PHYCS401\Experiments\DSP and FFT
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https://dx.doi.org/10.1119/1.17629
http://www.dspguide.com/
file:///engr-file-03/PHYINST/APL%20Courses/PHYCS401/Experiments/DSP%20and%20FFT

Appendix: Origin templates for this week’s lab

R (V)

107 |

107

10‘3 |

120 E

160 E

-40 |

80 E

10°

10*
f (Hz)

10°

Time trace: input signal

Signal (V)
-

Physics 401

Physics401
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Appendix: Using OriginPro for Fitting

Some recommendations for using the OriginPro nonlinear fitting option

You can find some examples of OriginPro projects and some recommendations of how to do the
analysis in the following folder:

\\engr-file-03\PHYINST\APL Courses\PHYCS401\Students\3. Frequency Domain Experiment. Fitting

An example of Origin project Name

Slides with results of fitting for all \ @ Fi tting — mple.opj
studied in this Lab RLC circuits \

[I° Fitting examples.pptx
Some recommendations how to write ,
the fitting function and start the fitting process T X flttlng recommendatlons.pdf

" RLC_mod.fdf
Examples of fitting functions which can

be used for fitting in Origin . { "% RLC_phase.fdf
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https://courses.physics.illinois.edu/phys401/sp2018/Files/Misc/RLC_fitting/fitting%2520recommendations.pdf
file:///engr-file-03/PHYINST/APL%20Courses/PHYCS401/Students/3.%20Frequency%20Domain%20Experiment.%20Fitting

