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Key Things to Remember

• Interaction mechanisms

• Bethe formula for linear stopping power

• First collision energy transfer

• Stopping time and range of heavy charged particles

• Restricted stopping power and linear energy transfer
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Energy Loss Mechanisms

• Heavy charged particles loss energy primarily though the ionization and
excitation of atoms.

• Heavy charged particles can transfer only a small fraction of their energy
in a single collision. Its deflection in a collision is almost negligible.
Therefore, heavy charged particles travel in almost straight paths in the
absorber, losing energy continuously through a large number of collisions
with atomic electrons.

• At low velocity, a heavy charged particle may losses a negligible amount of
energy in nuclear collisions. It may also pick up free electrons along its
path, which reduces it net charge.
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Tracks of Charged Particles (such as Beta and Alpha) in Air 
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•https://www.thenakedscientists.com/forum/index.php?topic=47630.0
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Energy Loss Mechanisms

For heavy charged particles, the maximum energy that can be transferred in a single
collision is given by the conservation of energy and momentum:

where M and m are the mass of the heavy charged particle and the electron. V is the
initial velocity of the charged particle. V1 and v1 are the velocities of both particles
after the collision.

The maximum energy transfer is therefore given by
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Maximum Energy Loss by a Single Collision

For a more general case, which includes the relativistic effect, the maximum energy
transferred by a single collision is
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Maximum Energy Loss by a Single Collision
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Single Collision Energy-Loss Spectrum

• Single collision energy-loss spectra for fast charged particles (v>0.1c) are
remarkably similar.

• Energy loss spectra for particles at slower speed differ from each other.

• At lower speed, charged particles are more likely to excite atoms rather
than to ionize them.

• Energy loss can not be infinitely small – a certain amount of energy is
needed for excitation or ionization.
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Single Collision Energy-Loss Spectrum

Therefore,

Solution:
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Linear Stopping Power for Heavy Charged Particles

The linear stopping power for heavy charged particles may be estimated using the
single collision energy-loss spectra discussed previously.

Therefore, the linear stopping power is given by
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Linear Stopping Power of a Medium for Heavy Charged 
Particles (revisited)

The linear stopping power of a medium is given by the Bethe formula,
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Linear Stopping Power – A Semiclassical Treatment

Consider the following diagram

P 117, <<Atoms, Radiation, and Radiation Protection>>, by James E Turner.

and assuming the electron is stationary during the collision…

Step 1: Deriving the energy
transfer from the heavy
charged particle to a free
electron nearby.

Charged particle

electron: assumed stationery 
during the impact.
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Deriving the Linear Stopping Power for Heavy Charged 
Particles – A Semiclassical Treatment

The total momentum imparted to the electron
is given by

P 118, <<Atoms, Radiation, and Radiation Protection>>, by James E Turner.

𝑟 ൌ 𝑏ଶ ൅ 𝑉ଶ𝑡ଶ

Coulomb force 𝐹 ൌ
𝑘଴𝑧e
𝑟ଶ
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Linear Stopping Power – A Semiclassical Treatment

P 118, <<Atoms, Radiation, and Radiation Protection>>, by James E Turner.
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Linear Stopping Power – A Semiclassical Treatment

Therefore, the total linear rate of energy-loss is given by

Step 2: Integrate the energy
transfer to all the electrons
surrounding the path of the
heave charged particle.

P 118, <<Atoms, Radiation, and Radiation Protection>>, by James E Turner.
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Linear Stopping Power – A Semiclassical Treatment

~ duration of the collision

period of the orbital electron

P 118, <<Atoms, Radiation, and Radiation Protection>>, by James E Turner.
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Linear Stopping Power – A Semiclassic Treatment
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Linear Stopping Power – A Semiclassical Treatment

P 119, <<Atoms, Radiation, and Radiation Protection>>, by James E Turner.
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Linear Stopping Power for Heavy Charged Particles

The linear stopping power of a medium is given by the Bethe formula,

frequency of the orbital electron

speed of the charged particle
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Linear Stopping Power of a Medium for Heavy Charged 
Particles (revisited)

The linear stopping power of a medium is given by the Bethe formula,

MLJ1



Slide 84

MLJ1 Meng, Ling Jian, 2/15/2021
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Mean Excitation Energies

The main excitation energy (I) for an element having atomic number Z, can
be approximately given by

For compound or mixture,

mean excitation energy for compound

mean excitation energy for a 
given element
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Mean Excitation Energies

For the equations used in this derivation, please see p. 123, <<Atoms, Radiation, and Radiation Protection>>, by James E Turner.
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Linear Stopping Power of a Medium for Heavy Charged 
Particles

The Bethe formula can be further simplified by substituting known constants, which
gives

It may be further simplified to emphasize some important quantities related to the
stopping power, the “speed” of the particle , atomic mass of the charged particle z,
the number of electron per cm3 n and the mean excitation-ionization potential I:

where
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Table for Computation of Stopping Power
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Stopping Power of Water for Protons

From Atoms, Radiation, and Radiation Protection, James E Turner
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Phenomena Associated with for Charged Particles
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Key Things to Remember

• Interaction mechanisms

• Bethe formula for linear stopping power

• Single collision energy transfer

• Stopping time and range of heavy charged particles

• Restricted stopping power and linear energy transfer
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Restricted Stopping Power

• Energy lost versus energy
absorbed…

• Restricted Stopping Power is
introduced to better associate the
energy loss in a target with the
energy actually absorbed there.
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Restricted Stopping Power

In hard collisions, the scattered electron
– or delta ray - can receive significant
amounts of energy.

The delta ray can carry this energy a
significant distance from the initial
interaction site.

Need to separate this from the energy
loss that is deposited locally.
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The Rationale behind Restricted Stopping Power

• If we are interested in microscopic events, in which incident particles
deposit energy in local regions with finite sizes …

• Since the predominate way for heavy charged particles to loss energy is
to transferring its energies to energetic delta-rays …

• If the range of the delta-ray is large compare to the dimension of the
region-of-interest (ROI), it is likely that the energy carried by these delta-
rays will not be fully deposited in the ROI.

• To account for this effect, we will consider those delta-rays that carry
energy less than a threshold, this give rise to the Restrict Stopping
Power.

• The value for the threshold is typically determined by the dimension of
the ROI associated with the given application.
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Restricted Stopping Power

Restricted stopping power LΔ is the fraction of the mass collision
stopping power that includes all soft collisions and only those hard
collisions which result in δ-rays with energy less than Δ.

This is sometimes known as linear energy transfer
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Restricted Stopping Power
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Linear Energy Transfer (LET)



NPRE 441, Principles of Radiation Protection, Spring 2023

Chapter 2: Interaction of Radiation with Matter – Interaction of Heavy Charged Particles

Restricted Stopping Power
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Key Things to Remember

• Interaction mechanisms.

• Bethe formula for linear stopping power

• First collision energy transfer

• Stopping time and range of heavy charged particles

• Restricted stopping power and linear energy transfer
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Energy Loss Mechanisms
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Range for Heavy Charged Particles

There are two related definitions of the range of heavy charged particles:

1. Mean range: the absorber thickness that reduces the alpha particle count to
exactly one-half of its value in the absence of the absorber.

2. Extrapolated range: extrapolating the linear portion of the end of the
transmission curve to zero.
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Range for Alpha Particles
 The range of alpha particles in air (15oC, 1atm) can be approximately given by

where E is given in MeV and R is given in cm.

 Because the effective atomic composition of tissue is not very much different
from that of air, the following relationship may be used to calculate the range of
alpha particles in tissue:

 The range of alpha particles in any other medium with a similar atomic
composition can be computed from the following relationship:
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Range for Heavy Charged Particles
 The mean range of any heavy charged particle with an initial kinetic energy T can be

related to the linear stopping power as the following:

where reciprocal of the linear stopping power gives the distance traveled per unit
energy loss.

 We can substitute T= Mc2/(1-2)1/2, and the energy of the moving particle E’=Mc2/(1-
’2)1/2 , the range can be further written as

where M is the mass of the charged particle.

 Substitute the expression for the linear stopping power into the above relationship,
we have

where
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Range for Heavy Charged Particles
 It easily follows that the range of two different types of particles with the same

speed satisfy the following relationship:

 Therefore, one can get the range of other heavy charged particles as

)()( 2  protonR
z
MR 

where M and z are the rest mass and the charge of the heavy charged particle.
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Range for Charged Particles
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A Brief Summary
Beta Particles Heavy Charged Particles

Linear Energy 
Exchange (by 
Ionization and 

Excitation)

Range in Media

Calculation of the 
Range

Types of 
Interactions

Ionization and excitation
Bremsstrahlung

Ionization and excitation

Using the following relationship • Calculate the linear range of alpha in air

• Convert to alpha range in terms of mass
thickness

• Derive the alpha range in other media:
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Range and Energy Straggling of Charged Particles

• As charged particle penetrates matter, statistical fluctuation occur in the
number of collisions along its path and in the amount of energy lose in
each collision.

• As a result, a number of identical particles starting out under identical
conditions will show (1) a distribution of energies as they pass a given
depth – the energy straggling and (2) a distribution of path-lengths
traversed before they stop – the range straggling.
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Range Straggling of Charged Particles

• For example, for 100MeV protons in tissue, the root-mean-square
fluctuation in path-length is about 0.09cm,which is about 1.2% of the
average path-length.
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Energy Straggling of Charged Particles
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Multiple Coulomb Scattering
The path of a heavy charged particle in matter deviates from a straight line because
it undergoes frequent small-angle scattering events.

In radiotherapy with charged particle beams, multiple scattering often significantly
diminishes the dose delivery to a specific target area.
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Energy Loss Mechanisms

For heavy charged particles, the maximum energy that can be transferred in a single
collision is given by the conservation of energy and momentum:

where M and m are the mass of the heavy charged particle and the electron. V is the
initial velocity of the charged particle. V1 and v1 are the velocities of both particles
after the collision.

The maximum energy transfer is therefore given by
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It can be shown that the maximum momentum
transfer to the particle is:

Determine qmax by letting Δpmax
be perpendicular to the 
direction of motion:

Before After
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Geiger and Marsden Experiment (revisited)
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Key Things to Remember

• Interaction mechanisms.

• Bethe formula for linear stopping power

• First collision energy transfer

• Stopping time and range of heavy charged particles

• Restricted stopping power and linear energy transfer
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Stopping Time for Heavy Charged Particles

     
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 The formula for the stopping power can be used to calculate the rate at which a heavy
charged particle slows down,

 A rough estimate of the stopping time is given by

 Note that since the stopping power is higher at lower particle energies, the actual slowing
down time is shorter than the one estimated with the above equation.
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 So the time for a heavy charged particle with an initial kinetic energy T to be fully stopped
can be given by
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Stopping Time for Heavy Charged Particles

Example of estimated stopping time for protons in water, which is normally in ns to
ps range.
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Limitation of the Bethe Formula 
Since almost all analytical descriptions of the behavior of heavy charged particles
are based on the Bathe formula, it is important to realize the limitation of this
formula.

 Bethe formula is valid for high energies as long as the inequality m/M<<1 holds.

 At low energy, it fails because the term ln[2mc22/I(1-2)]-2 eventually becomes
negative giving a negative value for the stopping power.

 It does not account for the fact that at low energies, a charged particle may
capture electrons as it moves, this will reduce its net charge and reduce the
stopping power of the medium.

 The dependence of the Bethe formula on z2 implies that a pair of particles, with
the same amount of mass but opposite charge, have the same stopping power
and range. Departures from this predication has been measured and
theoretically predicted.


