Atomic Scale Simulations

Random walks

Random Walks

Now we come to a much more powerful Monte Carlo method. In statistical physics what is usually
meant by Monte Carlo is not direct Monte Carlo sampling but random walks, or more specifically,
Metropolis Monte Carlo. The random walk algorithm is one of the most important and pervasive
numerical algorithm to be used on computers. The random walk or Metropolis algorithin was first used
by Metropolis, Rosenbluth and Teller in 1953) though it is based on much earlier ideas of Markov.
In statistics it is known as MCMC (Markov Chain Monte Carlo.) It is a general method of sampling
arbitrary highly-dimensional probability distributions by taking a random walk through configuration
space.

The problem with direct (or independent) sampling methods is that their efficiency goes to zero as
the dimensionality of the space increases. Suppose we want to sample the probability distribution:

m(s) = w’ (1)
where S(s) is called the action or energy function and s is a variable in the space to be sampled. For
classical systems S(s) would be equal to BV (R), the classical Boltzmann distribution. The partition
function Z normalizes the function 7 in its space and is usually not known. A direct sampling method
would require sampling a function with a known normalization. Suppose we can directly sample a
function py,(s) = 7(s). One can show that the Monte Carlo variance of any quantity will depend on
the ratio 7/py, as:
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(averages taken with respect to p,,.) As the number of degrees of freedom in the system increases, the
variance of the direct sampling approach will grow exponentially in the number of degrees of freedom.
(Can you show this?)

In a random walk (Markov chain), one changes the state of the system randomly according to a
fixed transition rule, P(s — s'), thus generating a random walk through state space, {so,s1,52...}.
The definition of a Markov process is that the next step is chosen from a probability distribution that
depends only on the “present” position. This makes it very easy to describe mathematically. The
process is often called the drunkard’s walk. P(s — s') is a probability distribution so it satisfies

Z’P(s —=s)=1 (3)

L)
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and

P(s—s)>0. (4)
Let fn(s) be the probability distribution of the walker after s steps. Then it is easy to write the evolution
of f, in terms of P.

Far1(s) =D fa()P(s = &) (5)



or in vector-matrix notation:
fn-l—l :an :Pnfl- (6)
The first question is what is the final probability distribution (equilibrium state): lim, ,o fr? Any
equilibrium state would be an eigenfunction of P with unity eigenvalue. The next question is how many
such eigenfunctions are there?
If the transition probability is ergodic, the distribution f, will always converge to a unique equilibrium
state. That means there is a unique solution to:

Y f()P(s =) = f(5). (7)

The transition is ergodic if:

1. One can move from any state to any other state in a finite number of steps with a nonzero
probability, ¢.e., there are no barriers that restrict any walk to a subset of the full configuration
space.

2. Tt is not periodic. An example of a periodic rule is if the hopping on a bipartite lattice always
proceeds from the A sites to the B sites and vice-versa so that one never forgets which site one
started on. Non-periodic rules hold if P(s — s) > 0; if there is always some chance of staying put.

3. The average return time to any state is finite. This is always true in a finite system (e.g. periodic
boundary conditions). It would be violated in a model of the expanding universe where the system
gets further and further from equilibrium because because there is no possibility of energy flowing
between separated regions after the “big bang”.

Under these conditions we can show that if f,(s) is the probability distribution of random walks
after n steps, with fo(s) the initial condition, then:

fu(s) =T+ Kerdals), (8)
Y

where the €, < 1. Hence the probability distribution converges exponentially fast to the stationary
distribution 7. Furthermore, the convergence is monotonic (it does not oscillate). Specifically, what we
mean is that the distance between f,, and 7 is strictly decreasing: |f, — 7| > |fry1 — 7|

The transition probabilities often satisfy the detailed balance property for same function: the tran-
sition rate from s to s’ equals the reverse rate,

7(8)P(s — &) = (s YP(s' — s). (9)

If the pair {n(s), P(s — s')} satisfy detailed balance and if P(s — s') is ergodic, then the random walk
must eventually have 7 as its equilibrium distribution. To prove this fact, sum the previous equation
over s and use Eq.(3) to simplify the right-hand-side. Detailed balance is one way of making sure that
we sample 7; it is a sufficient condition. Note that detailed balance is not necessary; common methods
work directly with Eq. (7) as we will see.

The Metropolis Monte Carlo Method

The Metropolis (rejection) method is a particular way of ensuring that the transition rules satisfy
detailed balance. It does this by splitting the transition probability into an “a priori” sampling distri-
bution T'(s — s') (a probability distribution that we can directly sample) and an acceptance probability
A(s — s') where 0 < A < 1.

P(s— s') =T(s = s)A(s = §). (10)



In the generalized Metropolis procedure, (Kalos and Whitlock, 1986), trial moves are accepted according
to:

A(s = Yy =min[l,q(s = s)], (11)
where
(s T(s' — s)
m(s)T(s — s’
It is easy to verify detailed balance and hence asymptotic convergence with this procedure by looking
at the 3 cases:

qg(s = s') = (12)

e s =g (trivial)
e g(s—5)<1
e g(s—s5)>1

You can avoid two common errors in Metropolis if you remember that: 1) if you can move from
state s to s’ then the reverse move must also be possible (T'(s — s’) and T(s’ — s) should be zero or
non-zero together) and 2) moves that are not accepted are rejected and remain at the same location for
at least one more step. Accepted or rejected steps contribute to averages in the same way.

Here is the generalized Metropolis algorithm:

1. Decide what distribution to sample (7(s)) and how to move from one state to another, T(s — s')
2. Initialize the state, pick sg.

3. To advance the state from s, to spy1:

e Sample s’ from T'(s, — s')

e Calculate the ratio:
m(sT(s' — s,)

T(s0)T (sn = 5')

q:

o Accept or reject:
If ¢ > 1 or if ¢ > u,, where u, is a uniformly distributed r.n. in (0,1) set s, 11 = ¢.
Otherwise set sp+1 = 8

4. Throw away the first s states as being out of equilibrium where & is the “warm-up” time.
5. Collect averages every so often and block them to get error bars.
Here is a code for a generalized Metropolis:

real*8 vold,vnew,s01d(1l:ndim),snew(1:ndim) ,pnew,pold
integer nsteps,istep,naccept,ndim

delta="?

call initstate(sold) linitialize the state
vold=action(sold)

naccept=0

do istep=1,nsteps



call sample(sold,snew,pnew,l,delta,ndim) !sample snew, pnew is prob

vnew = action(snew) 1find the new action
call sample(snew,sold,pold,0,delta,ndim) !find the prob of going backward
a=exp(-vnew+vold) *pold/pnew !acceptance ratio
if(a.gt.sprng()) then laccept the move
sold=snew
vold=vnew

naccept=naccept+1
endif

call averages(sold)

enddo

write (*,*) ’acceptance ratio =",float(naccept)/float(nsteps)
call pr_averages

end

subroutine sample(sold,snew,prob,ifnew,delta,ndim)

integer ndim,ifnew,idim

real*8 so0ld(1l:ndim),snew(1l:ndim),prob,delta
!classic Metropolis sampling in 1-D

prob=1./delta

if (ifnew.eq.1) then

snew=sold
idim=1+ndim*sprng() Ipick particle at random
snew(idim)=sold(idim)+(sprng()-.5)*delta !move it
endif
end

Consider the sampling of a classical Boltzmann distribution, exp(—8V (s)). In the original Metropolis
procedure, T(s — s') was chosen to be a constant distribution inside a cube and zero outside. This
is the classic rule: a single atom at a single time slice is displaced uniformly and the cube side A is
adjusted to achieve 50% acceptance. Since T is a constant, it drops out of the acceptance formula. So
the update rule is:

P o1+ (u— %)A (14)

with the acceptances based on q = exp(—B(V(s') — V(s)). Moves that lower the potential energy are
always accepted. Moves that raise the potential energy are often accepted if the energy cost (relative
to kgT = 1/() is small. Hence the random walk does not simply roll downhill. Thermal fluctuations
can drive it uphill.

Some things to note about Metropolis:

e The acceptance ratio (number of successful moves/total number of trials) is a key quantity to keep
track of and to quote. Clearly if the acceptance ratio is very small, one is doing a lot of work
without moving through phase space. On the other hand, if the acceptance ratio is close to 1,
you could probably use larger steps and get faster convergence. There is a rule-of-thumb that it
should be 1/2, but in reality we have to look at the overall efficiency.



e One nice feature is that particles can be moved one at a time. Note that N steps of Metropolis
takes the same amount of time as 1 step of Molecular Dynamics. Consider what would happen if
we moved N hard spheres all together. Let p be the probability of getting an overlap (and hence
rejection) in the move of one hard sphere. Then the probability of getting an acceptance with N
hard spheres is (1 — p)¥ = exp(NV In(1 — p)) assuming no correlation. In order to get a reasonable
acceptance d would have to be small enough so that p =~ 1/N which would require extremely small
steps.

e Note that we need both the forward probability and the reverse probability if one has a non-
uniform transition probability. Also note that we cannot calculate the normalization of 7 nor is
it ever needed. Only ratios enter in.

e One can show that the Metropolis acceptance formula is optimal among formulas of this kind
which satisfy detailed balance. (The average acceptance ratio is as large as possible.)

e In some systems, it is necessary to have several different kinds of moves, for example, moves
that change path variables and other moves that change the permutation. So it is necessary to
generalize the Metropolis procedure to the case in which one has a menu of possible moves. There
are two ways of implementing such a menu. The simplest is to choose the type of move randomly,
according to some fixed probability. For example, one can choose the particle to be updated from
some distribution. One must include in the definition of T'(s — s') the probability of selecting
that move from the menu (unless you can argue that it cancels out.) A more common procedure
is to go through all possible atoms systematically. After one pass, moves of all coordinates have
been attempted once. In this case, the transition probability does not satisfy detailed balance
but it is easy to show that composition of moves will give a random walk with 7 as equilibrium
distribution as long as each type of move individually satisfies detailed balance. Having many
types of moves makes the algorithm much more robust, since before doing a calculation one does
not necessarily know which moves will lead to rapid movement through phase space.

Practical Measures of Convergence

Since asymptotic convergence is easy to guarantee, the main issue is whether configuration space is
explored thoroughly in a reasonable amount of computer time. Let us define a measure of the conver-
gence rate and of the efficiency of a given Markov process. This is needed to compare the efficiency of
different transition rules, to estimate how long the runs should be, and to calculate statistical errors.
The rate of convergence is a function of the property being calculated. Generally one expects that there
are local properties which converge quickly and other properties (such as order parameters near a phase
boundary) which converge very slowly.

Let O(s) be a given property and let its value at step & of the random walk be Of. Let the mean
and intrinsic variance of O be denoted by

O = (O) (15)

and )
a5 = (O, — 0)?) (16)

where the averages (...) are over . These quantities depend only on the distribution 7, not on the
Monte Carlo procedure. We can show that the standard error of the estimate of the average, O, over a

Markov chain with P steps, is
2
error[0] = \/ %. (17)



The correlation time, ko, defined as

— 0)(0x - 0))
0.2

ko =142 i {(© , (18)
k=1

gives the average number of steps to decorrelate the property 0. The correlation time will depend
crucially on the transition rule and has a minimum value of 1 if one can move so far in configuration
space that successive values are uncorrelated. In general, the number of independent steps which
contribute to reducing the error bar from Eq. (17) is not P but P/ke.

Hence to determine the true statistical error in a random walk, one needs to estimate the correlation
time just as we had to do with MD simulations. To do this it is very important that the total length of
the random walk be much greater than k». Otherwise the result and the error will be unreliable. Runs
in which the number of steps is P >> ko are called well converged. In general, there is no mathematically
rigorous procedure to determine x¢. Usually one must determine it from the random walk. It is a good
practice occasionally to run very long runs to test that the results are well converged. Error bars
can be conveniently determined by blocking the result over enough steps so that successive blocks are
independently distributed.

The correlation time defined above is an equilibrium average. There is another correlation time
relevant to Markov chains, namely, how many steps it takes to reach equilibrium from some starting
state. Normally this will be at least as long as the equilibrium correlation time, but in some cases it
can be much longer. The simplest way of testing convergence is to start the random walk from several,
radically different, starting places and see if a variety of well-chosen properties converge to the same
values. A starting place appropriate for a dense liquid or solid is with all the atoms sitting on lattice
sites. However, it may take a very large number of steps for the initial solid to melt. Meta-stability
and hysteresis are characteristic near a (first-order) phase boundary. A random starting place is with
placing each variable randomly in the total space. It may be very difficult for the system to go to
the equilibrium distribution from this starting place. More physical starting places are well-converged
states at neighboring densities and temperatures.

The efficiency of a random-walk procedure (for the property O) is defined as how quickly the errors
bars decrease as a function of computer time,

fo = S (19)
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where T is the computer time per step. Hence the efficiency is independent of the length of the
calculation and is the figure-of-merit for a given algorithm. The efficiency depends not only on the
algorithm but also on the computer and the implementation. Methods that generate more steps per
hour are, other things being equal, more efficient. We are fortunate to live in a time when the efficiency
is increasing because of rapid advances in computers. Improvements in algorithms can also give rise
to dramatic increases in efficiency. If we ignore how much computer time a move takes, an optimal
transition rule is one which minimizes k¢, since a?g is independent of the sampling algorithm.

There are advantages in defining an inirinsic efficiency of an algorithm since one does not necessarily
want to determine the efficiency for each property separately. It is best to optimize an algorithm to
compute a whole spectrum of properties. Diffusion of paths through phase space provides at least a
intuitive measure of convergence. Let us define the diffusion constant Dg of an algorithm by

Dg = <w>’ (20)



where R,1 — R, is the total change in one Monte Carlo step and T is the CPU time per step. Note
that this change is zero if a move is rejected. For the “classic” Metropolis procedure we see that the
diffusion constant is roughly:

Dpr « (A)A% (21)

Hence one wants to increase A until the acceptance ratio starts decreasing too rapidly. This leads to
an optimal choice for A. The values of these diffusion constants depend not only on the computer and
the algorithm, but also on the physics. Diffusion of the atoms in a solid is much less than in a liquid,
irrespective of the algorithm.

Heat Bath Rules

Usually transition rules are local; at a given step only a few coordinates are moved. If we try to move too
many variables simultaneously, the move will almost certainly be rejected, leading to long correlation
times. Given a transition rule, we define the neighborhood, N (s), for each point in state space as the
set of states s’ that can be reached in a single move from s. (It is essential for detailed balance that the
neighborhoods be reflexive. If s’ is in the neighborhood of s, then s is in the neighborhood of s'.) With
the heat-bath transition rule, one samples elements from the neighborhood with a transition probability
proportional to their equilibrium distribution,

THB(S — SI) = E, (22)
Cs
where the normalization constant is
Co= >, my. (23)
s"eN(s)

Then one sees, by substitution into the acceptance probability formula, that the acceptance probability
will be

A(s = §') = min [1, Cs ] . (24)
Cy

If the neighborhood of s equals the neighborhood of s’ then all moves will be accepted. For all transition

rules with the same neighborhoods, the heat-bath rule will converge to the equilibrium distribution

fastest and have the smallest correlation time. Within the neighborhood, with heat bath one comes

into equilibrium within a single step.

This heat-bath rule is frequently used in lattice spin models where one can easily compute the
normalization constant, C; needed in the acceptance ratio formula and to perform the sampling. The
heat-bath approach is not often used in continuum systems because the normalizations are difficult
to compute; note that the integral in Eq. (23) extends over all space. In Monte Carlo on a classical
system, the new atom could be anywhere in the box. One has to compute a one-particle partition
function at each step. A repulsive potential will cut holes in the uniform distribution where another
atom is present. Although it would be possible to develop sophisticated ways of sampling Ty g, it has
been found more efficient to further approximate Trp by some function that can be sampled quickly
and let the Metropolis algorithm correct the sampling, since all that matters in the end is the efficiency.
For continuum systems the idea is to find a method close to the heat-bath rule, so that the correlation
time is small, but with a transition rule which is able to be executed quickly.

Comparison between MC and MD

Which is better for simulations, Monte Carlo or Molecular Dynamics?



1. MD can compute Newtonian dynamics. MC has a dynamics (often called kinetics) but it is under
user control, through the transition probability. MC dynamics is useful for studying long-term
diffusive process, if one sticks to local transition rules.

2. MC is simpler: no forces, no time step errors. (direct simulation of the canonical ensemble. It
relies on a good source of pseudorandom numbers. Luckily this has not been a major problem.

3. MC is more general. In MD you can only work on how to make the CPUtime/physical time faster.
If the system remains in a metastable state for a long physical time you are stuck. In MC you can
invent better transition rules.

4. MD is sometimes very effective in highly constrained systems compared with classic Metropolis.

5. MD requires some extra effort for constant temperature and that messes up the dynamics. MC is
naturally formulate at constant T.

6. MC can handle discrete degrees of freedom (e. g. spin models) while MD is limited to models
that only have continuous degrees of freedom.

So you need both! The best is to have both in the same code so you can use MC to warm up the
dynamics.

The Ising Model

As an illustration of the heat bath method we discuss the Ising model, the “fruit-fly” of the study of
phase transitions. The Ising model consists of a lattice with a single spin 1/2 particle on each lattice
site interacting only with nearest neighbors. On a square lattice the neighbors are a single unit away
in either the north-south-east-west direction. On each site ¢ the spin o; is either up o; = +1 or down
0; = —1. Then the classical energy of a given spin arrangement is s = {o1,02...,0n8}:

E=-J) oi0;—pH)> o (25)
(4,9 i

where J > 0 is ferromagnetic and J < 0 is antiferromagnetic and the second term describes the coupling

to an external magnetic field. The first sum is only over nearest-neighbor pairs. We need to sample spin

arrangements for the Boltzmann distribution exp(—SE(s)). At low temperatures, the spins like to line

up pointing the same direction (for the ferromagnetic case). At high temperatures the spins assume a

random distribution.

Onsager (1944) evaluated the partition function exactly for the 2D Ising model on a square lattice
and in so doing proved that there is a phase transition between the oriented and random arrangements.
For f3 larger than 0.4407/J the spins like to line up, either in the up or down direction. It is in the same
universality class of the liquid-gas phase transition. This means near the critical point, the behavior
should have the same exponents.

Now consider two different choices for transition moves.

¢ Single Flip moves

The Classic Metropolis algorithm would be to choose a spin at random and try to flip it. That
is: 0/ = —o. Then the acceptance probability would be ¢ = exp(—28Jo; M;) where M; is the
magnetization of the neighborhood of 4: M; =3 ;. ;= 0;. We compare ¢ to a uniform random
number and decide whether or not to flip. One time-saving trick: one can tabulate powers of
exp(—28J) and avoid having to do any exponentials once the random walk starts.



e Heat Bath

As before choose a spin at random (or sweep through the lattice systematically). In heat bath,
we also compute the site magnetization but we disregard the current value of ;. Its new state
will be 0; = +1 if u < f(z;) and o; = —1 otherwise. Here f(z) = exp(z)/(exp(z) + exp(—z))
and z = BJM;. As before, needed values of f(z) can be tabulated for the possible magnetization
states, (—Z,—Z +1...Z —1,Z). In heat bath there is no acceptance needed.

There are many more variations on Ising methods. Some use the bit structure of the problem more
directly. We will discuss a quite different method, the Swendson-Wang cluster algorithm, later.
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