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3. Large deviations for the coupon collectors problem
Let M be a Possion distributed random variable with mean (1 − ε)n lnn. Then using problem 2, and the
fact that the probability of having a complete collection is monotone increasing in the number of coupons
collected,

P{M coupons is enough } ≥ P [M coupons is enough |M ≥ (1− ε)n lnn]P [M ≥ (1− ε)n lnn]

≥ P{X < (1− ε)n lnn} × 1
2

Thus,

P{X < (1− ε)n lnn} ≤ 2P{M coupons is enough }
= 2(1− e−(1−ε) ln n))n

= 2(1− n−(1−ε))n

≤ 2 exp(−n−(1−ε) × n) = 2 exp(−nε)

Similarly, if Z is a Poission distributed random variable with mean (1 + ε)n lnn, then

P{X > (1 + ε)n lnn} ≤ 2P{Z coupons is not enough }
= 2[1− (1− e−(1+ε) ln n))n]
= 2[1− (1− n−(1+ε))n]
≤ 2[1− (1− n−(1+ε) × n)] = 2n−ε
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