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ion Topics

e Signal theory, DT system theory ~5 hrs
Structures ~2 hrs
Sampling, Quantization, OSAD ~8 hrs
HR /7 FIR filter design ~5 hrs
e DFT, FFT, fast convolution, spectral analysis ~4 hrs
Linear prediction (AR modeling/latiice filters)~3 hrs

e« Adaptive Filtering, LMS, RLS ~7 hrs
e Multirate Signal Processing, Filter banks ~5 hrs

e Special topics
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- Review of S&S and undergraduate DSP
“DT Proc of CT signais”
Finite word length effects

« Filter design, optimality results "anything is
optimal if you pick the right criteria”

L2, L™ mostly
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Unknown System

output

input o
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Speech modeling/coding/recognition

Moder P

w[n]

Vocal tract
P Allpole b+ xn] model

~ deconvolution, equalization

v

equalization —# X[Nn]

X[n]—#| channel ?
0

[n]
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efn]

“‘Decision Feedback Equalizer”
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-Speech (all pole model)
- spectral envelope
- formants

-Parametric Spectrum
Estimation

-EEG analysis/EKG
-Geophysics
-Dow Jones Industrial

x[n] = Zp: ax[n—k]+e[n]
k=1

Fast algorithms/ Averages
Struct - trends
ructures - cycles
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“System D" or “Modeling” unknown or time-
varying systems. Coefficients adapt to signal
statistics for *closed loop” signal processing

- Adaptive equalizers/ communications
- Beam forming/sonar/radar
» Array processing

Adaptive Equalization — Decision feedback
equalizers Lucky (1965)

i g %:ﬁ -Lasture 1 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved 3 of 26

Underwater Acoustic Equalization
(was) 2 bits/sec to 2 bits/minute!
(now) now up to 10-20kbps up to 60 nautical miles
(was) ~ 2,400 bps modems over phone lines

(now) ~ 56kbps with adaptive equalization
~ 52Mbps using VDSL modem,

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 of 26




Adaptive Filter

. 2} Filter (usually predictor)

3) Joint Process Estimator

-p parameters

y(ti-» Adaptive Filter

—+ (1)

Adaptive Filter

L Re Lenes

< 2004 Audeew Singar, University of Whinais

af sk ana-Champaign, M Righits Reserves
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Fredictor structure:

71

¥
N
¥

y(®

ilters, cont’
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y(t)

d(t)
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O wal(t-L)

Decision Feedback Equalizer as a predictor

R Leawres < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 26

y(t) = reference input -——-—»E?Qf"ersa!
i

- n?(t) R
" Correlated N4

noise
//‘

d(t) = primary input = (D
IV
= s(t) + ny(Y
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“talker echo”

D

Yistener

echo’
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ati

h

Filter Hybrid

}\- d(t)

i
- oy

e.(t) d(t)

4

(D <

near
& end
talker

Echo canceller for 1 direction of transmission
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2 wire T T 4wire T

acho cancellation

desired

e,

talker

Hybrid ) @Ef’

listener

acho
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n{t) —» H, »

output
ANC,

reference inputs

radio
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+ Stochestic Gradient, LMS (Least Mean
Squares) Woodrow/Stearns ~ 1960

»  Stability/ performance

+ Advanced Algorithms (RLS, Latlices, etc...)
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o Communication with fractionally-spaced
equalizer

o “tools” for multirate signal processing:

—# H(z) —* LM > decimation
—s T L »  H{z) —+ interpolation
¥ ﬁﬁsﬁ %:ﬁ - Lecture < G4 Audsew Singer, University of Winais al Uskana-Champaign, 81 Rigits Reserved 23 of 26

......................

H,(z)

Hy(z)

H.(2)

......................

..................

lterbank

B XN

)

-Sub band coding
~Multirate fillers

- -image coding

-Sample rate
conversion

~-TDM/FDM
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H(Q) 14,35 -+ AID 1 H(z) |- L 2 b x[n]

N

FIR
Filter
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Lecture 2

drew Singer
Elecirical and
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A continuous-time signal defined on the
real line will be denoted x(t), or x(1).

A discrete-time signal defined on the
integers will be denoted x[n], or x,[n}].

Multidimensional extensions will be clear:
e.g. x(t, s), xIm, n], or x{t, n}.

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 70832




(LYY Absolutely Integrable/Summable:

Eo|x(t)| dt <o
i |x(t)| < oo

N=—co

| EEEG . Laoee® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

(L=) Bounded Signals:
sup|x(t)] < e
t

sup|x[n]| < e
n

Signals in L”: ¥
[xcol, £ ( £ el at) ™ <o

. %
Rig(h é[ ) |x[n1|P] <es

| B Loz L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod




only defined
on an
interval

Finite Duration: x(t):te T

X[nl:n,<n<n,

- sometimes useful to think of them as either
periodically repeated (FS/DFS) or as zero
outside the interval (FT/DTFT).

| EEEG . Laoee® < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 48

x() =t te [0, 1],%<oc<1

1
ecel = [

:L( lim £ — lim t1‘°‘) __1
1—\ 1 t—0 1—o
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[xctys = et

1 : i
= —( lim £ —lim t”“)
1— 200\ t=1 t—0

x(e LY, butnote L2
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sinw,n

hIpf [n] = -

,—co<N<eo, O<W, <

> (sinw_.N
h.[n]| = —c
H |pf[ ]||1 n:z—oo mn
for
2rk  nm 2rK 3= = |sinw m,
+ + —e K

W > 2

o 4w, w, 4w_ | | mm,

L5 W 272
k=1 27C(k+1) T

m, €

> lim CIn(k) = o=
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mn

T n=1

w, 2n° w, 1
<+ S =t

T n26 gw 3

\ w
(or use Parseval's Thm —%)
T

hyylnle % ¢ L

| EEEG . Laoee® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 3 afas

e-Invariant (LTI)

— yIn] < ylnl= 3 xklhin—k]

K=—o0

impulse response
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N m
> ay[n-kl=> bx[n-kK]
k=0 k=0

- satisfying LCCDE = LTI

- need additional constraints
XoIn] «» yoIn] such that LCCDE is satisfied.

yin] = yuln] + v, [n] also satisfies LCCDE
L3
Y aykn-k]=0
k=0

| EEEG . Laoee® < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 of 3%

Need auxiliary information

- “Initial Rest Conditiong”
- “Final Rest Conditions”

Boundary condifions necessary to
uniquely determine y[nl.

s “LTV enough to determine y[n] for any x{n]?

NO! May need stability, causality, etc. 1o make it unique!

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 19 ot 33




yI]— yIn—1 = xIn], Xgln] = kdin]

yoIn] = k[%] uln] + v, [n]

yaln] = A(%)

Let A =1 Isthis system Linear?

No. Check superposition

| EEEG . Laoee® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 9% of 4%

Unigue, LTl « System function well defined

H(z) = i h[n]z™", Region of convergence
N=—co

Y(z) —%Y(z)z‘1 = X(z)

Hz)=— :

Sbanaihatpaigh, A Rights Resssved 1% of 33




f\ k4 >% right sided
NP <1 left sided
2

h[n] = —(%)n u[-n-1]

| EEEG . Laoee® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 4%

k(1Y 1y
y[n] —K(ZJ u[n]+A(2)

A=0 =nh[n]= (%) u[n] causal, stable

n
A=-K=h[n]= —(1J u[-n—1] Non-causal
2 not stable

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 of 33
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e Fourier Transfo

Analysis Equation

XM 2 Y xnje ™

N=—co

periodic with period 2n. Why?

Ans. All frequencies are uniguely represented by
an interval of length 2=

Lertse 3 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 e84y




Nonlinear max over
X[N]——+ltime-invariant P . et
system
e —p — define

Alev)
Is A(el") periodic with period 2r7?
with any period?

| EEEG . Laoe® < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 2 af ¥

eijn — ej( wqo+k2m)n

- same input must vield same output
or system is not well-defined.
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For input x[n] = eMn:

Eigenfunction Property: y[n] = i h[k]e! ")
k=—o0

=—co

= eJW“( > h[k]eJW"j
Kk

x[n} = @iwn MML:I,LW, y[n] = @Wwn H(E’JW)

gigenfunction eigenvalue
H{e") is the “spectrum” of eigenvalues

| EEEG . Laoe® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad aat1e

x[n] 2 — [ X(e™)e™"dw
[n] 2nf"( )

e X[n]is composed of a superposition of complex
exponentials el»n

# Each frequency o is weighted X(e*Mdw
#» Consider, e.g., how to construct x[n]= elon

| R Lenese L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 o817




Zi fn( i x[m]ejwm}ej‘””dw = X[n]

if the sum converges uniformly for all w, we can
exchange [and ¥

x[n] = i x[m](é fneJW(n—m)de

M=—cc

| EEEG . Laoe® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 8 af 17

1 f SM-M) gy — sinmt(n —m) —S[n—m]
2r ° " (n —m)

= X[n] = x[n] (IDTFT (DTFT(x[n])) =x[n])

wese 3 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod jary




i x[n]e "

N=—co

X

<y |x[n]||e’jWn

N=—co

< 3 XIn] <o

N=—co

If x[n] is in L1 = X(elV) exists.

= X{eW) converges uniformly to a
continuous function

| EEEG . Laoe® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad Baftd

Y XA < oo, x[n]e 2

N=—co

. m .
= for X,(e")= > x[nje™"

N=—m

= lim []X(E™) - X&) dw =0

Moo

wese 3 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 af 7




1, |wl<w,

Hlp(ejw) =
0, w,<|w|<m

sinwn
mn

hyp[n] = L2 ¢ L

im - [* iy (e") ~Ho (&) dw =0

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

5 of §

Lyriuse 3

5 of 7




The maximum overshoot remains constant
What is the maximum L error? (trick question!)
L2 error — 0

L= error — constant

451 - Lacture 3 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 93 af 57

Truncation of DTFT =
Convolution in frequency
domain

t | /TU\
w

ideal low rectangular

pass filter window

sin(w(2m+1)/2)
sin(w/2)

- Lortuss 3 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 130t 17




maximum overshoot

A
/
memmmm/”\/ U@MM-J

=

2rn .
:iJES'n(V\_IQmH)/Z)dW
27 Jx sin(w/2)

= 1.0895 ~ 9% overshoot

451 - Lacture 3 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 a8 57

Xy
x'{-n] &> X (ev)
Ref{x[n]} ¢« X (&) conj. symm. part
Imxnlt < X, (8 conj. antisymm. aart
xe[n] « Xr(e™)

Xo[m & Xi(ejw)

X [n] = 2 (] + xX[-n]), X (&) = Vs (X(el) + X '(elw))

- Lortuss 3 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 0t 17




ax[n]+by[n] < aX(e™)+bY(e™)

x[n—n,] & e Mox(eM)
e™"x[n] R C
x[-n] o Xe™)

nx[n] PN j%X(ejW)

| EEEG . Laoe® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 G 3

x(nj=ylnl < X(Ee™)Y(Ee™)

xny[n] < %fEX(eJe)Y(ej(We))de

il = 3 b =L [ x@™)] aw = |x(e™)f

L

>, Mnly‘In] = [ X(e")Y"(e™ )aw

N=—co

wese 3 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 0t 17
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Y(2) =H(@z) X(2)],_.» Y(e') =H(e'*)X(e)

— if stable —

system function frequency response

\Y(ei“")\ - \H(Teim)\ \X(eim)|

‘magnitude distortion”, "magnitude response”
KY (') = xH(e"*) + £X(e')
t phase distortion

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 of 36




< H(z) =z, H{glv) = gl®
[H{glo) =1, L H{el¥) = -m, o] <x

ideal delay

H(el®) = edoid — for ny = integer = delay by ny

7?7 ng = integer

£ - Lacture 4 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 2 af 36

“‘Samples of a delayed version of the BL
interpolation of the input’

X[n] ——#| glong p—»p y[n]

X (t) X (t—Tny)
e0Tny C/D P y{n]

ol =

v

Ea
=

L 4
o
—
O

-4

- Lertss 4 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 30738




.N%ﬁ ientations

o] < oy "
0 else

T DRGNS A | W T

noncausal causal

How can we implement = H(el®) =

| REEA Laoued < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 4Gt s

e M of < o,

= H(e)=
0 , €lse

J1,]m{<(oc

) -
0, else

-

| —mng, |of < o,
£H(e") =<

0, else

< 2061 Bndrew Singer. Unive Sibana-Chamypagn, A ights Resesven 50738




Linear Phase = Delay (for integer ng)

= SODVOBLOI {for non-integer)

Group delay is a measure of linearity of phase.

| REEA Laoued < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad Gt 36

H(e/®) — y[n]

= s[n] cos{w,n) narrcwband input

s[n]

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 7 oF 38




linear approx___——w

Bl Lachwred < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 3Gt as

. d :
_ . jH(e! ™ — xH(e!®) (@)
H(e!®) = |H(e“’°O )‘& w e

- - WNy

y[n] = s[n —ny]A(wy)cos(wy — Py — mgNgy)

T envelope delayed by group delay

- Lentase 4 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9or 38




Need £H(el®) to be a continuous function of ©

Write arg[H(el®)] £ continuous phase of H(el®)
j© —-d j®
©(w) = grd[H(e’)] = —arg[H(e")]
dw
—d ja
=——Arg[H(e"")]
dw

ignoring impulses

| REEA Laoued < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 36

arg[H(e™)] = Arg[H(e®)] + 2r r{w)

unwrapped wrapped  integer to compensate
phase phase for 27 jumps

—d .
To compute t(®) =— LH(e”
pute T(w) v (™)

use numerical
differentiation

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 11 0f 36
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-Or- use properties of DTFT:

hin] < HE®)

nhin &~ HEe")
dw

n, Al Rights Resergen 13 0t 36

riais ad Urbeass

Lere 4 < 200 Bndrew Singer. URvErety Chatig




DTFT{nh[n]} _ jA’ ()&M) + A(@)t(m)e!He"
DTFT{h[n]} A(w) &)

Re {DTFT{nh[n]}} )
DTFT{h[n]}

| REEA Laoued < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 36
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One zero  H(e®) = (1 - rel® elo)

_—d [ Im(1-relei)
dw Re(1-re’e )

O RS

1’ —rcos(w—6)

2 - . .2
4 ‘1 — rejee"‘”‘

8 Vhat does

-10 f 0}

M<1  w=8 sign =+ imply?

3 g . ‘:‘g -Lechure d < 2084 Aodvew Singer, University of Minnis 2l ebana-Champaign, 88 Bigivs Reserved

5 of 36
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ap oo @
L/

(causal, stable)?

|H(ej‘°)‘ =1 Vo

“Lentese 5 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod
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s Systems, cont’d

Causal all passhast(w) >0 V o

2

() = rl<1 (why?)

“I - rejeej“”2 |

= arg[H..(e")]<0 O<w<x

ap(

ecture § < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

2af 28

e Lantre 5 <200 T Bndvew Singer. Univ 1, A Rights Reasrees

Jof 28




Figuee 5.21

- Locture d < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 4af 26

H(z) causal stable, H'Yz) causal stable

poles inside u.c. zeros inside u.c.
no pole @ oo no zero @ oo

If H{el*} is m.p. = given |H{e)*)|, phase is unigque.

L Lortuss § L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 of 26




it is the “minimum” of all phases for |H(el*)]

How to find?:

%

‘H(ej"’)‘z = H(e'*)H" () = H(z)H*( ; )

A\

~"

“spectral factorization” 1
(z-a) (z ] )

(z+b) (1_b*)
Z

| EEEG . Laoured < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

z=el®
A

Choose poles and zeros inside u.c.
5_
‘H(ej‘“)z _ 3 cos(m)
17+ 1 cos(w)
1ajo 1 alo
_ (1—2e )(1—2e )
1 a0 1 Qo
(1+Ze )(1+Ze )
1a7l0
H (ej(o) ( 2 € )
mp (1+1 —j(o)
4
£ 200Y Bndvew Singer. University of Aiae at Yrbanathamgaign, A Tighs Resersen 7orz




V Rational H(z), H(z) = H(z) H,,(2)

reflects zeros cutside
u.c. to mateh H(z)

s[n] ——Hy(2)

k4

Hc(z) ¥ 80[”]

distortion  compensation

| EEEG . Laoured < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 3Gt 28

If Ha(2) = Hamp(2) Hyap(2)

1

=H(2) zm

Her(2) = Hdap (2)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 9 of 26




For systems with same |H(el®),

- “‘minimum phase lag”

impose additional constraint
H(e"?) = > h[n]>0

arg[H(e"*)] = arg[H,,,(e'")] + arg[H,,(e'")]
negative 0<w<n
Hmp(e/®) has smallest “phase lag” - £H(el")

| EEEG . Laoured < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 26

Systems, cont’d

‘minimum group delay”

grd[H(e'*)] = gre[H, (€'*)] + grd[H,, (e)]

>0Vo

Hmp(eﬁﬂ) has smallest group delay

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 11 0f 26




systems, cont'd

- “minimum energy delay
Note vV H(e*) with same DTFT ||

oo 2 o 2

> il = 3 fhpln]

N=—c0 N=—ce

E[n] 2 zo Inimif

= Ep[nZE[N VN
‘front loaded” imp. resp.

Filter design, realizability, stability, communication
channels, causal wiener filtering

| EEEG . Laoured < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 9% of 26
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Parical sukegy

B {n] iemnimum pha!

s B otn] Imazimumn phava

e & (0]

s e st € o111

P
s} '"f;r"f

{x‘

s

& 1

Figure 329
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H(ej(l)) — ‘H(ejm) efjmct

t

does it have a symmetric imp. resp.?

sinm.(N—a)
m(n—o)

No. h[n]=

_ e 1 laf< o,
H(eJm) —
0, else

| EEEG . Laoured < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 26

H(ejm) — A(ejm)efjomwjﬂ

real, bipolar real, constants

(W) = «,

arg[HEe®)]=B-om O<m<n

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 17 0t 26




ase, cont’d

Aim-n], 0<n<m

0, else

-hm—-n],0€n<m

h[n] = = H(ejm): Ao(ej('))e_j(u%+j%

0, else
-Sufficient conditions for generalized linear
phase with a causal system.

-Necessary?
A ()= Al(e™) conj. even

A (e)=-Ay(e®) conj. odd

| EEEG . Laoured < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 of 26

sinwt(t—n)
h,(t) = n;;mh[ I — )

Is symmetric about some pointt = d.

uesticn: does there exist a causal system
which has generalized linear phase
but no symmetry?

i Lentase 5 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 18 0f 26




it Question

Does a continuous function exist s.t.
h,(t) is bandlimited to (-r, )

h,() =0, t=-1,-2, -3, ..

h,()=0, t=1+r2+r, ...

h(=c t=0 ?

| EEEG . Laoured < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 24 of 26

estion, cont’d

B C(1+r)
T+ )T +r —t)

Ans. Yes!  S/(1)

Gamma Function:

I(z)= [ e't"dt, T(n)=(n-"1)!

—e&ﬂkﬂﬁe@fmr>—;eUﬂxr24

— §,[n]eLl” forr>—1el? forr>—%,eL1 forr>0

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 1 0t 26
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it Question, cont’d

5 Syt) = sinmt

—-1<r<0 1(w)= —% = time advance!

=S (2)=(1+z"

| EEEG . Laoured < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

but h[n] is causall!

pr i

Type I: h[n]=h[m—-n], 0<n<m, m even,

m
o=—, B=0,x
> B

Type Il: h[n]=h[m—-n], 0 <n <m, m odd,

o=—,B=0,7

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

3 0f 26
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For systems with same |H{eV)|,

- ‘minimum phase lag”

impose additional constraint

HEe®) = ¥ hin]>0

N=—c0

argH(e™)] = arg[Hn, (€™)] + afg[ﬂap(ejw)]

negative 0 <w<n

Hpp(e1) has smallest “phase lag” - <H(elY)

R Laoie s < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 3ot 24

Systems, cont’d

- "minimum group delay”

grd[H(e™)] = grd[H,,,(e™)] + grd[H,,(e™)]

>0 Vw

Hmp(eJ’Wf) has smallest group delay

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 9 of 24




systems, cont'd

- "'minimum energy delay”
Note V H(e) with same DTFT ||

Y hinlf = 3 Pyl

N=—c2 N=—co

£ £ 3 himf

= Enp[N]ZE[N]  ¥n
“front loaded” imp. resp.
Filter design, realizability, stability,
communication channels, causal wiener filtering

R Laoie s < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 24
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He™) = H(e™)|e
t

does it have a symmetric imp. resp.?

sinw_(n— o)
iin—o)

No. h[n]=

jw e M, [wl<w,
H(e™) =
0, else

R Laoie s < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 24

He™)=AE™)e ¥}

real, bipolar real, constants

©w) =q,

arg[H(Ee™)=B-ow O<w<m

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 0t 24




ase, cont’d

him—-n], 0<n<m _ _ -
= HEe")=A_(e" )efjwé
0, else

—-h[m-n],0<n=m -
= H(e™)= Ay(eM)e 2T

0, else

- Sufficient conditions for generalized linear
phase with a causal system.

. Necessary? |
A (e™y=A (e™) conj. even

Aye™y=—-Aj(e™) conj. odd

R Laoie s < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 af 24

sinw(t—n)
h,(t) = n_Z_mh[] )

Is symmetric about some pointt = d.

Question: does there exist a causal system
which has generalized linear phase
but no symmetry?

i Lentase 6 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 ot 24




it Question

Does a continuous function exist s.t.
1) h,(t) is bandlimited to (-n, w)

2 h,t)=0, t=-1,-2,-3, ...

3y h,O =0, t=1+r2+r ..

4 h()=c, t=0 ?

R Laoie s < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 24

estion, cont’d

B C{(1+r)
T+ )T +r —t)

Ans. Yesl S (t)

Gamma Function:

I(z)= [ e't"dt, T(n)=(n-1)!

—+&Gkﬂﬁe@fmr>—;eUfmT2—1

— §,[n]eLl” forr>—1el? forr>—%,eL1 forr>0

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 19 ot 24
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it Question, cont’d

5 Syt) = sinmt

—-1<r<0 T(W)Z_Vz = time advance!

=S (2)=(1+z"

R Laoie s < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

but h[n] is causall!

23 of 24

Type I: h[n]=h[m—-n], 0<n<m, m even,

m
o=—, B=0,x
> B

Type Il: h[n]=h[m—-n], 0 <n <m, m odd,

o=—,B=0rx

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven
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ECE 451
. ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 7

drew Singer
Elecirical and

of Trusteas, Al Rights Reserved

b, +b,z"

1-az’

System Function: H(z) =

Impulse Response: h[n] = bya"u[n] + b,a™u[n-1]

(causal)

- IR, cannot implement via convolution.

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 et 47




Difference eguation:

yIn] - ay[n-1] = by x[n] + by x[n-1]
y[n] = ay[n-1] + by x[n] + by x[n-1]

e Recursive algorithm for implementation,
assuming the system is causal.

s We require: initial conditions (e.q., initial rest)

R Leawre T < 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves 2 af 47

fference uation

What about:

1 ?

yIn=11=Z (yIn]+box[n] + bx{n —1)) - *
Recursive implementation for noncausal system.

We will discuss implementation of causal DT systems
described by LCCDE's.

Non-causal DT systems require splitting into causal and
anti-causal subsections,

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 3ofa7




=
=
4
B
L 4

y[n] = x4[n] + x;[n]

Bou. e, .
x[n] » > y[n] = ax[n]
R Leawre T < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad aatar

tion Notation

N M
> ayin—-kl=> b x[n—k]
k=0 k=0

‘ 1 N M
y[n] = —{—Z ayln-kl+ > b x[n- k]}
k=1 k=0

=N
‘direct form implementation”

Assume a, = 1, rewrite LCCDE’s now such that

L 2061 Bndrew Singer. Lniversiy SibanaChamypagn, A Rights Resesven 5 of a7




y[n] = %aky[n—k]+ %bkx[n—k]
k=1 k=0

" feed forward
b z¥ «—— zeros
H(z) = —":ON

1-Ya,z"«——— poles
k=1 feedback

R Leawre T < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

DAG models express linear equations: we can
write flowgraphs using z-domain variables.

Why?
Consider:  x[n}—»a 3 y[n]

| EEEARE. Lonwse T L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

7ekay




wln] = x[n] + a w[n - 1]

yIn] = by w[n] + by win — 1]
yIn] = by(x{n] + awln —1]) + bw[n - 1] A“ of
win— 1] =x[n — 1] + aw[n — 2] this
yIn] = bo(x{n] + a(x[n — 1] + aw[n — 2]) + by (x[n — 1] + aw[n - 2]) WO r}(y
y[n = 1] =byw[n = 1] + byw[n - 2] .
= be(x[n — 1] + aw[n — 2]) + b,w[n - 2] JUSt i@
= boxin — 1]+ (bga + by) win - 2] get

=byx[n-1] + (bga + b)(w[n-1] -x[n - 1])

1 :
§ EN v[n] in
= box[n - 1]+(bsa+ bw)[;}((y[n] - boX[n])(

.2 bDa+bU‘_x[n_1D te?ms
i - 11 = byxn - 11+ yin] - 22xin] - Dxfn - 1,2 +b) of

ay[n 1] = yIn] = boxn] - box[n — 1] x[n]!
¥In] = ayln = 11+ box(n] + byxin = 1]

R Leawre T < 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves B af 47

¥(2) = bgw(2) + byz'W(2) = ¥(2) = (b + b2 )W(2)

. Y¥(=z) _(by+ bz ")
x(z) (1-az'h)

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 of a7




M L%
k'{.ﬂ By x{n—k} :%‘(n]«-k::_f a, y{n-k)

—_—

B
x(n) ; o uin
ks -1
z By b ay z
-1
z bz I az z-l
By -1
-1 -1
z [ « z
x(n-nN} 4 H yin-N)
Direct Form |
WL O "
Hiz s 22—
1-T a, ="
Pt
M N
y(n)= I %, x(n-kl+ X a, y(n-k)
=a K=
M i
‘Hiz) = Baz™® -
t2) k:EQ n 1-T ayz ]
]
ecture ¥ <0 PURE Audeave Singer, Unisersity of Winals at Ushena-Ghampaign, M Rights Reserved

5 of 47

{n) by x(n=k +N
n) = - “
Yy kz: x X{n-k) kiaky(n k)

H(z}=

M
N -k
1nZ K k§o b,z

N
yi{n) « x(n)+k£‘ ay yylo—FR}

M
{n}) = b -
y{n} k:‘:o w Yiln—k}

Lyriuse ¥

< 2061 Bndrew Singer. Unive

Enais ad Urbastaihans

1, A Rights Reasrees
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a. T oy
Fa
az ba
Iry-4 Byymy
=1
ay I by

Direet Form 1

L BERAEE . Laature? < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

% of 47

TRANSPOSITION THEQREM

. REVERSE DIKRECTION OF ALL BRANCHES

2. INTERCHANGE INPUT AND QUTPUT

TRANSFER FUNCTION REMAINS THE SAME

ial
Exompia o

LeiEe 7 | A Rights Ressreos

13 ot 47




Example 2

x{n) L Iz" I yln)

a bl
¥in} - x{n)
L= |
E] b
x{n)— B B vin}
o~
b a
bo
%(n) - ~ey(n}
b g,
=t
ba LF
By It
]
by T gy,
<0 PURE Audeave Singer, Unisersity of Winals at Ushena-Ghampaign, M Rights Reserved 94 of 47

Cascade Structure

kEO bk Z_k
=
Hlz} = —5
1= 2 uu Z—k
k=1
-1 -2
1By + %
o AT B : B2y "
1'“15( Z-"‘Bak z
y(m
Ty [z az [z 1 ba; [z
1 B £ &z o Bzl
ez Bz 22z f22 @23 Fz3
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A Nz Byl1-exz™") M-N
i - =1 . Tl €2
—ckZT kel (I-dy 27N ) k0

Cro ri 27} M-N
T = + L cy2
1-&1,(2 —ap, X k=0

%

[+
Y01
b 2y 17 Y
B0y 17
Yaz
y(n)
2y PZ 1 712 }
azz [7*
To3
asz 1! 713§ Parallal Form
doy ‘z‘f
Lachure ¥ < 209 Andeew Singer, Uriversity of Winsss af Utk ana-Ghamprign, M Rigits Reserved 95 of 47

[
a
1| pete-ere ool P ”
ozl . B an
g ‘\“
e 5
; Y L— T T T T T T T T
[ 3 ;
; U Rz
o H . 4
§ @ b P
o2 | « [ 4
Y ; |
g 5 /
K 1
Rl .
~, e
ol g 1
o ‘s
af o . . -
1 ns E) 05 1 N Phan
i
oE a i3 @F 0. Ow  os
Lantiese 7 2 2008 Bndrew Singer, University of inuds a2 Urbasta-Lhamgidign, Al Rights Ressrved 17 of 47




Pole-zero plot
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1 Passband log-magnitude
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Pole-zero plot b
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Passband log-magnitude
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Passband log-magnifude

F sssbane Lo Mecre e Quect o 12 965

:
' :y
Pole-zero plot :
12wt Dieet Fer Iz
0.3
. A [E3 IR @ 01w 1% 6%
03| Pty i st 24
o4l Log-magnitude
0o i } . oy Mt Evect foun 12838
P Ruig]
[ 1 .
i :
04| X :
i
pES N |
-0 &R . . ‘
L 1 oy . s
s .
: .
1 5 0 cE [ "
'i. cos CEl 0. = o 0E 05
Leshure ¥ <0 2 Aadvew Singar, University of Wnois af s

ho) h{1) hi2} h(N-2) h(N-1}
- -~ o
yin)
Dirssx-form reatization of an FIR system.
Pl ™! ™! 2"t
” . T yln}
RN-1) A RIN-2) M- 3} M2} _h(“ [11{e]
o ‘ ———— Y M —
x(n)
Tramposition of tha network
- Lonuse 7 £ 200 Bndrew Singor. URvErety ol nuie 48 Usbana-Ghatgaign, A Rights Ressreos a7 et A7
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oMILeasEAPH of w Fass Tuassversan Fiuven

(6} JmseRvzd Tmeusz REIPOMSE

< 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves 28 of 47

Ay = AN —L—r)
) = s - 1)
ALY = ALY

etc.

iy ="% warzn
w=0

= A{0) [1 - .—""“'] P {.rl'- ;'(""n] +

(Last term slightly ditferent depanding on
whether N is even cr odd.)

L) 1= z=! 31
K T‘ K i
ﬁ' N o b [uun = {umz-u
vin
Diresy-fmem chaliziticn far an FR rpivem af 4920 orfar in
Bonar P
- - 2
it .
™, |
M) — =
~ml tnﬂ Tal2) {lt’f-l) .(\4_1 3
Py

Dirmerdore cqstication (ar wn ML systam af add crdur =itk
Timowr Ghase-

Lease 7 £ 200 Bndrew Singer. Urivers: Guis At Urbanaeohataigh, A Rights Ressrved 2% of A7
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- Adaptive filtering
- All pole modeling, speech analysis
- Linear prediction, equalization

R Leawre T < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

1)eqln] = &gln] = x[n]
e[n]=e_,[n]-ke .[n—1], i=1 ..,N
ey[n] =yin]
L 2061 Bndrew Singer. Lniversiy SibanaChamypagn, A Rights Resesven 5 ot a7

16



Note: » System is FIR, Nth order

e h[0] = 1, h[N] = -k,

¢ k's called “k-coefficients” or “reflection

coefficients”

e System function
N
Hiz)=1-Y a2z 2 A(2)
k=1

R Leawre T < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

Define:
E(z Ly
|( )= |( ) _1_28&)2 k
Eq(2) k=1
E(z Ly -
A(z) = 5(2) =1-Y &z "
Ey(2) k=
i-th transfer function
200 Y Bndvew Singer. Univerey Sibanah g aigh, A Rights Resssved 3% ot 47
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(1) In z-domain:

Eq(z) =Eo(2) = x(2)
Ei(z)=E._4(2) - kiz_1éi—1 (z)
E(2) = kEi4(2) + 2 E4(2)

Y(2) =E\(2)

R Leawre T < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

B of 47

A(z)=A_(2)- kiz_iAi—1(Z_1)
Recursion

A(2)=z"AZT)

L 2061 Bndrew Singer. Lniversiy SibanaChamypagn, A Rights Resesven

33 ot a7
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= Can be proven by induction:

- Ap(2) = Ag(2) =1

1
< A(2) = E,(2) [E, (2) = X2 —X'Z;Z) x(2)

=(1- k1zf1) =Ag(2)- k1z’1A0(z‘1)

R Leawre T < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

- A(2) =E(2)/Ey(2)
=[E_(2)-kz 'E_(2)]/ x(2)
=A_(2)-kZ (E_,(2)/x(2))
=A (2)-kz A _,(z)

= A (2)-kz Z"A (2T

wese 7 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

F ot ai

19



Recursion for A_:
A2) =z "Az ) =2"(1-k2)
— 2_1 - k1

A(2)=E\(2)/Eq(2)
=[-kE1(2)+ 2 E_(2))/ x(2)

R Leawre T < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

= kA _(2)+2z'A_(2)

=-kA_(2) +Z2"A_ (")

=z (A2 -kZA_4(2))

=z'A(z")

L 2061 Bndrew Singer. Lniversiy SibanaChamypagn, A Rights Resesven

38 ot A7
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Wiite A(z)=1-Yafz* in(2)and
k=1

match terms of order k:

i ) 1 . -1
=>1-Yalz“=1-Yaf "z -kz'(1-Y al "z")

. -1 . -1 )
alz*=Yal"z*+kz' -k Yal "
k=1 k=1 k=1

R Leawre T < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad ag of 47

L 2061 Bndrew Singer. Lniversiy SibanaChamypagn, A Rights Resesven 45 ot a7




N

e Torecovera,sin H(z)=1-Yaz* ,need
k=1

a™ k=1, ..., N, since H(z) = Ay(2)

e Begin with a} =k, , then repeat 3) for
i=1, ... Ntoobtainal’ vi=1,..., N

= This converts from k-coefficients to the a,'s in
H(z)

To convert back to k-coefficients from a,/'s:

R Leawre T < 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves a3 of 47

ap, " = (ay +kaly)/(1-k)

To obtain k's from a,'s = aM's, repeat (4)

fori=N,N-1, ..., 1

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 43 0t a7

22



e [nl=eln]+ké ,[n—1] Inverse system

1

i—
éakz

H(z) = ————

Generalize to poles and zeros:
enn]l  ensin]
XM gec " lsec” 7 |sec”
sen s ]
7Cn ICNJ j;N_;lQ Teq
4 y[n]
200 Bndvew Singer. University Bbvasa b argaign, A Rights Reseseed 45 0f 47

23



ro Lattice, cont'd

6) N
bm =Cp — Z Ciai(l—)m
i=m-+1

N
H(z):%, B(z) = Z_:obmzm

- echo cancellation, pole-zero modeling
adaptive equalization, efc. ..

3 g . ‘:‘g -Lechwa ¥ < 2084 Aodvew Singer, University of Minnis 2l ebana-Champaign, 88 Bigivs Reserved

a5 of 47
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ECE 451
. ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 8

drew Singer
Elecirical and

of Trusteas, Al Rights Reserved

A/D s digital signal

tT

T T \
discrete time

: guantizer
signal

X[n]=Q(x{n])

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

C/DPx[n]=x.(nT) ww)"([n]=x[n]+e[n]

1 of 35




digitization™" e.[n]
multiplier quantization coefficient quantization

| EEEG . Laore® < 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves 2 af 88

ories of Quantization Effects

o Coefficient quantization:
- Frequency response changes due to finlte precision
- “static” effect of quantizaticn

e Arithmetic with round-off in LTI systems

- Adds gquantization "noise” into computations
- “dynamic” effect of quantization

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 30735




For H(z) = m look at the poles: A{z) =1- Zf_ﬂ a,
Z -

We want gz, = dA@) oz _dAlz)
da, dz, | da, da, |_,
dA(z)
dz, _ dak 2=z, Z/Nik
da, dA(z) ]‘[Lm (z,-2,)
dz, |,
N
AZ =Y dz, A8,
o da,

e Worse {or closely spaced poles/zeros!
— Worse for more poles/zeros]

| EEEG . Laore® < 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves 4af 38

Direct form implementation is bad for N>2

Cascade or parallel subsections (second order) are
much better for coefficient quantization of poles

Farallel structure gets the zeros from all sections, but is
still better than direct form

Normalized lattice structure is more robust, but aiso
requires about twice as much computation

We can play with the flow graph to improve
quantization for all-pass, complex conjugate pairs, etc.

For FIR Filters:
e Linear phase can be preserved
e Zeros are typically spread out, so direct form can be ok

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 af 39




- 2's complement — most common
» Sign magnitude, Offset binary, others
In general assume:

IX[n]| < x,,

XNl =x_(-a,2° +a,2 " +...+az2")

(B + 1) bit representation

X[N] = X, (—bg + %bizq)

i=1

| EEEG . Laore® < 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves 8 of 38

2's complement
3A N— 0.11 a

ZAJ— 0.10 Y2
A

0.01 Va

A 3 sa 74 X 0.00 0
22 2 2 1.11 Y

110 Y,
1.01 Y
L 1.00 1

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7oty




Error range is ié, A= 2oy

2 28+1 = 2

m o-B o (for rounding)

X :
—p5 =Isb step size

> Aslong as [x[n]| < x,

J

—Xpm —%Sx[n]SXm—

| EEEG . Laore® Jeew Singer, University of Wanoss at Ubana-Ghamprign, U Rigis Reserved

2 af 38

antization

Q(-) is nonlinear and hard to analyze

Simplified model: x[n] =[Q]— X[n]
U
linear = x[n] — @ — x[n]
e[n]

x[nNf——>—> x[n]

P

L 2061 Bndrew Singer. Lniversiy SibanaChamypagn, A Rights Resesven

¥ Equivalent if e[n] is correct.
— how can we model e[n]?

$of 35




- eln] is a sample function of wss random process
- e[n] is uncorrelated with x[n]

- e[n] is white, i.e. uncorrelated samples
1

- pdf (e S (uniform pdf)
[T 1

A A

2 2

(can also assume Gaussian PDF, but want
o< << 2B G2 o AQ)

>
e

| EEEG . Laore® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 3%

X2 2—28
E{eln}=m, =0, o= o

Autocorrelation Function
Ree[m] = E{e[nle[n +m]}

=623[m] + m3 = 625[m]

Power Spectrum
See(e") =DTFT(R,.[m])

=0Cp "white noise"

| B Lo L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 11 08 35




First-order IR (let x, = 1)

&,[n]
. .
x[n] . » y[n|
v i
fanY
ot m, =m, =0
4 1 2
a
g,[n] 2—2B
2 _ <2 _
Ge - Ge -
1 2 12
; - Lachare B < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigiis Reserved 97 of 3%

b 1
2 H@=-——
az’ -(2) 1—az’

h.[n] =a"u[n]

i Lenese s L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 1% 08 35




cdue to the noise

y[n] = y[n] +f[n]
f[n]=a f[n—1]+¢[n]

m, = E4f{n]} = E{ S h.[Kle[n - k]} _

k=—co

=M, i he[k] = meHe(eJO)

k=—co

- Locture ® < 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves 94 of 3%

ment of the noise response

4]

2
f

E{(fIn] - m;)*} =E{f[n]*}

E{ i he[k]e[n - k] i he[f]e[n - f]}
koo :

f=—00

o L=

= 2. X he[kn [(]E{e[n —Kk]e[n - (]}

K=—cc f=—s0

= 3 3 hIKIh, [k - (]o?

k:—oo f=—co

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 0f 35




y[nl=yIn] +f[n]
a—>1 o >

ecture § < 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves

4 of 3%

Lo <200 T Bndvew Singer. Univ 1, A Rights Reasrees

7 of 3%




pole Zero

< 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves

18 of 3%

N 2—28 oo ZB

DFIl: of =—— = k; Ih[K]* +(IVI+1)—

) 2 278 = 2
DFI:  of :(M+N+1)F > ’h[k]‘
koo

| B Lo L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

1% of 3%

10



Letx., =1 Require |y[n]] < 1

i g 45;? -Lesture §

yInl= 3 hiKIx[n —k]

k=—co

< ki IniK][|[xin — K]

yin| = ‘kz NKIXIn — k]

< Xmax 2. |h[k]|
k:—oo
max |X[n]|

*not* x,,

< 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves

25 of 3%

Largest value of [x[n]|

Xoax (1 —a) for 1-pole example

*conservative™ in general

38T Lorture B

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

43 0t 3%

11



Assume x[n] is a WSS 11D random process

For 1-pole example with -(1~a)<x[n] < (1 ~a)

o2 l0-a-—(-a) (-ay

X 12 3

| EEEG . Laore® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2% of 8%

200 Y Bndvew Singer. Univerey Sibanah g aigh, A Rights Resssved 2% 0t 35
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SQNR,, =—% =—3-=2(1-a)’2%®

Gf 29728
12
2 (1-a)
_ X _ 3
SQNR;, == =—¢
Ge —

12
Quantization noise /

=4.2°(1-a)’ =2 SQNR,,

| EEEG . Laore® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

23 of 3%

Nowlet  X[n] =X,,,.C0S = (Wyn)
y[n] = X, . H(e%o)cos(wyn + ¢)

ly[n]| € Xipax [H(€M0)]

max

1
yIn] < 1= Xy < W Yw

| B Lo L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

13 0t 3%

13



1-pole example:

X o < /1+8° —2aC0OSW, VW

max —

<J1+a’+2a

X .. <J(1+a)y =(1+a) <« Less conservative

| EEEG . Laore® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 25 of 3%

Xinax < L

max |2

2 |nik]
k

<(1— ‘;7)1:\“_812 =J(1+a)(1-a)

200 Y Bndvew Singer. Univerey Sibanah g aigh, A Rights Resssved a7 et 35
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B 451 - Lecture ¥

< 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves

28 of 3%

«hntess &

£ 200 Bndrew Singor. URvErety ol nuie 48 Usbana-Ghatgaign, A Rights Ressreos

1% ot 3%
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| EEEG . Laore® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

B oof 3%

Now scale x[n] so win]| £ 1 & Jy[n]] < 1

‘

win| 1= X0 <

—

+

[\ =N

1
<1= Xy S =< |
IY[n]| = Amax (Z‘h[n]]) A

L 2061 Bndrew Singer. Lniversiy s asraChatpalgn, A Rights Resssved

¥ ot 3%

16



achura §

N

S =(F) 2 il = (3)(

N=—oo

)

. 7
SNR =% =-_-2%

4)

18

< 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves

BE of 3%

Gt Lontuse §

L 2061 Bndrew Singer. v

1, A Rights Reasrees

33 0t 3%

17



Bl Lachure® < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

Bf of 3%

5

_ o8
18

14

= SNR,,, :EZZB vs. .

o
18

35
90

28

DFI 278 5 27 228 DF|
90

Q: parallel form ? ...

Lertese 8 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

33 ot 3%
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ECE 451
ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 9

drew Singer

Electrical and
nginesring

of Trusteas, Al Rights Reserved

Let x., = 1 Require |y[n]] < 1

yInl= 3 hikIx[n —k]

k=—oc
lyIn] =‘ Y hikIx[n-k]| < ki hiK]||x[n K]

< Xoae 3 |NIK]
max |x[n]| T o

*not™ X,

Lertese 8 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

T af 47




for y[n]<1 = X . <

max — o0

Largest value of x[n]|
Kooy S (1 =a) for 1-pole example

*conservative® in general

R Laoure < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2 et td

_(1-a)-—(1-a))° _(1-a)’
T 12 -3

200 Y Bndvew Singer. Univerey Sibanah g aigh, A Rights Resssved Jetr




i Moise Powers

R Laoure < 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves 4af ¥

uantization noise /

=4.2°(1-a)° =2 SQNR,,

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 o817




Nowlet  x[n] =X ,.c0S = (wWyn)

yIn] = XnaH(eM"0)cos(won + ¢)

YINI] < Xinax [H(€M0)]

for Y] 1= X0 < 1 YW,

max — ’H(eJWO )

R Laoure < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 8 af 17

ethod, cont’d

1-pole example:

Xox < 1+8° —2aCOSW, YW

<{1+a’ +2a

Xiax < \f(1 +a)’ =(1+a) <« Less conservative

L 2061 Bndrew Singer. Lniversiy SibanaChamypagn, A Rights Resesven jary




R Laoure < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad Baftd

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 af 7




< 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves 985 of 57

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 79 0t 17




1
Win]| € 1= X0 ST:%

1
<12 Ky € = <
|Y[n]\ = (Z|h[n]|) A

R Laoure < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad EEERT

43 of 47
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5

— _2728
18

14

7
— SNR. . =— 2% ys

L o®
18

DFI §22B >§225 DFII
90 90

Q. parallel form 7 ...

Lacture $ < 2004 Audeew Singar, University of Wingis af Urhana-Champaign, A Rigts Reserves 95 of 57

ECE 451
ADVANCED DIGITAL SIGNAL PROCESSING

o Engineering
t Urbana-Champaign

of Trustees, Al Righls Reservest







ECE 451

ure 10

drew Singer

Electrical and
nginesring

of Trusteas, Al Rights Reserved

- ADVANCED DIGITAL SIGNAL PROCESSING

- Practical communication channels do not
permit baseband communications

For example:

telephone channel 300 — 3300 Hz
ADSL: 25 KHz-1.1 MHz

VDSL: 1.6 MHz — 10 MHz

ISM Band (wireless) 902 — 928 M Hz
Underwater Acoustic 1.5 - 3.5k Hz

i

H

L Lentass 16 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

1 of 3




+ Practical digital communications typically
modulate a baseband communication into
the transmission band.

- Baseband “Pulse Amplitude Modulation”
PAM for digital communication

sit)= ¥ ag(t—nT)

A=—o

i BEE 45T - Lectura 10 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved pPRAE

Convert
Samples to gty s
Impulses

? “transmit pulse”

-

“reconstruction fiiter”

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 30131




if g(t) is an ideal low pass filter:

G(jQ) “Minimum Bandwidth
T Pulse”

» ()

R

K3
T T
Then this is just an ideal C/D converter!

R Leawenl < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves aafds

VDSL Band ~ 10 MHz:

?=2n-1OMHZ=2nfS

fs =10M samples/sec
“symbols/sec’

Underwater Modem ~ 2 kHz: 2 Ksymbols/sec

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 of 34




bits —| coder — a[n] — D/C |— s(1)

complex T complex

symbols baseband
T, gty signal

R Leawenl < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 af 43

x(t)
aln]—D/IC —e s(f) —> 2R x(t)

real
communication
signal

T, g(t) eltlot

| Lenese 1o L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 af 31




1. x(t):Re{ejQot i_ a[m]Q(t—mT)}

X(1) =R {(Sr(t) + }S (1)) (cos Qut + jsinQyt)}

= Sg(t)cos Qut — S,(1) sinQ,t

Real part of complex passband PAM

R Leawenl < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves Bafds

retations of

. =cosQ;t i ag[m]g(t—mT) -

M=—co

sing,t i a[mlg(t—mT)

M=—c

In phase and quadrature modulation

. =|a[m]|cos(Qt + £a[m])g(t —mT)

—_—

AM PM = psk if [a[n]| = 1

wese 16 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 of 34




Ale”) A(Q) = A(eT)

convert
1 to
-— >
- impulses .- /
» >
- Tow T r Q
T T
Then apply pulse shaping filter. ..
i g § ;ﬁ -Lechure 16 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved 94 of 83

S((€2 - Q)
T modulate
—_—»

0 Q Q

_|
—|a

- N T/2
I:\ i Q
-, Q,

%(s( i) +8'(-j2)) = S (i) & R{S(1)}

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 79 ot 31




Receivers

For now, assume no channel, r{t) = x(t)

() A o
r(t) f()—> s(t)—|C/D>a[n] = s(nT)

ot “lowpass filter” 1AT
EF0 wanti-aliasing filter”

“receive pulse”
F(t) =r(t)(cos(Qot) — jsin(Qgt))

R Leawenl < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 97 af 34

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 13 ot 31




- Lacture 16 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 f 3

e Channel not ideal

o g(t), f(t), not ideal lowpass filters,"MBW” pulses

e C/D & D/C not ideal — quantization, filtering

L Lentass 16 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 ot 31




Channel Model:
e Dispersive (bandlimited) channel

e Additive noise

S$(8) — b(t) —> y(1)

v

» r(t)

w(t)

R Leawenl < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 af 34

$(9) =[GUQB(E + Q)F(D]AGR)

S

Pc(€2) < pc(t)

a[n]—S to |—> g(t) > b(t)> f(t) > C/D— &[n]
tt ° ~ “ 4T
Po(t)

Lertese 16 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 ot 31




a[n]— C/D » D/C — a[n]

] I

T, Pc(t) T

I“equivalent baseband pulse”

— want a[n] = a[n]

R Leawenl < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 f 3

What about aliasing?

(gt efa- )

®
Q=

0) 271k

— A(eJ‘” Z Pcl|i—_ <

T T T
eriodic!
P must be a constant!
EUE I Lontese 1o 200 Bndrew Singor. URVErety uf [nuie 4% Ui ana-Ghatgaign, A Rights Reasreos 1% af 39

10



moam

mmm Condition

= “Nyquist criterion” or “zero forcing” condition

a[n] = z almipln-m]  pln]=p,(nT)

a[n] = a[n]p.(0) + f alk]p.(nT —kT)

K=—ca

A -
YT

desired symbol | iersymbol Interference

R Leawenl < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

23 oF 3%

Want no ISI — p(kT) = 8[k] (1)

Design p,(t) for no ISl

1 & . 21k
FT of (1) = — PliQ———|=1
(1) TZ [J = J

K=—cc

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

ERRL ]
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1 |Q|<%.

P.(j€2) = > P (t)=
0, else

sin(nt/T)
(rt/T)

4 PG

i B :sﬁ;ﬁ -Lechure 16

3
-
L
-T T 9]
<200 Aadeew Singer, University of Wois af Uskana-Champaign, M Rights Reserved 2% af 33

c(jQ):

o]

T, 0<|q| s(1—(x)7yT
T, .
5{1—sm[iﬂq—%]ﬂ,ﬂ—a)% <lQ/< (1+oc)$

0, Q>(+w)7

sin(nt/T)} cos(amt/T)
(t/T) || 1-(20t/T)>

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 230t 31
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Fourier Tomnsborm of PabefDosine Puos

=] 5 555 ¢

-8l - -
-t =38 8 -2 -£®

=4
2T Ex

peture 16 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

25 oF 3%

w=10.25.5.75 1§

Lerse 10 o, A Rights Resssved

I3 0F 31

13



S(j2) = (GUQ)B((Q 2+ 0 )F(J2)A(IC)

Po(€2)
— design P (jQ) first, then choose:
P.(i%2)
F(jQ) = { CULB((L + Q)

0 GUQB((Q+£)) =0

— For P.(1G)=1 . “Zero Forcing Equalizer”
neise enhancement

G(IQ)B(j(Q2 +€y)) # 0

R Leawenl < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 25 af 34

ise in the Channel

Now, add noise back in:

s(t)

v

b(t) Pt 1(1)

wi(t)

w(t) white, wss, S, lif2) = Ny
RWW(T) = No 6@)
= E(w(w(t + 1))

sriuse 16 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 ot 3
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w(t) —e@—s f(1) » C/D » v[n]

gt

8, (1Q) =N, [F(IQ)[*

F(jg—j%]
T T

R Leawenl < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 28 af 3

2

i N i
.8, (e!%) = 70
k=—co

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 ot 31




onstell:

QAM/QPSK
| {a}

R.{a}

B Lacnure 16 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 38 of 9%

I (OB

B O/ bt 2ln] M@

Re(a)
) : &
c/o
P, R
Loniars 40 £ 2061 Bndrew Singer, Untiversty of Hinads at Urbanadhag dlgn, A Rights Resersed 3 0t 29
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ECE 451
. ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 11

drew Singer

Electrical and
nginesring

of Trusteas, Al Rights Reserved

- We discussed a model for quantization
noise and used it to model/analyze digital
filter structures.

+ Trade-offs between quantization noise and
word-length or computational complexity
can be performed using these models.

+ We can also trade sampling rate with
quantization noise, by using over-sampling
to decrease quantization noise, or
decrease bit-length (word-length) at a fixed
SQNR.

i Lactare 11 L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved

1 of 38




» X[nJ=x(nT)

L e Sy

s(r) = 2 &(r—nT)

L

on ()

X(eJ“’):X(JQ’j,f z ([m zikjj

i BEE 48 - Lasture 11 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved 2 of 38

Our quantization model:

x[n]] B+1
x (0¥ AD rwx[n] =x[()~» C/D » bt ex[n] -+ eln]

TT TT quant

Xc(t) s RN ""@”Xﬂﬂ}“"“b’@ g %[N

41

e[n] white, stationary, uniformly distributed,
uncorrelated with x[n]

i Lactare 11 L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved 30738




See(e*)=02, |of<m

Reel0] = (e} = [ Seu(e)do

A
2
e
> O
-TT i
L REEA - Lesture 1 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 4Gt s

Frocesses

Will also assume x () is a WSS random
process with autocorrelation and power
spectrum:

Ry (0 S (i) = F (R, (0)
Ry (0 = QX+ D)
R, [ml = EXnlx[n + ml} = EGn T (nT + mT)}

= Ry (MT)

Lactare 11 L 2061 Bndrew Singer. Universiy Sibana-Chamypagn, A ights Resesven 50738




ammg@@ on Spectrum

Rel0] =R, (0), E(C(t)=ECCM])

1A S (i)

£ Qy

/ See (ejm) = Gg

f > o
T
¥ BERAN  Lastre 11 < G4 Audsew Singer, University of Winais al Uskana-Champaign, 81 Rigits Reserved 8 of 36
x () —> AAF » C/D  Q —
- ¥ §
Q== T B + 1 bits
T
Need Q. =—, sharp cutoff
T
S (i)
1 > 0O
-Q,
Lactare 11 L 2061 Bndrew Singer. Universiy Sibana-Chamypagn, A ights Resesven 7ot




Converter

Digital
LPF

IR

[
] ] 1
1 Rr
<0 2004 Audeaw Binger, Unisersity of Whinois al Urbana-Champaige, M Rigiis Reserved

Analog AA LPF
Quantization error

2af 38

AR

R = oversampling ratio: : £

nyquist

- (Q/m)

or, QT . == R=—"

"R QThyq

Quantization noise power in band =

QpT, 2 2

1 0y 2Q,T..0: o©

— oldp =" — e
2 R

R Lactare 11 L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved

$of 38




Signal power in band =
I:)x = ch = E(X[n]Z) =

PR g
Ge

SQNR =

|

I:)XC

X

2

PXC

E(x(t)?)

2
m

J12.2ZB

write R =2 = [—)1 2.2%®%2

Xm

L REEA - Lesture 1 Wk 3t Lk

Effective # of bits
" ENO BH

ana-thampaign, M Rigivs Reserved

5 «f 36

A/D

B+1+%-bit_> x[n]

F

Lactare 11 L 2061 Bndrew Singer. Universiy it

B+1+1log,R-bitQ

G har aigh, A Rights Resssved

5wt 36




This assumes no quantization noise is added
by the LPF.

Reasonable if FIR, implemented with 2B+1
bits until after the accumulation.

Need factor of 4x oversampling to gain 1 bit!
Can get a better tradeoff through

“Noise shaping”

ldea — put more Q noise energy outside
band of interest.

&

@

&

B

i g %:ﬁ - Lesture 14 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved F ¥ 36

7
CiD By

T

Pih-order noise shaping loop “shapes” the noise
spectrum using H.(z).

Lactare 11 L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved 13 0f 36




/‘p=1
e

oo (p=0)

> ®
- QT QT T
‘_’
signal
band
<0 2 Aadvew Singer, Uriversity of Winoss at Ushana-Shampaign, A Bigus Reserved

15 of 36

In band Q-noise power =

QT 2P
LT o2(2sin(9))” do
2m g1
For R large, sin{w/2) = w/2

1.7 5 o 1 "% 5 o
=— | oo(0)do=— | cco”do=
27thDT 21 R

722

T (2p+ IR

R Lactare 11 L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved
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'p?hmweﬁ%m ise Shaping

2b
SQNR = 1(27['); (Z&; j(Zp +HRZPH

m

R = 2K

12-P,,
= nszrzn (Zp+1)2

2(B+(p+%)k)

sB=(p+3)k=(p+7Z)log,R

L REEA - Lesture 1 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 of 36

better than a...

CD systems use R = 258, B+1 =1,
1 — bit A/D converter
8p + 4 extra bits or 8p + 5 equivalent bits

p = 2 yields 21 effective bits!

Lactare H 200 T Bndvew Singer. Univerey Sbanaihatpaigh, A Rights Resssved 7 at 36




ntations

Y -A (A-3) AD converters

Analog 2. - A converter (p=1)

High gain |
» K/s

AN
lahN s

h i

(t ? !
e

tr

£

L REEA - Lesture 1 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

C/DF—{Q}r>vin

18 «f 36

K/s

Ye(t)

DIC
tr

I_|(s)_YC(s)_K/s_ K 1
X X.(s) 1+E  S+Kkow

£

Ix. (i) = 0,|Q| > Q,

ELE T Lty 11

L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved

1% ot 36
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k>>1, x(t) B.L,

yln] =y,[n] + y,[n]

yx[ﬂ] = Xc(nT)
Redraw: define e(nT) = ¢[n]

*@(t)
v C/D »
® T
Yo
T

CREEAE Lestue

«0 2 Andeew

-+
X () —>

P
Ly
4

RS
A

K/s

&

University of Winals af Ushana-Ghampaign, A1 Rigvs Res

23 f 36

ion from the Noise

L 2061 Bndrew Singer. Universiy

st atans hatp A, A Rights Resereos

45 0f 36
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0)2

- Wsee(ej‘”), o <7

L REEA - Lesture 1 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 23 af 36

;

1fR2m2d— o2
P N

R3 — 93l0g:R _ 22(2)'092R

AB =2log, R

Lactare 11 L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved 301 36




ata > - A Converter

sample-hold
X, (t)—C/D

anY
g
A 4
0
Y
v

D/A |«

H(z) is an accumulator, replacing analog
integrator.

Accumulation done with D-T analog samples.

L REEA - Lesture 1 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 24 af 36

Model for D/A from delay of D/A

L EEE G Lecare 1 L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved 15 0t 36
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m Functions

L REEA - Lesture 1 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 25 af 36

= (2sin(®))’, p=1

He(e) =f1-etef

3

SNRGam:E%— =9.03k -5.17 (dB)
T

=6.02((1+1)k) (dB)

Lactare H 200 T Bndvew Singer. Univerey Sbanaihatpaigh, A Rights Resssved 27 ot 36

14



Since SNR ¢ 6.02 B+1— 6.02(B+1 +$/2 k)
AB

enoh

5

(p=2)= SNR Gain = % (homework)
m

= 2k=3log, R bits

L REEA - Lesture 1 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

28 «f 36

Lactare 11 L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved

1% 0f 36
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- Inose and Yasuda 1976 *delta-sigma
modulation”

- noise shaping began in multi-bit form in
1950’s

- N.S.in A/D converters 1970's

i BEE 48 - Lasture 11 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved

B oof 36

One-bit A/D’s typically have R»>>1
(256 typical)

Easier to make “good” 1-bit internal A/D and
D/A elements than multi-bit elements.

Unlimited potential SNR

Simpler decimator design

H

H

Analysis & simulation very different

3

L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved

Fi ot 36
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ADC’s, cont’d

- Additive noise model for gquantizer does not
hold for N = 1

highly correlated samples
- limit cycles produce tones

(p = 1 typically uses a dither)
(p > 1 typically okay)

i g %:ﬁ - Lesture 14 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved

BEof 36

- Very difficult to analyze theoretically
SNR overestimated by linear models

eg. p=1,RKR=128 - 100 dB vs. 86 dB

yln + 1] = §h[n] * [x[n] - y[n]}

/

Nonlinear difference equation

Lactare 11 L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved

signum function active research topic

33 0f 36
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+ g
P o B L T bit cutput
™ 7T Ao vini

(=1

+ + + 71 1obi ‘
-hit
X (NT)—weD ?‘vip » ::(;, P - y[n] 1 bit

- 4 b % - A p 4 AD »
P " p=2)
hal b |
z~1

1-bit D/A %
Bai - Lesture 11 < 2091 Audeew Singar, University of Winads a1 Urkana & hampaign, At Rigits Reserved 5 of 36

typical
Ao il > m';PEF/R X[n]
Re T ——

Q. = T
T T polyphase T
R decimators = Dnyquist

X[n] = Xo(nTnyquist)

LPF typically adds quantization noise

Lactare H £ 200 Bndrew Singor. URverety ol nuie 48 Usbana-Ghatgaign, A Rights Reasreos 350 36
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ADC’s, cont’d

- Note that quantization of x[n] is achieved
partly in analog and partly in digital
domains.

- Also, anti-aliasing filtering is done partly in
analog and partly digital.

L REEA - Lesture 1 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

B of 36
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ECE 451
ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 12

drew Singer

Electrical and
nginesring

of Trusteas, Al Rights Reserved

2o-A (A= 2 AD converters

Analog 2. - Aconverter (p= 1)

High gain |
# K/s

w

C/DF—{ Qb yin]

Ty

A
L

yo(b)

&

D/IC
tr

Lactar 12 L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved 70619




Kis yin]

Yelt)

&

D/C
tr
Yo(s) _Kis K -
X.(8) 1+K S+Kkoe

Hx(s) =

%, (jQ)|=0,]Q| > Q

L REEGY - Lesture 12 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

k>>1, x () B.L, yln] =y, [n] +y,[n]
yu[n] = X(nT)
Redraw: define e(nT) = ¢[n]
et
. 450
Xo(t) —>P—> K/s —+S—C/D (]
(t) "
y
I D/C |+
T




Bl Laotre 12 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 4Gty
Fork>> 1, x.(t) B.L.: H.s)=~s/K
iQf
oy j®
S &)= | Seele®)
Q=2
T
2
® s &), lol<x
K212 "% 7
Lacture 12 £ 200Y Bndvew Singer. University of Aies at Urbanathamgaign, A Tighs Resersen Sor1a




2 2.2
1 % - ® 0%
v Oe a3 O =553
2"/ KT K“T“3R
3
R3 = 93l0eR _ 22(;)'°Q2R
_3
AB =32log, R
- ﬁﬁg :iﬁ‘:ﬁ -~ boestars 12 « P03 Andeew Binger, University of Yinais af debana-Ohampaign, Al Bighis Reserved 8af 1%

y[p]

Xe H—>

D/A [«

H(z) is an accumulator, replacing analog
integrator.

Accumulation done with D-T analog samples.

L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved 7ot




?ﬁ}w&ﬁﬁﬁ%@ﬁ@f

e[n]
el T yinl

Xc(t) -

L
Va
N

A4
|
A

N
A

Model for D/A from delay of D/A

L REEGY - Lesture 12 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 3 af 18

' Functions

T -z

Lactare 12 200 T Bndvew Singer. Univerey Sbanaihatpaigh, A Rights Resssved Gef1e




:(Zsin(g))2, p=1

Ho(e™) =1 e[

3

SNR Gain = % =9.03k—-5.17 (dB)

T

=6.02((1+1)k) (dB)

L REEGY - Lesture 12 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 3%

Since SNR . 6.02 B+1— 6.02(B+1 + 3/2 k)

! ﬂi\BE

enob

5
(p=2)= SNR Gain= i (homework)
T

~ 2k=3log, R bits

Lactare 12 200 T Bndvew Singer. Univerey st atans hatp A, A Rights Resereos 9 at 18




< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 93 af 54

- Inose and Yasuda 1976 “delta-sigma
modulation”

- noise shaping began in multi-bit form in
1950's

- N.S.in A/D converters 1970’s

Lot 12 L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved 13 0t 15




ADC’s, cont’d

- One-bit A/D’s typically have R>>1
(256 typical)

- Easier to make “good” 1-bit internal A/D and
D/A elements than mulli-bit elements.

- Unlimited potential SNR
- Simpler decimator design

- Analysis & simulation very different

3 wen :sﬁ;ﬁ ~ Leshars 12 < 2084 Aodvew Singer, University of Minnis 2l ebana-Champaign, 88 Bigivs Reserved

- Additive noise model for quantizer does not
hold for N = 1
highly correlated samples
- limit cycles produce tones
(p = 1 typically uses a dither)
(p = 1 typically okay)
0 208 Gndren Singer. Unfrereity of inaia at Uibana-Champaign, A Righis Besesved 15 08 19




ADC’s, cont’d

- Very difficult to analyze theoretically

SNR overestimated by linear models

eg. p=1,K=128 - 100dB vs. 86 dB

y[n + 1] = Hhin] * [x[n] - y[n]}}
/

signum function active research topic

Nonlinear difference equation

L REEGY - Lesture 12 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 af 54

B ;;Egt P yin] 1 bit output

p=1)

1-bit DA =

3 4 4 ZA‘1 'E‘"b .
TS N SR L1 e it yin] 1 bit
I S 4 4 ¢ AD
. . (b =2)
z B
1-bit D/A

L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved 17 0t 15




ADC’s, cont’d

1 bit
typical LPF
C/D Y oo R xn]

— —
——

Tnyquist
T= R polyphase T=T

decimators nyquist

x[n]L

X[n] = Xc(nTnyquist)

LPF typically adds quantization noise

L REEGY - Lesture 12 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 of 54

----- »  Note that quantization of x[n] is achieved
partly in analog and partly in digital
domains.

- Also, anti-aliasing filtering is done partly in
analog and partly digital.

L 2061 Bndrew Singer. Liversiy of i1B10is of UibsraChampalgn, A Rights Resssved 19 ot 15
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f-ﬁ?iét@r Design Methods

There are many types of digital filters:

Frequency Selective: HP, LP, BP, BS, elc...
- Estimation/Prediction, neg tlwm), equalizers, LPC

- Adaptive Filters
X[N}=—» H(z}) —y(n]

want H(z) realizable — described by LCCDE,
H(z) rational

R Lenese 13 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 70619




Hiz)=—0

1+ Y az ™"
k=1

Rational H(z) can be FIR orliIR. Today lIR
- Powerful mathematical analog design tools
- Less computation for given specifications
- Less phase control
- Stability

i BEE 45T - Lectura 1 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved 2 6f 14

Is this a LP, BP, BS, HP, or AP filter?

A i { ejm)

0 21

Typically focus on  |H(e®)| = [H (e®)|

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 30f19




ucde specification
Low-pass filter magnitude specification

&
1+ 3, Leeensss

1 5 |Passband transition band
~ NI

82 e
, stop band | w
O i | R
(Dp (£ ?E
B Lacnure 13 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 4Gty

og Design Methods

Four-step process:
1. Specification of desired discrete-time filter
2 Map specs to continuous time

3. Design analog filter to meet CT specs using
existing analog design mathematical tools

4 Transform analog filter to DT filter

Lertese 13 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 af19




N

Butterworth
‘maximally flat”

N [

Chebychev 1 Elliptic

L

Chebychev |

“‘O(ellip) < G(Cheby) < 0(Butter)”

R Leawent < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 of 14

1) Stable analog — stable digital
(LHF — inside u.c.)

2) JQ axis — unit circle

H(S)|5:jQ — H(Z)|z:em

wese 13 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7ot




Impulse invariance:  hin] = h.(nT)

Map d/dt —» differences in LCCDE

H

Frequency warping by bilinear transformation

H

First consider impulse invariance:

h[n] = h.(nT)

R Leawent < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves B af 1

Write

Hy(s) = 3
k=1

P
Sh.(t) =Y A e *u(t
opry (D g K (t

P
—hn) =Y Ae* "uln]

k=1
— pole@s=s, — pole@z=e*"

— Zeros?

wese 13 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 af19




z=e% s ago=ell =0T mod2r
z=eo T — |HP — inside u.c.

RHP — outside u.c.

. slrip
aliasing!
B Lacnure 13 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 14 o 3%

aliasing!

H(j) H{gl
w,/;\\ M
£ 0

)
-2 2 i

Bonus: what is u{nT) ?? # u[n]!

Lerase 12 200 Bndrew Singor. URVErety uf [nuie 4% Ui ana-Ghatgaign, A Rights Reasreos 9 at 18
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- Preserves magnitude characteristics

- Warps freg axis
1+ 1(c +jQ)

$=0+j]Q—>z=—= _
—-5(0+]Q)

\/(1+%0)2 +0?
\/(1—50)2 +0?

.'.0<0—>‘z‘<1

[2|=

i BEE 45T - Lectura 1 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved

- Maps stable to stable (LHP to inside u.c))
- Preserves L™ optimal analog prototype!
AQ
+r
(D_ |
|
P |
Hie™)| 1 |
Hage)| |
|
1
Q, >
£ 200Y Bndvew Singer. University of Aiae at Yrbanathamgaign, A Tighs Resersen 15 08 19




o

" Hee)

H.G€)|

1
1
1
1 ]
» O
Qp Q
< 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 15 of 3%

[

(T)

8]

v
v~
N~

" HeEe)|

A

|[Ha(€2)|

R Lenese 13 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 0t 15




LP optimal design (1 < p < )

& =2 [ W(e)Hy(e") - He") do

find {a, E: {b, t’: to min &R
- difficult, nonlinear in a,, b, NL optimization

- needs good initial guess (e.g. Prony's)

R Leawent < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

18 of i%
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LP optimal design (1 < p < )

& = 2= [\, W(0) Hy(e") ~H(Ee")[ do

N-1
k=1’

find {a,} {bk}t’: to min &R
- difficult, nonlinear in a,, b,, NL optimization
- needs good initial guess (e.g. Prony’s)

Lentars 14 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

7 of 34




¢
\/\/AA Init guess

3 - ¥ a(n)
global local

min min

Deczky (1972) uses Fletcher Powell method.

| REEG . Laoneend < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 2 af 24

PutE=aga+(1-o) &

L ) . 12m
En = X Wa (@) Ha(e"™)|-|A(e*)
i=1
L 2q
&, = 2w (@)]te) —t(o)]
i=1
200 Y Bndvew Singer. Univerey Sbanaihatpaigh, A Rights Resssved Jetzd




Find a[n], bIn] : min Y. |hyn]-hin]

or, equiv - f’n‘Hd (el*) - H(ej°°)|2 do

> again, very difficult nonlinear problem.

| REEG . Laoneend < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 4Gt

Let's solve an easier one:

— Linear prediction (prediction-error form)

1
N-1 K
1+> az
k=1

For H(z) = (all pole or AR model)

N-1
hin]=—Y ah[n —k]
k=1

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 5 of 24




2

~finda =argmin Y

{ax} N=-ee

N-1
hyln] + +<Z—1 a.hyln —K]

= Linear in a,!

e = hal
0=—=2% [hd[n] +> ahyln- k]}hd[n — ]
da k=1

¢ N=—ca

| REEG . Laoneend < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 af 24

Nt oo o
a, > hyln—klhyn—{]=— > hylnlhy[n—1]

k=1 = oo

Ry lk—1] R[]

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 7ot 24




| REEG . Laoneend < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves Baf 24

How do we include ARMA  (pole — zero)

M-1
K
> bz
k=0
N,
1+ kz1 az

H(z) =

N-1 bin, 0<n<M-1
hin]+ > ah[n—k] =
k=1 0, else

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 9 of 24




* Match first M + N — 1 terms of hin] exactly
Step 1.

M-1
hin]+ > ahn-k]=0 forM<n<M+N-2
k=1

Solve for {ak}r:: using N — 1 equations

| REEG . Laoneend < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 945 of 24

hM=1] ... hM=N+1]a, hy[M]

hgM+N-3] ... hy[M—1] || ay 4 hM+N-2]

H a = -h

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 0t 24




roximation, cont'd

Step 2:

b[n] = h[n]+r§a§h[n—k], n=0,.. M-1
k=1

Now
0, 0<£nEM+N-=-2

efn] =hyfn]-hin}=}
?  else

| REEG . Laoneend < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 9% af 24

Step 1 . r 5
find a, to min Y |hy[n]+ > ahyn—kK]
n=M

k=1

p NI -
==L =¥ a3 hdn-khgn—¢1=- 3 hylnhyln - 1]
oal k=1 n\:M y n\:M ,,

Rink, ) = -Ry1(0, 2)
now depends on
k & ¢, can approx.
with infinite sum

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 13 0t 24




ethod, cont’d
Step 2:
b[n] =h[n] + NZ_1akh[n -k] 0<n<M
k=1

— Better estimates for a[n] using linear
prediction than Pade approximation

- Poor estimates of b[n]

| REEG . Laoneend < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 24

o[n] —

Step 1. Find

o N-1 2
{ak}fj tomin > |hynl+ > ahyln—k]
n=0 k=1

Using linear prediction (Prony's Method, M=0)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 0t 24




Step 2: Find v[n}:

v[n] = —Nf v[n—k]a, + 8[n]

k=1
1 |vinl
d[n] = | ——| —|B(z)|— hIn] = hy[n]
A (z)
e B Lacture 14 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 af 24

Step 3: Find an all zero (MA) filter such that

oo M-1 2
b" =argmin }_ |h,[n]- Y b,v[n—k]
k=0

b, n=0

M-1 ) oo
> b > vin—KJvin—£]= > hy[n]v[n - (]
k=0 J:D — . n=0

M-1

caM-=1 b, R,,[K (1=R.,[0,]
k=0
b'=R'f

7 of 24




None of these methods is a true L< optimal model!

All are related to Linear Prediction

| REEG . Laoneend < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 of 24

bo
N-1 K
1+ > az
k=1

Hy(z) =

1) hyl0] = b,

2
oo N-1
2) Find a, to min > |hy[n]+ > ahyln —K]
n=1 k=1
0 2081 findrevt Singer. Unfrersity BbusChatyagn, M Rights Besesvd 35 0t 24
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ethod, cont’d

oe e
% 0= Y a3 hin-Khyin- (=
aaf k=1 n=1

- —z hyInJhyln — 4]

Solve for ¢=1,...,N-1

N-1
> Rintk 0a, =Ry, (0, )
k=1

| REEG . Laoneend < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

23 of 24

JEN
2 bz
Hy(z) = "—— (pole-zero case)
1+Yaz"
k=1

Now, do 2) first:

‘ s N-1 2
find a tomin Y |hyinl+ > ahyn —k]
n=M k=1
N—

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

1
Now 3) b, =h[k]+ Y ah k¢,  k=0,..M-1
=1

EaR e

11



v[n]

A

> bz hn] = h,n]

1
o[n] —* 1+Zakz’k

1) Compute a,, k=1, ..., N-1using Prony’s
all-pole method.

2y Compute v[n] ,
oo M-1
3) Find b, tomin > |h[n]- > bv[n-K]
k=0

n=0

| REEG . Laoneend < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

2Fof 24

Solve for ( =0, ..., M-1

M-t oo o
2 b > vin=Klv[n—{]= > hy[nlv[n -]
k=0 n=0 n=0

M-1
Z kavv (k1 6) = th(os 6)
k=0

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven
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o Lasttime, lIR Filter design, based on analog
filter design and transformations, LP methods

e Now FIR filter design

- Given a design specification, hyln], or Hy(el®)
- Findhin], st hn]=0n<0, n>M,

- “good’, "optimal” methods

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 of 26




pulse Response

Assume h[n] of length M + 1

—» Guaranteed stable (why?)
— Can have linear phase (how?)

~» Can be easily implemented / designed

i EEE 45T - Lectura 18 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved 2 6f 26

e Window design methods
e [requency sampling

e Computer LF optimization methods
.2
~ L=

- mixed L? -L= (popular - see rice website)

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 308 26




windows”?

Q: Why window design?

A1. Because it's “optimal” (nof real reason)

AZ2. Because it's Easy!

Consider desinging an FIR filter using a

“full-band unweighted L2-optimal” design:

R Leawens < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 4af 26

Optimality Criterion:

. 2
h'[n] =argmin &=L " Hy(e") - HEe")| dw
hln]

nonzero, 0<n<M
h[n] =
0, else

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 of 26




's Theorem

----- W,

Does not depend on h[n]

M 2
= 2 |l - hinf* + & IhgIn]”

n>M

R Leawens < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 of 26

hyln, 0<n<M
Minimize £ ? = h[n]=
0, else

= h[n] = w[n]hy[n],
or, h[n] = w[nlhy[n-¥] (why?)

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7ot 26




1, 0<n<M
wln] =
0, else

‘Rectangular window” or “truncation method”
ls it any good?

‘Just because it's optimal doesn’'t mean
it's good?”

i EEE 45T - Lectura 18 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved 3 6f 26

H(e'®) = Hy(e'®) ® W(e!®)
periodic convolution

=L [ Hy(e®)W(e'“)de

complex valued functions

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 of 26




Linear Phase?

- Assume:
----- > hy[n] symmetric about n=M/2 (integer or 2 integer)

-»w[n] symmetric about n=M/2

- what is ©(w)?

R Leawens < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 of 26

M

Hy(e'®) = H,(e"*)e ™ he[n] =h,[n—¥]

— real, even (”
v for ¥ integer

W(e®) = W, (e")e 2

what if not?

H(e™) = Ae(ej“)efjmz,

Ao(e") =2 [ Ho(e”)W,(e" ”)de

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 11 0f 26




Rectangular window
—je(M+1)

. M |
WeEe) =% e = _ :
(=) ngb( ) 1-e® 1-e™

A Lacture 18 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 93 af 26

“Periodic sing”
(M+1) W (el®)

: f"\\jf“\ f’"\wf\ >
-27 \“'/ \‘/ 0 ’\/ \J 2n

[;J(MH) —kn side lobe

L2k :( 3n }
(M+1) M+1
|
<+—> \
A= 27{ 1J ~ transition width

+

i Lenese 6 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 1% 0t 26




First side lobe

sinw M+1
d 2

=0

o) sin(%;)

3n
)=
M +1

wi(e")| = sin[l\;”t/f“ﬁ+ 1})/sin£—3n ]
M 2 (M+1)2

R Leawens < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 26

(z05)
2(M +1)

_2(M+1)
3n

we)  ms1 3

I b T - 13dB
w(e'™)

T2M+1) T 2
3n

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 0f 26




ter

Truncaled Impulse response of an [deat iewpass filter.
{Dolay Is 25 samples, total length is 51 samplas, and

cutof] lrequency 1s we nw/2.)

acture 1§ < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

0 of 26

Figure 7.27 (a) Cenvolution pracess implied
by truncalicn of tha ideal 'mpulss response.
(b} Typlcal spproximation resulting from
windawing the jdeal impulse resaanse.

Lerse 15 £ 200 Bndrew Singor. Unive 1, A Rights Reasrees
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== &luckman
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Figure 7.29 Commaonly used windows,

BERN . Lacture 18 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 of 26

|
W e .
, % i

s

Figura 2.1

.

Main tobe controls transihen band, buw = 2m{2/(A & 1)}

.

Side Whes contro! passbard and sionband ripple. =20lcg,, § = 200b

Prssband and slepband ricple appresisnately equat vver a wide range of tutefl
frequencies,

Tdeal Properties for win
Fer 2 given window length, Wie/*} “mosi ike an impuse” = rarrow maia
lebe. low sideloes.

whnters 18 i 26 Y Andrew Singer, University riais ad Urbeass

1, A Rights Reasrees 1% af 26
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>

e AT qgi, > ir) BEackman

Feaar frequeny L)

20 lagg lwiet™))

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves
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sponses cont’d

0w [

Y]

20 wag Pk 1}
HEN W]

5

i
Biae
b
=
-

i 23 rang jri]
55

iy

(1)

(a) Rectangutar; {b) Bartlati; {c] Hanning; (d} Hamming; {e} Biackman.

Lerse 15 £ 200 Bndvew Singer. Univer i 4t UshanaChate s, A Rights Ressreos

45 0t 26
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TARLE 7.2 {ORMPARISON OF COMMONLY USED winDOWS

Prak Transifion

Peak Appeazimation Equivalent Walth
Sidelnbe Approximats Feror Kaiser of Equivalent

Windaw Amplitude Width of Wlop,, & Window Kaiser
Type [ Retative) Mainlobe {dR} I Window
Rectangular -13 ArfAM 4 1) o Tl 0 LELafht
fastlert -8 gl B 133 R,
Haning -1 Ba/M - A4 1RE S0 =8
Hamming - & )M -5} 486 6.27ajM
Rlackmar -57 13xfM - 4 .04 9.19n/

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

pr i

Class of windows parameterized by size and

shape

lo| By1=("2)" | (B) 0 <n<M

w[n] =

0 otherwise

-Lertese 16 L 2061 Bndrvew Singer. Unversay of §

Hinuis at Urbana-Champaign, Ml Righis Resesver

3 0f 26
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o =M/2 B: shape parameter

Io(-): zeroth-order modified Bessel function of
the first kind

B increasing

v

I,(B) increasing

v

M smoother window

- Lecture 16 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

25 of 26

,Ef
£

A= o 200ep, 5

e Stop band spec’s:
e Cchoose Filtes Lengts = 3 +1

v A -8

= 3388A0

e ransition Band:

S:ipe parameter:

FAII0UA -2, A >0
7-'0.3!‘?(1i'LE]“-v-U.U'.‘!lﬁ(.«( -2 W42

choose M -
.

]

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod
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Lecture 16
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1 Electrical and
Engineering

of Trusteas, Al Rights Reserved

Design a length-M+1 FIR filter

HE®) = 3 hinje™ (1)
n=0

to fit exactly
H,(el“x) for M + 1 samples, o,

M + 1 egquations (1), M + 1 unknowns h[n]

L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 708 22




1) PX)=a,+ax+ ... +a,xM polynomial

- coefficients uniquely specified by M + 1
samples of P{x)

. M .
2) h[n]=0,n<0,n>M < H(&")=> hin](e™**)"
0
Mth order polynomial
~h[n] & M + 1 Yfrequency samples”

3) Construct hin] via polynomial interpolation

R . Lectura 16 < 2081 fodvew Singer. University of Winais at Urkana-6 bampaign, M R igivs Reservas

uations in hin]

(1 gl g7l gV ] lo]

h[1]
1

—jen 420 —jooyM
1Te™e .. € A hpmy
D h
= D' H
include linear phase!
—j (M)
€ (ZJHe((Dk)
B Lscuse 18 £ 208Y Andeew Bingsy, Uiive e, S Rights Revesves Jefz2




filter

> M=3; w=2"pi
== H=[1 00 07:
>» D=exp{-"w{ ) 0:M])

MY (M+1);

(1.2500 + 0.0000i
0.2500 - 0.0000]
(.2500 - 0.0000i
0.2500 - 0.0000i
=> plot(w,abs(fitih)), %', Markersize’ 20)

0=
1.0000 1.0800 1.0000 1.0804
1.0000 $.0060 - 1.00001 -1.0000-0.0000i -0.0000 + 1.0000:
1.6000 -1.0000 - G.00001  1.0000 + 0.0000i -1.0000 - 0.0000
1.0000 -0.0000 + 1.0000i -1.0000 - 0.0000i 0.0000 - 1.0000i
> h=DVH
h o=

B Lactie 16 < 2081 fodvew Singer. University of Winais at Urkana-6 bampaign, M R igivs Reservas aati?
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>> M=30; w=2*pi*[0:MJ(M+1);
>> low=find{(w<pi/Z | w>3"pif2), %% want a real filter
>> H=zeros(M+1, 1) H{low)=ones(size(low)), %% |LPF
>> h=DVH;

>> plot{w,abs(fft(h)),'x', 'Markersize' 20)

>> xlabel(\omega’)
>> ylabel('H(e j\omegal))

B Lactie 16 < 2081 fodvew Singer. University of Winais at Urkana-6 bampaign, M R igivs Reservas 8 at 2
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0
0

R . Lectura 16 < 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves Baf 22

> M=30; w=2"pi*[0:M}/(M+1);
= H=zeros(M+1, 1) H{low)=ones(size(low)):

> H=H Yexp(-[*w()*"M/Z2). % include linear phase this time
> D=exp(-I*w()"[0:M]);
> plotiw,abs(fft(h)), X linspace(0,2*pi-

2*pii1024 1024), abs(ffi(h, 1024)),'Markersize’, 20)

> xlabel("omega’)
> ylabel('H{e*{j\omega}))

sriuse 48 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 9 of 22




Frequency Response

(0

< 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 985 af 22

i 2 e

e, random locations

> M=30; w=rand(M+1,1y*2*pi; %% random freq's

> low=find( (w<(pif2)) | (w=(3*pif2)),

> H=zeros(M+1, 1) H(low)=ones(size(low));

> H=H.*exp(-]*w()"M/2),

> D=exp(-*w(:)*[0:M]);

> h=D\H;

> plot(w,abs(D*h),'x' linspace(0,2*pi-
2'pif1024,1024) abs(fit(h,1024)),'-' 'Markersize' 8);

> xlabel(\omega’)

> ylabel(H{ej\ocmega})')

wise 18 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 79 0t 22




Frequency Response

L : ®
UBERUET . Lachure 16 < P91 Rndeew Singer. University of Winods at trbana-Ghampaign, 81 Righvs Reserved ¥ f 22

1 = D =DFT matrix

h[n] = |DFT[He(eJ‘°)e‘j‘°(“2”)]

>> h=ifft(H); %% Matlab uses fft algorithm
Can also use more than M equations, but then

H(e'™) = H,(e'™)
may not, “least-squares” method, L2 solution

- Loctuss 18 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 130t 22




>> M=100; w=2"pi*[0.M]/(M+1); %100 equations
>> low=find( (w<{pi/2)) | (w=(3*pi/2)));

< 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 94 af 22

3 T4 s

[0}

sriuse 48 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 15 ot 22




* : 2 n jo j® 2
h'[n] = argminZ’ = 1. J" W(w)Hy(e*) - He™) do

Je?
N[N

=

9

2_1"LEW((D) ah[n]

{(Ho(e)-He)

(Hd(ejw)_H(em)*}dm

R . Lectura 16 < 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 9 af 22

_east Square Design, cont’d

: 5—,“-1 W((D)Hd(ejm)ejmndw n %an W((U)H(ejm)ejm”d(o _0

. -
—~——

-d[n]

M )
—d[n]+ Y h[a-L " W(w)e " 'do =0
7=0 - J

~

Mn,(:'

B Lscuse 18 L 20T Bndeew Singer, Unive Salgn, SH Rights Resereed 17 at 22




east Sguare Design, cont’d

h[0]

[M[n, ,z;“]:| =

h[M] d[M]

d[0]

2obure 16 <0 2 Andeew Binger Universily of Hinais at trbans-hampaign, Al Riglis Reserved

18 of 2%

. {e-wn-w, o <7/2
0, else

, |of<mi2
else

n/2 1ooe jo(n— Mlz)d(!)

ni2
-w/2

1ooejw(n f')d —}—j /2

R Lenee s L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved

ejco(n—@)dm +J‘:I2 ejw(n—i“)dm

% af 23

10



d[n] = 50sinc(Z(n—%)), n=0,...M

M, =50sinc(5(n— 1)) —5sine( 5 (n—£)) +sinc(z(n — 1)),

n=0,. .M {=0,..M

>>h=M\d 08

0.5¢
0.4
03
02
01r

O_K;" a .;.,E‘ ‘ i F 8 e '

01k
_0 2 . i i
0 10 20 30 40
R . Lectura 16 < 2001 fodrew Singer URiversity o REnms at Wikana-bhampaign, M Ruyivs Reservas 24 af 22

o 2001 Brdeew Singen, University of Mnuds ol Usbana-Champaign, A4 Righis Beserved

45 af 23
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ECE 451
. ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 17

drew Singer

1 Electrical and
Engineering

of Trusteas, Al Rights Reserved

- Window design:

Not equiripple, no control over relative
PB/SB error

- LS design:

Weighting permits control, but large peak
errors may still occur

- Today L design:

minmax|E(w)|, weF
hin]

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

1 of 33




M is even
. . M
HEeM)=A (e)e ™ ( - odd length filter

hn]=h.[n-%], h[n]=h.[-n],
=hM-n]

Ae®)= > hnle™"

n=-L...L

R Leawrent < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 2 af 48

L= % an integer

_ L

= A,(e!°) =h,[0]+ > 2h [n]cos(nw)
n=1

Ae(ejm)

1+§, LLLLLs “Tolerance Scheme”

- : t—> o
-8 T &% 777"
o,

wese 7 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 3033




L, @, o, 8,/5; fixed and 6, minimized.
- most commonly used method of FIR design
- uses polynomial approximation theory

- efficient, convenient computer algorithms
available (MATLAB, Fortran, C, etc...)

R Leawrent < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 4atas

A (&™) =h,[0]+ ibn cos(mn)

=1
Lth-degree "

trigonometric polynomial

A. (&) =h,[0]+ ian (cos(w))" = P(cos(w))

n=1

Using Tchebychev polynomials, T,(cosw) = Cosoon\

A (e™) = P(x)| < Polynomial in x

X=C0S @

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 5 0f 32




T (x) =cos(n cos™'(x)), T.(x)=2xT _(x)-T._,(X)
T, =1
T, =x

P(x) = ZL:akxk xe[-11 > e [0, n]
k=0

R Leawrent < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 af 43

A(el®) = P(cos(m))
1 +81- 1 +81 rryyyy.
1- 5,1 11

1_ 61 R

— Note P(cosw)’

w=m,0 = (P’(X)|x=co:3co sin 0))

=0

w=mn,0

zero slope at w = 0, = by mapping, not nec. by extrema

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 7 oF 33




n Theorem Formulation

Define  E(w) = W(w)[Hy(e®) — A ()]
E X = COSM
E,(0) = W,9[D,(x) = P(x)]

Defined on union of closed intervals, e.g.

F =10, ol v [, 7

R Leawrent < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves B afag

—F, =[-1, cosw,]ucosm,, 1]

st atans hatp A, A Rights Resereos Geraz




Let F, denote the closed subset consisting of
the disjoint union of closed subsets of the real
axis x.

P(x) denotes an rth-order polynomial

r
P(x)=> a,x"
k=0

i BEE 45T - Lectura 17 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved 94 of 3%

eorem, cont’

Also, Dp(x) denctes a given desired function of
x that is continuous on Fp; Wp(x) is a positive
function, continuous on Fy, and Ep(x) denotes
the weighted error

Ep(x) = Wp(x)[Dp(x) - P{x)].
The maximum error ||E|| is defined as

[E| = max\Ep(x)\

Xe Fp

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 19 ot 33




n Theorem, cont’d

A necessary and sufficient condition that P(x) is
the unique r-order polynomial that minimizes
lIE|| is that Ep(x) exhibit at least (r + 2)
alternations, i.e., there must exist at least

(r +2) values x in F such that

X4 < Xy < ... <X, ,and such that

Ep(X) = -Ep(X. ) =+ |E|[fori=1,2, ..., (r+1).

R Leawrent < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 93 af 8%

dternations

Ae(ej(o)

o

-E(0) A VA
\/ \ A~/

2 o, W54 x

5 alternations

st atans hatp A, A Rights Resereos 1% af 33




| Lowpass Filters

P(cosm) = > a,(cosm) x=cosa,r=L
k=0

1, cosm, <cosm<1
Dp(cosw) =

0, —1<coswm<cosw,

R Leawrent < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 3%

s

-ilters, cont’d

% COS (), < COSM < 1
W,(cosm) = k=—

1 —1<cosm=<cosm,

Er(cosm) = W (cos w)[Dp(cos ) —P(cos w)]

min# alternations = L + 2 — “equiripple case’

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 ot 33




wpass Filters, cont’d

L+ 3 max

-

o O NSt be alternations

all external points in bands must be
alternations

fransition band monotonic

i BEE 45T - Lectura 17 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved 6 of 3%

lters, cont’d

- L+3 LMhorderpoly — L — 1 extrema
4bandedges > L~-1+4=0L+3
> Wy, 0 must be included:

(same argument holds for )

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 ot 33




lose 1
I'd

lose 2!

X 7

I
)
p
i BEE 45T - Lectura 17 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved

8 of 3%

All external points must be alternations
{except poss. 0, )

; , a—lose?2! same argument.
now only L + 1 possible
- not enough.

Transition band must be monotonic
(homework problam)

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

1% of 33
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odd, Even Length

hin] = h[M — n]

M-

H(e*) = ek i 2h[n] cos[ (% - nD

n=0
—e cos(%) P(cos )

R Leawrent < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

25 of 3%

R Lenwse 17 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

45 0F 33
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ks-McClellan Algorithm

The optimal filter will satisfy the set of equations:
E(w)= W(w)Hy(e") - A (e")] = £3
Algorithm:

1. Initial guess of L+2 exiremnal frequencies,
, i=1..L+2

2. Solve for polyniomial coefficients and 6, using L+2
equations in L+2 unknowns.

3. Evaluate A (e/”) and E{w) on a dense set of
frequencies and choose & new set of extremal
frequencies.

4. Check whether the exiremal frequencies have
changed. If yes, goto step 2, if no, end.

1 Lachure ¢ < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved 2F ol Q%
The optimum filter will satisfy:
W(w)[Hg(e™) - Ay (e")] = (-1)""3
()[Hy(e o(87)] = (-1
=12 ...,L+2
L Lontere 17 0 208 Gndren Stger. Unfrereity of inaia at Uibana-Champaign, A Righis Besesved 23 01 33
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2 1 ao — . —
TXy XX ey H (")
5 ] a .
1% % X2 Wia) . Hy(e™?)
a
2 L (=12 jo 40
_1 XL+2 XL+2 XL+2 m_ 8 _Hd(e )_

0(L3) by standard methods, L log L by FFT

R Leawrent < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

24 of 3%

Method #2 (More efficient)

For a given setof o/'s :

L+2 ok b — Lﬁz 1
Z b Hqy(e™) (X - %)
— k=1 izk

$7b D)

o W(ey)
Xk = COS(Dk

R Lenwse 17 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

I3 0F 33
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Use to construct A (e/®) without solving for a,:

L1 dy
P(cos
L () P15

ZL+1 d,
=X = %)

A_(e’®)=P(cosm) =

R Leawrent < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

24 af 3%

nterpolation, cont’d

X —X

L+1 L
P(x) = Zk:1p(xk)il=_%) Xy =X
|

A7 oE 33
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Application to step 2:
_ if 6 known — (@) compute

(=i)8

O(NL)

operatives

i B 45;? -Lecture1?

AN Alay) =Hgylay) - W(o,)
™. k

. (b) Obtain A{el®) on dense
grid by Lagrange
Interpolation w/o

N,

. computing a,'s
N

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

28 of 3%

Determine necessary filter length:

BRI - Lanture 17

2.324Aw

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

1% 0F 33
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Method Optimality Advantage Dis-
Criterion advantage
Window L2, full band Easy! ad hoc
design “anything’s optimal” guick!
Freq A (el k) = Hy(elk) Easy! Picket
Sampling quick! Fence
Least L [W(a)H,(e") - weighting Gibbs
Squares 2 some trades (L=)
“AET) do in PB/SB
L= T“?wa(w)[Hd(eJW),A(EM)] minimax, conirol hard for
of band, arbitrary very long
flexible design filters
BN conurerr 00T Aaies Sivger Grversiy o nais at sl S impigi, b Rihis Rosorvos 0 a5

Figurs Y44 Poosibla cpllhum lowgass flter vpproximetions
for Le¥. {s) L3 alternations [exiraripaie caseh, (b} L.2
sllerations (extcorim of w=r ). {6) Ll altarnat one
{mutramym 27 ), (0) L «2 3lternations (axremum at
guth w=9 i w=aal

Lentass 17 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 35 0t 33




cha cptimal filtar will saziafy Lhe set of
ecuaticona

Wi B ledT) - R(eINI] = Ase b

iaitiat gueit of
L+ ) exiremai frecpieac ey

. Rlgexibhum:

1. Tnitial guess of (L+2) satTenal frequencies
@i W g caes BTl

2. Solve FoF polynomial ecosfSiciwnty and b
{14+2) wguationy in IL+E) unkeowna.

2. Kvaluste Mg (el s» £i0) op & dsnis sak af
Srsgquencies and ochooss a new ant of extretal
fraguencins

4, Chack whetber L £ 3 god, IE
yon ga ko atep 2. Y% no, algozithm hes convergad.

ey
\

\

SRS

PR VR TY) e O T
“ t g mop B

p—

Figurs *.A7 lilnstration ef tho Parka-WcClmlan algorithne
{or equidppia approximallon.

B 45;? - Lacture ¢

Fljure T.48

Zaltulata the avtirum
& o exereme) imt

el
rieepolaic shrough it + 11
aginc e ohain A, e

CoeLEte errar S )
] tg 1ind (R sel Mad g
Ahew Ll 6

[essin L+ 2]

-~
T N
L+ T \-—‘" ;
o inrgasy H
\:ﬁ('gm!? // Wi E

P S —

05399 [ Chece whether the

wtremal points changed

; Unghangid

Gewe papeox maton 1

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

Flowchart of Parks:McCle!

Ten algorithme.

BEoof 3%

iroquency lor 755 T MR H i alls 1 S & lawnrs
BiHnE,

pnn

FRSLETOH BANIVIETH LAFF

Fiaule KAt Dapwicenn f tnsdien WOR dn S

R
SO

TrEqusngy PaspRih B oplihal frinima armer] wwaasa Wser

MRS tRablner ang Gold}

o]

\Tasiear

i Lontase 17 L 2061 Bndvew Singer. Univer ie

e et st i,

L
gen s ua

Tranilen Banewsats K¥ 3 TN ol pISIMEA culdlf e guaney

i, A Rights Reasreed

F3oF 33
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ECE 451
ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 18

hdrew Singer

Electrical and
Engineering

of Trusteas, Al Rights Reserved

X(€e"*)= > xnle

4
X(e"™), o, =ZTTtk \\«

N = number of samples of DTFT

N

- Lentare 18 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 7 0818




)‘ 2nk
e

o 7j2nkn
= > xlnle " N
N=—co
%0 _j2n
= Y xInIWRY, Wy =e N
A=—0co

when does X[k] uniquely specify X{el®)? (& . ¥[n]?)

A Lectwre 10 < 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 2 af 1

T, . _
= X({iQ)s((Q
A X (t)s(t) = X(t) (€)s( )‘,.F
1 T artttas
0 TD 27{ 27{ t -3A ‘2A'A <-.A2A3A Q
— —+T; 4
) A A
A Xp(t’) xc[k]
|, 1Tl Tre
TeA 21 2r+ TeA 3210 12 3 K

Fourier Series Coefficients

. Lentee 13 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 3of1s




X(t) = > Xkle &

Need x(t) “time limited” to avoid aliasing in time.

- Lactsre 18 < 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 4af i

me

X(el) - S(eiv)
X[n] = x[n]*s[n]

2 e I s KO mTme S

0 M1 N N+*M-1 0A2A..  ©

2—5 =N equally-spaced samples

L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 5 of1s




Need % =N>M= length of x[n]

DFS

X[n] «—

X[K]

TTTT TTTT

Discrete Fourier Series

Invertible iff ZXR =N2>M (avoid time-aliasing)

A Lectwre 10 < 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 8 af 1

Analysis equation

~ N71 .
X[kl =3 xnje™"

n=0

W=

N

N-periodic in k

. Lentee 13 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 7 ats




Fourier Series Matrix

[ XIN-1]

Flill = wi Invertible linear
~ Unitary transformation

X=F X (not really) of
K[n] = F'XK] N-dimensional
vectorspace
FF* =NI=F'F, F*=F
(symmetric)
- 1 —#¢
x[n] = —F*X[k]
N
B Lecse 18 1 206Y Bndvew Bingor, Ui Saigh, S Rights Reserved 3

of 18




M&wmr Series

‘Synthesis equations”

x[n] = XKW "™ _%Z X[k]e' ™

erz

l
N

weights T basis functions (vectors)

Harmonically related

< 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 95 af 55

FProperties:

27mk ~

1 Xn-m]e e’ v XK] shift

2nsn

2. el X[n] & X[h 7] modulation
N—1 . -

3. Y X[m]y[n—m] & X[k]Y[K] periodic
m=0 convolution

B Lecse 18 o 209% Bndeew Singar, Unive i, 8 Rights Reserved 192015




Finite length vs. periodic signais

ohe-to one

mapping T\,T
+—>

0 M-1 if 0 M1 N N+M-1

N>M

FN=M
— Both have N degrees of freedom

4 - Lecthure 18 < P91 Rndeew Singer. University of Winods at trbana-Ghampaign, 81 Righvs Reserved 93 af 35
X[n], 0<n<N-12Ry[nJX[n]
x[n] = N
rect. window
0, else
~ = A
X[n]= > x[n+rN] 2 x[((n))\]
f=—c0
Time aliasing by N
L - Lartare 5 LAY Gdvon Sgon, Unierasy vl Hinois al sbana-Charpaian, Al Righis Reaeiver B0t




The DFT of x[n] £ one period of DFS of X[n]
X[k] = X[k], k=0, ..., N—1

_ N-1
Analysis | X[k]=> x[n]Wg*  0<k<N-1

n=0

-I N-1
S XKIW™ 0<n<N-1
=0

Synthesis | x[n] = —
Ng

& not defined elsewhere or 0 by convention.

I Lacte tE < 2091 Andeew Singer Uriversity of Winsss at Uk ana-Champaign, A Rigits Reserved [EFIET
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ECE 451
 ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 19

drew Singer

Electrical and
Engineering

of Trusteas, Al Rights Reserved

x[n] periodic — X(e*®)= X[K] 8(e — 2zk)

- 1 -
Xinl=—3" Xklei2e/Nkn _ 1
[n] NZO X[K] N2

How would you show this?

Lentare 18 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 70842




@uls?é@r Transform (DFT)

The DFT of x[n] = one period of DFS of X[n]
X[k] = Xk], k=0, ..., N—1

=
-

Analysis | X[k] = 3 X[ 0<k<N-1

=
Il
o

N-1
Synthesis | x[n] = %Z XKIW™ 0<n<N-1
k=0

& not defined elsewhere or 0 by convention.

< 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 2 af 43

to the periodic si

x[n] & X(e'®)

x[n] & X[k] = X(e/#™/N)

L

X[n]= > xin+rN]  Periodic replication

[=—eo

When does  X[k] = X(e*™/N) hold ?

srise 18 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 3ora2




s to consider

Case 1:
X[n]=0 outside 0<n<N-1

X[n] = x[n] 0<n<N-1

N—1 _J.ZTcnk
X[k]=> x[nle " M
n=0

= X(ejm)‘m:@
N

RER S . Lectra g < 2081 fodvew Singer. University of Winais at Urkana-6 bampaign, M R igivs Reservas 4 atas

bitrary Len

x[n] arbitrary length, consider X[k]:

x[n]
-~ N-1/7 e \ _i2nkn
X[k] = Z( > xn +rN]Je N
n=0\ r=—co
o Nt 2nkn

=) Zx[n+rN]e_J N

r=—co N=0 m

oo (r+1)N-1 _J.an(m—rN)
=Y > xmle" "
r=—ceo rN

s 18 20T Bndeew Singor, UREre of [Enaie 5 USana-s hampain, A Righis Resereos Sea3




oo (F+1)N=1 _ . 2nkm

=> > x{mje ' N

r=—co m=rN
oo 7j2nkm _
= > ximle N =X(e")
2wk
M=-co (D:T

X[k]:X(eJm)‘ .«  independent of the
"N length of x[n]!

RER S . Lectra g < 2081 fodvew Singer. University of Winais at Urkana-6 bampaign, M R igivs Reservas

([n] recoverable?
— x[n] always recoverable from 5([k]
— X[n] recoverable only if x[n] =0 outside
0<n<N-1
B Lsose 1w L 20T Bndeew Singer, Unive Salgn, SH Rights Resereed 7 ebaz




Suppose x[n] not finite length:

What is
IDFT, (X(e™/MRy[k])?
Answer:

=R[n] i x[n+rN] =Ry[n]X[n]

[=—00
L RERE . Leawe s < 20T Audeev Singer Unisersity of Winats at dibona-Ghampaign, M Rights Reserved 1643
X,[n] = N, pt sequence
N > max(N,, N,)
X,[n] = N, pt sequence
x,[n] = X,(e*)
. . 7J2nkm
X, [n—=m] = X,(e*)e™ " - X,[k]le N
X4[((n —m))y]
B Lsose 1w £ 208Y Andeew Bingsy, Uiive e, S Rights Revesves gera




= X, [K]X,[K] — one period of X,[n] & X,[n]

= circular convolution x1[n]®x2[n]

Useful for:
- filtering

- spectral analysis

RER S . Lectra g < 2081 fodvew Singer. University of Winais at Urkana-6 bampaign, M R igivs Reservas 94 of 43

x[n] (arbitrary length) < X(e*) DTFT
DFS:

o]

[N =Y xin+N] & X[k] = X(ej‘”)‘
[=—0oe CD:@
N
In general, x[n] not recoverable from
x[n] or X[K].
B Lsose 1w o 209% Bndeew Singar, Unive i, 8 Rights Reserved 19 2 43




if x[n]

i g 45?‘ - Lechure 19

=0 n<0and n>N-1 then:

X[n] = X[((NM)n]

X[n] 0<n<N-1
x[n] =

0 otherwise

RO Aodenve Broger Ui sersity of Winais at Ueb e G hampaign, M Rivs Reserved 9 G 43
DFS N—1 2n
~ 1 v —nk _JW
%] = ¥ KKIWE™ W, =e
N k=0
- N-1
X[kl = > XN«
n=0
2T
~ =7 km ~
Xn-mleoe N X[K]
N-1 N N N 5
Z Xq[m]x, [N —m] <> X [K]X,[K]
m=0
L 20T Bndeew Singer, Unive Salgn, SH Rights Resereed 13 af 43
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%

IDFT:
x[n] =
DFT:
X[k] = fo[n]wg}k 0<k <N-1

n=0

If x[n] not finite length, what is the IDFT of

1 N-1

= XKIW™  0<n<N-1
Nk:O

X[k]Ry[K]?

< 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 94 af 43

itedln Ml
MU (I
| mi]}i;iﬁ,mlﬁ'ifYuﬂlt-i}
l; ,THVEL il m
[l iHm

Flgure 8.6 Procedurs lor forming the periedic canvalution
of two porfodic S0qUanCes.

wase 18 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 15 ot 43




T

%OHTFTN ) :
TTIHTHOU?HIHE'TH i

Fyla) = X{n +2)

-Hfmﬁlrsylﬁmhh

™
I
H I
f PP PEFIEY
i [¢.  omerwise
.
[112:]
5] N n
@

Figure 8§12 Circular shift of a finie-lengih sequence: ta.,
fhe sffgct in the fims domain of multiplying tha DFT of the
sequence by a ilnear phase tacter.

Lot 19 < 2001 Andeaw Singer University of Winais at Ushans

Champaige, Al BRighis Reserved I of £33

xalm]
1.
Qa | m
aylm}
. .
[ N m

azl{O~mbl, 0gmg—1

OrT”

xelli1=r}y), 0 g me -

N m

0 ] m

Figura E.14 Clrcular convolution of a Nnjte-lencth
aefuence xz[nl with a single datayed Empulse.

i Lenure 1y L 06T Bndvewt Singer, Univer
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A Leotire 1y

xiLnj

i e
R N n
o)
lz{h]
1
T N r
tol
z5lnlmxfal @0 xyln]
N
] ; * n

lc)

saquances of length N.

< 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves

Figure 8.15 HN-point circular convolution of two constant

98 o 43
I
o L N "
e
#27n)
T ] g
1
Q L N n
5
wp -l Qnz N~
[ Al
] L N .
fej
all2-mll 2snsN=1
' !
11—
[} - N n
(e
Ayl =g (1] & ngla]
» te
i i1
p1]! IT AT
o L N n
{&
Figure B.16  2L-paint of twe tant
sequences of langth L.
L 18 L 20T Badeew Singer, Unive | 81 Righis Resereos 1% af 43
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x;(n) = Xg(n) X1(ﬂ)*32(n}*p2N (n}

I st el

* .
O N 0 2N

11(ﬂ}*X2(n) 11(1'1)@32(0)
.r”””h. ,rI[H“Ir.

° N 0 2N

-Lechae 1y <0 2 Andeew Binger Universily of Hinais at trbans-hampaign, Al Riglis Reserved 23 F 43

(R.H(n]

LU *a‘"m #in) %5(")

L S I SR IS
Q N 2N

””HH
e[l -

Xaln)

3(‘2(“)_

Rpln
Uy I ey ) |t
Alias firsi?
. Rpfln)
Or convolve first? N
3{n) m K1(I‘IJ*K?_(n) e f‘é—xg(n)
Lt R e S, Univerns &5 Tt S i Coamsalo, 40 Kights Roserved 25 a 43
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"Cireular Caonvelution =
Linear Convolution +Aligsing”

i;:_v,(lﬂ s #yln) % Kg(l’l)

x3(n)= xy(n) & xpln}

+0
x3(n) = {rlz_w izin +rN)]IRN(n)

24(n) = xaln} % )l ® pylet
0| I I li ] . : IR}
xy{n) *xz(n} a4 (n) [ upln)

E'T”lhh' ”””

2FaF 43

Lot 19 < 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves

Flgure §.22

L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved
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Toif]

x[n] = > x,[n—kN] (long sequence) I
k=0

;TFTT - gl-
s i
x[al
a kh‘;rﬁ?ﬂm
Ee )|

s
. =
y[n]= Z h[m]x[n —m] (length-P h[n]) | %olsd
m=0 jlhq% m],_
o DN n
H !"kl_ + A2
i P - : é[ i . i h
ylnl= > him]> x, [n—m—kN] sty ;
m=0 k=0 ; i i :
! ' 1 ! wlrl
! Tﬁ _dhf.
ﬂiim' i lui -
h[m]x, [n —m —KkN] b
b}
h[n]*x, [n-KN]
Flgure 8.23
| BN Lactre 1y < 2091 Audeaw Singer. University of inais at Ushana-Shampaign, A Rights Reserved 24 of 43
Flgure B8.24
200 Bndcew Singer, Universiy of Aiads ol Usbanahampaign, A Tighis Beserved 15 i 43
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2w

Lot 19 < 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves

W

HE M o Hgle!™X) w2 ETK k= Oty lN-0

25 aF 43

B ety L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved
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g T - Lechura 19 < P91 Rndeew Singer. University of Winods at trbana-Ghampaign, 81 Righvs Reserved
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a 1 2 3 4 H ] 7

- Lanture 18 26T Bndvew Singe, Untiversty
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are Generalized Linear, why?

Fliase Respanse (norm alized by pi)
; I
T T

'
et
B

T

-

Ei

s\ \\\!/.\‘ ]

o

e ]
2 i . 2 N .
n 0.2 24 0.6 0.8 i 12 14 1.6 18 2
Phase (normalized by pik
-Lactwe 19 < 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves B of 43
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ECE 451
- ADVANCED DIGITAL SIGNAL PROCESSING
“ Lecture 20

drew Singer

Electrical and
ngineening

of Trusteas, Al Rights Reserved

Review FFT algorithms:
Computes the Discrete Fourier Transform
Decimation in Time/Decimation in Frequency

Direct Computation: 8(N2)

Multiplies 4N real mults YN = 4N?

& Adds 4N-2 real adds

-3 Ifallof them Nlig Nvia FFT

L Lot 76 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

1 af 40




Q: What if you only want a few of them?
(Le. <<Ig,N frequencies?)

Goertzel Algorithm: Reduces the constant of
proportionality for direct computation

N-1 j2"
nk
DET:1 X[k]= E x[n]W", wW,=e N
n=0
. BERN . Laature 6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2 Gt 4l

Note that:
2nkN
WM = e N itk _4

N-1 N-1
= XKD = W™ XInIWEe = D g N
n=0 n=0

= X[K] = (x[n] i WN‘k”)

n=N

U Lenese 20 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 3084




it FT as a convolution

Compute:

y [Nl =x[n]*gn], gln] = Wy "un]

X[kl = yi[nl|,

R LeawreXe < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 4 atal

x[n] —» > + Z'r y[n]

complex N

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 5 af40




=» Each y[n] requires 4 Muits + 4 Adds

real real

Need y,[1], vi[2], ... v.IN] = 4N real MADS.

R LeawreXe < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 8 af 4l

e the transfer function

1 (1-wWz™)
=Wz (1-wg*z ") (1- Wiz )

He(2) =

U Lenese 20 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7ot




Wi | * 2 real mults/sample
71 to implement poles
- = 2N+ 4 =2(N + 2)

P Muits
complex Poles zero

real M times onoce
4(N + 1) real adds.
= Y2 direct computation
- ﬁﬁg :iﬁ:? -Lectura 26 « P03 Andeew Binger, University of Yinais af debana-Ohampaign, Al Bighis Reserved 2af 4l

Note we can also get X[N — k] by changing
W — Wi

= "2N mults + 4N adds = 2 DFT values,
X[K] & X[N — K]

implemented DFT as a convolution!

i Lontese 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 af4




Another method, more flexible, used/principle
in SAR = Chip Transform

(CTA) = Chirp Transform Algorithm
im  (M-Dan

X[n] length N '
e KA

X(e) = DTFT NEPAN

Unit circle

Consider evaluating X(el®k),
W= oy + kAo k=01 ..., M-1

R LeawreXe < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 46

eg my=0M=N An= 2 = DFT samples.
° N

_ N-1 _
X(e™)=> xnle ™", k=0,1..., M—1
n=0

W é e_jA(D’ efj(q( — efjmowk
. N71 .
X(e"*) = x[nle "W since
n—0 Y (k - n)?=k?- 2kn - n?)

R = 1M +K2 - (k—n)?] —

i Lontese 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 19 0t 4G




are we doing this nk thing?

N-1
X(ejmk) _ Z x[n]e—Jmoanz/2Wk2/2W—(k—n)2/2
n:O N ~ _—

i —

put g[n] = x[nje "W /2

_ N-1 2 2
X(e/*) = (Z glnjw-k-" ’2]W“ 2 k=01..,M-1

n=0

:WKQ’z(g[n]*W‘”Q/Q), k=01 .. M—1

L BERAEE . Caanure it < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 9% of 4%

gln]

X[H]AD(?—D W‘"A —n%—» ):(0(1910:;_)1

g% hinl IR W

Lertess 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 13 ot 4G




Note, only require
_n%

h[n] = W

0, else

“IN-1<n<M-1

FIR is okay.

WA e G
\ Linear FM, or

“Chirp”

A Laature G < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 46

W, =0, Amz%

x[n]—>£%—> h,[Nn] —P?—b y,[N]

W W

To compute DFT,

i Lenere 2 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 of 4G




Canuse FFT's {oflength L2 2N~ 1) to
compute convolution:

= For N = prime, can still use FFT's to get
~6(NIgN) computational complexity!

R LeawreXe < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 of 46

tours, rather than arcs

More general version Chirp Z-transform (CZT)
(Rabiner et al. 1969)

Compute samples of

x(ej(o)

spiral in z-plane

i Lontese 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 ot 4G




0

N-1 _ kD
X(z) =Y. x[n](/—\oeJe (Woe‘”’) )
n=0

N-1
X(z) = x[n]A"W™

n=0

N1 2/ ey k)
S AW W ew s

n=0

R LeawreXe < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 of 46

gln] by

x[n] —NT—» w2 X{(z,), n=0, ..., M-1

2/
AW 2 w2

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 18 of 4G
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n-in-frequency:

X(k) = % x(n)W
n=0

k even kK=2r

N-1 5
nr
X(2r) = ¥ x(mW;
n=0 v
W'
N/2
. BERN . Laature 6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

25 of 4k

-in-frequency:

N/2-1 N-1
nr nr
= Z X(NWyj2 + Z X(N W2
n=0 n=N/2
v
N/2-1
D x(n+HW,
n=0

N/2-1
= Z(:) [x(n) +x(n +%)] N2
n=

g- point DFT of x(n) time-aliased

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

43 ot ag

11



Fi- m frequency:

X(k) = NZ_1x(n)wnk
n=0

k odd k=2r+1

N-1 1
n(2r+
X(@2r +1) =Y x(n)wg??
n=0 L7
n
WEW,
. BERN . Laature 6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

23 of 4k

N/2-1 N-1
= > x(MW] N2+ D> x(nW
n=0 n=N/2
N/2-1

Z x(n + |\‘)W (n+N/ 2)W,{]52

N/2-1
=y [x(n)W,{} +x(n+Byw2 ]W

n=0

g- point DFT of x(n)W] time-aliased

Lertess 26 L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

3ot ag

12



n-in-frequency, cont’'d

even points

N/2-1

X(2r) = ZO [ x(n)+x(n+5) MW7

odd points

N/2-1

_ n N {(n+N/2) nr
X@r+1)= 3 [xM)WG +x(n+ )W WY,
n=0
. BERN . Laature 6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 24 of 4%

uency, cont’'d

N/ 2—1
X@2r+)= > [x(n)—x(n+Y) | Wiwi,
n=0

hecause

W2 =e " =1

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 ot 4%
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n-in-frequency, cont’d

N

X(2r): alias then DFT: (2)2

X(2r +1): alias, modulate, then DFT: (g)+(g)2

2
N2—>E+N—
2 2

R LeawreXe < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 25 of 4%

1
AN g
wi '
pl2] Wi o x0E)

KtﬁJ / \_1\ w3 DFT
<[71 -:[3] N

=1

=[5}

f—o )([7]

Figure 9.17

g-pt DET: evens, odds

Lertess 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 ot A%




1] DFT
WE
4 n o x[2]
A

(2]

\ *le]
o w - it
a8l W SR SRS
w
u{ﬂ}"x'

5 % % X{1]

-1 =geinl
IES}J/}O(\} i / i DFT [:x[s!
:[a]*///\\\\'} w'z'><>_1<‘ v ['%: %(3)
o v, | orr_jecxen

o1 -1

8-pt DFT: evens-evens, odds-odds

Xg 0] - /,' %, [p]

was1
%,-ilq

s *,la)

Single butterfly section

- Lacture 76 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 28 of 46

8-pt DIF DFT: complete butterfly flowgraph

P ) / E ]
/ wh

-1

$imoifal

2ulal

Lo 20 200 Bndrew Singor. URVErety uf [nuie 4% Ui ana-Ghatgaign, A Rights Reasreos 2% of 4T




of the output

000 <= x[UH]
001 <= x[1{0}
010 <= «x{0148]
011 <= x{LL0)
104 == x[001]
101 <=x[101]
110 <= x[011]
111 <= x[111]

o ™ g
o P2 oot
o S a{1oz}
o
treman T 31131
9
I panaa {00}
1 Lo «{-01)
a
e [ F]

m afran)
Bit-reversed order

Lactura VG < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

B of 48

Bit-reversed mput DIF FFT

- Larese 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

¥ ot g

16



i B 45;? -Lechure 20

Fixed flowgraph stages

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

BE of 44

X[k]

Lyriuse 28

=Y x[n]Wg*

n=0

= > xNIWIE+ D7 xInJW*

n even n odd

-1

ro[=

-1

ro|Z

= D XI2rIWE + WD x[2r + W
2 2

ﬁ
I
[}

r=Q

L > L. '

GIK] HIK]

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

Fi ot ag
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nin Time, cont’d

X[k] = GIK] + VWHIK]
Glk], H[k]:>%— point DFT's = periodic

(%)2><2+N:N—22+N

Lactura VG < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves B4 of 46

slel

r=]
Gr}‘\k %
G e [T SN A

. *
r[3]ommad  OFT SE2iN, etz:
| s < A

x(3]

N

x£ 1 Jom—a—

A X
a[3] ot g_'”im_ H“//\ ) X[8]
i[5l  OFTF th %xm
X{T I w X[7]

H(3)

DFT of evens, DFT of odds, then (modulate and) alas

| EEEARE. Lonwse 2o L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 45 ot 4G
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[qe) ERV v

a-pant
4] oFt

x{2 ) o—rrd
! g-nm'nl

256 omw] OFT

=lel

ETrs |

N__
F ~point
oFT

N/Z pomtas 2 N/4 points 90 o ><>@:\\///W"am

bFT

WG
% [— - ‘::41
EINETISA
2{¢] owad OFT *
PO VAN
w2 N
W=y ™ x(€)
3 ~paint /\_W‘\u/ \{ﬂ
w7 jo—m OJFT
"

%7
w,f ’

«fa]

N/4 point as 2 N/8 points

- Lacture 06 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves B of 46

8 point DIT FI'T flowgraph

- Lentese 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 37 ot G
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Fourier Transform

Multiply

Inverse Transform

R LeawreXe < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves B of 46

ourier Transfo

Fast Fourier Transform (FFT)
or Formulate as a convolution
chirp transform

Winograd Fourier transform

i Lontese 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 49 ot 4G
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Fourier transform
Multiply

inverse Fourier transform

but:

implement Fourier transform and
inverse as a convolution

And:

Do those convolutions using FFTs!

R LeawreXe < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

a3 of 46
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ECE 451
CADVANCED DIGITAL SIGNAL PROCESSING
Lecture 21

hdrew Singer

Electrical and
Enginaering

of Trusteas, Al Rights Reserved

X(k) = Ex(n)wa“‘

n=0
k even k=2r
N-1
X(2r) = x(mWi"
0 ¥

nr
Wiy

- Lentare 24 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 08 22




n-in-frequency:

N-1
XMW + D XMW,
2

n= N/

v
N/2-1

> x(n+ MW,
n=0

N/2-1
= Z{; [x(n) +x(n +%)J N2
n=

g- point DFT of x(n) time-aliased

L o e < 200 Audeew Binger, Unisersity of Winsds af Uibana-Chompaign, M Rigios Reserveds 2at 72
N1 )
N n
X(k) = Z x(N)Wy
n=0
k odd k=2r+1
N1 o)
_ n{2r+
X(2r +1) = x(n)WJ
n=0 v
n nr
WIW
2008 Bndrew Singtr, University IbanaChattydgn, A Rights Restrved 3 of 22




n-in-frequency: Odds

N/2-1 N-1
= > x(N)WIWTE + D X(MWIW,
n=0 n=N/2
N/2-1

n+N/2 r
zgﬂn+%m& W
N=

N/2-1 ,
=y [x(n)W{} +x(n+ %)W&”*N*’z)] W

n=0

g- point DFT of x(n)W] time-aliased

R Leawe < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad aati?

uency, cont’'d

even points

N/2-1

X(2r) = Z;‘) [ x(n)+x(n+ ) W,

odd points

N/2-1 /
X@r+h=> [x(n)WQ +x(n +%)W§,"+N"2)} N2

n=0

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 5 of 22




n-in-frequency, cont’'d

N/2-1

X(2r+1)= > [x(n)—x(n+5) JWIW,

n=0
hecause

W2 — el = 1

R Leawe < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 af 22

uency, cont’'d

X(2r): alias then DFT: (g)2

X(2r +1): alias, modulate, then DFT: (g) + (g)2

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven jara




Figure 317

Z-pt DFT: evens, odds

B Caanure it < 2098 Redeaw

Hinger, University of s af Uik ana-Champaign, A Rights Reserves

Baf 22

0] - = x(0}
\ 7 7 - ind
1] Y il :

KMXXX_)_Q ot a - ®[1]
/AR R

= - L%'D@“‘ X3
m / \1\ b \‘\m hid] :[: %7

3-pt DFT: evens-evens, odds-odds

Kmilol] — %061

/ Wi

ey % [q)

#,.qla]

Single butterfly section

- Lentare 24 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod
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x[0]

e
" L ><T e
x{Z“ \ / ><>< . wee:
x[s:\XX/ < ﬁx e
JRCK v B o
RS
/\ at WEXXV & . %[3]
,[-n/ \ Wg«/ \"‘\ \';'E/)<_ \.}g ]
71 2 4

wy{r}

*[4]

251

8-pt DIF DFT: complete butterfly flowgraph

%y —iLal / KnLpl
\\ (74 %ol

-1

Kp—ifad

- Lacture ¥4 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 af 2%

{00 <= x[004]
001 <= x[100]
010 == x(010]
011 <= x{1E0]
100 <= x[081]
101 <=x[101]
110 <=x[041L}
111 «<=x{111]

ng LR ng

E_!—C'— (003!

L
o e 37102
0
A
*113]

B e w007}
f S afeon)

slremaad

s ([0 1]

[ S S

Bit-reversed order

- Lorture 21 200 Bndrew Singor. URVErety uf [nuie 4% Ui ana-Ghatgaign, A Rights Reasreos 9 at 22




Bit-reversed input DIF FFT

i - Lacture ¥4 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved ol 2

Fixed flowgraph stages

- Lentare 24 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 13 0t 22




X[k] = Zx[n]vvnk

n=0

= > XNIWTE + D7 XINWEE

n even n odd
N N
9 -1 ) -1
Tl
x[2r]W + WN E x[2r + 1]W
=0 . J
i BERY . Lacture i <0 2004 Audeaw Binger, Unisersity of Whinois al Urbana-Champaige, M Rigiis Reserved 95 of 2%

X[k] = G[k]+ WHHIK]
G[k], HIk] = - point DFT's = periodic

(%)2><2+N=%+N

Lerss 74 200 Y Bndvew Singer. Univerey Sbanaihatpaigh, A Rights Resssved 15 af 22




x {3 ] Gt

x[3)
=]

w2)oe—— G“\’L A"xm
3~ poirt \\//
are W

141 oFT Si2d //"x[zi
WZ

x(8}o—o] ol >xC2)
i

£ 1 Jo——] % (4]

IL:IO—'— %_po_“' H(I//\ Wa x(ﬁ]
DF T

0[5 ] ] HLV %K[E]

X[ T Jorr s

7
HL3] W/, e

DFT of evens, DFT of odds, then (modulate and} alias

Lacture V1 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 af 2%

L e
3 “pant
-uzv———1 ot

iz ) o

M- poinl 2001 N ®{2)
A& onm| OFT e \/w/ﬁ_\ //wﬁ
ajs] o—emt OFY \ Xi4)

N/Z point as 2 N/4 points

s A XX
L BNz 72
3] W&o OFT "
%[8)
w3 w
W.e -y 23] o—— M v><><-/ /\ %

wie

bal wh \Wﬂ te)

7)o OFT \1..”

x{4] L1 2

Wy Wam -y

N/4 point as 2 N/8 points

- Lertre 21 L 2061 Bndrew Singer. University uf i

trie @t Uit anaes bt dign, A Rights Resereos 57 at 22




8 point DIT FFT flowgraph

i g 4571 - Lectura 21 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved

18 «f 2%

Fourier Transform
Multiply

Inverse Transform

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

1% of 22
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Fast Fourier Transform (FFT)

or Formuiate as a convolution
chirp transform

Winograd Fourier transform

£ - Leature 71 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

23 aF 2¢

Fourier transform

Multiply

Inverse Fourier transform

but:

implement Fourier transform and
inverse as a convolution

And:

Do those convolutions using FFTs!

- Lentare 24 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod
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ECE 451
. ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 22

drew Singer
Elecirical and

of Trusteas, Al Rights Reserved

Used for:

Detection

3

System ldentification

Time Series Analysis

Coding

Channel Modeling/Equalization

Weiner Filtering/Matched Filtering

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 70832




x(t) — Filterbank

-~ Ho(€)) >

x(t) —*

:

- Hq(€2)
L HoG0)

.

| ()

“Analysis Bank”

B Lacnure 2 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 26t a3

* Constant BW”: AQ fixed

“Constant Q7 AL, fixed
Qk

AQ

Lertese 22 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 3033




DT Filterbanks:

— Ho(el) > Yol

x[n] —*
s H,(elo) | y4[n]

> H (el | YJn]

—s{ Hy(e) > yulnl

R Leawre vl < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

4 af 33

e[ )

hy[n] = hy[nje™"

ynl= S hn-rixirl = S hln - e’ x[r]

[=—cc [ =—co

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

al Analysis: Prototype Filters

Sof 33




e Filters, cont’d

y,[n] = e/ i ho[n —r]x[rle ™

[=—co

=& .DTFT(ho[n —rIX[ Dy,
f

window  signal

ly[n] =DTFT(hyn - r]x[r])|W:mk

i g 451 - Lactura B2

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

8 af 33

Spectral Analysis Using the DFT
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Tex? Foample 111
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BERY . Lacture 2 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves B afag
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The "Picket Fence" Hffect
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Figure .54

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

Text Exampls 11.2

v AL

08 5

Yo+ 075 cos |

Amplios

U]

Armbinats

Leruse 72 £ 200 Bndrew Singer. Urivers: o, A Rights Resssved 9 of 33




Amplitude

D_.r[[ ]r ’“Tmmmrmnmatzmrrmmnmﬂn" 'rl [,

vkl

i g 451 - Lactura B2

63 k&

{d}

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

4% of 3%

16

Amplitude

_JA_MMMMMMMWW %: _

{n

13 of 33




Tax Wple 15,3

-m(k w075 cos =
o5 mn | 0. =
o] = | T8 :c.l( T n)_ 320 %l

A orherwise,

(11.18)

i

]

nr VIl
ilﬂ—
-
e A B0 a) &

Lyriuse 22

L 2061 Bndrew Singer. Univers:

A . k)
3
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£
e W R w
w
22

sl e

k4 Y]
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2[296 + m}

Figute 1111 Two segmends of the fincut chirp signal xln} = cos2n x 14 » 107 5)e*
with the window superimposed,

Lacture V7 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 of 3%

T T T T T T
I20¥ 5400 0600 12800 16000 16200 12400 5600 28600

Sample namber (n)

Figure ELIZ  The msgniude af the timencependent Fourier tretsforni of x[n] =
vost2n @ 44 x 107 *p® using 2 Homusing window uf leagth 486,

Leruse 72 £ 200 Bndvew Singer. Univer i 4t UshanaChate s, A Rights Ressreos 7 of 33
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18 of 3%

is of Random Signals

WSS Random process x[n], with power
spectral density S, (e), x(t) BL with psd

S, ()

How can we find S, (e9)=S,, (jo/T)

vin]=R, [n]x[n] (length L rectangular window)
Compute l(w)=(1/LU) [V(e©)]2

‘Periodogram” approach

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

1% of 33

10



Is I(w) a “good” estimate of S, (e/)?

eggy LU

show

.2 . . L-1 .
‘V(ej‘”)| =V(e)\V(E®) = 3 vn]*v[-nle” "
m=—{(L—1)
L1
3 Zv[k nIvIK] |e Jon
n=~(L-1) \k= J
Cwlin
R Leanwe <0 2098 Radeew Singer, University of Winals i Urkana-Ghampaign, A Rigivs Reserves

E{l((o)}:E{l:l—U‘V(ejw)lz} _ —S (e"” “W(ejm)r

25 of 3%

) = LU Z CW[mle'J‘”m

C, [m]= Li X[n]w[n]x[n + m]w[n +m]
n=0

= X[n]w[n] * X[-n]w[-n]

Lertese 22 L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

43 of 33
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% =

inistic Correlations

L1 _
Ell(o)] =ﬁ S E(C,, Ime "

—(L=1)

E(C,y[m]) = 3" winlwin + mIE([nlxin + mi)

n=0
(C . [m] = w[n]+w[-n])

= Cym[MIR o [mM]
for R [n], C,,[m]= Bartlett window

R Leawre vl < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2% of 4%

~E{l(w)} = ﬁ [ Su(e®)P,(e")do

P (€)= [W(e)f

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 43 0t 33
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Since

1 jo j 2 j®
E((@) = 5 S (") *|W(e)[ % Se(e®)
= Biased Estimate

as L e [W(eP)[ = Li(o)

R Leawre vl < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

23 of 3%

If choose U st

2
do=1

W(e')

1

2nLU fﬁ
1 L1

—or— U==> (wn])*
L n=0

then L = l(w) = S, (e")

= Asympotically unbiased

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

I3 of 33
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For Rn] = U =1

Okay, it is unbiased, is it a "good” estimate?
= Look at variance
is it consistent?

e does variance -— 0 as L —» oo

R Leawre vl < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 25 of 3%

doesn’t vanish

ICB shown (hard to do)
Var{l(o)} = (S, (e"))*
= does not go to zero
= not consistent

. — o — longer DFT — doesnt get
any better

Periodogram is Not a "good” estimate.

i Lentese 22 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 ot 33
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L.ecture 23

drew Singer
Elsctrical and
ngnesring

of Trustees, Al Rights Reserverd

15 of Random Signals

WSS Random process:
- x[n] with power spectral density S, (&)

— x(t) bandlimited with PSD 8, {j€2)

How can we find S, (€9)=8_ (jo/T) ?

v[n]=R Inlx[n] (length L rectangular window)
Compute l(w)=(1/LU) [V(alw)]2

‘Periodogram” approach

& & & @

- Lertess 73 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 70832




Is I(m) a “good” estimate of S, (e)?

E{I((D)}:E{ﬁ‘\/(ejm)ﬂ I

easy

to
show

V@ =VEeVe = 5 il vinpe

m=—(L—1)

L-1 (L1 ,
> [Z vk — n]v[k]] g len

(L-1)\ k=0

R Leawe ¥R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 26t a3

—joom

l(w) =5 CyImle

m=—(L-1)
L—1

C,,Im] =Y x[n]w[n]x[n+ mjw[n +m]
n=0

= X[n]w[n] * X[-n]w[-n]

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 3033




% =

inistic Correlations

El(w)] = o5 LZ‘j E(C,, [m]e™"

-(L=1

E(C,,[m]) = Li w[n]w[n + m]E(X[n]X[n + m])

n=0
(C . [m] = w[n]+w[-n])

= Cym MR [ImM]
for R [n], C,,[m]= Bartlett window

R Leawe ¥R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 4atas

Ef@)} =gy 3 CoMRImle ™

m=—(L—1)

= 5w [, S Punu(€")d0

_ 1 jooy NG
= T Su(€")*[W(e™)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 5 0f 32




Since

E(() = 1S (&)« [W(e) 2 S,(e™)

= Biased Estimate

as L [W(eP)[ = L¥(0)

R Leawe ¥R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 6 af 33

If choose U st

2
do=1

W(e)

1

2nLU J:C
1 L1

—or— U==> (wln))*
L n=0

then L = (@) =S, (e")

=» Asymptotically unbiased

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 7 oF 33




For Rn] = U =1

Okay, it is asymptotically unbiased,
but is it a “good” estimate?
= Look at the variance: is it consistent?

e does variance -— 0 as L —» oo

3 wen :sﬁ;ﬁ - Lechura 93 < 2084 Aodvew Singer, University of Minnis 2l ebana-Champaign, 88 Bigivs Reserved

2afd3

does not vanish

it can be shown that
Var{l(o)} = (S, (e"))*
= does not go to zero
= not consistent

. — o — longer DFT — doesnt get
any better

Periodogram is not a ‘good” estimate.

i Lontase 23 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod
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Assume also that the signal is ergodic in
mean & variance

— ensemble averages = time averages
L1
g[n]: mean my: my = %ZQ[n] ="sample mean"
0

ergodic : rhgi,mg , similarly for variance

R Leawe ¥R < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 af 3%

E(m,)=m, unbiased
var(fm,) - 0 as L — - (consistent)

2

if g[n] white : var(m,) =%0'g

i Lontase 23 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 19 ot 33




E((0) = Sy (€) # [W(e)|
LU ~xx o
Syw(€%)

R K
H _ 1
define l[(w) =% > l(w)
i=1
kw/\
L L
() (@)
. BERN . Laature i3 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 9% af 4%

ices Variance

“Pericdogram Averaging'
E(I(w)) =E((®) =S, (e’°) * S,,,,(e"") 5
— biased, but can be asymptotically unbiased.

Var| (@) | = Varl,(@)] = (S (e")?

-0 asK — oo

= consistent

U Lenese 23 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 13 0t 33




Length Q, if segments don’t overlap: K =%
As LT Kl ie. as S, (e — 8w K10

as K — « §,,,(el*) blurs more

3 wen :sﬁ;ﬁ - Lechura 93 < 2084 Aodvew Singer, University of Minnis 2l ebana-Champaign, 88 Bigivs Reserved

43 of 3%

arlgance vs. on

Resolution vs. Variance Reduction

Trade off:

large L large K

“Weich”. different windows, overlapping “Welch
Technique” (1970)

Can overlap, e.g. = 50%, and get improvement in both,
more than that and they are too correlated to get
reduction in 62

i Lontase 23 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod
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Estimate R [m] from x[n] first, then take
$,.(e") =DTFT(R,,[m])
IQXX [m] = estimate of E{x[n]x[n+ m]}
Start with v[n],

v[n] = X[n]R [n](= x[n]w[n] more generally)

R Leawe ¥R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

iﬁ@imm (Blackman & Tukey)

A4 of 3%

R, [M]= QZ‘jv[n]v[n +m]
n=0
Q—|m|-1

> xinix[n+m|], |m|<Q-1
R, [m]=1 7%

0, else

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

7 of 33




f Autocorrelation Function

1

IQxx [m] = a va [m]

A 1 Q—|m|-1
E{R[M]} = o)
n=0

R Leawe ¥R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

> EXnx[n+|m[ ]}, [m[<Q-1

8 of 3%

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

1% of 33
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Iternative

Could use:

1 Q-|m|-1
X[n]x| n+|m| | = unbiased
Q- |m| g [ ’ [|

R Leawe ¥R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

25 of 3%

- DTFT 1

Ralm] & 2|V =@

| B Lenwse e L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

45 0F 33
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S8 ) =L fn|(e)wc(ej(°>*9’)de

then smooth the
result by averaging
adjacent frequencies

periodogram

R Leawe ¥R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2% b 4%

sitivity Constraint
Note
S, (e°)£0 not necessary unless
W,(e)=0 |w<n (e.g Gaussian window)
Periodogram averaging — T(o)) >0

by definition

U Lenese 23 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 430t 33
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simw Unbiased, Consistent

ESu(E®) =4 [ S (€)W, (e )do

Biased but, if w,[0] = 1 = asymptotically
unbiased

1|V|1

Var(éxx(e“”)):(a Z Wcz[m]JSi((eJ“’)
=(M-1)

- o
——

Variance-reduction factor
Q — s = consistent

R Leawe ¥R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

24 of 3%

!
M
AN

Periodograms for windows of length
16 and 64 for white noise

| B Lenwse e L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod
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.

k%‘z‘ﬁi‘ﬁﬁ J’"} 'lwé" ;{JL

Aggtiuds
P -
- 1

L

LIRSy S

A

Feriodograms for windows of length
256 and 1024 for white noise

R Leawe ¥R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

24 af 3%

i
Sl P A A
a4

612

Averaging, Q=1024, (a) L=1024, K=1
L=256 (b), K=7

Lertess 23 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

A7 oE 33

14



(¢) K=31, L=64 (d) K=127, L=16

R Leawe ¥R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 25 of 4%

var x_(t) = S, (j€2)

x(t) —H () > x. ()

V2rie, |Q-Qq|<e/2

0, else

H. (1Q) =

S.li0) 2 lim Var x, (1) = im E{(x. () - Ex.()}?}

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 0t 33
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® g ®

Theorem:

ensities, cont’d

S (i) =FT{c, (0} = [ c(r)e™ar

Coc (T) = E{(x(t) - X(1) (x(t + T) - X(t + 1))}

R Leawe ¥R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

LR

ensities, cont’

Proof: Let T,.(Q) = FT{c, (1)}

Cyx (1) =N (1) #h(-1) * Cy (1)

Tox (1Q) = [H GO Ty (i2)

e Lentese 23 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

¥ of 33
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Var x.(9=C,x (0= f o, (IO

1 2rn .
= —-?E Txx(JQO)

Iimovar X (1) =T, ()

Sxx (J'Qo) = Txx(jQO): QED

- ﬁﬁﬁ 4 ‘:‘g -lectura 2% « P03 Andeew Binger, University of Yinais af debana-Ohampaign, Al Bighis Reserved

BEoof 3%

ECE 451
ADVANCED DIGITAL SIGNAL PROCESSING
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ndrew Singer
biectrical and
Engineering

i of Trustees, All Rights Reserved

ADVANCED DIGITAL SIGNAL PROCESSING

. 12
E(1()) = Sy (€°) [ W(e™)

. Sule”)
define T(@)=1>"l(w)

i=1

L L

v v

(0) ()

-Lerese 24 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

T af 20




duces Variance

‘Periodogram Averaging’
E(I{w)) = E(l(®)) =S, (6’) * S, (6") 5
— biased, but can be asymptotically unbiased.

Var| (@) | = Varl(o)] = £(S,,(e"))

>0 as K oo

= consistent

| REEG . Laonue 24 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2 af 20

as K — o« §,,(e) blurs more

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 30820




Variance vs.

Trade off:

Resolution vs. Variance Reduction

large L large K

Weich” different windows, overlapping “Welch
Technigue” (1970}

more than that and they are too correlated to get
reduction in Gi

| REEG . Laonue 24 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 4Gt

Estimate R, [m] from x[n] first, then take
S, (e*)=DTFT(R,[m])

R, [m] = estimate of E{x[n]x[n +m]}
Start with v[n],

v[n] = x[n]R [n](= x[n]w[n] more generally)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 5 af 20




B ®

orrelation

Ry [m] = 3" virlvin + m]
n=0
Q—|m|-1

> xinix[n+m|], |m|<Q-1
Ry[m]=4 n=0

0, else

| REEG . Laonue 24 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 8 af 20

f Autocorrelation Function

Try:

Ifaxx [m] = éva [m]

1 Q-|m|-1

Y EXnx[n+m[]}, jm/<Q-1

E@ﬂmn=5
n=0

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven e




= biased, but aimost unbiased for smail m

B Lacture i < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 3 ab 20

Iternative

Could use:

1 Q-|m|-1 -
—_— x[n]x| n+|m| | = unbiased
Q- |m’ rg [ | |:|

Lentars 24 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 0f 20




of the Spectru

M-1

éxx(ej‘”)= z wc[n]lfixx[m]e*j‘”r”
m=—(M-1)
Note:
DTFT1

~ i 2
R [m] & 6|V(eJ )| =l(w)

| REEG . Laonue 24 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 26

5 8, (€)= 5 [ 1(O)W,(eX")de

then smooth the
result by averaging
adjacent frequencies

periodogram

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 19 0t 26




Si

tivi

ty Constraint

S,.(€°)£0 not necessary unless
W,(e°)20 |¢<n (e.g. Gaussian window)
Periodogram averaging = f(co) >0

by definition

| REEG . Laonue 24 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 9 of 2%

biased, Consistent

ESu(@)) =5 [ S, (W, (" *)ae

=2n

Biased but, if w,[0] = 1 = asymptotically

unbiased
. , 1 M ,
Var(S,, (")) = 3 > W2m] [S2.(e")
-(M-1)

Variance-reduction factor
Q — « = consistent

LR Lenase 24 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 13 ot 26




¥ :sﬁ;ﬁ - Lacture 24

Y
AL M&

Samme narter i8]

Al

<

Periodograms for windows of length
16 and 64 for white noise

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 26

Lyriese 24

Anpli

iy
!‘!' mﬁ“ Vi

b
‘n!?’M ﬁ'lﬁﬂk;uj\)%zllv% -J;Jﬁz

Periodograms fer W!ﬂd()WS of length
256 and 1024 far white noise

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 of 26




Sy s om fal

G

Jaais

a

i
o -."J\ LM"'..‘I‘J‘\.,' ~w»-'lt..ﬂ‘,."-,1"\«-“\ LR f\u’\,\-‘"ﬁf‘\m
a 1= e T GE

Averaging, Q=1024, (a) L=1024, K=1
L=256 (b), K=7

- Lacture 24 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

45 of 28

il !

3
o 123 DE6 3 B12
P aE——r]
i
AR
E _‘_/‘W—\_,___‘,
o
H
b 1 1 ]
o we iy R 537

SamE e (6]

(¢) K=31, L=64 (d)K=127, L=16

Grtiis o Urbana-hanagiaign, AU RIGREL Roservedd

-Lerese 24 L 2061 Bndvew Singer. University uf |

7 of 28




nsities

var x_(t) = 8,,()

x(t) —H. Q) > x.(}

V2n/e, |Q—Q0|<e/2
He (JQ) =
0 else

8,(i€2) £ lim Var x_(t) = lim E{(x. (t) - E{x_(t)})?}

- Lacture 24 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 of 26

Jensities, cont’d

Theorem:

S (iQ) =FT{c, (0} = [ c(r)e™ar

Coe (T) = E{(x(t) - X(I) (x(t + 7) = X(t + 7))}

-Lerese 24 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 18 of 26




es, cont’d

Proof: Let T,(jQ)=FT{c,(1)}

Cyx (1) = (1) #h (-1) # Cy (1)

T (iQ) = HGQ)[ T (i)

| REEG . Laonue 24 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

25 of 28

1 .
Var x_(t) =C, , (0)= o fm T, (JQ)dQ

2n )
’ ? € Txx (JQO)

Iin'g]var X (1) =T,(Q)

SXX (on) = Txx(jQO), QED

Lentars 24 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

43 08 28
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ECE 451
ADVANCED DIGITAL SIGNAL PROCESSING
L.ecture 25

ndrew Singer

biectrical and
ngnesring

of Trustees, Al Rights Reserverd

Model! for speech:

- analysis, synthesis

- u[n] = input (not “unit step”)

Lertese 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

1 of 33




ies Analysis

Spectral Estimation (parametric)

Prediction

i

Coding (quantization, ADPCM)

£

Wiener Filtering

R Leawe ¥ < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 26t a3

past values unknown input

. =
sinl=-> asln—k1+GD buln—(], by =1
k=1

=0

a, 1<k<p, b, 1<i<qg, G=Gain

q
1+3 b, 27"
H(z) = S(z) G {Z—; ' System FCN
U@z P ‘ For model
1+> az
k=1

Jof33




‘Pole-zero” Model
- all-zeromodel, a =0, 1<k<qg (MA)
- all-pole model, b, =0, 1<k<p (AR)

Fole-zero = ARMA

4G Laature ig < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 48

s[n] = —Zp: a,s[n—k]+Gu[n]

k=1

G

H(z) =—
1+> az™
k=t

i Lenere 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5033




s[n] — — §[n]

hin]

For example: s[n]= —zp: a,s[n—K]
k=1
— Pth order linear predictor
- hlkj=-a, k=1,..,p
----- > Strictly causal: hik]=0, k<0 (why?)
A

— Negative sign convenient

R Leawe ¥ < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 af 43

How do we design a linear predictor?

- If i had one, | could encode s[n] by
transmitting {a, }f_, quantized and {e[n]}E:0
also quantized, where e[n] ? s[n] - §[n]

‘prediction error’
— LPC ‘residual”

“linear predictive coding”

i Lontese 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 oF 33




m b Statement

(Deterministic Case)

Given {X[nI}-!  find a, k=1, .. p

n=0 »

Which would have predicted each sample of

s[n] well via: 0
$[n1=> asln—K]
k=1

R Leawe ¥ < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 3 afas

Fredictor:

Prediction  e[n] =s[n] —s[n]
error:

=s[n] + i a,s[n—k]
k=1

E

N-1 N-1 P 2
> en=> [s[n] +> asln- k]]
n=0

n=0

k=1

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 90f 2




Least Squares, cont'd

Determine {a };_, to minimize E

Note: whenns<p

% don’t have dat:;;)

e.g. S[0] = Zp:aks[—k]
k=1

R Leawe ¥ < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 of 3%

uares, cont’

— Can be handled many ways

- assume s[n] =0, n<0
“auto correlation method”

- do not use where we do not have data
“‘covariance method”

- N - <= both are equivalent

i Lontese 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 19 ot 33




N1

2
E= Z(s[n] ' Zp:aks[n - k])
k=1

n=0

R Leawe ¥ < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

4% of 3%

P N-

%D
k=1 n

1s[n —K]s[n—{(]= —§ s[n]s[n— 7]
=0 n=0

(=1 ..p =  "Normal Equations"

Solve p linear eguations in p unknowns

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

(1)

13 of 33




e error for these a, s

E= f {sz[n] + Z a.s[n- k]i a,s[n—¢] +2i a,s[njsin - k]J
n=0 k=1 2= k=1

K

= E s?[n] + i(z a,»_ s[n-KkJs[n- f]jak +2i a, > sinjsin-K]
n=0 n k=1 n

k=1 /=1

m

Nz s°[n]+ z a, ( > s[nls[n - k]] +2iak > s[nis[n k]
n=0 n k=1 n

N-1 N-1
E=Ys’n]+ Zak > s[nis[n —K]
n=0 k=1 n=0
Minimum LS Error
R Leawe ¥ < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 4%

inistic correlations

Define
~ N_1 Y
R [K, (1= Z X[n—KIx[n—£]1 =R, [£K]

n=0

P . n
(1) = YRk fJac=—R[0, 1 (=1..,p
k=1

ese 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 of 33




p n "
) Y aRyk 1=-R.[0, ] (=1..,p
k=1

- p "
2) E, =R[0, 01+ > aRIk, O]

k=1

R Leawe ¥ < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 4%

Note: for n’=(n-k)

A N—1-k

Reslk, 1= > s[ns[n’=m], for m=((—k)
n=—k

= convolution of s[n] with s[-n]

And, a function of the difference, (/-k), only if
x[n] = 0 outside [0, N — 1]

Re.[k, ] =Ry [k — £] =R [¢ —K]

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 17 ot 33




P . .
1) ZakRSS[k — ] =-R[4]
k=1

R P .
2) " Ep "=E =RI[0]+ ZakRss[k]

k=1

R Leawe ¥ < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 4%

R[]
R..[2]

Rell  Ryl0] | Ra[pl]

1

Symmetric, Toeplitz = diagonals equal

B Lenwse s L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 19 of 33

10



- O(p?) to solve

- can speed up to O(p?) using special prop’s
“‘Levinson Durbin” algorithm

- use this to generate efficient structures for
LPC — Lattice Filters

R Leawe ¥ < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

25 of 3%

E = E{e’[n]}

=i=1..,p

Zp:akE{s[n —Kk]s[n =]} = -E{s[n]s[n -]}
k=1

E,= E{s?[n]} + Zp: E{s[n]s[n —k]}
k=1

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

43 of 33

11



d

WSS E{sinis[n - k} = R k]
E{s[n - k]s[n - ]} = R [k - /]
- same as before!

Nonstationary:

same as covariance method

—» use Rk, ] ¢

R Leawe ¥ < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

23 of 3%

B Lenwse s L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

3 of 33

12



filter

s[n] — h'[n] —>¢€[n]

h'[n] = 8[n] —h[n] = d[n] + i a, o[n —K]

k=1

p
H(z)=1+> az™"
P

R Leawe ¥ < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 24 of 4%

(1)
RO] R - Rp-1[a| [RH]

Rlp-1] a,| |RIpl]

|

L 2061 Bndrew Singer. Lniversiy

Sbanaihatpaigh, A Rights Resssved 25 of 33

13



(R R[0] R[] - Rp-1] 1
R[2] R[1] a | |0
Rip] ! Rip—1 Rpop |l Lo

Lacture V6 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 25 of 3%

[Rel0] Ryl -+ R0l ][ 17=[E,]

B Lenwse s L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 ot 33
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'R[O] R[] ... Rp] | E

{(2)F R[] R[0] ... Rp-1]|a| |-~

RIp] RO} |l%) L |
p+1egn's p+1unknowns: {a/F_,, E,

R Leawe ¥ < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 25 of 4%

Model for s[n]:

w[n] — —— — s[n]

f

white noise L p
) Az)=1+Y az™

W k=1
= all-pole model

o)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 18 ot 33

15



— Given {s[n]}\- , apply (1), (2)

N> e Rg[k] = Ryg[k] =E{s[n]s[n + k}

Case: P=p a,— a,
algorithm model
P<p a,—[a, k=1, ..., P
algorithm {model

0, k=P+1,...,p

p
. BERN . Laature g < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 38 of
13 P M 3
- arametric
1% M H i
- “High Resolution
. 2
Su(e)=—2w
XX j >
[63)
A"
200 Bndvew Singer. University Bbvasa-Ghargaign, A Rights Reseseed 3 ot 33

16



Model sequence x[n] as p" order AR process
and estimate parameters by linear prediction!

Spectral Estimate:

. ‘ E
S, (€)= &

& )
1+ > ae™
k=1

2

R Leawe ¥ < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 3 of 9%

e% $(e")

AR Method Blackman Tukey Method

P 10, '
| § i PR |
I il ‘
| | )
¢ i
. i |!
| ol
Iy
3‘ i 4
L
; |
! ’ B
! i 3
: : )
!
\ ' . -
gy b v RO y
kS 0 1 1 1} E i n N a6 ] K @
ofn

-
@fn
B4 Lonare 20

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 3 0t 33
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E = E{e’[n]}

1 =i1=1..,p

Zp:akE{s[n —Kk]s[n =]} = -E{s[n]s[n -]}
k=1

2) E,= E{s?[n]} + Zp: E{s[n]s[n —k]}
k=1

L Lot 76 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 08 25




nals: Stationarity

E{s[n]s[n - kI} = R k]
E{sn - Klsln - (1} = Re[k - /]

- same as before!

Nonstationary:

same as covariance method

—» use Rk, ] ¢

R Leawe Y6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2 Gt 28

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 30825




filter

s[n] — h'[n] —>¢€[n]

h'[n] = 8[n] — h[n] = 8[n] + i a, o[n —K]

k=1

p
H(z)=1+> az™"
P

R Leawe Y6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 4Gt s

(1)
RO] R - Rp-1[a| [RH]

Rlp-1] a,| |RIpl]

|

L 2061 Bndrew Singer. Lniversiy

Sbanaihatpaigh, A Rights Resssved Sefn




(R R[0] R[] - Rp-1] 1
R[2] R[1] a | |0
Rip] ! Rip—1 Rpop |l Lo

Lactura V6 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 af 28

[Rel0] Ryl -+ R0l ][ 17=[E,]

| EEEARE. Lenwse e L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7tz




'R[O] R[] ... Rlp] | E

{(2)F R[] R[0] ... Rp-1]|a| |-

RIp] RO} |l%) L |
p+1egn's p+1unknowns: {a/F_,, E,

R Leawe Y6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 3 ab 28

Model for s[n]:

w[n] — —— — s[n]

f

white noise L p
) Az)=1+Y az"

W k=1
= all-pole model

o)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 9 of 25




— Given {s[n]}"- , apply (1), (2)

N> e Rg[k] = Ryg[k] =E{s[n]s[n + k}

Case: P=p a,— a,
algorithm model
P<p a,—[a, k=1,...,P
algorithm {model

0, k=P+1,...,p

R Leawe Y6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 28

- “Parametric’

- “High Resolution”

Sl

éxx(ejm) = w

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 11 0 25




Model sequence x[n] as p'" order AR process
and estimate parameters by linear prediction!

Spectral Estimate:

. ‘ E
S, (€)= &

& )
1+ > ae™
k=1

2

i B 45;? - Lechure 26

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

93 af 24
‘h o jo
AR Method Blackman Tukey Method
4 T T T T T T
! \
! ! 3 ‘.
li i
T 5 [ ;o
! i i \ i |
i X ] i
{ J l 5 { i
by i i i
b 5 ‘
! o = : i
/ | “, s i i !
[V T | [ .
: H 1 i 3 { i
! 1 ' ] | ; ]:
,: ' - ; X i
B B : f !
s . 1
o1 16 e ; 12 14 1 13 2 ‘[ UIZ e () \‘3 2
o/

@/ n

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod




Start with Augmented Normal Equations:;

‘RIO] RM] ... R[pl |1 E
R[] R[O] -- Rp-1|a| |0

Rlp] Rlp—-1 ... R[o] L3 ] LO]

R Leawe Y6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 2%

Order-explicit notation: __ pgtnorder

p.
X[n] =) aylK]x[n —k]
k=1

x[n] =_ > fg[n]

\\
\
]
\ //,
pthworder X[n] '\\ i 7‘/7_/’,/
Linear

Pradictor

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 0f 25




ilter

p
A(z)=> a[klz™ a,[0] =1
k=0

R Leawe Y6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 28

200 Y Bndvew Singer. Univerey Sbanaihatpaigh, A Rights Resssved 7t 25




A lattice implementation can be derived from
the given A(z)

R Leawe Y6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

18 «f 28

foln] = go[n] = x[n]
fm [n] = fm—‘l[n] + ngm—‘l[n - 1]

O[N] =K fna[n] + grs[n—1]
» D »f . [N]

frn-‘l [n]

>O > O[N]

Single lattice filter stage

L 2061 Bndrew Singer. Lniversiy

Sbanaihatpaigh, A Rights Resssved

1% 0t 2%

10



cursion, cont’d

By equivalence:

F.(2) = A, (2)X(2)

F(z) _F.(2)

M=o TRE

R Leawe Y6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

23 f 28

diction

p-1
X[n—p]=-> b, [KIx[n-K]
k=0
p—1
g,[n]=x[n—p] + > b, [KIX[n—K]
k=0

P
= > b,[KIXIn—KI,  by[p] =1
k=0

< 2061 Bndrew Singer, Unive

Sbanaihatpaigh, A Rights Resssved

43 0E 2%

11



= bylk]=a,[p-k] k=0,..,p

- Can be realized with same lattice filter
= If x[n] is complex, then:

Ru[m]=R}..[m], bykl=ajlp-k] k=0, ..p

R Leawe Y6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2%l 2%

Ry [M] = ETnITn + M} = EGL_n-n - m] )

= E{x[k]x[k —m]'} = E{x[n] x[n + m]} = R}, [m]

X'n]=>"_ax[n-k] (assume real)

x[-n] = Zi:1akx[k —n]

~ ) 1 .
xn-pl=), _axk+n-p]= ZF:pap_F x[n = ¢]
—
b,
b,[kl=a,[p-k] k=0,...,p
Loniuss 26 o 2068 Bndeevt Singer. University of inuds ad Urbana-Charg aign, A Righis Resssved 43 ot 25

12



wo predictors!

foIn]

g,n]

g4[n] gp4[N] z
Backward Prediction Lattice

g[n] z!

G,(2) =B, (2)X(2)

G,(2) _ G,(2)
X(z)  Gy(2)

R Leawe Y6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

B,(2) =

25 of 28

rediction

Linear P

Since b [k]=a,[p—K] :

P
B,(2)=> a/lp-Kklz™
k=0

p
=z "3 a’[k]z"
k=0

=zPA;(z7)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

A3 0f 2%

13
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R Lenwse 27 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

7 of 2%




ror Recursion

Fo(2) = Gop(2) = X(2)

(1) F.(2)=F, (2)+K_z'G,  (z) m=1..p

G, (2) =K,F., (2)+z7'G, _(z2) m=1..p

R Leawre ¥t < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2 Gt

X% — A,(2) =B, (z) =1

A (z)=A_ (2)+K z B, (z) m=1..p

B.(z)=K.A,_ (2)+zB_ (z) m=1_p

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 30f 24




= (2)

An@] |1 Knz ' |[Ana(2)

Bn(2) ] |K, z' |[Bna(2)

Use (2) to get {am[k]}km:’l NI {Km}gw:'l

R Leawre ¥t < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

Lattice Filter with

{K.}h_ = p direct form structures

Ha KT
U

only p coeffs vs. WCOG]‘B

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven




Reflection coeff's are embedded

optimal order k = K, ..., K,

optimal orderk + 1 — K, ..., K, K 44

same!

R Leawre ¥t < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

a,[0] =1
an[ml =K,

a, [kl =a,, 4[k]+K,a, [m-k]

— &y, o[K] + @, [mag, 4[m —k]

1<k<m-1

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven




;';zﬁ}’éfﬁsé'm reflection coeff's

Ky =a,[m]

a,[k] -K..b,[K]

am—1[k] = 1 _|K |2

_ ay[Kl-ay[mla,[m—k]

1- |am [m]|2

R Leawre ¥t < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 3Gt 3

_Rxx[o] Rxx[’]] Rxx[p_1]_
R, []

_Rxx[p_1] Rxx[p_z] Rxx[o]

Reli, j1= Ryl 1] symmetric
Rl J1= Ryli = 1] toeplitz

e Lo 27 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 of 21




Normal Equations:
P
Zap[k]Rxx[€—k]:0 (=12 ..p
k=0
a,[0]=1

Augment with:

p El, ¢=0
Y a kIR lt—kl=1 ™
k=0 0, (=12..p

§ - Locture 27 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 af 24

ursive Solution, cont’d

Start with m = 1;

a,[1]= ;{R—[E]] E{=R,,[0]+a,[R  [1]

=R, [01(1—[a,[11)

a,[1] =K, (first reflection coeff.)

-Lerese 27 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 75 0t 29




cursive Solution, cont’d

Now let m = 2;

A, [MR« [0] + a5 [2]R [ = R [1]
a; [1]Rxx [1] +a; [2]Rxx [O] = _Rxx [2]

Ru[2]+ a;[1R [1]
£

= a,[2] = -

ay[1] = a,[1] + ay[2]a;[1]

R Leawre ¥t < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 93 G 29

in general:

a1 |

Q)
ol

a,[2] m-1| | Aot

a,[m] | 0 K

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 13 0t 29




e Correlation

—b
R M

m-1 m

o Ryl

m

(12,) = 2T =Ryl —1 Ry [m—2] ... Ry [1]

oc? ="flip up-down", or "reverse order"

3 wen :sﬁ;ﬁ - Lachure €7 < 2084 Aodvew Singer, University of Minnis 2l ebana-Champaign, 88 Bigivs Reserved

15 of 2%

m

0

‘divide & conquer” step of
Levinson-Durbin Alg.

- Lontase 27 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

13 0f 21




ed Matrix Equations become

Rm—1ém—‘l + Rm—‘Iam—1 + KmFm 1
2) 1P 1am (T dm 1 +K. R, [0]=-R,[m]

m—

but

Rim-@m-1=—Tn1

- ﬁﬁﬁ 4 ‘:‘g -lechare BT « P03 Andeew Binger, University of Yinais af debana-Ohampaign, Al Bighis Reserved

5 af 2%

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

7wt 21




Levinson Durbin :Algarithm:
_(Rxx [m] + FbT1ém—1)

m—

a. [m=K_ = — =
; " R0+ AN

(Rxx [m] + E:bT‘lém—‘I)

m—
Ef

m

A [k]= am—1[k] + Kmam-1 [m-k]

= am—1[k] + am[m]am—‘l[m - k]

k:-], 2, -, m-Tm=12 ---,p

3 wen :sﬁ;ﬁ - Lachure €7 < 2084 Aodvew Singer, University of Minnis 2l ebana-Champaign, 88 Bigivs Reserved

8 of 2%

Note: Same as recursion for predictor
coefficients from the Lattice Filter

= Lattice implements Levinson-Durbin
or,

Levinson-Durbin produces optimum Lattice
filter, tool

- Lontase 27 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

1% 0f 21

10



£ =Ry 0]+ > 2, [KIR o [k]

k=1

= Efny :1 - ’am[m]‘2:|

=B 1=Kl | k=12..,p
——
<1

f f f f
) >El>EL > >Ef

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

i g 451 - Lactura BV

23 F 2%

ECE 451
ADVANCED DIGITAL SIGNAL PROCESSING

Urbana-Champaign

of Trustees, Al Righls Reservest

11






ECE 451

- ADVANCED DIGITAL SIGNAL PROCESSING
Lecture 28

ndrew Singer

biectrical and
ngnesring

of Trustees, Al Rights Reserverd

«[n]—>p adaptive - Estimation / modeling/ system
f'ltjir identification
parameters

x[n] ——p Adaptive Lo efn] - filter, predictor

filter
X[n] ada;}ti\l‘e ;("\ B o [n}
fitter - & ¢

- joint process estimator
{equalization/ noise cancellation)

- Lot 76 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 08 25




* Recursive / Seguential

- Solve for optimal / good filter at each n
- update based on cbservations

- want algorithms to be fast / stable
(sometimes conflicting goals)

R Leawe iR < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 2 af 28

Techniques:
- Deterministic LS
- Statistical MMSE

- Gradient (deterministic / stochastic)

i Lontese 28 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 30825




' ptive Filters

Wiener Filters / MMSE FIR filter design
LMS Algorithm

- simplest / most commonly used
Stability / Performance of LMS
Applications of adaptive filters

Advanced adaptive filter algorithms

2] < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

4 af 25

General problem formulation:
Given x[n], d[n], find h[n] such that ¢[n] is
minimized in the mean square

d[n]

x[n] —» H(z)gb?—b e.[n]

d[n]

H(Z) _ l\f h[k]Z_k o desired signal
k=0

U Lenese 28 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod




Frocesses

x[n], d[n] zero-mean, Jointly WSS
= R, [m] = E{x[nx[n - m]} =R, [-m]

Ryalm] = E{x[n]d[n —m[}

= Rdx [_m]

Rxd[nn m] = Rxd[n - m]

t t

XCcoIrr WSS
¥ BERN . Laature iy <0 2004 Radeaw Bingar, Universily of Winas ai Uibana-Champaign, M Rigivs Reserved 8 af 25
: M-1
Find {h[n]},., fo
M1 2
din] - > hlk]x[n - K]
mine =E{e’[n]} =E =
din]
200 Y Bndvew Singer. Univerey Sbanaihatpaigh, A Rights Resssved Ptz




de il
0= E{[d[n] - kZoh[k]x[n _ k]J(—2)x[n _ C]}

0 = E{d[n]x[n — ]} - Mfh[k]E{x[n —KIX[n — T}

k=0

M-1
0<¢<M-1 > hKIR k- 1=Ryl]
k=0

- Lacture 78 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves B af 28

0<r<M-1  ShKIR Ik~ 1=Ryf

k=0
Stochastic ACNE’s
— R, symmetric toeplitz matrix

— assume positive definite = nonsingular
(usually true)

U Lenese 28 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 of 25




R0l Ry [ Ro M= h[0] T [ RylO]
Ry [1] h[1] R[]

RyM-1 - Ry[0] [[hM-1] |RyuM-1]]
R, h = p

T symmetric, toeplitz
usually assume pos. def. (is non neg. def)

ﬁopt =R P (use Levinson-Durbin Algorithm
8(m?) operations.
R Leanwa iy < 2004 Radiew Singer, University of inois af Unkana-Ghampaign, S Righs Reserved 4 of 24

In vector notation:
e, [n] = d[n] —h"X[n]

where:

xn] ] [ h[O] ]
— x[n:— 1] . hE1]
 X[n—M+1]| hM—1] |

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 11 0 25




e = E{eZ[n]} = E{(d - h"X[n])*}

= E{d?[n]} — 2h"E{d[n]X[n]} + E{h"X[n]X[n]" h[n]}

=E{d?[n]} — 2h"E{d[n]X[n]} + h"E{X[n]X " [n]}h"

R Leawe iR < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 9% af 2%

e=R,[0]-2h"p+h'R_h
oe/oh[0]
V= : =-2p+ (R, +R.)h
oe / oh[M —1]
——2p+2R _h=0

Define the gradient
(could also complete the square!)

sriuse 28 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 1% 0t 25




e=R4(0)-2p"h+h"R _h <« quadratic
fen of h

amin = Rdd(o) - ﬁTR;;(IIB
Levinson Durbin Alg: 6(m?)

L BERAEE . Caanwre iy < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 2%

Guess

use  h"=h _pv

I = R (2R A - 26)

= ﬁ(i) _Zp(Rxxﬁ(i) - FT))
B8(m?) operations still!

Lertess 26 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 0f 25




t Decent Approach, cont’d

(hopefully?)

¢ = const

R Leawe iR < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 af 24

i Lontese 28 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 0t 25




ecent Approach, cont’d

" = (- 2uR, )" +2up —Rp

= (1= 2R, A" — (I - 2uR , RIP
Will return

here next & (i
_ +« =(1-2uR,)q"
time to
study
convergence!
R Leanwa iy < 2004 Radiew Singer, University of inois af Unkana-Ghampaign, S Righs Reserved

18 «f 28

(Stochastic Gradient)

Q: What if V¢ is not available?

-i.e. dontknow R, !

1) Estimate
R = D XINIXIN]"
N

— expensive, still 6(m#)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

1% 0t 2%

10



2) Approximate
V.e=2R h-2p

= 2E{X[n]X[n]"h — X[n]d[n]}

- 2E{§<[n] (XInl"h - d[n])}

-e[n]
Ve = —2E{X[n]e[n]}

R Leawe iR < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 24 of 2%

LMS (Widrow 1960)
use

Ve = —2X[nle[n]

YT

o(m)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 2101 25

11



e[n] = d[n] — h"TX[n]

gln] = —-2x[nle[n]
W™ =™ - igin]

hi™ = K™ 1 2ue[n]X[n]

R Leawe iR < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

2FaE 2%

Q: 1)ifx, d jointly WSS does h"” —h,
A: Need to put 1 = u[n]
And 2un] =ee
2p2[n] < eo
= hi" - ﬁopt

Robbins-Munro "Stochastic Approximation”

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

L3 0f %

12



2) If it converges, how fast?

Can we optimally select u[n]?

L BERAEE . Caanwre iy < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 24 af 24
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e Find

Ropt = argh_minS — E{(d - a[n])Q}

_ - BT\l
—argﬁmlnE{(d h x[n]) }

e Can solve directly using O(M=) operations
(how?)

—
—

R)O( opt =P

Lertess 28 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

T af 47




t Decent Approach

fVHE points in direction of "steepest decent"

Guess: h'®
update: h'* =h" —uv.e

Rt Z R (2R A — 25)

i~ 2uRd" =)
O(M?) operations still!

R Leawre Y < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 2 af ¥

Faf iy




A0 = RO 1 20(p =R A
= (1- 2uR, )" + 2up

et § =R —f

opt

A Laature g < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 4af ¥

n of the error vector

gV =(-2uR )" +2up -R,;p
—

F(+) oot

= (1= 2uR, A — (1= 2uR R
= (I-2uR ;)"

= (1~ 21R)" g

i Lenere 29 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 o817




of the error vector

q(i+1) _ (l _ ZHRXX)(H”a(O)

e Error vector converges to 0 when
(I-2u RXX)(M) = Al
o Steepest decent method converges when
Al+1) 50

e We will return to this when we consider
convergence of the LMS algorithm

R Leawre Y < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 af 1F

(Stochastic Gradient)
Q: What if V,.E is not available?

-i.e. don't know R,!

1) We can estimate

R = > XINJX[n]"
N

~ expensive, still O(M9)

i Lontese 28 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod jary




2) Approximate the Gradient

V:E=2R,h-2p
= 2E{x[n]X[n]"h - X[n]d[n]}

= 2E | X[n] (i[n]TE - d[n])

~

—en]

V€ = —2E{X[n]e[n]}

R Leawre Y < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad Baftd

‘Least Mean Square” (LMS) Algotithm
(Widrow 1960)

use “stochastic gradient”

V€ = -2x[n]e[n]

O(M)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 9 af 7




Initialize: K

Update: e[n] = dn] - h"™"Tx[n]
gln] = —2x[n]e[n]
h™* =h® —pgin]

hi™ = K" 1 2uX[n]e[n]

R Leawre Y < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad EEXCRT:

Q: 1) if x[n], d[n] jointly WSS does A" h__?

opt °
A Need to put u = un]
And Xu[n] =
2pu2n] < oo
Sy o
= h"" = hgy
Robbins-Munro "Stochastic Approximation”
200 Bndvew Singer. University Bbvasa-Ghargaign, A Rights Reseseed 35 017




2) If it converges, how fast?

Can we optimally select i, or u[n]?

What forms of convergence?

e Convergence in the mean

s Convergence in the mean-square

R Leawre Y < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 93 af 57

1) Initialize:

2) Repeat: h™Y =h™ 4 2ne[n]X[n]

=h" + 2u[d[n] — X[n]" h(™M]X[n]

i Lontese 28 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 130t 17




ean Analysis

1) Assume x[n], d[n] JWSS, O-mean

E{h™} —>hg, =RB
E{h™"} = E{h™} + 2uE{[dn] - X[n]"h™ IX{nT}

= E{(1— 2uxn]X[n]" )h™} + 2uE{d[n]X[n]}

R Leawre Y < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad EEX RS

alysis is Mean

Since h'V =f(X[n]) nonlinear, time varying
function of a stochastic process

— Very hard to analyze!
If L << 1 = lots of averaging

h changes slowly about mean

recent data = independent of h"

| EUE R Lenese 29 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 0t 17




ndence” Assumptions

- Assume h'™ independent of xt], t=0, 1, ..., n

Blatantly false! h™ dependent on x[n] even if
xIn] is white!

-» More rigorous analysis has shown that
E{h™} converges when p is sufficiently
small with weaker (bounded memory)

assumptions. e.g. Macchi & Eweda 1985

£ - Locture 76 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 af 57
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1) Initialize:

2) Repeat: h" =h™ 1 2ue[n]X[n]

=h™ + 2u[d[n] - X[n]"h™1x[n]

Lentare 36 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 7 0f 21




% create a signal x[n] to be predicted
x=filter(1,[1 .9 .4],randn(10000,1));

% LMS 2" order prediction algorithm
% storing the filter coefficients each time

for k=3:10000
xhat{k)=h{: K)*x(k-1:-1:k-2);
e(k)=x(k}-xhat(k);
h( k1 =h( k)+25.001 ) x(k-1:-1: k-2)*e(k);
end

I Lacnme B0 < 2081 fodvew Singer. University of Winais at Urkana-6 bampaign, M R igivs Reservas 2at?3
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ithm Convergence

Make assumptions: x[n], d[n] JWSS,
0-mean random processes

Q: Does h™ converge?
To what?

How fast?

< 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves aaf s

ithm, Convergence in Mean

1) Mean Analysis:

E(R™) S by =RLP
ECR™) = E(H™} + 2uE{[dln] - XIn]' K™ IxIn)

= E{(1— 2uX{n]X{n]")A™} + 2uE{c[X{n]}

B Lecse3g £ 208Y Andeew Bingsy, Uiive e, S Rights Revesves Sof 21




- Assume h™ independentof x[t], t =0, 1, ..., n

Blatantly false! h(™ dependent on x[n] even if
X[n] is white!

-» More rigorous analysis has shown that
E{h'™} — converges when wis sufficiently
small with out these assumptions. Macchi &
Eweda 1985

RER S . Lectra g0 < 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves Baf 23

E{ﬁ(””)} =(-2u E{)?[n]i[n]T})E{ﬁ(”)} + 20 E{X[n]d[n]}

Ry P

E{d™'} =1~ 2uR)E{N™} + 205 ~R,Jp

E{ﬁ(nﬂ)} hopt

= (1—2uR, JE{h™} — (1 - 2uR,, )R 4P

=(1-2uR,, B}

| EEE G Lenere 36 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 7 af 21




R,, = VAVT symm. (assumed Pos. Def))
A=diag (A, Ay, oy AY)

V = ortho-normal matrix

0, i1#]

-V =V~

i BUE R . Lacture B0 < P91 Rndeew Singer. University of Winods at trbana-Ghampaign, 81 Righvs Reserved 3 6f 73

Change of variables from:

q"=h"-h

opt

‘Change of Basis” or “rotation of coordinates”

x[n] = V'X[n]

o Lortass 38 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 9 of 21




ent Coordinates

Now E{x[n]x[n]'}=V'R,,V
= V'VAVTV

= A « diagonal

Coordinates of X[n] are independent
“KL” transform

E{"} = (- 2uA)E(E")

i BUE R . Lacture B0 < P91 Rndeew Singer. University of Winods at trbana-Ghampaign, 81 Righvs Reserved 94 of 2%

E(E)""} = (1- 200"
Pl

jth component

For convergence: —1<1=2pA; <1
—2 <-2uA; <0

> V]

]

Mean coefficient vector error: E{q"} = VE{Q"}

o Lortass 38 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 79 0t 28




ence in the Mean

= E{q"} >0 exponentially

provided U<

max

- Lactsre 56 < 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 93 af 2%

jm-mode time constant:

| o
1, = time E{q}} :—e—qjQ

—1 1
T = =z
om(-2uk)  2u,

L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 130t 28




~E{h"} = hyy + V(- 20A)" G

error term — 0 for
sufficiently small n

convergence time limited by

”

A‘mén

“slowest direction” of convergence.

A Lecture 30 < 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 94 af 2%

1 T 1 o
2hmax 27\'min

1
Wt = ———— = fastest convergence
kmin + A‘max

T Lentere 36 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 15 ot 23




Now modes for A, & A, QO as ~

n

kmax -1
7"min
z5
mex \:+ 1 o I ”
\\ min/ e-valjue

x_ " spread

I Lacnme B0 < 2081 fodvew Singer. University of Winais at Urkana-6 bampaign, M R igivs Reservas 15 of 2%

Fact
minS,, (') < A, < max S, (e")
[] Q)

Aoy —> maxSXX(ejm)
Moo ©

Ay — minS, (e!)
Mo ®

- Lots of spectral variation in x[n]
- slow convergance!

Lentare 36 L 06T Bndvew Singsr, Universily of iBiois ol USbsraC hampalgn, A Rights Besesved 77 ot 23




step-size with tim

he

Normalized step size:

1
o’[n]  (1—a)o?[n—1]+ x?[n]

[Note: 62 =R, (0) =%]

2u[n] =

O<a<<1 as n—>ooE{

1 }% E([n]}
21[n] o

< 2001 Andeew Singar University of Whinais at Urhana-Champaign, A Rights Reserves 98 of 2%

Replace 2u with

E{2u[n]} =

E{c:}

1

2] =— o

Aj

1
N

1
N
=

J

B Lecse3g o 209% Bndeew Singar, Unive i, 8 Rights Reserved 18 af 21
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2 o _
m = E{2n(n)} =

Q
o
I

_*
Ry (0)

_R,(0)

n
_ = }‘avg
- Lachire 50 < P91 Rndeew Singer. University of Winods at trbana-Ghampaign, 81 Righvs Reserved o 2%
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gedan wonvergence

1y Initialize: h

2) Repeat: h" =F1(“)+2p(d[n]—>?[n]Tﬁ(”)))?[n]

= E{h"} > hqy exponentially

provided pu< t

max

Lertare 3¢ L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 0816




j"-mode time constant;

T, = time it takes for E{q?} = QOI?

E{a/} =) (1-2uA )" = 1o

-1 1
T = =
VTn(1-2uh,)  2uh,

i g %:ﬁ - Lacture 34 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved 2of 18

< E{h"} = hoy + V(I - 20A)"E°

error term — 0 for
sufficiently small p

convergence time limited by (A .14

- “slowest direction” of convergence

- speed up by decreasing [1-2ux] for all |

Lerss 34 200 Bndrew Singor. URVErety uf [nuie 4% Ui ana-Ghatgaign, A Rights Reasreos 3et16




1
L.« = —— = fastest convergence
P xmin + xmax

B Lacnre i < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad aat1§

“e-value”

spread

Lertare 3¢ L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 of 16




minS,, (e°) < A; <maxS,, (')
@ ® {man you show ths?)
ro= ViHRxxVi

Amay — MaxS, (e®)
M—eo  ®

A — MIinS, (e°)
M—oe ®

-1.0ts of spectral variation in x[n]
- slow convergence!

R Leawe < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 af 16

Normaiized step size:

— 1 p—
2u[n] = o?[n]  (1—a)o?[n—1+ x?[n]

(Note: 62 =R, (0) _—ZN%J

O<oa<<1 as n—>ooE{

1 }_> EQC(n]}
2u[n] o

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 7ot




Replace 2u with

1 1
2] (1- wo?[n -1+ x2[n]

2u[n] = -

1
E{on}

E{2u[n]} ~

R Leawe < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves B af 16

o
Ry (0)

-1
E{o§}=( ] = E{2u(n)} =

o
R, (0)

Sbanaihatpaigh, A Rights Resssved Gef1s




. (i.e. condition on h™)

First.: Given h
e[n] 2 E{e”[n]}

=E{(dIn] - h"X[n])*}
= E{d’[n] - 2d[nJh" "X[n] + A TX[n]X[n] ™ }
=E{d’[n]} - 2h"""p + KR, A™

R Leawe < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 56

ote:

€min = E{(d[N] - hopti[n])2}
= E{d®[n]} - 2hJ P + NI R o Nop
= E{[n]} - 2(RP) P + (RP) 'R (RP)

= E{d°[n]} - 2P 'RP + P' RigR R P

€min = E{d2[n]} TRxxp

ese 31 206 ncitew Singor, Uriversty of HRnuds ot Urbanadhary fan, A Rights Resersed 19 of 16




e[n] = E{d’[n]} — 2h"6 + h™WTR _h("

=gn +P R op—2h"Mp +hMTR R
=E€min T (Hopt-rRxx)R)_o;I (Rxxﬁopt) -

~ 2 (R, + ROTR A

R Leawe < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 9% of 36

+ROPTR oM 2RNTR o8t 1 TR i

= Emin

= e + (AT ) R, (™ )

Lertare 3¢ L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 1% 0 16




— T —
8[n] =Emin t+ q(n) Rqu(n)

Now this is for the deterministic gradient
algorithm, i.e. h™ was assumed given.

now take

Eh{g[n]} = E{Emin + d(n)TRxxd(n)}

R Leawe < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 56

= &y + E(GTVAV ™)

=g +E{QVTAG"}

Efe[n]} = &, + i ME(@™)*)

i=1

| EEE . Lonese 3 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 0 16
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Lecture 32

drew Singer
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First: Given h™: (i.e. condition on h™)

e[n] £ E{e’[n]}
= E{(d[n] —R"TRIN])?}
= E{dz[n] — 2d[n]h"MTX[n] + ﬁ(“)Ti[n]i[n]Tﬁ(“)}

=E{d’[n]} - 2h"Tp + K'VTR K"

Lertese 32 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 0f19




NepeX[N)°}

m|n - E{(d[n]

= E{d2 [n]} 2hoptp + F]"tgptR)mFiopt

= E{d°[N]} ~2(RoP)" P + (RP) Rox (RiP)

= E{d®[N]} — 28" R,uP + P RiuRRotP

€min = E{dz[n]} - F_jTR;Qﬁ

R Leawe w2 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2 af 10

e[n] = E{d°[n]} - 2h""p + hWTR ™
=g . +P R_p-2h"p+h™WR, _h™M
€min (hoptR )R;:( (Rxxhopt ) -

= 20" (Rhgy ) + AR

apt

Leruss 32 200 Y Bndvew Singer. Univerey Sbanaihatpaigh, A Rights Resssved 3et10




- .
=E€min T hoptRxxh

2hMTR Ay + AR A

opt —

—

— e+ (A ﬁopt)T Ry (W™ —Nggy)

£ - Locture 32 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 4af il

Now this is for the deterministic gradient
algorithm, i.e. h'™ was assumed given.

now take

Ey{eln]} = Efemn, + 3" R, G}

L Lortass 32 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 af19




=& +E{G"TVAVTE")

=g +E{G"T A"}

Efeln]} = e, + i ME(@E™))

i=1

R Leawe w2 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 8 af 10

1t Error Covariance Matrix

Define Q™ =E{q™q""}
LMS:

h(™? = K™ 4 2ue[n]¥[n]

I L

opt

opt + 2Me[n]>?[n]

=(n+1) _

g™ =g + 2ue[n]x[n]

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 7t




VTG ™D = V14" + 2ueln]VTX[n]

~(n+1

g™ =" + 2ue[n]x[n]

Q(n+1) — E{a(n+1)a(n+1)'|'} — E{q(n)a(n)T + Zue[n])“([n]q(n)T

\—f_J
1
+2ugelnixin]!  +4p’e*NIKnIX(n]'}
S— - ——— -y
2 3
R Leanwe < 200 Audeew Binger, Unisersity of Winsds af Uibana-Chompaign, M Rigios Reserveds 5 af 10

term at a time

QP =E{gMg™ |+ 2u(1) + 20(2) + 40*(3)
(2 =E{g"elnIxin"}

=E{q"™ (d[n] - h"TXINDX[N] "V}

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 9 af19
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ECE 451
- ADVANCED DIGITAL SIGNAL PROCESSING
Lecture 33

ndrew Singer
i Electrical and
Engineering

of Trusteas, Al Rights Reserved

T_.

q

vTg ™Y = vTg™" + 2ueln]VTX[n]

~(n+1

" =¢" + 2ue[nIx[n]

(n+1 n+1

Q™" _E{q

) (n+D)T (n) (T ()T
qa }=Ea g +2uenxple—
1

(n) T 22 T

o haiury 33 40 2068 Andvew Singsy, University of ldnads ad Uthene Chuanp aign, &H Righbs Reserved 1 of 1




Q"™ = E{g™g™T |+ 2u(1) + 2u(2) + 4u*(3)
(2) =E{q"e[nXn]"}

= E{q(d[n] - "™ TX[n])xX[n] " V}

URER R Lactura 88 < 2004 fodrew Singer, University of Winais at Urkana-Ghampaign, A Rigivs Reserved 2 Gty

=E{"(d[n] - (hgy; + 3™ DX[NDXn] "V}

= E{@™(d[n]x"[n] - h XX [nD)}V

—E{@"d"™ XX [NV}

40 2068 Andvew Singsy, University of ldnads ad Uthene Chuanp aign, &H Righbs Reserved It




= E{@™}E{dINIXIN]" — g XInIX[n] "}V
0

—E{@™q"™ XnIX[n]" v}

= —E{q"q" X[nIXIn]" v}

= -E{@"qd"TVVTX[n]x[n]" V}

= —E{@"q""VXInX[n]" V}

= B d" VR,V

i L éﬁ}% Lakiure 53 40 2068 Analvew Singar, University of HEnats a .Ushs%s;a~.(:§.;§zz.vsp.m.<_;e\, AH ng;m{: Risaevest
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1 (2) cont'd

2)=-Q"Ma="

(N =-ATQ"MT =-AQ™

(3) E{e’[n]X[n]X[n]"} «— product of 4 variables

URER R Lactura 88 < 2004 fodrew Singer, University of Winais at Urkana-Ghampaign, A Rigivs Reserved §af 23

If Gaussian:

Use Moment factoring:

E{¢ %o %3 Xab = E{Xy %} E{Xg X4} +
E{Xy Xa} BE{ X +

E{x; X5} E{¢; X5}

40 2068 Andvew Singsy, University of ldnads ad Uthene Chuanp aign, &H Righbs Reserved HDIR 4]




More independence assumptions. )
Note: Can do with more sophisticated analysis,

see Gardner 1984, but this is easier and the
results are similar

URER R Lactura 88 < 2004 Audeaw Singar, University of Whinais af Uthana-Champaign, A Rights Reserves Baf 2y

e[n] becomes random with respect to x[n]

E{x[n]e[n]} = E{xn](dln] - x[n] K" )}

=p- Rxxl‘iopt

This is the orthogonality principle: error L data

| BLkant - Lactuve 33 & 00T Anslvew Shigay, Eniversity of #nads ad lm)sma~.(:§.;m.vs;a.m.<_;e\, AH ng;m{: Risaevest fat i




1 (3) cont'd

(3) =E{e’[nIX[n]X[n]"}
= E{e”[n[E{X[N]X[n] "}
=E{’[n}V'R,V

=E{e’In}V

URER R Lactura 88 < 2004 fodrew Singer, University of Winais at Urkana-Ghampaign, A Rigivs Reserved

5 f 2%

3) =|emn+ 2 AQ"M

=1

A

QMY = QM + 2u(-AQM™M) + 2u(-QMA) +

N
+4u2(emm +> 24,QM[j, J]]A

=1

Matrix difference eguation

40 2068 Andvew Singsy, University of ldnads ad Uthene Chuanp aign, &H Righbs Reserved
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QMY = (1 - 2uA)Q™ - 2uQM A

N
+4p® [ e + 2 AQM T A

=

B0t Lacture 18 < 2004 fodrew Singer, University of Winais at Urkana-Ghampaign, A Rigivs Reserved 17 ab 21

Diagonial terms: {decoupled)

Q™ 1= (1-4uA)Q™[, i1+

N
+4p? [emm + > 2,Q"[, fﬂ A,

If it converges, then QM — Q>

AR 3E 40 2068 Andvew Singsy, University of ldnads ad Uthene Chuanp aign, &H Righbs Reserved 13 of 3




Q[ = (1-4uA Q" [}, 1+

N
+ 4u° |:8mm +y X,fQ“[ﬁ,ﬁ,]}Kj
=

QT (1~ 1+ 4uk,) = 4u%, [emm Y AQ g]}
¢

URER R Lactura 88 < 2004 fodrew Singer, University of Winais at Urkana-Ghampaign, A Rigivs Reserved 15 Gf 29

e ot o independent
Q”[},j]= u|:8min T ZKFQ [£'£]:| ~ OF;J'!

2 Q7T 11[1 —uy x] —pem, ()

{:

N ops €min ,
E(@) > Q°[jjl=—tmn — j=1.N

T-pY A,
¢

40 2068 Andvew Singsy, University of ldnads ad Uthene Chuanp aign, &H Righbs Reserved 1% of 3




N
~E{PINl = + Y AE{G
=1

n—oo

< 2004 Audeaw Singar, University of Whinais af Uthana-Champaign, A Rights Reserves 9 af 24

£
1-uY A, 1-uNR[O]
¢

min — Smin

E{e?[e]} =

1

= ="misadjustment factor"
1-uNR,, [0]

4 with y, trade-off MSE vs. speed.

R L 33 9 7087 Anadrew Singsy, University of BEnois a2 Urbena Cluanpaign, & Rights Resseeed 97 of &4




Now check when it converges.

Off diagonals: Qi(j””) =(1- 4Mxi)Q§jn)

decay to zero if 1 4p)|<1

1
- < —
AN

max

URER R Lactura 88 < 2004 Audeaw Singar, University of Whinais af Uthana-Champaign, A Rights Reserves 98 f 21

Diagonals:

n+1

QEJ - (1- 4Ll7bj)Q§jn) + 4“2?\427\.(5()5@2) + 4u28minhj

Requires < — —t— —t
H YA, tr(R) NRx(0)

| BLkant - Lactuve 33 £ 00T Anslvew Shigay, Bniversity of HEnats a .Ushs%s;a~.(:§.;§zz.vsp.m.<_;e\, AH ng;m{: Risaevest 14 of B
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1
<
: No?

: . 1
(more rigorous analysis leads to U <——= )
3No

X

BB Y Leonere il < 2004 Audeaw Singar, University of Whinais af Uthana-Champaign, A Rights Reserves 25 af 2
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ADVANCED DIGITAL SIGNAL PROCESSING
L.ecture 34

drew Singer
biectrical and

of Trustees, Al Rights Reserverd

- Amazing variety of applications
- Same algorithm (LMS) can apply in each

« Need to define d(n) and x{n) appropriately

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 of 24




unknown| ¥ dn]

1/

. . Lf
X[n] system X

» W R M—1
/ din] = > w{’xIn—k]
k=0

>en]

| REEG . Laoue R4 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2at 24

ication, cont’d

Know x[n], measure d[n], e[n]
for h FIR, un] white {(uncorrelated with x[n])

R'6=w

opt
din] = x[n] * h[n] + u[n]
E{d[n]X[n]} = E{(h"X[n] + u[n])X[n]}

P S EXINKT IR} + EUIXING

—=Rh+0

L 2061 Bndrew Singer. Lniversiy

Sbanaihatpaigh, A Rights Resssved Jetzd




s :' the true syste:

= Wy, =RB=R"(Rh) =h

w" > h
- if . small enough
- if M = length (h)

‘model-order selection” problem

B Lacture i < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

aaf 24

d Inferference Suppression

an
AL/

=

wideband  x|n]
signal T
narrowband

interference
‘lammer”

s[n]

+ v+

A4
=

- Lertose 34 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

5 of 24




ce Suppression, cont’d

How does this work?

Sy ©) R, [m]
Rlm]

—
Ses()
LT DAL

When D > N, the interference in d[n] i1s
predictable from din-D], but s[n] is not!

| REEG . Laoue R4 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 8 af 24

W =R,P
V[n]=d[n-D]=[d[n-D]..dn-D -M-1]"
R,y =E{dn-DJdin-D]"}

= E{(§[n — D]+ X[n—D])(E[n D]+ X[n— D])T}

=R +R,, (since x[n],s[n] are uncorrelated)

e Lentese 34 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7ot 24




ce Suppression, cont’d

p =E{d[nV[n]} =E{d[n](s[n— D]+ x[n-D])}
=E{dn]S[n - D]} + E{d[n]X[n DI}

=E{(s[n] + x[n]) $[n — D]} + E{(s[n] + x[n] ) X[n — D]}

pcture Rd < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves Baf 24

E{(s[n]+ x[n])S[n- DI} + E{(s[n]+ x[n]) X[n - D]}
[Re[D] | R [D]

R [D+1] R [D+1]
= +0+0+

R [D+M—1]] R, [D+M-1

eriuse 34 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 of 24




n]
R, [D]

R [D+M—1]
(D]
Wopt = (Res + Ry )y

R [D+M-1]

= MMSE estimate of x[n] from v[n]!

| REEG . Laoue R4 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 24

signal s[n] »P » e[n] = §[n]
+ h

S W[N]
noise w,[n] \

w;[n] AN

Measured noise correlated with w,[n] but
not s[n]

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 19 ot 24




'@@ﬁ@@ﬁ&ﬁ@mgﬁmﬁfﬁ

—

S[n]

w,[n] at
microphone

e[n] at output = s[n] + w,[n] - W,[n]

- Lecture 34 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 9% of 24

Hation, cont’

Also used in

i

cars

volumes! subs, fanks, planes etc...

classroom!

video conferencing

- Lentars 34 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 13 ot 24




—R' ¢ -—MMSE estimate of w,
based on w,

| REEG . Laoue R4 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 24

in telephone networks

long
distance

<> 4—
nybrid [Z&_<¥| hybrid F—7 B \

2 wire 4 wire 2 wire
local (trunk line) local
loop loop

i Lenese 34 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 of 24




< x[n]

far-end echo clean far-end
from hybrid talker

| REEG . Laoue R4 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 24

Linear equalizer as receiver

win]

*X[n] —din]
s[n] —»{channel > < -

> > e[n]
* d
equivalent / [n]
baseband
channel

How can you aiready know din]?

Lentars 34 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 ot 24




" training data
d[n]:

d[n] — _|'_

“slicer”
quantizer

| REEG . Laoue R4 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 of 24

nication Channels

Channel varying @ length
telephone slowly few taps
HF radio many taps

wireless srapidly  few taps

underwater Acoustics many taps

- Lortse 34 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 19 of 24
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qualizer

h gl
b -
h X[n]
_h’ f —
— - ]
| REEG . Laoue R4 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 24 of 24

Variations on LMS:
a. Signed LMS h"' =h" + 2usgn(e[n])X[n]
or  e[n]sgn(X[n])
or  e[n]sgn(e[n])sgn[x[n]]
- faster to compute, but slower convergence

- larger misadjustment error

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 25 ot 24

11



1

T XN+

(n) _ 1
(1— )62 + x?[n]

or 1)

- converges quickly

- can express results for convergence in terms
of ¢! >
O < Oy < N

| REEG . Laoue R4 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 23 of 24

channel ()

A 4
!
—
A

\ —De A2

e[n] +

D -

CMA (Godard Algorithm)
— d[n] not available, but [d[n]? = A%, e.g. QPSK
— Wire tapping, “blind” equalization

- Lortse 34 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 3 0t 24
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- ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 35

drew Singer

Electrical and
Engineering

of Trusteas, Al Rights Reserved

Return to the deterministic case

x[n]— K™ ﬁrea—»e[nlj
« f

d[n]

min g[N] = i Wy (dIn] - 8[n])2

n=0

Lertese 36 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 08 22




N
p= Wy dnlXn]

| EERA . Leawre®s < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 26t 23

V.e[N] = 2% Wy (dIn] - hTX[n]) X" [n] = 0

n=0

AT ( S i[n]i[n]TcoN_n) = 3wy dInlX
n=0 n=0

e i




For exponential window, W, , = ¢N-"

R, IN] = aR  [N— 1]+ X[n]X[n]" | f J

PIN] = oip[N — 1]+ d[n]%[n] -a

Can recursively compute Iixx[n], f)[n]

to obtain h{)

| EERA . Leawre®s < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad aat?s

hi: =R, [n]'pIn]

Ry [NIAG = pIn]

= op[n — 1]+ d[NIX[n]
opt

=R, [n—1h{"" + dn]X{n]

R = (R In] = XINIXIN]" ) Ay + cn]XIn]

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 5 of 22




mm Squares, cont'd

K = (1= RN XINIXIN]" )1 + Ry In]eIn]xIn]

=i + R In] (—-XInXy s + d[nIXIn]

=hi" + R In](dIn] —dIn] ) XIn]

| EERA . Leawre®s < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 8 af 23

ares, cont’d

= hig" + Ry [n] (dl[n] - d[n] )X[n]

= | h" =pi

opt opt +R [n]e[n]x[n]

RLS algorithm

(N2} if done right: N2 RLS; 8(N3) also popular
for numerical reasons

Leruse 35 200 Y Bndvew Singer. Univerey Sbanaihatpaigh, A Rights Resssved FISEE




nversion Le

1

— AT -ATB(CT+ BTA-B)1 BTA-"

(A+BCB')
— Update R;[n] directly:

R = (Ryo[n — Tl + X" )
—(A+BBT)

| EERA . Leawre®s < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves Baf 23

. B 1 .
mx[n] (| +X[n)" Wx[n]] x[n]" m
o o o

Riccati £quation

Ve Lonuse 35 200 Bndrew Singor. URVErety uf [nuie 4% Ui ana-Ghatgaign, A Rights Reasreos Ger3




y(t) = a, + at + a;t?/2
find a4, a,, a5 in LS sense for

yit), n=1 2, ...

h=la,| ¥y(t)=h™"Tx[t] X[t]=|t

ag /2]

| EERA . Leawre®s < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 98 of 2%

2]

1t t2/2] (o =1)

n

(15/2 ]

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 19 0t 23




+Y i (] - )

n=1

Sometimes IQO =9l « “diagonal loading”
“prior knowledge” =
better numerical properties

| EERA . Leawre®s < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 93 of 24

Kalman gain R[n]"'x[n] =K

A" =h"" +K_ (d[n] - a[n])

i Lontese 36 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 13 ot 23




scalar gain g, =r,

h" = h(™" + g x[n]e[n]

Replace R, [n] with r,I, r. = Ltr{R,[n]}
“‘average trace”

tr(én ) - tr(afen,1)+tr(>?[n]§<[n]T)

n=or +Xn]° | scalar update

| EERA . Leawre®s < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 2%

[R™ =R 1y Xinleln]

62[n] = a62[n—1] %i x[n —k]?
[Nl k=1

— Adaptive Step Size LMS Algorithm «

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 ot 23




m"f'& RLS Themes, cont’d

Also g, =r.", r =const=LMS (fixed step size)

\
h™" =h™ + usign (e[n]) x[n]
Faster!
h™ + ue[n]sign (X[n]) »  larger
misadjustment
= . . . error
h™ + usign(e[n])sign(x[n])
J/
i g 45:? -Lechure 36 < 28 Andeew Singer, University of Winods ai tibana-Ghampaign, 81 Rigivs Reserved 985 of 2%
asurements

Continuous measurement signals
TS (7 a2
d(t) =h(®)"x(t) min L e?(t)dt

-1

o = ( [ )?(t)i(t)Tdt) ( LTi(t)d(t)dt)

. 2mt 8t
eg. y(t)=a,+a,sin— +a,cos—
T T
. T ~ 2
min [} (y(t)-y(t)” dt

eriuse 36 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 ot 23




Lsm@dt _[j cos—dt

8nt

_LTdt
2nt .L Sinz@ L sinthCOSTdt

~ T
h= sin—-
T T

_Lcos2ntdt Ls'n@cos% T cos? O™ gt
T T

| EERA . Leawre®s < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 2%

- 2rt
x(t) =| sin—
(t) =

8t
COS—
T

CTRLS = — ~ d o - Ii’1(t)f<(t)(y(t)—H‘”Ti(t))

d ge oo
aR(t) = X(t)x(t)

ese 3§ o 2008 Bndvew Singer, University of inuds at Urbana-Champdign, A RIghis Reserved 19 of 23
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Nonlinear .S adaptive filtering to solve NL
equations!

y=FX)+e nonlinear function

min(y - F(x))

| EERA . Leawre®s < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

25 of 2%

bout a guess

(X—Xp)+...+€
X:RO

(y—F(kO))Eg—F - (X—X%X,)+e

X=Xp

. ~ « 2
pick x, to min e

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven

43 ot 23

11



ewton lterations,

Gauss-Newton iterations, or NLLS

| EERA . Leawre®s < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 23 of 2%
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How about 44 1 kHz —» 22.05 kHz ?

X[n} = %,(nT)

y[n] = x,(n(2T)) = x(2nT) = x[2n]

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 3 0f 24




ﬁt@ compression, model

x[n]—>{{M [ x,[n] = x[Mn]

“compressor”

Model:

xs[n]
g

s[n]= > 8[n—MK]
k

— Xy[n]

| EERA . Leawre k6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad aati4

X,(€”)= 3 xqn]s[nje"

N=—co

21tkn

1 M-1
Rewrite s[n MZ

Leruss 36 200 Y Bndvew Singer. Univerey Sbanaihatpaigh, A Rights Resssved Sefzd




=e)

‘ M-
X, (€)=Y x[nl[%z
k=0

N=—co

}jmn

1 M-1 i N+ 21\:km
= [ > xnle’ Jon) j
k=0

M1 if oy 27k
Xs(ejw) _ %Z x(ej((’)—“ﬂ)) aliasing @ %

L BERAEE . Laanwre 36 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 8 af 24

ve the zeros

Xq(&®) = > x [nM]e "
= 3 x[Kle ¥ k=nM
k=—co

Lertess 36 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7ot 24




. M-1 @ omk
Xd(ejw):% X(ej(M QMk))

k=0

2rk 1
Aliasing @ % . scaled by M

stretched by l
M

Lactura %6 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves Baf 24

ﬂ%—(\
L : L [ | . w

T L} »
—an

T
= ks 3
-2 3¢ - 3 z T I 2n

B Lenwse 36 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 of 24




Aliasing if X(e"*)#0, |of >4,

—» can use an anti-aliasing filter to avoid
aliasing

x[n] — n » LM — y[n]

‘down-sampling / decimation”

| EERA . Leawre k6 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 24

Suppose you sampled atrate 1/ T,

— X[n] = X,(nT4) want y[n] = x,(nT),

i JIn] = x[2], n=kL
?7?,  else

— 22.05 kHz - 44.1 kHz

- Interpolate! Linear? BL? Spline? ZOH?

i Lortes 36 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 19 ot 24




x[nk], n=k¢
0, else

Xe[n] :{

oo

Puts L-1 zeros between
samples of x[n]

oo

Xo(&)= 3 xe[nle " = 3 x[yle "
N=—co N=—co
= Z X[k]e*j(x)kL — Xe(ej(o) — X(ej(ol_)
k=—co
. BERY . Lacture 36 < 2091 Audeev Singer, Unisersity of Winsts af dibana-Champaign, M Rights Reserved 5ot 24
X(e) X(e) = X, (69)
-0, ' W I 1 } > o
- ¢ ¢ 1T - _%,—E)C %K% TE
’ 1 .
X@®)==X {j&] |0 <n
X,(e9) R o[3g) o
AN A
1 ! . L . , .
St S ™
L L L L

ELE T - Luntute 38

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

What yvou would have had with sampie rate T,=T,/L

13 of 24




i B 45;? - Lechure 36

nterpolation

- Xx[n]

< 2004 Audeaw Singer, University of Winais al Uskan

a-ihampaign, M Rigivs Reserved

33 of 24

x;[n] =

sin m(n—kL)/L
n(n—kL)/L

Z x[K]

—00

sy 26

x[n] =

- sinm(n—k)/L
Z X[kl m(n—k)/L

k=—c0
n(n—k)/L
_k_z_wx[ Jsin m(n—k)/L
k=mL

interpolation

d i m(n—-mL)/L -~
m(n—mL)/L

L 2061 Bndrew Singer. Lniversiy

Sbanaihatpaigh, A Rights Resssved

Band-limited
interpolation

13 of 24




interpolation filter definition =

1 n=0 (N
h.[n] = _ Sin(my) _ h[n]

0, n=+L,+2L, +3L,... \(EP/L)

Bandlimited
interpolation

“Zero ISI7 | preserves original samples at kL

| EERA . Leawre k6 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 of 24

Linear interpolator
Lol inf <L

h,[n] = L
0, else

L=3

- X
N o o

we

S
- R
of—o —

3 2 -

—> Linearly interpolates between the samples

i Lortes 36 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 ot 24




Band-limited Interpclator definition

h[n]——sm(n% e
| (%) |0, n=+L +2L, ...

| EERA . Leawre k6 < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

’ffmém@mmzm filter

98 of 24
to rate
Sampling
rate
MT
LPF LPF
> > > —>
@, = WM IM TL o, = 1l y[n]
Gan=L rate{'T
T T
L LPF L
TL » Gain=L > M [— y[n]
w, —min(F, &) rate MT
200 Y Bndvew Singer. Univerey st atans hatp A, A Rights Resereos 3% of 24

10



A) Is not good! Why?
B) Is better!

CD -3 DAT?
44 1 kHz 48kHz

1 _a41x10° L Za8x10°
T T

1 2

M 441
T =_T1=m 1

| EERA . Leawre k6 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 245 of 24

Need to increase rate by L = 480

M 441
L _480_160
M 441 147

A) LPF
x[n] —»{ T160 —» Gain =160 1147 — yin]

w_ = /160
1 44.1x10° 1 48x10°
T T

A4

1 4
1 3 1 3
— =44 1x10°x160 — =44.1x10°x160
T2 T3
- Lerters 36 £ 200Y Bndvew Singer. University of Aiae at Yrbanathamgaign, A Tighs Resersen 29 08 24

11



- Lacture 36 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 23 of 24

Max rate = Tixm — 441x10°
1

L Lortss 36 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 3 0t 24
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ECE 451
. ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 37

drew Singer

1 Electrical and
Engineering

of Trusteas, Al Rights Reserved

undamentals

Last time, we had for z = el

Sample rate expansion:

~Lertese 37 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 e84y




h 4
—
=

x[n] ——> M

—y,[n]

x[n] — TL

h 4
«—
=

— Y,[n]

y,[nl=y,[n] ¥x[n]?

R Leawre ¥t < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 2 et td

. 7j2ﬂ:k M-1 _JZT:KL M-1
Y,(2) = Y. (2) |ff{e } :{e ; }
k=0 T k=0

only true when M, L are
coprime, i.e. GCD(M, L) =1

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 3ef17




(For G(z) rational}

x[n] *{ M

G(z

St

x[n] * G(z)

> y4[n] = x[n] *|GE")* M

> y,[Nn]

TL P ys[n] = x[n] » TL (% GEYH > ya4ln]

i Eep 45;? - Lechure §¢

If G(z) not rational, = not true in general.
x[n] > z' ¥ L2 P T2 Py, n]
> 12 >z T2 > y,[n]
> L2 | T2 [ z! P y3[n]
x[n] = 8[n] - y,[n] =0
ya[n] =3[n—1] »¢«
e Laniuse 37 £ 200Y Bndvew Singer. University of Aiae at Yrbanathamgaign, A Tighs Resersen Sorr




wepresentation

H(z) = Z h(n)z " = Z h[2n]z " + Z h[2n + 1)z @

=Ey(2°)+2'E(2%)

Eo(z)=> h[2n]z™", E4(2)=> h[2n+1z"

= H(z) =E,(2°) + 2z 'E,(2%)

R Leawre ¥t < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 8 af 17

ator Structure

—> yIn]

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven jary




> yin]

generalizes to
E.(2) higher orders

A 4

> 12

Operates at 12 the peak rate of standard
decimation filter

R Leawre ¥t < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves Baf 1F

er Polyphase D ator

H(z) = Eo(2") + 2 'E,(2") +... + z™MVE,,_,(2M),

Ei(z) - Z h[MnjLi]Z_n

—>| Eq(2) D—> y[n] x[n] —#)o— Eq(2)

| E.(2)|—® e
> EW(z)—é EM1(z)—‘r

- Lontase 37 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 af 7

Ty
>

vy
»iDy
LN ¥

W an
>




H(2) = Eo(2%) + 2 Eq(2°)

=2z Ry(z2")+Ry(z°), Rp=E, R;=E,

Z-1
xin] —>{ 12 ‘ > Ry(2)—>
b 4
R(z°) »D— yIn]
271
x[n] Ry (z) » T2 >
b4
Ri(z) —> T2 »D— yin]
. BERY . Laature i? < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad EEXCRT:

H(z) =z "Ry(zH) +...+ Z7'R_,(ZH) + R__4(Z5)

R(z)=Y hLn+L—i1=E ()

z-1
x[n] » Ro(2) » TL—>
b 4
R, (2) »TL—D
v \521
A 4

I_’ R_(2) > TL =$ » y[n]

o 1 4 L
rate T rate T

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 75 0t 17




if hn] is length N

= (%} taps per filter

x L filters

1 samples —E-L
L

a_N
T, second T, Ty

R Leawre ¥t < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 93 af 57

NE = savings of factor of L.
0

filter at higher rate after zero-insertion

- Lontase 37 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 130t 17




on

T2

13 —>y[n]

£ - Locture 37 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 a8 57

T2

A4
<_
w

x[n] >R, (2)—* T2

L S 4
T2 13
L

L 4
Da
J‘

¥
&
N

A

D > y[n]

- Lentass 37 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 0t 17




on, cont’d

i B 45;? - Lechure §¢

< 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves

> y[n]

LRI

te Conversion, cont’

Lyritss 37

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

13 | Roo(2)
z' ) 4
13 = Ry(2) P
z' v
13 > R,,(z) PE—> 12 §
y ?Z
1 > ¢3 > R10(Z) fv\ T f"\ []
z'y p—»| 12 [ —» y[n
> I3 ™ Rq(2) _f\“
z'y
> 13 [ R,
LN
N+1y's N+1-L g ve Aample
M sample M Aample

— savings O(ML)

7 g 47
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ECE 451
. ADVANCED DIGITAL SIGNAL PROCESSING

Lecture 38

drew Singer

1 Electrical and
Engineering

of Trusteas, Al Rights Reserved

(e.q. STFT/DFT Filterbanks)

» Hy(z) LN vy [n]
x[n] » Hi(z) » LN twi[n]:iX[f]hi[anf]
iy (2) » UN > w,, [n]

« For N>M, cannot recover x[n] from w[n] (why?)

« “Critically sampled” filterbank, for N=M

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 o818




?”'zét%&mmk

For what H.(z) can x[n] be recovered from w[n]?

- Yes! Two simple examples you know:
e |deal band pass filters
e |deal delay filters, i.e. hn]=&n-]

- Are there others?

- How do we find them?

R Leawe 3R < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 2 af 18

truction of x[n]

\ o

: /@—bi[n] =2 Wil lgy[n — eM]
k=0 /==
Gy1(2)

Can view as basis expansion for x[n] in w,[n]

A 4

™

If reconstruction is not possible, how can we
choose Gi(z) so x[n] = x[n] ?

— coding, compression of audio and video

i Lontese 38 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 3af1g




Golz)
E ——-\/‘@—M([n] - channel
Gy(2)

L 1

- Cannot separate vi[n] if N < M (why?)

« For N =M, “spectrally efficient” multiplexing

R Leawe 3R < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 4af 18

What are the conditions on G,(z) such that v[n]
can be recovered from x[n]?

— ldeal bandpass filters will work
— ldeal delays, G(z) = z*, will work

- How can we find/specify others?

i Lontese 38 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 af1g




M

x[n]

Hy.1(2) >

IM

— V,[n]

— V4]

This idea is used in digital communications:
- xDSL modems use this idea (DMT)
~ COMA/TDMA/FDMA celiular telephony

- Wireless data networks (OFDM)

R Leawe 3R < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 af 18

N\

Hu @) LM o Ay 4(2)

T™

—

Gyy482)

/@—‘ vinl

For which H,(z), A(z), G,(z) does

y[n] = x{n] * f[n] for some f[n]?

i Lontese 38 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 ars




- |deal bandpass filters

> ldeal delays, z*
> How do we find/specify others?

+ Given a desired f[n], how are the A(z)'s
specified?

—» Multirate adaptive filters

R Leawe 3R < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves B af 18

y-Sampled Filterbanks

(2> 12 12 | S,
Vs
H(@)» 12 » » 12 #G.(2)
“analysis bank” “synthesis bank”

i Lontese 38 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9af1g




For example:

4 H (2, G(e™) I H,(e), G.(e°)

N
[T
1
4 +
N
N[ A
‘(:‘ -

R Leawe 3R < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

5 of 3§

in general, lingar and time-varying

- Actually, a linear periodically time-varying
(LPTV) system

X(n) — y(n) = xX(n - 2ny) — y(n - 2ng)

R Lenwse s L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 0t 18




perties, cont’d

the overall system is:

. Time-lnvariant, also called “aliasing-

‘PR, “Biorthogonal”
y[n] = x[n] “strict sense”

yin] =ox[n- (], someaq,f

3 wen :sﬁ;ﬁ - Lechura 3¥ < 2084 Aodvew Singer, University of Minnis 2l ebana-Champaign, 88 Bigivs Reserved

i.  Distortion-Free, "perfect reconstruction”,

What are conditions on H,(z), G,(z) such that

cancellation” y[n] = x[n] = fIn] for some fIn]

IFof 5%

erties, cont’

Energy-Preserving “orthogonal
transformation”, “generalized allpass”
“lossless”

2x2[n] = Zy?[n]

For LTI, true iff fin] is an allpass filter (why?)

i Lontese 38 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

13 0f 8




perties, cont’d

v, Internally orthogonal / energy preserving

«  Orthogonal analysis
> valnl = x*[]
m n n

«  Orthogonal synthesis

> S valnl=>y?n]

R Leawe 3R < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 94 af 54

erties, cont’

Desirable Properties / System constraints:
FIR H(z), G(z)  “FIR” system

Generalized linear phase
h[n], g[n] have symmetry

Fast algorithms / efficient implementations

i Lontese 38 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 0t 18




Xo[n]

12 Ay(2)

aMa

nl A b ying = xpn
Z

x,[n]

12 > A(2)

A(z) = A(2?) + 3 A(2?)

X(z) = Xq(2%) + 21 X,(22) “TNote sign convention

2 Y(Z) = Xo(2)Ao(z) + Xi(Z)Ae(z)  (why?)

4
?-’ y[n]

esentation: Synthesis

Bl yinl = xin

aNa

y;[n]

Bi(2) iV

NY

B(z) = By(z?) + 21 B4(z9)
~Y(@) = B{z)X(z?)
= Bo(z2)X(z2) + 1B, (z9)X(2?)

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

4
?-’ y[n]

7 gf 18
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- Lentese 38 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7 08 22




e Representation

12 Xo[n],; Hy(2)
Iy T yin] = x[n] ej%-» vIn]
Zz
[Py LN
Gy(z yoIn] 12

Ol G@b vinl = xin]

o Da

y
?-’ y[n]

&, 1,

NY

A Laature 36 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 2af 28

e Characterization of MRFBs

Xoln] Yoln]

12

> Yo
L2 w@ Gr@ P12},
A 4
n]— gg—»y[n}
12 XO[nL Hoo(2) Goo(2) yo{nl T2

Y
....%
LlaPh e G @12},

A Lantuse 38 200 Bndrew Singor. URVErety uf [nuie 4% Ui ana-Ghatgaign, A Rights Reasreos 3t 33




serial-to-parallel H (z) SAZ parallei-to-serial
conversion conversion

Mutti-input Multi-output (MIMO} LTI system
Loz = Go(z) Hy(2)

B Lacnure ig < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad aat?s

Hi(z) = Hyy(z%) *+ z Hj4(2%)
Gi(z) = Gip(z2) + 277G (29)

X(z) = Xo(22) + 2 X,(z2) 12— X,(2)
evens odds ‘ 12 i X,(2)

ZX4(27) + X (29)
4 4
odds evens

Lertese 38 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 of 22




e Analysis

Has(2) W\‘; B vz}
4

B H, (2)

H(2)

;
H, . {z) BED- {2}

| EERAE . Leawre ks < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 8 af 23

s Transfer M

[ X (Z)Ho(2) + X4 (2)Hg(2)

V(z) | Xo(Z)H40(2) + X(2)H,4(2)

Hoo(2) He(2) Xo(2)

| Hio(2) H11(Z)J X4(2)
2H,(2)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 7t




hesis Transfer I

nt

Yi(2) ) [Go(Z)Vo(2) +G14(2)Vi(2)

_Goo(z) Gi0(2) | Vo(2)

| Goi(2)  Giy(2) |\ V4(2)
£G,(2)

| EERAE . Leawre ks < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad

Yo(2)) [Goo(2)Vo(2) +Gip(2)Vi(2)

2af 23

e Synthesis

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven




nsfer Function

Y(@) = Yo(2?) + 7Y, (@)

| EERAE . Leawre ks < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 9 of 2%

nsfer Function

_Too(Z) To1(2) |{ Xo(2)
Yiz) ) T2 Ti(2) |\ X4(2)

Too(Z)Xo(2Z) + Tpy(2)X4(2)

Ti0(2)Xo(2) + T14(2)X4(2)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 15 0t 23




Y(2) = Too(2)Xo(2%) + Tor(2*)X4(2%) | +

%,(2)

z” [Eo(zz)xo(zz) + T11(22)X1 (Zj)]

—~

Z_1Y1(22)

| EERAE . Leawre ks < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 9% af 2%

= xo(ZQ) [Too(zz) + 271T10(22)} +
Z_1X1 (22)[ZT01 (z°) + T11(22)]

: [Xo(@) +2 %) |[Fo(22) + 2F(22) |

If LTI FO (Z) = TOO(Z) = T1 1(2);

ZFy(2%) = 2Tpy(2°) =2 Ty (2%) =

Fi(z) = Toy(2) = 271T1o(2)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 13 0t 23




Cancellation Condition

S LT =

| F@
Z)=
2R R

Y(z) = T,(2)X(2),

Y(2) =[Fy(2%) + 2F(2*)][X(2%) + 27'X(2°)]
F(z) X(z)

F.(2), F,(z) = Polyphase comp. of F(z).

| EERAE . Leawre ks < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 94 of 2%

ancellation

- If the system is time-invariant (aliasing
cancelled) then T(z) is pseudo-circulant, i.e.

_|FR(2) F(2)
I‘)(Z)_Lﬁ(z) FO(Z)}

. %fjﬁ(z) is pseudo-circulant, then the system
is Tl

T.I. = 1,(z)is pseudo-circulant.

Lertese 38 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 0t 23




construction

- Foran MxM system, T,(z) is circulant with a
z factor in each term below main diagonal.

Example:
PR. F(z)=z"' (choose ¢ even)
F(z) = (z_% )2 +0
F(z) =22, F((z) =0

| EERAE . Leawre ks < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 95 af 2%

., or delayed versions
z 0

i Lortese 38 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 17 ot 23




| EERAE . Leawre ks < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 2%

Fo(z) Fi(2) .
(z) = pseudo-circulant
zF(z) Fo(2)

system function —» F(z) = Fy(z) + zF,(z?)

| EUE R Lenese 3w L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 19 ot 23

10



d

2 P.R.iff

F(z):l—>1_'p(z):[:)(?I =

Fiz)=0az - T, (2)=1_

}uz*”””% ¢ odd
0

3 wen :sﬁ;ﬁ - Lechurae 3§ < 2084 Aodvew Singer, University of Minnis 2l ebana-Champaign, 88 Bigivs Reserved

_¢/
oz 2, ¢ even

25 af 2%

rties, cont’'d

3)  Analysis bank orthogonal
iff H,7 Hy =1, Ho(z) paraunitary
(unitary for all m)
4) Synthesis bank orthogonal
iff G,(z) paraunitary

5 Overall system is energy preserving if T (z)
paraunitary

i Lortese 38 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

EaR LR

11



d

6) |If Hy(z), H(z) are orthogonal, then for P.R.
-1 H
GH, =1=G, =H, =H,
(time reversal for real)
7 If Hy(2), H.(z) are FIR, P.R.? with FIR G,,
G,?
1 H11 _H01

G (Z) - I_l (Z)_1 -
p p H
‘_p‘ I I1O I IOO

— ‘Hp‘ — Bsz ETR

- ﬁﬁﬁ 4 ‘:‘g - lectura 3§ « P03 Andeew Binger, University of Yinais af debana-Ohampaign, Al Bighis Reserved

2F b 2%

ECE 451
ADVANCED DIGITAL SIGNAL PROCESSING

Urbana-Champaign

of Trustees, Al Righls Reservest
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Lecture 40

drew Singer
biectrical and

of Trustees, Al Rights Reserverd

% %[1+(—1)“]
B(e®®) = %[A(ejm) +A@E ™) |

B(z) =%[A(z)+A(—z)1

Lertese 46 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod

1 af18




y[n]
a, b,
» H, » 12 > T2 G,

Bo(z)}
B.(z)

v

Y(z) =[Gy(2) G1(Z)]{

£ - Lecture 46 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 2 af 1

Y(2) =[Gy (2) Gy(2)]
| A2) +Ay(-2)

Ho(2)X(z) + Ho(—Z)X(—Z)}
H(2)X(2) + Hy(-2)X(-2z)

[Hy(2) Ho(—Z)HX(Z)}
Hi(z) Hy(=2) |[ X(-2)

%[GO(Z) G1(Z)]

2[Go(2) G4(2)]

=3G(2)H,(2)Xn(2) | _
oo “Modulation matrix”
....(alias components)

R Lense an £ 200 Bndvew Singor. URVErety uf [nuie 48 Ui ana-Ghatg ain, A Rights Resereos 3et19




1 T.Liff G@H,(2) =[2F(@z) 0]

(Go(2)Ho(-2) + G4(2)H4(-2) = 0)
— Given Hy(z), H,(z), and desired F(z), then
G(z) = [2F(2) OH(2)

Hi(-z) —Ho(=2)| 4
—H(z) Hy(z) |IBn(2)]

[Gy(2) Gi(2)] =[2F(2) 0][

R Leawred < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 4Gty

7 SEHEREE ) =N
CA(2) = ~Cl2)Ho(2) )

—{H, {12 |—>|T2|—>|H1(-z)}—\

x[n] — C@)—> yin

L {H. —>{l2|-»{ T2}—{-H,(-2)-

= X[n]—> F(z)—>vIn]

st 48 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 af19




[

Go(2) Gy(2)
m(z):
Go(=2) Gy(-2)

F(z) O
LTl & G (2)H,(2) =2
S— |: 0 F(—Z):|
T.(2)

“aliasing cancellation” MTX

R Leawred < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 8 af 18

nstruction

2 P.R.

10 ‘0 -0
T (=2 | 2*° | 2l?
01 0 —-z* 0 z*

¢ odd ¢ even
3) Hy(z), H,(2) FIR, P.R. with FIR Gy(z), G4(2)7?

detH, (z) = Bz *

Lertese 46 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 7ot




Hi(z) = Hp(z?9) + zH(z%)  1=0,1
—H(-z) = Hip(2?) + (-2)H4(z7) =

= Hip(z?) - 2H;4(27)

= [Hi(2) Hi(—z)]:[Hio(Zz) Hi1(22)]{21 1}

—Z

R Leawred < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 3 af 18

delay chair
on diagonal Az W

e ;“_f‘ W_1 = 1 W

2
; H V= “
Paraunitary, A(Z)AR(1/z2")=I almost unitary (DFT)

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 9 af19




. Hn(z) “paraunitary iff H,(z) is
(i.e. Hy(1/2")Hy(2) =NI)

. Analysis bank orthogonal iff H,_ (z)
“paraunitary

Can also derive relations for G, and G,

Gn(2) = {; HD e

|

Az W

R Leawred < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 3%

— Convenient for H,, H,, to have mirror
symmetry about w=3%

H. (%) = Hy(elem)  then
Ho(el®) = Hyo(€2) + eloHy,(el29)
H,(e/9) = Hyo(e2%) - ei€H1(e/29)

HOO - H01

SHy = [HOO Ho, } (note odds)

Lertese 46 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 0t 15




m@ ientation

R Leawred < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 9% b 3%

Alias cancellation:  qur

¥
Go(2) = H4(-2)C(2) = Ho(2)C(2)
G4(2) =-C(2)H(-2)

cy=_ XF@ _ 2F(2)
detH,(2)  Ho(2)H(=2) —Hy (-2)H,(2)

QMF Ny 2F(z)
" H2(z)-Hi(-2)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 13 0t 15




mmwmm {F

*For P.R. & FIR analysis/synthesis (F(z) = a.z)

= | Ha(2) —H5(-2) = pz™

1)  k must be odd (homework)
2) Only possible FIR Hy(z) =C,z " +C,z""m™
3) Many lIR solutions

4) Useful approximate linear phase FIR exist

R Leawred < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad EEXES

te Quiadrature Filters (CQF)

perf. reconst. &
orthogonal analysis

& O.A.

P.R.

G (eH (e°)=21  Hi(e*)H,(e)=2

if real then
time-reversal

PR = G (e)=H_(e")" [

Gl(e*)G,(e)=21 0S8

L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 15 0t 15




HE ("), (e'®) = 2]

‘Ho(ejm)

2 .2 .
+Ho(-e™) D) 20
o2

# g jo jo 2 j® 2
D'(e’) Hie*)[ +[H (")

D(e") = Hy(6"")H; (€) + Ho(—/)H; (-e*) =0

R Leawred < 2004 fodvew Singer, University of Winais at Urkana-Ghampaign, A R iivs Reservad 95 of 3%

If Hy, H, FIR, then * holds iff
H,(e®) = —e **H;(—e), some odd k

= (&) =[Ho(e"™)|

[ 2
= [Ho(e™)[ + =2

Hy (ej(om) ) :

v [N

v

P(el)  P(elw)

P(z) +P(-z) = 2 (P(z) “half band”)

L 2061 Bndrew Singer. Lniversiy Sibana-Chamypagn, A ights Resesven 17 0t 15




hy[n] must be of even length (homework)

Design: Choose halfband P(z)
= obtain Hy(z) via spectral factorization

Allpass Hy(z)?

- ﬁﬁﬁ 4 ‘:‘g -Lecture 46 « P03 Andeew Binger, University of Yinais af debana-Ohampaign, Al Bighis Reserved

18 of i%
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drew Singer
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ngnesring

of Trustees, Al Rights Reserverd

X[n]

yIn]

IM ™
—— T
serial-to-parallel transform Domain
processing

B Lense 1 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 70815




L = Blocksize, P = filter length, M=L+P-12L =DFTsize

H[O] y[n]
x[n] L > ” > P TL >
z W | HIL | i
> P TL
T k=0. Hiz) k=0.. A 7
. -1 M-1—>1L

M
¢=0..| . |r=0..
L1 M -1

Z+—>¢ MxL | HIM-1] | MxM - +ZJ
L% /4 ryis

lap)
L<M L Y M M X (over
pruned DFTQ L<M

A Lacture 43 < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 2 af 1

A4

L=DFTsize, M=L-F+ 1< blockspacing
P = filter length

H[O] y[n]
x[n] M —> > » T™ >
7 H[1] z'
J’M - > lW_ke > TM ]
Wkk" H 2] M='m z
2 JIMP—> m [>
LxL pruned
5 DFT : LxM S
IDFT 1
4, -

L L M
M < L (overlap)

- Lentere 4 L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 30f15




XoI1] voln] Yoln] yin]
x[n] IM—» » ™™ >
F 3 z!
z
x4[n] v,[n] y:[n] z1
M H (2 G » ™M
z v G2 A
MxM
z X4 [N] YNl Z1
R Vi [n:L
M > ™
. —— e N, - N —— -
serial-to-parallel MIMO LTI parallel-to-serial
| BERY . Lacture 4t < 2004 Radiew Singer, University of inois af Unkana-Ghampaign, S Righs Reserved LRIRE

esentation, cont’d

_Hoo(z) Ho(2Z) .. HOIVI—1(Z)_

ij(z) _ H1.o(Z)

Hyo(2) . Hy-m-1(Z) |

[Ggo(2) Gio(2) - Gy 10(2) |

C_;p(Z) — G01 (Z)

_Gcl)M-1(Z) . GM—1M—1(Z)_

R Lenene L 2061 Bndrew Singer. Liversiy of i181is af UibsraChampalgn, A Rights Resssvod 5 af 19




0) Linear always

1) T.1Liff T,(z) pseudo-circulant

Fu(2) Fi(z) ... Fuq(2)]

T.(2) = zFRy_1(2) Fo(2) Fu-2(2)

| ZF(z)  zF,(z) ... Fy(2)

R Leawedd < 2004 Audeew Singar, University of Winais af Urhana-Champaign, A Rights Reserves 8 af 1

F(z) = Fy(@™) + zF, (") + 22 F(") + ...+ 2R, (2Y)
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