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Equivalent Statement
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Fun fact we soon use

Let G be a geometric random variable with
success parameter p

Let X
, ,Xz ,

...
be a sequence of iii

.

d exponentials
with rate x

Then
.},Xi  is exponential with rate p . x
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Proof that [fx ; is exponential with rate x-p

Note that ;§X;  is inter - arrival time of a counting

process that  " fillers "

a Poisson process with rate x
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Reconsider characterization �2� of Poisson process

- underlaying PP has stationary & independent increments
j

⇒ filtered process does
Let N be original process and Np be filtered process
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=) inter - arrivals are exponential with rate XP
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CTMC Transient Solution 
We have seen that it is easy to specify a CTMC in terms of the initial probability 
distribution π(0) and the state-transition-rate matrix. 
 
Earlier, we saw that the transient solution of a CTMC is given by π(t) = π(0)P(t), 
and we noted that P(t) was difficult to define. 
 
Due to the complexity of the math, we omit the derivation and assert the 
relationship 
 
 
 
Solving this differential equation in some form is difficult but necessary to compute 
a transient solution. 

,)()()( QtPtQPtP
dt
d

== where Q is the state transition rate matrix of 
the Markov chain. 



Transient Solution Techniques 
Solutions to                          can be done in many (dubious) ways*: 
–  Direct: If the CTMC has N states, one can write N2 PDEs with N2 initial 

conditions and solve N2 linear equations. 
–  Laplace transforms: Unstable with multiple “poles” 
–  Nth order differential equations: Uses determinants and hence is numerically 

unstable 
–  Matrix exponentiation: P(t) = eQt, where 

 

Matrix exponentiation has some potential.  Directly computing eQt by performing                   
        can be expensive and prone to instability. 

If the CTMC is irreducible, it is possible to take advantage of the fact that  
Q = ADA-1, where D is a diagonal matrix.  Computing eQt becomes AeDtA-1, where  
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* See C. Moler and C. Van Loan, “Nineteen Dubious Ways to Compute the Exponential of a Matrix,” SIAM 
Review, vol. 20, no. 4, pp. 801-836, October 1978. 



Standard Uniformitation

On treating a CTMC like a DTMC

how ? when ?

Given Q for a CTMC

suppose there is X* st
. X* 219 ;

,
;| for all i

Now Construct P = It ,¥
- off diagonal elements are positive ,

turned into

probabilities
- Diagonal elements are ( by addition of I

on diagonal ) probabilities
EQUAL to 1 minus sum of off - diagonal
row probabilities



P = It ÷* turns rates into probabilities
by proportionality

- if q ;
, ;

 = 29 ; ,k
them
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E
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Question : what is the distribution of the number
of time steps a DTMC with

p= It 0¥
is in state i before changing state ?



with each transition there is probability
1 +9÷*

of staying
- 9; , ;

⇒ # probability of changing

state

⇒ Number of consecutive time steps in state i
is geometric with success probability
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⇒ Distribution of ±
,

X ; when G is that geometric
and X; are exponentials
with rate x* is

(Effigy. x*  
= holding time rate of ctmc

in state i :



IMPLICATION
.

• equivalent simulation of the CTMC
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Z ] number of DTMC transitions
is Poisson with rate X* . t
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NB
.

use XCK ) to denote state occupancy probability
Vector at STEP K in DTMC

,
ICE ) CTMC vector
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Error bound
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A Simple Example 
•  Consider the simple CTMC below 

•  Note that with λ = 2, λ exceeds largest magnitude on diagonal  
•   Define  

–  Discrete time Markov chain  

  
 

€ 

P =
1 0
0 1
" 

# 
$ 

% 

& 
' +

−1.4 /2 1.4 /2
1/2 −1/2

" 

# 
$ 

% 

& 
' =

.3 .7

.5 .5
" 

# 
$ 

% 

& 
' 

!
"

#
$
%

&
−

−
=

11
4141 ..

Q

1 2 

.3 .7 

.5 
.5 

1 2 

1.4 

1 

UI 



A Simple Example (continued) 
CTMC 
 
 
 
 
•  Discrete time Markov chain 

 
•  Make sense? 

–  Look at sum of a geometric number of exponentials (geometric with 
parameter r) 

–  Result: exponential with rate rλ. 
–  DTMC steps in state 1 is  geometric, p=0.7. Note λ=2 : CTMC rate from 

state 1 is 0.7*2 = 1.4.  Ditto state 2. 
–  Matches that for CTMC. 
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Uniformization cont. 
Doing the infinite summation is of course impossible to do numerically, so one 
would stop after a sufficiently large number. 
 
Uniformization has the following properties: 

–  Numerically stable 
–  Easy to calculate the error and stop summing when the error is sufficiently 

small 
–  Efficient 
–  Easy to program 
–  Error will decrease slowly if there are large differences (orders of 

magnitude) between rates. 


