Queueing Models



Purpose

A simple but typical queueing model:

Server

Waiting line of
Calling population customers
of potential customers

Queueing models provide the analyst with a powerful tool for
designing and evaluating the performance of queueing
systems.
Typical measures of system performance:
Server utilization, length of waiting lines, and delays of customers
For relatively simple systems, compute mathematically

For realistic models of complex systems, simulation is usually
required.



Characteristics of Queueing Systems

Key elements of queueing systems:

Customer: refers to anything that arrives at a facility
and requires service, e.g., people, machines, trucks,
emails.

Server: refers to any resource that provides the
requested service, e.q., repairpersons, retrieval
machines, runways at airport.



Calling Population

- Calling population: the population of potential customers,
may be assumed to be finite or infinite.

Finite population model: arrival rate depends on state of queue

- “Discouraged arrivals”---arrivals stop when customers see
very long line

Infinite population model: arrival rate independent of state of
queue



System Capacity

System Capacity: a limit on the number of customers
that may be in the waiting line or system.

Limited capacity:

- Switch in network, # packets in queue depends on
buffer size

Unlimited capacity:

- People queuing up in streets waiting for iPhone X
release



Arrival Process

- For infinite-population models:

Case: Random arrivals: interarrival times usually characterized by
a probability distribution.

- E.g., Poisson arrival process (with rate A), where A, represents the
interarrival time between customer n-7 and customer n, and is
exponentially distributed (with mean 7/4)

Case: Scheduled arrivals

Case: At least one customer is assumed to always be present, so
the server is never idle, e.g., sufficient raw material for a
machine.



Queue Behavior and Queue Discipline

- Queue behavior: the actions of customers while in a queue
waiting for service to begin, for example:
Balk: leave when they see that the line is too long,
Renege: leave after being in the line when its moving too slowly,
Jockey: move from one line to a shorter line.

- Queue discipline: the logical ordering of customers in a queue
that determines which customer is chosen for service when a
server becomes free, for example:

First-in-first-out (FIFO)
Last-in-first-out (LIFO)

Service in random order (SIRO)
Shortest processing time first (SPT)
Service according to priority (PR).



Service Times and Service Mechanism

- Service times of successive arrivals are denoted by S,
S, Ss.
May be constant or random.

{S,, S, S, ...} isusually i.i.d. e.g., exponential, Weibull, gamma,
lognormal, and truncated normal distribution.

- A queueing system consists of a number of service
centers and interconnected queues.
C servers, ¢, working in parallel,
customer takes the 75 available server on reaching head of line

“Work conserving”---if there is a customer and available server,
the server is used



Queueing Notation

A notation system for parallel server queues: A/B/c/N/K
A represents the interarrival-time distribution,

B represents the service-time distribution,

c represents the number of parallel servers,

N represents the system capacity,

K represents the size of the calling population.



Queueing Notation

Prlmary performance measures of queueing systems:

steady-state probability of having n customers in system,
probability of n customers in system at time t,

arrival rate,

effective arrival rate,

service rate of one server,

server utilization,

interarrival time between customers n-1 and n,

service time of the nth arriving customer,

total time spent in system by the nth arriving customer,
total time spent in the waiting line by customer n,

the number of customers in system at time t,

the number of customers in queue at time t,

long-run time-average number of customers in system,
long-run time-average number of customers in queue,
long-run average time spent in system per customer,
long-run average time spent in queue per customer.
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Little’s Law

Very important result -- Part of the queueing folk literature for the past century
Formal proof due to J. D. C. Little (1961)
Relates mean queue length to arrival rate and mean response time

Mathematically (in steady state),

(Average number in system) = (Arrival Rate) x (Average Time in System)
Applies to any “black box” queue under the following assumptions
System 1s work conserving
Number of jobs entering i1s same as number leaving (system is stable)
Also applies to any transient interval, without requirement that system be stable.

Note that these are very general conditions, and can apply for any system
(“black box”) in which customers leave and enter subject to the above
constraints.

An intuitive proof...

ECE/CS 441: Computer System Analysis, Instructor
William H. Sanders.
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Average Time Spent in System Per Customer
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Server Utilization

- Definition: the proportion of time that a server is busy.

Observed server utilization, 5 , is defined over a specified time
interval [0, T].

Long-run server utilization is p.

For systems with long-run stability: 15 —p as T —
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Server Utilization

For G/G/1/~/~ queues:

Any single-server queueing system with average arrival
rate A customers per time unit, where average service time
E(S) = 1/u time units, infinite queue capacity and calling
population.

Little’s Law, L = Aw, can be applied.
. “system” is server, not queue

For a stable system, the average arrival rate to the server,
A, must be identical to A.

The average number of customers in the server is:

L = %fOT(L(t)—LQ(t))dt _ =1

=P

For server, w = 1/u, so using Little’s Law we get p =A/u

20



Server Utilization

For G/G/c/~/~ queues:
A system with c identical servers in parallel.

If an arriving customer finds more than one server idle, the
customer chooses a server without favoring any particular
server.

For systems in statistical equilibrium, the average number of
busy servers, L, is: L, = AE(S) = Au.
The long-run average server utilization is:

L A

S

0=—=—_, where A<cu for stable systems
c cu

21



BIRTH - DEATH PROCESS
- Fom each stale d Vanso. +s Jt at iz A (Ba74)
for J'>O FansibHor o J- at ke ) [7)%7%/)

LoCAL BALACE EQUATIoWS

o e

el
FlLowd oU7 = FLOW /U
T, Do = 77//«’

T ( ‘r/MJ - 7_4 ’\ J+/ '/MJf-/

—= /M\/ A.) . AJ'—/ . }a’
’ 77‘—/‘+’ - ( A 77:/ /bld."rl ﬂz—/ S Ty = _/;:Wa

)ﬁ )ﬂ n ~ " g“
w/ﬁ‘» &/75 77_ = : 77_0 = 77’0 . —_—
e ’ /b\’/b" saar j:[ gt

n >0

22



23



M/ /| Queue Mas}s
Spacmﬁ Ciae % Bivth -Dest Pracest 7L
A=A ek M= Ly
Q h
S T, = (—/;’)77; fro n= 12 .-

A .
We've. S 2o (D = ; 7'7\& M‘Z')'/[-Z—zﬂé/mx bl

TTO:?%ZS%O»«"H« Gl ore };; /”f Which makey
TTV[: F”‘[l'ﬁ) 'y/l(w n=0, 112/ o

\ ’ _
A(%Veﬁ-ﬁ/b\ﬂg(m % 7T5'-: (+,P+/'L1L - - IW

24



M/m /|
Mecuin T uene [%’ﬁ;

=

Queune Amﬁgsvs

oo
n = ZV"W’A
h

=/

25



m/m/;  Quewe A’VW»/ED?S
VVaviance dg N pon— o’ID JZS“LS )\ SHS%
Var(n) = E{n" |- €]

o0 p &
= (g w('—f’)e") - (7?@“)
= FCéihléﬂf)€W:>—- (fi:)

2" mament Va

%,Qfﬁme?(/lrt

f(Z‘(I—F))__i_z: 102_
(1-¢6)* =¢ (=€)

26



m/m/i Queue ﬂma/&rs/’s

MEAK) TIME /K SYSTE#

By Littlg Law
nesn # o Syt = (vl A8 ) o fne in sy57E )
— OV — p -
- A r
2
A > _ﬁ_ _ M _ |
(-e)r  (-Z)r (-2)(%)

/)

27



M/M/1 Queue Example

* Consider the following queue
-A =03
-u=0.5
* We can calculate the following statistics
- utilization U
U=p= A _03 _06
u 0.5
- mean number of jobs in the system n
Je, 0.6
-0 04
- mean response time R
1 1
u—A 02

=1.5

71 =

R = 5.0




M/M/1 Queue Example (Continued)

Look at how mean number 1n system changes as p gets closer to 1
(fixed u=1)
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M/M/1 Queue Example (Continued)

Look at how mean time in system changes as p gets closer to 1
(fixed u=1)
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