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Mlmlc
Queues

mlmlm queues
- c servers rather than 1
- Exponential inter - arrivals and service times

Examples
: multiprocessors
multiple servers

Basic Assumptions
C servers

,
identical service rate

µ
- single queue for waiting customers

- arrival rate 1
Birth . Death process applies

yn = 1 for all n

× 7 7 x µn= {
n
M n=0

,
1

,
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,
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Mmc
Queues

From Birth - Death process Solution

To X ,

. " Xn
. , n= 1,2

,
. . .

to

# 2 -

µ|µz
'

'
-

µ a

wi§h
( note : wseageofe vaFznbd=f÷n )

Girls where.eu. n< a
-

-

. o
- /
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C

C c



3 

. Erlang C formula

phone system modeled as M/m/c queue

gives
probability an

arriving
call

Waitz• en
EK

, e) = retain = to . E
-

= T÷eE.
(E)

"

n=a c ! cn
- C

.

= to . I. ÷E =
 to. (÷÷*iE5&÷

e% !
=

=e ! + a -

E$÷eEe÷
!



4 

MIMIC
Queues

mean number 5 in system €on . In

D= e + § . eG#E)
Expected number of jobs insert

Ts = n¥
,

ntn +€c.tn = a I
mean response time

,
use Little 's Law

: -

x
so

a = ÷, + µt . e⇐1 - { )
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Comparison between Mlmli &

Mlmk
Consider 2 ways

of organizing servers

|x split

=#ii¥¥# ¥ . :#
oo ... o÷

-

C C

- is there a difference
, e.g. in

time in system ?

note it is possible on left to
YES ! have free server and job in queue

implies ... .
?
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Comparison between mlmll &

mlmkmean response time

C MM 1 qhehes 1 mlmlm queue

I

a -

I
a It '÷ii¥ ,
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Use of formulaeto assess system behavior

Question :

. what performance for a given set of parameters ?

. what parameters needed to achieve particular
performance goals ?

Examples
- what happens to mean response time if 1 doubles ?

- what happens to mean response time if we double # servers

- how
many servers do we need for green 1

, µ
to

achieve target mean response time
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Example
Observation

of jobs arriving to server with Cho

CPUS is

that
x = 5

-

Yµ=
1

Use Mlmlc formulae te estimate mean momber in Q
and mean response time

No
,

= 0.036 2=1.00

virtually instantaneous
response

Suppose arrival rate increases to

X=8
after

a

promotion campaign

No
,

= 1.63 T= 1.20

marked relative increase in Nq
, only

20%

increase in 5
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Example µ
= 1

,

X = 3.9

twitter.am#n2bw.t0nfmeserTnserce.at.+meinQuen.Inn_RQ+
JUST EVALUATE AT DIFFERENT

4 9.45 1 C 'S

5 0.47 1

[ 6 0.12 1 ]
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MIMIC 113

knife buffers
,

at most B jobs insys#t

Using birth . death process framework

Xn= X for neo
,

1
,

- . ,B

µn= {
"

m ton n< c

Cµ for n=c
,

ctl
,

. . .

,
B

NOTE :

only makes sense for Bzc else servers idled

ix. - in . →x ,

@ �1� �2� @@€.  - -§@
He -

we =
Cahn can

on cm

1
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Mlm /c/B
slate occupancy probs

, p
= Mm

#
. To

h= 1,2 ,
...

,
C- I

Th = ( Wuk#o n=c
,

at '
,

...

,
B

with

t.tn"nitE¥ie÷+⇐÷t
'

use these to Compute • mean response time
•

n

mean
queue lengths

a effective "

arrival rates



12 

M / ml c/B

B

mean
queue length

in =

En In

n=o

mean number in
queue

Th
,

=

}3yCn
-

c )Hn

Given x
,

"

effective
"

arrival rate is rate of
arrivals when

they
are accepted

- i.e.

,

not in state B

I =

x . (i -

Tts )

Use effective arrival rate with Little 's Law to
get

mean

response
time

I - Iy
=

5←
Tps )

utilization of a server is

In
=

e
C i -

IB )
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Other Queues of Interest
Exact solutions for

m / Er I 1 Er is sum of r exponentials

MINI with bulk arrivals

M

1¥
m:
:
Gl 1
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in
/G/ I

Problem - at  instant when job arrives
,

a job in

service has SIATE
- unlike exponential ,

distribution of

remaining service depends on length of time
in service already

FINESSE
- define slate transitions at embedded

-

points
where there Is nomemoryDEPARTURE INSTANTS

Its job has been in service t time
,

how
many

arrivals from Markovian arrival process
?

Poisson ( it )

Consider embedded DTMC
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M 1611

Consider # jobs left  in
queue

at the point of

a job 's
departure ,

This will be state
of

DTMC

From state i > 0

-

transition
to state j i

.

j -

ii.
I arrivals

during
the service time of the customer

entering
service

example
: At departure of ntn At departure of

Cht|Jn+z|Jnti|J_ |Jn+s|Jn#|Jnts|thtz|Jn=

3 → 5

Jht3
,

They
,

Jnts arrived

From state i=o

- transition to j if j arrivals

during service time of next arrival
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M / G / 1

x ;
 = prob { i arrivals in a serine time }

Given service time s
, probability of i arrivals is

Rob a Poisson ( as ) has value i

so xi
 = fg%,

45¥ E
"

ds

where gcs ) is Pdf of service time

distributing£3

a :-###.. a .

@ ⇐20×-2>30×2-40a ← a at
etc

.



17 

MIGI I

solution of x ; gives distribution of queue length
at job departure
mean queue length

oo

g = E i. x ;
i=o

magic bit .

limiting mean queue length at departures
Is limiting mean queue length !
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MIGII

Pothunter length
Define

Cn nth customer to enter system
Tn arrival time of nth customer

th Tn - Tn - i

Xn service time for nth customer

9h number left in queue by departure of Cn

Vn number of customers that arrive while
Cn is receiving service
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M /G/1
Formula for

9n+
,

Case qn > o

server

ltt%Lh°

.net#-Xn+.-fcuti9nti

left behind

=§ ¥+1 !
:

QUEUE =#
Cn Vn+ ,

arrive

9n+ ,
=

9n - 1 + Vnt ,
when qn > 0
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Case qn=o
Mksll

off
"

?;g°_×n+
,

#guy
9nA left behind

SERVER #of fat.

"
 

;
:

QUEUE #=Tcntl
Cn -

Vnt , arrive

9mi = Vue , 9n=o
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.

M/G11

Combine expressions
que ,

= { 9h - 1 + Vnt ,
if qn > 0

Vntl

Define SHIFTED DISCRETE STEP FUNCTION

1 for k=l
, } .  . .

Dii {
o for to

and re . write

9nti = 9n - Dgn + Vne ,

Note : In limit as n→a
,

E[9u+ , ]=E[9n ]
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Mksll

9mi = 9h - Dqt ✓
n+ 1

⇒ E[qn+ , ]= E[9n ] - EC Ag
.

]+E[Vn+ , ]

⇒
nh→m

.

E[9n+ , ] =

nllz
.

EGN ] - E[ Ag
.

]+E[ Vnt , ]

⇒ Lima E[ da
.

]= nh→m
.

Edna ]

we can compile

leg .

Ecvu
, ]= forges ) . ,§ok .''¥ie

mean  of Poisson As

= f.
*

gcs ) as

= X. E[ service the ]
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MIGI 1

nlgig E[ Ag .
] = E[d§ ]

= §oBrP[5=k ]

= Do P[ 5=0 ] + A ,p[f=l]+ - - - .

recall definition of Di

= O .P(9=0 ) + 1 . PG > o )

= P ( of > 0 )

a PCbusy system )
=

#E[ service time ]

=

p



24 

a

M/G/ 1

But we didn't get to eat ] !

From qnt ,
= 9n

- Dan + Vnti

deny It , = ( 9n - Dan + Vu , )2
= 91 + Agat VI., - Zqn Ban + ZqnVn+ ,

- Zdqvnt ,

Note that AT= D ; and qn An = 9n

which brings as
to

E[9nI , ]=E[q5 ] + E[Dan]+E[ vi. , ] - 2E[9n]t2E[9aVn+ , ]tzeldgnvn ,
]

- -

note that qn and Vu+ ,
are independent

⇒
Dan and Vnt ,

are independent

E[9nI , ]=E[qi ] + E[ Dan]+E[ vi. , ] -2E[9n]t2E[9a]E[vn+ , ] - 2ECD%TE[vn+, ]
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leads to
m 1611

o = E[ Dg ] + E[v ' ] - 2E[g ] + ZEGTEWJ - 2e[ A ,
]E[v ]

but we've seen already that ECD ;] = E[ v ] =

p

which brings as to
€[g ] = e +E[V2If za - e)

the only unknown is
E[y2}

Aside : 2nd moment of Poisson XS is ( XS )
2

+ as

( from variance = second moment - mean

then
E[v2 ) = f%s ) .  EC Acx ,sj] ds Acx ,s5 2nd moment of

Poisson XS

a fagcs) # + is ]ds

= x E[s2 ] + XECS ] s the service the
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AYGII

Ecg ] =p +
EAT f p +

×EG9+tEes]=
za - e)

= za - e)

Let Cb be coefficient of variation of service time dist
.

Yz
Cy = vary varcs ) = E[5 ] - E[s]2

ECS ]
BUNCH OF ALGEBRA LATER :

Pollaczek - Khinchin mean Value Formula

5 = p + pr
1¥

ZCI - f )
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M

18/1
9- =

e
+

eratcizcl

-

f)
EXAMPLE :

Exponential service time : Cb =1

g =

p
+ FIFE )

.

e.ie#=2eEaetI=Ee,=rte

Determinists : C 5=0

g= it =

if
-

e-
zlte ) 24 - e)

to MIDII has fewer customers on
average

than mlmli


