ECE 534 SP26 HW4 Solutions

March 27, 2026

Problem 1. Prove the Kolmogorov 0-1 Law (you can look up the notes by Prof. Lévéque [1], but are responsible
for submitting your own explanation of the proof). In the process, describe two more examples of tail events.

Solution.
We first state the Kolmogorov 0-1 Law:

Theorem 1.1 (Kolmogorov 0-1 Law). Let (X,,)n>1 be a sequence of mutually independent random variables. For
each n, let

gn = U(Xna Xn+17 .. ')7

and then define the tail o-algebra as

T = m Gn. (1.1)

n>1
Then, for any event A € T (such an event is called a tail event), we have either P(A) =0 or P(A) = 1.

Proof of the Kolmogorov 0-1 Law. Let A be a tail event (i.e. A € 7). We first show that A is independent of itself.
Note that by the independence of (X,,),>1, we have for each positive integer n that G, is independent of the
following o-algebra

fn = O'(Xl,...,Xn).

Then, from the definition of 7 in @]) we know that A € G, .1 for every positive integer n, and thus A is

independent of any event in F,, for every positive integer n. That is, A is independent of any event that depends on

finitely many X;s. It then follows “by definition” that! A is independent of any event that depends on the whole

sequence (X,,)n>1. In other words, A is independent of any event in o(X1, Xo,...). At the same time, A is clearly

in 0(X1,X5,...)as well, since A€ T =(),~, G, C G1 = 0(X1,Xa,...). Therefore, A is independent of itself.
Now we have

P(A)=P(ANA) (1.2)

=P(A)?, (1.3)

where (I.2) followed from the identity that A = AN A and in (I.3) we used the fact that A is independent of itself.
This implies that either P(A) =0 or P(A4) = 1. O

Examples of tail events: By the definition of 7 in (I.I)), an event A is a tail event if and only if
Aeg, forall n>1.

That is, for any positive integer n, A only depends on X,,, X, 11, X, 12,.... Such a condition is usually satisfied
when we are discussing the limiting behavior of (X,,),>1. In the following we give two examples of tail events:

Example 1. Let
Al = {w € lim X,(w) exists}.

n— oo

UIn fact, this step can be rigorously justified using Dynkin’s 7v-\ Theorem: https://en.wikipedia.org/wiki/Dynkin_system#Sierpi%C5%84ski%
E2%80%93Dynkin’s_%CF%80-%CE%BB_theorem (also called Monotone Class Theorem or Monotone Class Lemma), which is out of the
scope of this course. Here, you can extend the independence between A and any o(X1, ..., Xy) to the independence between A and o (X7, ...)
and treat this as a definition. This footnote is made to avoid confusion in case you ever try to formally prove this step using only the definitions
in the notes, such as [1, Definition 3.8] and [1}, Definition 1.16].


https://en.wikipedia.org/wiki/Dynkin_system#Sierpi%C5%84ski%E2%80%93Dynkin's_%CF%80-%CE%BB_theorem
https://en.wikipedia.org/wiki/Dynkin_system#Sierpi%C5%84ski%E2%80%93Dynkin's_%CF%80-%CE%BB_theorem

It is known that for any real-valued sequence (a,,),>1 and any positive integer k, the limit of (a1, as, as, ...) exists
if and only if the limit of (ag, ar41, ak+2,...) exists. Therefore, for any positive integer k, we have

Ay ={w e Q : The limit of (X;(w), Xgt1(w),...) exists},
which depends only on Xy, Xx.1,.... Therefore, we have A; € Gy for all k¥ > 1, and thus A; € ﬂkzl Gp.=T
Example 2. Let

Ay = {w cQ : lim 2T Xalw) e’dm}'

n— 00 n
It is known that for any real-valued sequence (a,),>1 and any positive integer ,
ay+...+aq . ag + ...+ an

lim —————" exists & lim ——————™ exists,
n—o00 n n—o0 n
since % goes to 0 as n goes to oco. Therefore, for any positive integer k, we have
o Xp(w) e+ X (w)
AQZ{wGQ : lim 40 n(w) exists p |
n—oo n

which implies As € Gy for all & > 1. It follows that A; € ﬂk21 G, =T.

Remark. This example agrees with the two cases of the Strong Law of Large Numbers (see the beginning of |1,
Section 5.7]).

Problem 2. Compute the characteristic function of a Gaussian N (j1,0%) random variable.

Solution. Let X ~ N (u,o?). Its characteristic function is
ex(t) = exp(i,ut— %02252).

Proof. By definition, the characteristic function of X is given by

i T z—p)?
QDX(t) ::E[e tX:I :/_Ooet \/%exp(—(ZUZ)> dCL‘,

where ¢t € R.

Step 1. Standardize. Let z = v M, sox =0z+ u and de = o dz:

g

ox(t / exp(it(oz + p)) e =2*/2 4,
\/277

eiotz o=z 2/2 dz.
eI

Step 2. Complete the square. Combine the two exponentials in the integrand:

*6

, 2 1., . 1 2 o%t?
wtz—?——ﬁ(z —QZJtZ)——i(Z—ZUt) -

. 2,2 Z — iO’t)2
ox(t) =ette 7t /2 eXp — ) dz.
V27 2

Step 3. Evaluate the Gaussian integral. We use complex analysis to calculate

\/ﬂ/ exp< Z;"t)z) dz.

Using the substitution w = z — tot, we see that the integral I of interest is a contour integral of the function
flw) = %e‘w /2 along the horizontal line Im(w) = —ot in the complex plane. We divide the derivation of this
integral into the following sub-steps:

Hence



1) Interpret the integral of interest as the limit of the integral along the shifted horizontal path in the complex
plane, moving left to right from —R — ¢ot to R — iot. That is, we have

R—iot
= ngnoo \/ﬂ/ R—iot
2) Since f(w) is an entire function, Cauchy’s Integral Theorem states that its integral around any closed contour
is exactly zero ( fr f(w)dw = 0). Assuming ot > 0 (the case ot < 0 can be handled similarly), we define a
rectangular closed contour I' (which lies in the lower half-plane) traversed counterclockwise:
e 71: the bottom horizontal segment from —R — i0t to R — i0t (moving right).
e 72: the right vertical segment from R — iot to R (moving up).
e 73: the top horizontal segment from R to —R along the real axis (moving left).
o 74: the left vertical segment from —R to —R — i0t (moving down).
By the theorem, the sum of the integrals is zero: [ f(w)dw+ [ f(w)dw+ [ f(w)dw+ [ f(w)dw=0.
3) As R — oo, the integral over the top path <3 evaluates to the negative of ﬁe standard Gaussian integral,
because it is traversed backwards from right to left:

2
lim — 5 dw = hm —/ e~ T do = —1.
R—oo v/2 v3 R—oo /27 JR
4) We can show the integral over 75 vanishes by parameterizing the upward path as w = R — iu, where u goes
from ot down to 0, giving dw = —i du. Substituting this in, we find the magnitude is bounded:

) 0
/e_lédw’: / e~ 3(R-iw) ( i) du
Y2 ot

ot N 2
= z/ e~z (R=1w)" gy
0

ot 2 2
< / e S +% +iRu du
0
R2 ot u?
=e 2 e? du 2.1
0
2
Since e~ R"/2 goes to 0 as R — oo and foot e’T du does not depend on R, the quantity in (2.I) approaches

0 as R — oo, implying that the integral over 7, goes to 0 as R — oo. By a similar parameterization, the
integral over ~4 also vanishes.

5) Substituting these limits back into our closed-contour equation, we get I +0+ (—1) + 0 = 0, where we used
the fact that the integral along ~; is exactly our integral of interest I. We immediately conclude that I —1 = 0,
meaning the integral of interest I evaluates exactly to 1.

Step 4. Conclude. Substituting back we obtain

px(t) = exp(iut - %UQtQ).

O

Problem 3. Prove the CLT following the proof outlined in Prof. Lévéque’s notes [1]] (which does not use the
characteristic function).

Solution. Here we only present the high-level outline of the proof. For details in each part please refer to the Prof.
Lévéque’s notes [1]].
We first state the Central Limit Theorem:

Theorem 3.1 (Central Limit Theorem). [|/| Theorem 6.7] Let (X,,)n>1 be a sequence of i.i.d. random variables
such that both E [X1] = p and Var (X,) = o2 exist and are finite. Define

Sn :X1++Xn7
~ Sn —np
Sp = ———.
V/no



Then, we have

S, % Z~N(0,1).

n—oo
We will prove the theorem under the additional assumption that E [|X1|3] < oo. To this end, we need the
following lemmas:

Lemma 3.1. /| Remark 6.6] Let (Xn)n21 be a sequence of random variables and let X be another random
variable. Write C3(R) for the space of all the functions g from R to R such that g,g',g", 9" are bounded and

continuous. If lim,,_,» E [g(X,,)] = E [¢(X)] for all g € C3(R), then X, _i) X.
n oo

Proof Sketch of Lemma [3.1} Fix a continuity point ¢ of the CDF of X . Use cubic splines to approximate the function

ht(fﬂ) = 1:l)§t
L it <t
N 0, otherwise.
See the proof of [[1, Theorem 6.5] and [1, Remark 6.6] for more details. O

Lemma 3.2. [I| Lemma 6.9] Let X,Y,Z be three random variables satisfying the following properties:

1) X is independent of both Y and Z.

2) Both B [|Y|?] and E [|Z|*] are finite.

3) E[Y] =E[Z] and E [Y?] = E [22].
Then for all g € C3(R), we have

Elg(X +Y)]-E[g(X + 2)]| <

=l Q

E[YP]+E[IZ1]),
where C := sup,cg |9 (x)|.

There was a tricky part in the original proof presented in [1f] that needs to be handled more carefully, so here is
a revised version of the proof.

Proof of Lemma [3.2] Let R(x,y) be the exact remainder of the second-order Taylor expansion of g evaluated at
x + y. We can define this function explicitly for any real numbers z,y € R:

2

R(e.y) = g +y) - 9(@) — yg' () = ¢ (@). (3.1)

By Taylor’s theorem for real functions, we know that for any fixed = and y, there exists some real number «

3
between x and x + y such that R(z,y) = % g (u).
Therefore, we can establish a deterministic bound on the magnitude of the remainder function:

ly|?

|R(z,y)| < TS lg" ()]
teR

_C
= g\y| : (3.2)

Because g¢,¢’, and ¢” are continuous functions, R(x,y) defined in (3.1) is a continuous (and thus Borel-
measurable) function. Therefore, R(X,Y’) is a valid random variable (i.e. a measurable function), and we can

write:
2

g X+Y)=9g(X)+Yq(X)+ Y?g"(X) + R(X,Y).

Taking the expectation of both sides, and utilizing the fact that X and Y are independent, we obtain:
1
Elg(X + V)] =E[g(X)] +E[Y]E[g'(X)] + SE [Y*] E[¢"(X)] + E[R(X,Y)]. (3.3)
Similarly, for the random variable Z, we obtain:

E[g(X +2)] = E[g(X)] + E[Z]E [¢'(X)] + %E [2*] Eg"(X)] + E[R(X, 2)]. (3.4)



Now, we subtract (34) from (3:3). By the assumptions of the lemma, E[Y] = E[Z] and E [Y?] = E [Z?].
Because of this moment matching, the first three terms perfectly cancel out, leaving us with:

Elg(X+Y)]-Elg(X + 2)] = E[R(X,Y)] - E[R(X, Z)].
Applying the triangle inequality, we get:
Elg(X +Y)]-E[g(X + 2)]| < [E[R(X, V)] + [E[R(X, Z)] |
Since |E[V]| < E[|V]] for any random variable V', we have:
[Elg(X +Y)]-E[g(X + 2)]| <E[IR(X,Y)[] + E[[R(X, Z)[].
Finally, we apply our bound in to get

Elg(X +Y)] -Elg(X +2)]| < ZE[[Y]] + %E [121%]

ol Qe Q

E[YP]+E[IZ1]).
This completes the proof. O

Remark. In the original proof of this lemma in [1], we actually do not know whether the “functions” U and V'
are measurable (and thus taking expectations over them or even just calling them “random variables” require more
justifications). The reason is that the function U is defined via the Taylor’s theorem, and we only know for each
w € Q that U(w) lies between X (w) and X (w) + Y (w). This property alone may not guarantee that U behaves in
a measurable way. Therefore, a safer approach is to first derive a deterministic upper bound of R(z,y) and then
plug in X and Y, as shown in the proof above.

With the two lemma above, we can prove the Central Limit Theorem.

Proof sketch of the Central Limit Theorem for Finite-Third-Moment RV.

Define Y; == X—;ﬂ“ The random variables Y; are i.i.d. and we can write our standardized sum as S,, = ZZ’:l Y.

We first calculate the first two moments of Y7:

E[Y1] =0,
1
E [Y{] = -~
Then, we upper-bound E [|Y;|?] as follows: Note that
E[|X: —pl?
e - 2ot

Then, since E [|X;|3] is finite, it can be shown that E [|X; — x|?] is also finite (make sure you know how to prove
this statement). It then follows that

E [[V1]*] = O(n=?/?). (3.5)
Next, we introduce a sequence of “target” random variables 71, ..., Z, that are i.i.d. N (0, %) random variables
independent of all X;. These Gaussian variables perfectly match the first two moments of Y;:
E(Zy) =0,
1
E(Z?) = =,
(28 =
E(|Z:?) = O(n=?/?). (3.6)

Note that Y_"" | Z; ~ N(0,1). Therefore, by Lemma to show that S,, converges in distribution to A/(0, 1), it
suffice to show for each g € C3(R) that
Elg(Yi+-+Yo)] = Elg(Z1+---+ Z2)]| = 0. 3.7

n—oo

We use Lemma multiple times to bound the LHS in (3.7). For demonstration purpose, we only show how
the calculation works for n = 3, and you should be able to generalize the argument to an arbitrary n following the



steps in the proof of [I, Lemma 6.10]. We bound |E [g(Y1 + Y2 + Y3)] — E [g(Z1 + Z2 + Z3)]| in the following
way:
[Elg(Y1 +Ya +Y3)] = E[9(Z1 + Z2 + Z3)]]
= |E[g(Y1 + Y2+ Y3)] = E[g(Z1 + Y2 + Y3)]
TE[9(Z1 + Y2 + ¥3)] = E[9(Z1 + Z2 + V3)]
TE[9(Z1 + Z2 + Y5)] = E[g(Z1 + Z2 + Z3)]| (3.8)
S[Elg(M + Y2 +Y3)] - E[9(Z1 + Y2 + V3]
+[E[9(Z1 + Y2 + Y3)] - E[9(Z1 + Z2 + Y3)]|

+|E[9(Z1 + Z2 + Y3)] = E[9(Z1 + Z2 + Zs)]| (3.9
< SEMPI+EIAP) + S E%P]+E[2P) + @ [%F +EIZP) 610
=% ®[viP] +E[12)) G.11)

where C' = sup, g |¢"”(t)| and:
« (3:8) held since we were just subtracting some terms and then immediately adding them back.
o (3.9) followed from the triangle inequality.
« (310) is obtained by three uses of Lemma [3.2] To be more precise:
1) The first term is obtained by setting X =Y> + Y3, Y =Y, Z = Z; in Lemma @
2) The second term is obtained by setting X = 71 + Y3, Y =Y5, Z = Z, in Lemma @
3) The third term is obtained by setting X = Z; + Z, Y = Y3, Z = Z3 in Lemma 3.2}
You can check that each choice of (X,Y, Z) above satisfies the requirement for Lemma
. followed from the fact that Y; are iid and Z; are iid.

We can generalize the argument to get for general n that

nC
Elg(Vi+-+ )] ~Elg(Z+ -+ + Zu)]| < " (B[] + E[122]*))
=O0(n~Y?), (3.12)
where we used the fact that E [|V1*] = O(n=*/2) and E [|Z )] = O(n=%/?) from (3:3) and (3:6), respectively.
From (3:12) we see that (3.7) is true, which proves the convergence of distribution. O

Problem 4. Prove Markov’s and Chebyshev’s inequality.

Solution. Markov’s Inequality: Let X be a non-negative random variable with finite mean. Then for every a > 0,
E[X
P(X >a) < L
a
Proof. Define the indicator random variable 1(y>,;. Note that we have the following:
X > alix>a),

which can be seen as follows:

e When X > a, the right-hand side equals a, which is less than or equal to X since we have assumed X > a.
e« When X < a, the right-hand side equals 0, which is also less than or equal to X since we have assumed that
X is non-negative.

Taking expectations on both sides (expectation preserves the inequality for integrable random variables):
E[X] > aF [1(x>a)]
=aP (X > a),

where we used the fact that the expectation of any indicator function 14 is simply the probability of the event A
(i.e. E[14] =P (A)). Dividing both sides by a > 0 yields

E[X]

P(X > <
(Xza) < =7




O

Chebyshev’s Inequality: Let X be a random variable with finite mean 1 = E[X] and finite variance 02 = Var(X).

Then for every k > 0, )

g
P(|X—,u| > k) < =k
Proof. Consider the non-negative random variable Y = (X — u)2. Note that
ElY]=E[(X — pn)?] = 0>

Now observe that the event {|X — u| > k} is the same as {(X — u)? > K%}, ie. {Y > k?}.

Applying Markov’s inequality to the non-negative random variable Y with threshold a = k2 > 0:

P(IX —pul > k) =P(Y > k) <

Hence

2
PIX—pl 2 k) < 7.

Problem 5. Prof. Hajek’s text [2], 2.23, 2.24, 2.29, 2.33.

Solution. The solution to [2, Problem 2.24] can be seen in [2, Chapter 12].
Solution to [2, Problem 2.23]:

Let X7, Xs,... be i.i.d. Exp(1). For n > 2, let Z,, =

max{Xy,..., X,}

Inn

(a) Let M,, = max{X3,..., X, }. By independence,
Fu,, (2) =P(M, <) H]P’X <z (l—e_x)”, x> 0.

Since Z,, = M,,/Inn, for z > 0, we have
14 —zInn\" —z\™
FZW,(Z)P(M<Z>(1€ ) =(1-n")"

At the same time, Z,, is clearly non-negative, and thus F'z (z) = 0 for z < 0. Altogether, the CDF of Z,, is given
by

1—n=2)", if2>0
Fy (2) = ( ’ =7
2,(2) {0, otherwise.

(b) We first compute lim,,_, Fz, (z) for z > 0. Taking the logarithm,
InFz, (z) =nln(l —n"7%).
Then note that we have

lim InFy, (z) = lim nln(l —n=%)

n— o0 n—oo
In(1 — u*

= lim ( ) (5.1)

u—0+ u
Zuzfl

= 1l 5.2

ulg1Jr 1—u? ( )
0, if z>1,
=4 -1, if z=1, ,

—o0, if0<z<1.



where in (5.I) we used the substitution v = 1 and (5:2) followed from L’Hopital’s rule. Therefore, for z > 0 we
have

0, if0<z<l,
lim Fy (2)=41, ifz=1
n—oo -

1, ifz>1.

At the same time, for z < 0, we clearly have lim,, Fz, (z) = lim,, 0 = 0. In summary, we have for all
z € R that

0, ifz<l1,
lim Fy (2)=41 ifz=1
n—roo

1, ifz>1,

which is the CDF of the constant 1 at all continuity points (z = 1 is the sole discontinuity). By definition,

Z, 4 1.

Solution to [2, Problem 2.29]:
Let X7, X5,... be mutually independent with E[X;] = 0 for all 7. Let S, = X; + --- + X,,. Show that S,
converges in the mean square sense if and only if Y.~ Var(X;) < oc.

Proof. We apply the Cauchy criterion for mean square convergence: a sequence (S,,) converges in mean square if
and only if it is Cauchy in 12 ie.,
E[(Sm — Sn)?] — 0 as m,n — oo.

For m > n, we have
S’rn_Sn = An+1 +Xn+2++Xm

Since the X; are mutually independent with mean zero, the cross terms vanish:

<Z Xi> 1 = > EXI+ ) EXEX]= ) Var(X,).

i=n—+1 i=n+1 i#£] -0 i=n+1
n<i,j<m -

E[(Sm — Sn)?] =E

Suppose >~ Var(X;) < co. Then the partial sums V,, = > | Var(X;) form a convergent series of non-
negative reals, so for every € > 0 there exists N such that for all m >n > N,

E[(Sm — Sn)?] = > Var(X;) =V — Vi <e.
i=n-+1

Hence (S,,) is Cauchy in L2, and thus by the Cauchy criterion for mean square convergence, S,, converges in mean
square.

Suppose S,, converges in mean square to some limit S. Then (.S,,) is Cauchy in L2, so

Z Var(X;) =E[(Sn — Sn)?] — 0 as m,n — oco.

i=n-+1
This means the partial sums V,, = Z;;lVar(Xi) form a Cauchy sequence in R, hence they converge, i.e.,
> ooy Var(X;) < .
Combining both directions,
S, = X1+ -+ X, converges in mean square <> ZVar(Xi) < 0.
i=1

Solution to [2, Problem 2.33]:



Let X;, X5, ... be i.i.d. standard Cauchy with ®(u) = e 1l Let S, = X1 4+ -+ + X,.

(a) Find the characteristic function of S,/ n? for a constant 6.

By independence,
ps, (w) = [@(w)]" = 7",

Using the scaling property ¢, x (u) = ¢px (au),

u

#S,, /nb (u) = ¢s, (ﬁ

) = (o ) =

(b) Does S,,/n converge in distribution?
Setting 6 = 1,
1—1
ps,/m(u) =" ul = e=lul = ®(u) for all n.

This is the characteristic function of a standard Cauchy for every n. In particular,

lim ¢, /n(u) = e,

n—oo

which is continuous at v = 0. Since pointwise convergence of characteristic functions implies convergence in
distribution (see [2| Proposition 2.6]), we have

Sn

n

4, Cauchy(0, 1).

(In fact S, /n ~ Cauchy(0,1) for every n, so convergence is trivial.)

(¢) Does S,,/n? converge in distribution?

Setting 6 = 2, )
PS8y /n2 (U) —e ™ M5 =1 asn— .

The limit @(u) = 1 is the characteristic function of the constant 0 (i.e., a point mass at 0), and it is continuous at
u = 0. Similar to Part (b), we have

Sn d
por;y — 0.
(d) Does S,,/+/n converge in distribution?
Setting § = 1/2,
‘PS"/\/E(U) — e~ Vnlul

For w = 0 this equals 1 for all n. For any u # 0,
e ViUl 5 0 asn — oo

Hence the pointwise limit is
. (u) 1, =0,
im u) =
niibe PSR 0, u#0,

which is not continuous at uw = 0. Therefore, the pointwise limit of ¢g , \/ﬁ(u) is not a valid characteristic
function. (You can take for granted the property that the characteristic function of any random variable is necessarily
continuous.) We can then conclude that

Sy

NG

does not converge in distribution.




Another approach. Here is another approach that does not use the characteristic function. We use CDF instead.
From Part (b) we know that S,,/n and X; have the same distribution. We then have for each ¢ € R that

(CERI

()

where F'x, is the CDF of X;. Since the standard Cauchy distribution is a continuous distribution (we define it
by describing its density), its CDF is a continuous function. Therefore, we can pass the limit directly inside Flx,,
which gives

. S’n _ . C
P (ﬁ - C) = Jm Py, (ﬁ)

L (5.3)

Now assume for contradiction that S,,/y/n converges in distribution. Let Y be a random variable having the
limiting distribution (i.e. S,//n LS Y). By (5.3) and the definition of convergence in distribution, the CDF of
n—oo

Y satisfies Fy (¢) = % for all continuity points ¢ of Fy. Since there can be at most countably many discontinuity

points of any CDF (a good exercise for you), we have Fy (c) = % except for at most countably many c. It then

follows from the right continuity of Fy that Fy(c) = 1 for all ¢ € R. But the constant function Fy(c) =
is clearly a not valid CDF (for example, it does not go to 1 as ¢ goes to infinity), and thus we have reached a
contradiction.

This contradiction stems from the assumption that S, //n converges in distribution, and therefore S,, /v/n does

not converge in distribution.

Remark. Parts (b)—(d) illustrate a key feature of the Cauchy distribution: it has no finite mean, so the CLT (which
would require /n scaling) does not apply. Instead, the “right” normalization is n', not n'/2, reflecting the heavy
tails of the Cauchy distribution.

REFERENCES

[1] O. Lévéque, “Advanced probability and applications (Part I),” July 2018. [Online]. Available: https://ipgold.epfl.ch/~leveque/Lecture_|
Notes/APA_lecture_notes_part1.pdf

[2] B. Hajek, Random Processes for Engineers. Cambridge university press, 2015. [Online]. Available: https://hajek.ece.illinois.edu/Papers/
randomprocJuly 14.pdf


https://ipgold.epfl.ch/~leveque/Lecture_Notes/APA_lecture_notes_part1.pdf
https://ipgold.epfl.ch/~leveque/Lecture_Notes/APA_lecture_notes_part1.pdf
https://hajek.ece.illinois.edu/Papers/randomprocJuly14.pdf
https://hajek.ece.illinois.edu/Papers/randomprocJuly14.pdf

	References

