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ECE 534: Random Processes

Fall 2005
Final Exam
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Name:

e You have three hours for this exam. The exam is closed book and closed note, except you may
consult both sides of three 8.5” x 11” sheets of notes in ten point font size or larger, or equivalent
handwriting size.

e Calculators, laptop computers, Palm Pilots, two-way e-mail pagers, etc. may not be used.
e Write your answers in the spaces provided.

e Please show all of your work. Answers without appropriate justification will receive
very little credit. If you need extra space, use the back of the previous page.

Score:

1. (12 pts)
2. (9pts.)
3. - (12 pts.)
4. (6 pts.)
5. (9 pts.)
6. — (12 pts.)

Total: (60 pts.)



Problem 1(12 points) Let U = (Uy, : k € Z) such that the Uy are independent, and each is uniformly
distributed on the interval [0,1]. Let X = (X; : ¢ € R) denote the continuous time random process
obtained by linearly interpolating between the U’s. Specifically, X,, = U, for any n € Z, and X; is
affine on each interval of the form [n,n + 1] for n € Z.

(a) Sketch a sample path of U and a corresponding sample path of X.

(b) Let t € R. Find and sketch the first order marginal density, fx1(z,t). (Hint: Let n = [¢] and
a =1t—n, so that t = n 4+ a. Then X; = (1 — a)Uy, + aU,+1. It’s helpful to consider the cases and
0.5 < a < 1 separately. For brevity, you need only consider the case 0 < a < 0.5.)

(c) Is the random process X WSS? Justify your answer.

(d) Find P{maxogtglo Xt S 05}



Problem 2 (9 points) Let X = (X; : t € Z) be a real stationary Gaussian process with mean zero and

Rx(t) = H% Answer the following unrelated questions.

(a) Is X a Markov process? Justify your anwer.

(b) Find E[X3|Xo] and express P{| X3 — E[X3|Xj]| > 10} in terms of @, the standard Gaussian com-
plementary cumulative distribution function.

(c) Describe the joint probability density of (X, X1, X2)?. You need not write it down in detail.



Problem 3 (12 points) Let U = (U : k € Z) be a random process such that the variables Uy are
independent, identically distributed, with E[U] = p and Var(Uy) = o2, where p # 0 and o2 > 0.
Please keep in mind that pu # 0.

Let X = (X, : n € Z) be defined by X,, = 372, U,_xa, for a constant a with 0 < a < 1.

(a) Is X stationary? Find the mean function ux and autocovariance function C'x for X.

(b) Is X mean ergodic in the m.s. sense?

Let U be as before, and let Y = (Y,, : n € Z) be defined by Y,, = > 77, Up—ipA¥, where A is a random
variable distributed on the interval (0,0.5) (the exact distribution is not specified), and A is indepen-
dent of the random process U.

(c) Is Y stationary? Find the mean function py and autocovariance function Cy for Y.

(d) Is Y mean ergodic in the m.s. sense?



Problem 4 (6 points) Consider a time-homogeneous, discrete-time Markov process X = (X : k > 0)
with state space S = {1,2,3}, initial state Xy = 3, and one-step transition probability matrix
0.0 0.8 0.2
P=1 01 06 03

0.2 0.8 0.0
(a) Sketch the transition probability diagram and find the equilibrium probability distribution = =

(71,2, T3).

(b) Identify a function f on S so that f(s) = a for two choices of s and f(s) = b for the third choice
of s, such that the process Y = (Y : k > 0) defined by Yy, = f(Xj) is a Markov process, and give the

one-step transition probability matrix of Y. Briefly explain your answer.



Problem 5 (9 points) Let X be a mean zero, WSS random process with power spectral density
Sx (W) = s
(a) Find the positive type, minimum phase rational function Sy such that Sy (w) = |S% (w)|*.

(b) Let T be a fixed known constant with 7" > 0. Using the formula H = % [S;gejWT]Jr, find X’HT‘t,

the MMSE linear estimator of Xy 7 given (X5 : s <t). Be as explicit as possible. (Hint: Convert to
the time domain at the end. Check that your answer is correct in case 7' = 0 and in case T' — c0).

(c) Find the MSE for the optimal estimator of part (b).



Problem 6 (12 points) (Note: This problem is about solving the same prediction problem solved
in the previous problem. The two problems will be graded separately, so your solutions should
be independent.) Suppose that W is a Gaussian white noise process with Ry (7) = 6(7). Let
X be the stationary random process solving the following second order linear stochastic differen-

tial equation: X” + 3X’ + 2X = W, or equivalently, Z defined by Z; = < ?ﬁ > satisfies Z' =
t

(% 5)7e(V)w

(a) Show that Sx(w) = m-

(b) Find Rx(7) for 7 € R. (Hint: Use a partial fraction expansion of Sx.)

(c¢) The process X is mean square differentiable. Find Rx/(7) and Rxx(7) for 7 € R. (Hint: Check

continued on next page



(d) Explain why Z is a Markov process.

(e) Let T > 0, let t € R, and let XHT“ be the MMSE estimator of Xy 7 given (X, : u < t), which is
the same as the MMSE estimator of Xy given (Zy : u < 1), because (Xy, : u <) and (Z, : u < t)
are linearly equivalent. Explain why X, 7| is a linear combination of X; and X;.

(f) Using parts (c) and (e), find Xt+T|t-



