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Question 1. Convex functions. Prove or disprove convexity
on the stated domain.

(a) f(t) =t* t e R
(b) h(z) = 2129, © € RZ.
(¢) q(z) = (z1 — 229)* + 23, v € R?.



Midterm Review ryzQillinois.edu

Question 2. Convex sets. Prove or disprove convexity using a
lecture criterion.

(a) D={x € R*: x1,2 >0, [Jz|2 < 1}.
b) T ={(s,z) e RxR": ||z|]> < s}.
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Question 3. Matrix rank restriction. For n > 2, prove or
disprove convexity of

K={XeS": X =0, rank(X) < 1}.

Possible student answer (wrong):

"The set {X : X = 0} is convex, but the function rank(X) is
nonconvex, so its level set is nonconvex. Therefore the union s
nonconvex. "
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Question 4. Optimality conditions. Let
4
o) =Yl ~ Hal?, o e R
Compute the gradient and Hessian. Find all first- and second-order

critical points, prove that ¢ is not convex, and determine all global
minimizers.
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Question 5. Descent and first-order accuracy. Let B =

B" = 0, |Jull; = v Bu, and ||Ju||%-, = v B~'u. Suppose f is

continuously differentiable and globally L-smooth in these norms:
\Vi(x) =V (ylls < L||lz —yl| g-1, with L > 0. You may use the
quadratic upper bound

L
Fly) < F@) + V@ — ) + 5y — 2l
For x4 = xp —aBV f(xy), derive the descent lemma and optimize
its guaranteed decrease. Assuming f* = inf, f(x) > —oo, prove for

o oL "
i V7 < 2L
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Question 6. Strong convexity, PL, and linear conver-
gence. Under the same smoothness assumption, suppose f* =
f(z*) = min, f(x) and 0 < p < L. Assume for every x, y that

Iy) > f@)+ VI @)y =)+ Slly — allja

Prove the PL inequality 5||V f(2)||% > p[f(x) — f*], then derive the
objective-gap convergence rate for step o = 1/L.
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Question 7. Newton’s method: models and local con-
vergence.

(a) Minimize the quadratic Taylor model at = to derive the full New-
ton step. Show that one full step minimizes g(x) = c+b" z+ 327 Az,
A > 0, from any starting point.

(b) Let f: R™ — R be twice continuously differentiable, with
pl V2 f(x) 2 L, [V f(u) = V2 f(w)llop < Lofju — w]],

where p, Ly > 0. Using the fundamental theorem of calculus along
the segment from x* to x, prove

* L * —
|z +v—a*| < Q—jux — 2P, v=—Vf(z) V().

Explain why this is a local convergence guarantee.
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