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Question 1. Convex functions. Prove or disprove convexity
on the stated domain.

(a) f(t) =t* t e R
(b) h(z) = 2129, v € R?,
(¢) q(z) = (z1 — 229)* + 23, v € R?.

Solution: Easiest test is for twice differentiable f:

fis convex <= V2f(x) = 0 for all &

(a) f"(t)=2>0.
(b) Here

d'V?h(x)d = 2didy = =2 < 0 for d = (1,—1)".
Hence A is not convex.

The Hessian is PSD iff d!'V2f(z)d > 0 for every d, or all its eigen-
values are nonnegative. For 2 x 2 Hessians, PSD means nonnegative
diagonal entries and determinant; PD means positive first diagonal
entry and determinant. Test block diagonal Hessians block by block.

(c) Affine composition and nonnegative sums preserve convexity.
Thus ¢, a sum of squared affine functions, is convex by (a). Adding
affine terms preserves convexity; products need not.
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Question 2. Convex sets. Prove or disprove convexity using a
lecture criterion.

(a) D={x € R*: w1,29 > 0, |lz|[2 < 1}.
(b) T ={(s,z) e Rx R": ||x|| < s}.
Solution: A convex set satisfies
r,yeC = te+(1—t)ye Cfloralltel01].
Sublevel set of a convex function is convex.
Intersections of convex sets are also convex.
Hence,

fiyoo oy [ convex = {z: fi(x) < o for all i} convex.

(a) filz) = —x1, folx) = —x9, f3(x) = ||z||, all convex.

(b) Yes, f(s,z) = ||x|| — s is convex, but this needs to be proved:
(s,x) — ||z|| is convex, and (s, x) — —s is convex. Sum of convex
IS convex.

Alternatively, check that every segment joining two points of 1" stays
in T. For (s,u),(r,v) € T and 0 < 0 <1,

10u + (1 — 0)v|| < ||lu||+ (1 —0)||v]| < bs+ (1 —0)r.
Thus (s + (1 —0)r,0u+ (1 —0)v) € T.
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Question 3. Matrix rank restriction. For n > 2, prove or
disprove convexity of

K={XeS": X =0, rank(X) < 1}.

Possible student answer (wrong):

"The set {X : X = 0} is convex, but the function rank(X) is
nonconvezx, so its level set is nonconvex. Therefore the union 1s
nonconvex. "

Solution: Don’t try to be clever. This is not a proof. Sublevel
set of nonconvex function is not necessarily nonconvex

f nonconvex = {x: f(x) <t} is nonconvex.
Union of nonconvex is not necessarily nonconvex
N1, Ny nonconvex /= N; N Ny nonconvex.
We need a concrete segment counterexample. Take
X = diag(1,0,...,0), Y = diag(0,1,0,...,0).

Both have rank one and are PSD: a? Xa = a? > 0, a!Ya = a3 > 0
for every a. Thus X,Y € K, but

(X +Y)/2 = diag(1/2,1/2,0,...,0).

The midpoint has rank two, so it is not in K. Thus K is not convex.
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Question 4. Optimality conditions. Let
alw) = Yall' = Lal?  z e R
Compute the gradient and Hessian. Find all first- and second-order
critical points, prove that ¢ is not convex, and determine all global
minimizers.
Solution: Differentiating gives
Va(x) = (lz]* = Dz, V() = (o] = )T + 222"
The first-order critical points therefore satisfy
Vqx) =0 < z=0or |z|| = 1.
Of these, only the unit circle ||x|| = 1 are second-order critical points;
V2q(0) = —1, 2] = 1 = d"'V?q(x)d = 2(z"d)* > 0.

A convex function must satisfy VZq(x) = 0 everywhere, so the fact
that V2¢q(0) # 0 means it is nonconvex.

The function is indeed coercive:

1
q(@) = gll=z1* = 3ll=l” = Fll= 1P (= ]* - 2)

1
> lalf? for [|zf] > v2

S0 q(x) — o0 as ||z]| — oco. Since it is also twice differentiable, its
global minima are guaranteed to be second-order critical points. So
the unit circle ||z|| = 1 are also global minima.

Note that, in general
VQ(Q:) — 07 V2Q<$) = 0 /&f? C](ZU) = (inf,

nor even local min. For example, p(t) = t* + 2t3. Functions that
satisfy the above are said to be benign.
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Question 5. Descent and first-order accuracy. Let B =
B" = 0, |Jull; = v Bu, and ||Ju||%-, = v B~'u. Suppose f is
continuously differentiable and globally L-smooth in these norms:
\Vi(x) =V ylls < Lz —y| g1, with L > 0. You may use the
quadratic upper bound

o) < @)+ V1)t = )+ 2y — 2l

For x4 = xp —aBV f(xy), derive the descent lemma and optimize
its guaranteed decrease. Assuming f* = inf, f(x) > —oo, prove for

V=t 2L *
i V7 < 2L

Solution: Descent. Substitute y = xp — aBV f(z)) in the
quadratic upper bound. Since ||BV f(zi)||5-1 = ||V f(ap)|5, we
obtain

f(wret) < flaw) — (@ = La?/2) [V f (@) 5.

Best guarantee. Maximize o — La?/2. Its derivative is 1 — Lo
and second derivative is —L < 0, so the best step is & = 1/L. The
coefficient is then 1/(2L). Descent holds for 0 < a < 2/L.

Telescope; minimum < average. With a = 1/L,

SIS0l € ) - flen) < fla) — £
k=0

min ||V £(z) HB<—ZHW |y < =S

0<k<N

Infimum attainment is unnecessary. Squared norm: O(N~1): norm:
O(N~/2). This measures stationarity, not global optimality.
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Question 6. Strong convexity, PL, and linear conver-
gence. Under the same smoothness assumption, suppose f* =
f(z*) = min, f(x) and 0 < p < L. Assume for every x, y that

Fy) 2 () + VI @) (g = @) + Glly = ol

Prove the PL inequality 5||V f(2)||% > p[f(x) — f*], then derive the
objective-gap convergence rate for step o = 1/L.

Solution: Strong convexity. Take y = x*:
fla) = f < V@) (@ —a") = §lla — a5
Weighted Cauchy--Schwarz bounds the right side by

197 @)5 1z = 2151 ~4 1 — ="

a b Zg

Complete the square. Observe that

2
I o [ 1 /1
— — S = —— | —qa — < ().
(ab zb) on' 2(\/ﬁa \/ﬁb) =0

Substituting then yields

. . IV f(2)]]3
IVH@ls = a*llp-s =4 o = [ < 58
b b 2
Hence 3|V f(2)[I3 > p[f(z) — f*].
PL and optimized descent. With o = 1/L,
* * 1
flxre) = 7 < flaw) = 7= i”vf(xk)“%'

The PL inequality therefore gives

f@re) = f7 < (U= p/L)[f(r) — f7].
[terating yields

flan) = f* < (1= /L) [f(zo) — ],

This is linear (geometric) convergence of the last objective gap.
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Question 7. Newton’s method: models and local con-
vergence.

(a) Minimize the quadratic Taylor model at = to derive the full New-
ton step. Show that one full step minimizes g(x) = c+b" z+ 327 Az,
A > 0, from any starting point.

(b) Let f: R™ — R be twice continuously differentiable, with
pl 2V f(2) 2 Ll [V (u) = VA (w)llop < Loflu —wll,

where u, Ly > 0. Using the fundamental theorem of calculus along
the segment from x* to x, prove

L
|z +v— a2 < 2—;”;1: —a*% v=-Vf(2) 'V f(2).
Explain why this is a local convergence guarantee.

Solution: Quadratic model. The Taylor model at x is
flx)+ V() d+1d"V*f(z)d.
[ts gradient with respect to d vanishes at v:
Vi) +Viflzlo=0 = v=-[Vf(2)]"'V[(z).

If V2f(z) = 0, this is the unique model minimizer. The update is
preconditioned gradient descent with B = [V?f(z)]™! and a = 1.

Exact quadratic. Vq(z) = b+ Az and V?q(z) = A = 0, so
r+v=0— A b+ Azx) = —A"'b.
This is the global minimizer. The Taylor model equals g exactly.
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Solution: Fundamental theorem of calculus. At the mini-
mizer, V f(z*) =0, so

V()= /1 Vif (o +t(x — %) (z — %) dt.
0
Newton cancellation. Since V2 f(x)v = —V f(x),
Vi f(@)(z +v —a") = Vif(z)(z — 2*) = V().

Subtract the integral above from V2f(z)(x — 2*). For 0 < t < 1,
Lipschitz continuity of the Hessian gives

IV f2) = V2 f(2" + t(z — 2)flop < La(1 = )|z — 27].
Combining these with V2 f(z) = ul yields
1
plla v =’ < Lol = [ (1= )t = Zo 27|
Dividing by p proves the quadratic error bound.
Local radius. If ||z — 2*|| < p/ Lo, then
lz + v —2*|| < gllz — 2.

[teration stays in this neighborhood and converges. Outside it, con-
traction is not guaranteed.

For a quadratic, V2 f is constant, so the integral equals V*f(z)(z —
x*). Newton’s equation then gives x + v = x* in one step.



