Lecture 15: Second-Order Conditions ryzQillinois.edu

Learning objectives. By the end of class, you should be able
to
1. recall when the KKT conditions certify constrained first-order
optimality, and use it to solve convex and nonconvex prob-
lems;
2. define the critical cone, and state the second-order optimality
conditions;
3. check the second-order conditions with the projected Hessian
under strict complementarity.

1 Recap: First-order optimality

Recall from basic calculus that
flx+td) = f(z) +tVf(z)'d+ot).

More generally, if v(t) is a feasible path on some domain 2
v:10,1) = Q, 4(0) =z, §(0)=d,

then
F(y(1) = F(7(0)) + tV f(7(0))" 4(0) +o(2).
~—

—~— ~—
T z d
Without constraints, so {2 = R", then «x is first-order optimal if

no direction decreases f to first order,
Vf(x)'d>0 foraldecR"

This holds if and only if V f(z) = 0, because d = —V f(x) gives
~ V@) =0



Lecture 15: Second-Order Conditions ryzQillinois.edu

With constraints, the problem is

min  fo(z)

reRM?

st. filr) <Oforallie{l,...,m},

hi(z)=0forall j e {l,...,p},
now with twice continuously differentiable functions and feasible set
(2. Only directions that stay feasible count. The tangent cone
T(xz)={%0):4(0)=0, ~:[0,1) = Q is feasible path}

is the set of initial velocities of feasible paths from x, and first-order
optimality reads

Vfo(x)'d>0 foralde T(x) (FOC)

Every local minimizer satisfies (FOC). But 7T (x) is defined through
paths, and checking (FOC) is coNP-complete in general.



Lecture 15: Second-Order Conditions ryzQillinois.edu

Instead, linearize the active constraints, A(z) = {i : fi(x) = 0}. The
linearized cone is

()T Fall i
F(x)—{deR”:vfl(I) d <0 forallie Alx), p}}

Vhi(z)'d=0forall j € {1,...
and can be used as a surrogate for T (z) C F(x).
Theorem 1. KKT conditions. The following holds
Vfolx)'d>0 forallde F(x) (KKT)
for a primal point z satisfying
(primal feasibility) fi(z) <0, h;(z) =0 for all 4, j,
if and only if there exist dual multipliers y € R™ and z € RP with

(stationarity) V fo(x) + Z y;V fi(x) + Z 2;Vhj(x

(dual feasibility) y; > 0 for all ¢ € {1, ..,m},
(complementarity) y; fi(z) =0 for all ¢t € {1,...,m}.

The proof is Farkas’ lemma. Some d € F(x) descends exactly when
the following primal problem has a solution

VA ][
o Viix)!, i e Az) 0
<
find d € R" such that th(x)T d < 0
—Vh](CU)T O

Its dual problem is the KKT conditions; it is feasible if and only if
the primal problem is infeasible.
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1.1 Constraint qualification
Every d € T (zx) lies in F(x), so

(KKT) = (FOC).
Simultaneously

local optimal = (FOC).

A constraint qualification guarantees 7 (x) = F(z), such as

LICQ, MFCQ), or Slater’s condition. In this case,

local optimal = (FOC) &£ (KKT).

1.2 Relationship to the dual
With the Lagrangian

g(w,y,z) — fo(ﬂﬁ) -+ Zyzfl(x) + szhj(x)7

stationarity reads V,.Z(z,y, z) = 0. For convex problems, the KKT
conditions hold exactly at primal--dual pairs with zero gap,
fol@) =gy, 2) = il ZL(z,y,2).

When no such pair exists, the KKT conditions have no solution.
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1.3 Example problem

Example 2. Trust-region subproblem. For the following
nonconvex problem,

min z! b zst.xle =1,
r€R? 11

check that constraint qualification holds, write the KKT condi-
tions, find all KK'T points, and identify the global min.

Solution: Write
fo=(z1+x2)°, hi=a+25—1.

The gradients are

V fo = (221 + 219, 221 + 219)

Vhy = (21, 225)
Step 1: LICQ. At a feasible point, 27 + 25 = 1, so x # 0 and
Vhi(x) # 0. The only solution of

2 Vhi(z) =0

is z1 = 0. So LICQ holds at every feasible point.

Step 2: KKT conditions. There are no inequalities, so the KK'T
conditions are

. . 11 I T
stationarity: | + 21 = 0,
T9 9

feasibility: ] 425 — 1 = 0.

Step 3: KKT points. The KKT conditions are just the unit
eigenvalue equations

L1

o

-]

-1
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The matrix E ﬂ has eigenvalues of 2 and 0:

=2l -

Rescaling the eigenvectors to be unit then yields the following solu-

tions

1
KKT point 1: x=+—+(1,1), 2z =-2,
p \/5( ) 1

1
KKT point 2: = =4+——(1,—1), 2z, =0.
P \/5( ) 1

Step 4: global minimizer. So the global minimizers are

i(%, —%), with p* = 0.
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2 Second-order optimality

Without constraints, a point with V f(z) = 0 can be a local mini-
mizer, a local maximizer, or a saddle point. The next term of the
Taylor expansion decides,

F(@+d) e £(@) + 5d" 9 £ ),

Every local minimizer has V2f(z) = 0, and V?f(2) = 0 guarantees
a strict local minimizer.

With constraints, most solvers, though not all, compute KKT points.
A KKT point is only first-order optimal, exactly like a solution of
Vf(xz) = 0. It can be a local minimizer, a local maximizer, or a
saddle point. In Example 2, the points j:(%, %) are KKT points
and maximizers.

Some methods do reach second-order points. Most of them handle
equality constraints, whose feasible set is a smooth surface called
a manifold. Examples are Riemannian trust-region methods and
Riemannian cubic regularization.
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3 Curvature of the constraints
0

table pushes back

[ ]
infeasible ~Vfo(z) #0

=>

Think of fj as the height of a landscape, so that —V f; is the force
on a ball. Here fy = x4, so the force —V fi = (0, —1) is gravity, and
the table 29 < 0 is infeasible.

The ball rests on the table at the KKT point & = 0. The force
—V fo() is not zero. It presses the ball into the table, and the table
pushes back.

On a flat table, the ball can roll along the table without changing its
height. What if the table is curved?
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Example 3. A curved table. Bend the table into x5 = sa?,

min s s.t. SQ?% — x9 < 0,
r€R2

for s = 1 (bends up), s = 0 (flat), and s = —1 (bends down).
Show that £ = 0 is a KKT point in all three cases. Is it a local
minimizer?

Solution: Write fy(z) = 29 and fi(z) = sz? — xo. Differentiate,

Vhia) = gore gra) = (0.,

(9371 8x2
0 0
Vi) = (8—:1:1(81% — X9), a—@(sx% — $2)> = (2821, —1).

Evaluate at x = 0,
fl(O):O—OZO, vf0(0)2<07 1)7 vfl(o):(07_1>
Stationarity,

0 0 0
Vfo(()) + nyl(O) = + vy = =0 = y=1
1 —1 11—y

Dual feasibility and complementary slackness,
y=120, yfi(0)=1-0=0.

So & = 0 is a KKT point for every s. Since V f1(0) # 0, LICQ holds,
and all three cases have the same cones,

T(0) = F(0)={d: Vf(0)'d <0}

={d: —dy <0} ={d:dy >0},

and the same Hessian of the linear objective, whose second partial
derivatives all vanish,

V2£,(0) = [8 8] |
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Fix x1. Since fy = x9, the smallest feasible f is at the lowest feasible
X9, on the table x9 = sx%. There

folxy, sx?) = sa?, compared with fy(0) = 0.

For s =1,

folwy, %) =23 >0 for all 2; # 0,
and every other feasible point lies higher, so x is a strict local mini-
mizer. For s = 0,

Jo(x1,0) =0 = fo(0) for all z,

and fy = x9 > 0 on €2, so = is a local minimizer, but not a strict
one. For s = —1,

folwy, —2]) = —27 < 0 for all 21 # 0,

so feasible points arbitrarily close to & do better, and Z is not a local
minimizer.

10
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(b) flat, s =0 (c) bends down, s = —1
Q Q
y = fo <0
x f 0=20 fo =0
—Vio —Vio rolls off
infeasible infeasible infeasible

In all three panels, the force =V fy = (0, —1) and the push y = 1
of the table balance, and V?f; = 0. The dashed line is the level set
fo = 0 through z.

e In (a), the table stays above the dashed line. Nearby feasible
points have fy > 0.

e In (b), the table is the dashed line. The ball can roll along it at
the same height.

e In (¢), the table cuts below it. The shaded points are feasible
with fy < 0, and the ball rolls off.

The objective is linear, so V2fy = 0 cannot tell the three tables
apart. Yet along the table, fy = sz? is curved. The curvature of the

constraint must enter the test.

11
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At a KKT point, V fy(z) # 0in general. The function whose gradient
vanishes is the Lagrangian,

VI,,%(:U, Y, Z) = 0.
We say v is a critical feasible path if
v:[0,1) = Q, 4(0)==2, (0)=d,
fi(v(@#)) =0 for all i € A(x).

Question 1. Starting from a KKT point z, let v denote a critical
feasible path. Then

folr(8) = o) + 5 A", Ly, ) + of ).

Solution: On the critical feasible path «, every added term of the
Lagrangian vanishes, since y; = 0 or fi(y(t)) = 0, and h;(y(t)) = 0,

g(’y(t), "' Z yzf7 + Z <j h](’y(t))

= Jo(7(2)).

So expand .Z instead of fj. Taylor’s theorem in x, around z,

ZL((t),y,2) = ZL(1,y,2) + VoL (@,y,2) (4(¢) - 2)
+0(0) = 992,20, 2) (1 (8) — )
+ o([ly(t) = 2[).

The constant term, by feasibility and complementary slackness,

ZL(z,y,z +Zylfz +sz

= fo(2).

12
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The linear term, by stationarity;,

VoL (e y,2) (v(t) — ) 0" ((
The quadratic term, with y(t) — & = td + o(t),
(y(t) = 2)' V5, L2,y 2 )( (t) — )
= (td+o(t))' V2, L (&, y, 2)(td + o(1))
=t?d' V2, L (3,y,2)d +2td Vi, L (,y, 2)o(t)
+o(t)! V3, L (&, y, 2)o(t)
= °d' V5, ZL(&,y,z)d + o(t?),
since t - o(t) = o(t?) and o(t) - ot) = 0( 2). The remainder is o(t?)
1d||* + o(t?). Altogether,

too, since ||y(t) — 2

folr(8) = Jo#) + A", L, . 2)d + of ).

The Hessian of the Lagrangian is
V2. L(x,y,2) =V fo(z)+ Z yi V2 fi(x) + Z 2,V

Observe that this term is not zero even when V72 fo(a:) = 0.

13
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4 The critical cone

At a KKT point, an active constraint ¢ € A(z) is strongly active
if y; > 0, and weakly active if y; = 0. The critical cone keeps
the directions that first order leaves undecided,

C(i,y) = {d e F(&): Vfo(z)'d=0}.
Lemma 4. The critical cone. At a KKT point (z,y, z), a
direction d lies in C(z, y) if and only if

Vhi(@)'d=0forall j € {1,...,p},
V fi(2)'d = 0 for every strongly active 4,

V fi(2)'d < 0 for every weakly active i.

Proof: Let d € F(z), s

Vﬁ(i’)Td < 0forall i € A(z),
Vh;(z)'d=0forall j €{1,...,p}.

Solve stationarity for V fo( ),

p
va Z yzvfz Z
Take the inner product W1th d,
m P
Vfo(2)T Z yiV fi(2)Td — Z 2 th@;)Td

An inactive 7 has f;(z) < 0, so y;fi(z) = 0 forces y; = 0. Only the
active constraints remain,

V@) d= )" \y/\( Vfi(@)'d) > 0.

14
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A sum of nonnegative terms is zero exactly when every term is zero,
Vid)'d=0 < yVfi(@)'d=0forallic A).
Split the active constraints by the sign of ¥;,
yi >0 yVfi(@)'d=0 < Vfi(2)'d=0,
y =0: yVfi(2)d=0 always.

So a strongly active constraint becomes an equality, and a weakly
active one keeps only V f;(2)'d < 0 from F(z). (]

15
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Three objectives at the corner £ = 0 of {2 = {x > 0}, where station-
arity gives y = V f;(0).

(a) y = (1,1) (b) y = (0,1) (¢) y = (0,0)

¢ ={0} C=F
N x C 7
e = N
_ V=0
—vfo . Vfo fO

In all three panels, 7(0) = F(0) is the quadrant. The critical cone
depends on the objective.

e In (a), both walls push. Every direction that leaves the corner
goes uphill at first order, and nothing is left to test.

e In (b), only the floor pushes. Sliding along the floor, away from
the wall, is level at first order.

e In (c), no wall pushes, and the whole quadrant is undecided.

16
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5  Second-order conditions

Theorem 5. Second-order necessary condition. Let x*
be a local minimizer at which LICQ holds, with KK'T' multipliers
(y,2). Then

d'V: L(x*,y,2)d >0 forall d € C(z*,y).

Proof: Fix d € C(x*,y). Under LICQ, the implicit function theo-
rem gives a feasible path, which we take for granted,

Y(t) = 2"+ td + o(t), fi(v(t)) = 0 for every strongly active i.
Every constraint with 1; > 0 stays at zero on ~, so Question 77
applies,
t2
foly®) = fola") + Sd" Vo, Z (2", y, 2)d + o).
Since x* is a local minimizer, and y(t) € € is near x* for small ¢ > 0,

fo(y(t)) = folz™) = 0.

Combine the two,
42
0< §dTV§,xZ(3:*, y, 2)d + o(t?).
Divide by t?/2 > 0, and let ¢ | 0,

T2 * 0(t2) t
0<d V., Z(x"y,2z)d+ 2

v, d'V: L (%, y, 2)d.
[]

Theorem 6. Second-order sufficient condition. Let
(z,y, z) be a KKT point. If

d'V2 L(z,y,2)d >0 for all nonzero d € C(z,y),
then 7 is a strict local minimizer.

We state this without proof. It needs no constraint qualification.

17
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6 The projected Hessian

At a KKT point, strict complementarity holds if
y; >0 for every i € A(Z).

Then every active constraint enters C as an equality, and the critical
cone is a subspace,

Vfi(z)'d=0foralic Az)

This includes every problem with only equality constraints. Let the

hi(2)'d=0forall j €{1,...
C(.f?,y)—{deR”-V’(x) orallj €41, ’p}’}.

columns of Z form a basis of C(z,y). Every critical direction is

d = Zu, and
d'V2, L (2,y,2)d=u" (Z'V3,L(3,y,2)Z) u.
The matrix Z'V2 £ (%,y,2)7 is the projected Hessian.

Proposition 7. Projected Hessian test. Under strict
complementarity,

& local minimizer, LICQ = Z'V2 Z(2,y,2)Z =0,
7IV: L(2,y,2)Z =0 = & strict local minimizer.

Both are eigenvalue tests, which cost O(n?) operations. For one
constraint in R?, take Z to be its gradient rotated by 90 degrees.

18
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Without strict complementarity, each weakly active constraint keeps
its inequality, and the critical cone is no longer a subspace. The test
changes from a subspace to a cone,

7', L,y 2)Z = 0

l

d'V?: L (2,y,2)d >0 for all d € C(Z,y).
This becomes NP-hard in general.

19
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7 Summary

First order. A local minimizer satisfies (FOC). Every KKT point
satisfies (FOC), and a constraint qualification makes every local min-
imizer a KK'T point. For convex problems, a KK'T point is a primal-
-dual pair with zero gap, and it can fail to exist.

Solving. Check a constraint qualification, write the KK'T' condi-
tions, and solve them. Complementary slackness sets y; = 0 for
every nactive constraint.

Curvature of the constraints. At a KKT point, Vf; # 0,
but V,.Z = 0. Along a feasible path that keeps the strongly active
constraints at zero, fo = .Z. So the second-order term of f; is gov-
erned by V2, (&, y, z), which adds the curvature of the constraints,
weighted by the multipliers.

Critical cone. Directions with VfI'd > 0 are decided at first
order. The rest form C, where strongly active constraints act as
equalities and weakly active ones keep their inequality.

Conditions. Under LICQ), every local minimizer x* has
d'V: L(x*,y,2)d >0 forall d e C(z*,y).
Every KKT point  with
d'V? L(i,y,2)d >0 for all nonzero d € C(z,y)

1s a strict local minimizer.

Checking. Under strict complementarity, C is a subspace, and the
test is the projected Hessian Z1V2 L (&,y,2)Z. Otherwise C is a
cone, and the test includes copositivity, which is NP-hard.
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