
Lecture 12: Lagrangian and Weak Duality ryz@illinois.edu

Learning objectives. By the end of class, you should be able

to

1. use infeasibility certificates to prove that a feasible point is

globally optimal;

2. derive weak duality from weak minimax, and explain why the

dual function is always concave;

3. derive the dual problem, and use the primal–dual gap to cer-

tify global optimality or bound global suboptimality.

1 Recap: Weak alternative
Original problem; call it the primal problem

(P) find x ∈ Rn s.t. fi(x) ≤ 0 for all i ∈ {1, . . . ,m}.
Certify infeasibility by solving the dual problem

(D) find y ∈ Rm
+ s.t. g(y) = inf

x∈Rn
L (x, y) > 0.

Equivalently, maximize g over y ∈ Rm
+ and check

sup
y∈Rm

+

g(y) > 0.

The dual function g is always concave, even when fi(x) nonconvex.

Indeed, for 0 < θ < 1,

g(θy + (1− θ)z) = inf
x
{θL (x, y) + (1− θ)L (x, z)}

≥ θ inf
x
{L (x, y)} + (1− θ) inf

x
{L (x, z)}

= θg(y) + (1− θ)g(z).

Maximizing the dual function is always a convex optimization prob-

lem, although evaluating the function can be difficult
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Question 1. Why is it called “weak” alternative?

Solution: At most one of (P) and (D) is feasible, but both can be

infeasible.

Example 1. Certify that the following set is infeasible

Ω = {x ∈ R2 : x21 + x22 ≤ 1, x1 + x2 ≥ 2}.

Solution: The associated Lagrangian is

L (x, y) = y1(x
2
1 + x22 − 1) + y2(2− x1 − x2).

For fixed y, convex with respect to x. Solving

∇xL (x, y) = −
[
y2
y2

]
+

[
2y1 0

0 2y1

] [
x1
x2

]
= 0

yields x = y2
2y1

(1, 1) for y1 > 0, so the dual function on y ∈ R2
+ is

g(y) = inf
x∈R2

L (x, y) =


(−y1 + 2y2)− 1

2

y22
y1

y1 > 0,

−∞ y2 > 0, y1 = 0,

0 y1 = y2 = 0.

The dual problem maximizes g over y ∈ R2
+. For each y1 > 0, we

can maximize over y2
∂g

∂y2
= 2− y2

y1
= 0 ⇐⇒ y2 = 2y1,

and g(y1, 2y1) = y1 > 0 so g → +∞ as y1 → ∞. The primal is

infeasible.
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2 Today: Optimality certification
Now we know how to certify that a problem has no feasible solution.

Today, use it to certify when a feasible solution is globally optimal.

Example 2. Obviously, x = 1 is globally optimal below

inf
x∈R

x2 s.t. x ≥ 1.

Prove it by certifying that the parameterized feasibility set

Ωt = {x ∈ R : x2 ≤ t, 1− x ≤ 0}
is infeasible for all t < 1.

Basic idea: No better solution exists, so x = 1 is globally optimal.

Solution: Parameterized Lagrangian is

Lt(x, y) = y1(x
2 − t) + y2(1− x).

Since ∇xL (x, y) = 2y1x − y2, the parameterized dual function for

y1 > 0 is

gt(y) = Lt(
y2
2y1

, y) = −ty1 + y2 −
y22
4y1

.

Take partial with respect to y2 yields 2y1 = y2 so

sup
y∈R2

+

gt(y) = sup
y1>0

{
−ty1 + 2y1 −

(2y1)
2

4y1

}

= sup
y1>0

(1− t)y1 =

{
+∞ 1− t > 0

0 1− t ≤ 0

Dual is feasible for t < 1, so primal is infeasible. In other words,

Ωt = ∅ for all t < 1, so x = 1 is globally optimal.

3



Lecture 12: Lagrangian and Weak Duality ryz@illinois.edu

The ability to certify global optimality to a nonconvex problem is

critically used in electric grid dispatch [Lavaei & Low, IEEE TP-

WRS, 2012], robot navigation [Carlone & Dellaert, ICRA, 2015],

neural network verification [Chiu & Zhang, ICML, 2023], power sys-

tem state estimation [Guzel & Zhang, IEEE TCNS, 2025].

Theorem 3. Global optimality certificate. Let x̂ ∈ Rn

be feasible for the following

inf
x∈Rn

f0(x) s.t. fi(x) ≤ 0 for all i ∈ {1, . . . ,m}.

If there exists corresponding ŷ ∈ Rm
+ such that

f0(x̂) = g(ŷ),

where the dual function is written

g(y) = inf
x∈Rn

{
f0(x) +

m∑
i=1

yifi(x)

}
,

then x̂ is globally optimal, and ŷ is the associated certificate.

Basic idea: No better solution exists, so x̂ is globally optimal.

Question 2. Checking global optimality is supposed to be NP-

hard. What is the catch? How does Theorem 3 fail?

Solution:

1. Inexistence of certificate. Even though x̂ might really be

globally optimal, a certificate ŷ for this fact does not necessarily

exist. Concretely, it is possible that f0(x̂) > g(y) strictly holds

for all y ∈ Rm
+ , even though x̂ really is the best possible.

2. Complexity of evaluating dual. Even when ŷ ∈ Rm
+ exists

such that f0(x̂) = g(ŷ), actually evaluating g(ŷ) might be NP-

hard. Trivial example: if unconstrained, then computing g =
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infx f0(x) is already global optimization.

Remedy: construct a dual that can be evaluated in closed-form, and

then prove strong duality (next lecture) to ensure that an arbitrarily

good ŷ exists.

Proof of Theorem 3 is by certifying that the parameterized feasibility

set

Ωt = {x ∈ Rn : f0(x) ≤ t, f1(x) ≤ 0, . . . , fm(x) ≤ 0}.
is infeasible for all t < f0(x̂).

Proof: Parameterized Lagrangian is

Lt(x, y) = y0(f0(x)− t) +
∑
i

yifi(x)

and parameterized dual function is

ht(y0, y) = inf
x∈Rn

{
y0(f0(x)− t) +

∑
i

yifi(x)

}
.

By weak alternatives,

exist (y0, y) ∈ Rm+1
+ s.t. ht(y0, y) > 0 =⇒ Ωt = ∅.

Now, observe that the stated dual function satisfies

g(y) = inf
x∈Rn

{
f0(x) +

∑
i

yifi(x)

}
= ht(1, y) + t.

If there exists ŷ ∈ Rm
+ such that g(ŷ) = f0(x̂), then

g(ŷ)− t = f0(x̂)− t > 0 ⇐⇒ ht(1, ŷ) > 0.

This proves Ωt = ∅ for all t < f0(x̂), as claimed.
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3 Weak Lagrangian duality
In fact, everything we have learned so far are just special cases of the

following foundational result. Note: it does not assume convexity,

smoothness, coercivity, etc.

Theorem 4. Given f0, f1, . . . , fm, we have p
⋆ ≥ d⋆ where

p⋆ = inf
x∈Rn

f0(x) s.t. fi(x) ≤ 0 for all i ∈ {1, . . . ,m}

d⋆ = sup
y∈Rm

+

g(y) where g(y) = inf
x∈Rn

{
f0(x) +

m∑
i=1

yifi(x)

}
︸ ︷︷ ︸

L(x,y)

In particular, any feasible x̂ ∈ Ω and any multiplier ŷ ∈ Rm
+ satisfy

f0(x̂) ≥ inf
x∈Ω

f0(x) ≥ sup
y∈Rm

+

g(y) ≥ g(ŷ).

Certify the amount of global suboptimality for x̂ ∈ Ω by

f0(x̂)− inf
x∈Ω

f0(x) ≤ f0(x̂)− g(ŷ)︸ ︷︷ ︸
duality gap

.

Previous theorem is just special case when we find ŷ with zero du-

ality gap, i.e. f0(x̂) = g(ŷ).

In practice, may suffice if we can establish small duality gap, e.g.

|f0(x̂)− g(ŷ)| = O(σ) for noise variance σ2.

Question 3. Why is it “weak” duality?

Solution: The duality gap can be arbitrarily large, potentially in-

finite.
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The proof is surprisingly simple.

Lemma 5. Weak minimax. For any function L : Rn ×
Rm

+ → R, we have

inf
x∈Rn

sup
y∈Rm

+

L (x, y) ≥ sup
y∈Rm

+

inf
x∈Rn

L (x, y)

Proof: Fix any x̂ ∈ Rn. We have

inf
x∈Rn

L (x, ŷ) ≤ L (x̂, ŷ) for all ŷ ∈ Rm
+ .

Taking the supremum as the least upper-bound over all ŷ ∈ Rm
+

yields

sup
y∈Rm

+

inf
x∈Rn

L (x, y) ≤ sup
y∈Rm

+

L (x̂, y) for all x̂ ∈ Rn.

The “for all” above is because x̂ was arbitrarily chosen. Take the

infimum as the greatest lower-bound over all x̂ ∈ Rn then yields

sup
y∈Rm

+

inf
x∈Rn

L (x, y) ≤ inf
x∈Rn

sup
y∈Rm

+

L (x, y).

Lemma 6. Primal form.

inf
x∈Rn

sup
y∈Rm

+

{
f0(x) +

m∑
i=1

yifi(x)

}
= inf

x∈Rn
f0(x) s.t. fi(x) ≤ 0 for all i ∈ {1, . . . ,m}

Proof: For every fixed x ∈ Rn,

sup
y∈Rm

+

{
f0(x) +

m∑
i=1

yifi(x)

}
= f0(x) +

m∑
i=1

sup
yi≥0

{yifi(x)} .
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Each subproblem has two cases

sup
yi≥0

{yifi(x)} =

{
0, fi(x) ≤ 0,

+∞, fi(x) > 0.

Adding up all the subproblems

sup
y∈Rm

+

L (x, y) =

{
f0(x), fi(x) ≤ 0 for all i,

+∞, otherwise.

Taking the infimum over x isolates the finite-valued case, which is

exactly the primal.
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4 Application: Infeasibility

Question 4. Take the primal objective to be zero.

p⋆ = inf
x∈Rn

0 s.t. fi(x) ≤ 0 for all i ∈ {1, . . . ,m}.

What is the dual objective d⋆?

Solution: The Lagrangian is

L (x, y) = 0 +

m∑
i=1

yifi(x).

The dual is therefore

d⋆ = sup
y∈Rm

+

g(y) where g(y) = inf
x∈Rn

m∑
i=1

yifi(x).

Question 5. What happens when d⋆ > 0?

Solution: Since p⋆ ≥ d⋆ > 0, the primal must in fact be infeasible.

Question 6. What happens when p⋆ = 0?

Solution: This means the primal is feasible, meaning that x exists

such that fi(x) ≤ 0 for all i. Since

sup
y∈Rm

+

g(y) = d⋆ ≤ p⋆ = 0,

so the following is infeasible

find y ∈ Rm
+ s.t. g(y) > 0.

We have in fact re-proved the duality form of the weak alternative.
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Theorem 7. Weak alternative, duality form. At most

one of the following is feasible

(P) find x ∈ Rn s.t. fi(x) ≤ 0 for all i

(D) find y ∈ Rm
+ s.t. g(y) = inf

x∈Rn

m∑
i=1

yifi(x) > 0.
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5 Application: QCQPs
The following dual certificate for the quadratically-constrained

quadratic program is used extensively in the literature.

Theorem 8. Given matrices C,A1, . . . , Am and radius R > 0,

define the feasible set

Ω = {x ∈ Rn : ∥x∥ ≤ R, xTAix ≤ bi for all i}
Then, we have

inf
x∈Ω

xTCx ≥ sup
y∈Rm

+

−bTy − δ(y)

where

δ(y) = R2

[
−λmin(C +

m∑
i=1

yiAi)

]
+

The point is that any arbitrary choice of y ∈ Rm
+ can yield a lower-

bound on the global optimum. If it is sufficiently close, then it certi-

fies approximate global optimality.

Note that interesting QCQPs are nonconvex.

Question 7. Suppose that the QCQP is convex, so C ⪰ 0 and

Ai ⪰ 0. When is it feasible, and what is the optimal duality gap?

Solution: The convex QCQP is feasible if and only if b ∈ Rm
+ .

The optimal duality gap is always zero. If it is feasible, x = 0 is

primal optimal, and y = 0 is dual optimal. If it is infeasible, then

−bTy → +∞. In both cases, note that δ(y) = 0 for all y ∈ Rm
+

because C +
∑

yiAi ⪰ 0.
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The proof is a standard application of weak duality.

Proof: The Lagrangian is

L (x, y) = xTCx + y0(x
Tx−R2) +

m∑
i=1

yi(x
TAix− bi)

= −R2y0 − bTy + xT (C + y0I +
∑

yiAi)︸ ︷︷ ︸
S(y0,y)

x.

Now, note that

inf
x∈Rn

xTSx =

{
0 S ⪰ 0

−∞ S ̸⪰ 0

therefore

inf
x∈Rn

L (x, y) =

{
−R2y0 − bTy if S(y0, y) ⪰ 0

−∞ otherwise

Therefore

d⋆ = sup
(y0,y)∈Rm+1

+

−R2y0 − bTy s.t. S(y0, y) ⪰ 0.

Finally, observe that

S(y0, y) = S(0, y) + y0I

and that for fixed y,

sup
y0≥0

−R2y0 s.t. S(0, y) + y0I ⪰ 0

= sup
y0≥0

−R2y0 s.t. S(0, y) ⪰ −y0I

=−R2 · inf
y0≥0

y0 s.t. λmin(S(0, y)) ≥ −y0

=−R2 · [−λmin(S(0, y))]+
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But how to choose good y ∈ Rm
+?

In practice, given feasible x̂ ∈ Ω with ∥x̂∥ < R, a common strategy

is to solve the KKT equations (next week) for a good choice of y:

min
y∈Rm

+

∥∥∥∥∥
(
C +

∑
i

yiAi

)
x̂

∥∥∥∥∥
2

+
∑

y2i (x̂
TAix̂− bi)

2

which is a convex nonnegative linear least-squares problem. If ŷ ∈
Rm

+ attains zero loss in the least-squares, so that(
C +

∑
i

ŷiAi

)
x̂ = 0, ŷi

(
bi − x̂TAix̂

)
= 0,

then the duality gap further simplified

x̂TCx̂ + bT ŷ + δ(ŷ)

=x̂T

(
C +

∑
i

ŷiAi

)
x̂ +

∑
i

ŷi
(
bi − x̂TAix̂

)
+ δ(ŷ)

=δ(ŷ).

In special applications, it is possible to show that if x̂ is globally

optimal, then the least-squares ŷ is unique and yields δ(ŷ) = 0. For

these special cases, global optimality can always be certified.
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6 Summary
Every constrained optimization problem has a deal

p⋆ = inf
x∈Rn

f0(x) s.t. fi(x) ≤ 0 for all i ∈ {1, . . . ,m}

d⋆ = sup
y∈Rm

+

g(y) where g(y) = inf
x∈Rn

{
f0(x) +

m∑
i=1

yifi(x)

}
︸ ︷︷ ︸

L(x,y)

Weak duality further says

g(ŷ) ≤ d⋆ ≤ p⋆ ≤ f0(x̂)

for every feasible x̂ ∈ Ω and ŷ ∈ Rm
+ .

Therefore, the primal–dual gap certifies global suboptimality:

0 ≤ f0(x̂)− p⋆ ≤ f0(x̂)− g(ŷ).

A zero primal–dual gap certifies global optimality.

Infeasibility and optimality are connected. Set f0(x) = 0;

then g(y) > 0 certifies infeasibility Ω = ∅. Hence, weak alternatives

is just a special case of weak duality.

For QCQPs, the dual lower bound can be explicitly computed

using minimum eigenvalues:

−bTy −R2

[
−λmin

(
C +

∑
i

yiAi

)]
+

.

Next lecture:

• Strong duality. When does strong duality p⋆ = d⋆ hold?

• Primal attainment. When do we have x⋆ ∈ Ω such that p⋆ =

f0(x⋆).

• Dual attainment. When do we have y⋆ ∈ Rm
+ such that d⋆ =

g(y⋆)?
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Classic answers: Linear objectives and constraints, or convex objec-

tives and constraints + primal-dual Slater’s conditions.
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