Lecture 11: Certifying Infeasibility ryz@Qillinois.edu

Learning objectives. By the end of class, you should be able
to
1. state and prove the weak alternative, and construct infeasibil-
ity certificates using nonnegative Lagrangian multipliers;
2. derive the dual function g(y) and use it to certify infeasibility;
3. explain why the weak alternative need not be strong, and why
the dual function may fail to detect an existing certificate;
4. state and apply Farkas’ lemma and the Fredholm alternative
to certify infeasibility of linear systems.

1  Motivation

This section reviews constrained optimization and explains why we
need proofs that constraints cannot be met.

Most practical problems come with constraints.

e Power dispatch. Outputs p; < ¢; must meet the demand,
p1+ -+ pr > d, at minimum fuel cost.

e Portfolio. Fractions x; > 0 with ) x; = 1 must reach a
return p’ > 7, at minimum risk 27 Y.

e Motion planning. A drone avoids an obstacle, ||x; — ¢|| > r,
with bounded steps, |[z1 — z¢]| < .

e Sparse regression. Least squares with a budget ||0]|; < 7
that sets many coefficients to zero.

Constraints can conflict. If the demand exceeds the total capacity,
or no investment returns r, then no solution exists. A solver must
then report that the problem is infeasible, and we would like a proof.
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1.1 Feasibility and optimal value

In general, the constrained problem is

min  fo(z)

st. file) <0 (i=1,...,m).
Its feasible set is

Q={zeR": fi(x)<0,i=1,...,m},
and its optimal value is
p* = inf fo(x).
el

An equality fi(z) = 0 is the pair fi(x) < 0, —fi(x) < 0, as in
Lecture 1, so the problem needs only inequalities.

Question 1. What does it mean for a point x to be feasible?
Infeasible?

Solution: The point x is feasible if it satisfies every constraint,
filx) < 0 for all 4, that is, x € €. It is infeasible if it violates at
least one, fi(z) > 0 for some 7. Either way, m function evaluations
decide it.

Question 2. What does it mean for the problem to be feasible?
Infeasible? What is p* in each case?

Solution: The problem is feasible if Q2 # (), and one feasible point
proves it. Then p* < +o00, with p* = —o0 if fj is unbounded below
on §2. The problem is infeasible if Q = (), so that every z € R"
violates some constraint. No finite number of evaluations proves
this. By convention p* = +4o00.
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1.2 How to solve constrained problems
We solve them by generalizing the tools of Blocks 1-3.

Question 3. What is the constrained counterpart of each tool?

Blocks 1-3 Blocks 4-6

Every x is feasible. Find z € €, or prove 2 = (). This
lecture.

First-order optimality Karush—Kuhn—Tucker conditions.

Vf(z)=0. Lectures 14-16.

Second-order optimality Projected Hessian conditions.

Vf(x)=0,V*f(z) = 0.  Lectures 14-16.

Certify global optimality  Certify global optimality by duality.
by convexity:. Lectures 12-13.

Gradient descent, Newton. Penalty, barrier, augmented
Lagrangian. Lectures 17-18.

The first four rows each ask whether a system has a solution. Is there
a point in €27 Is there an improving direction? Is there a point better
than the one we have? In Blocks 1-3, x is first-order optimal when
no direction v has V f(z)?v < 0, and V f(x) = 0 proves that no such
v exists. A solution of a system is checked by substitution. A claim
that no solution exists is a statement about every candidate, and it
needs a proof. This lecture is about such proofs, called certificates
of infeasibility.
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2 The weak alternative

The following holds for any functions, convex or not, smooth or not.

Theorem 1. Weak alternative. Let fi,....f, R" - R
be any functions. At most one of the following holds.
(i) There is a feasible point x € R” such that f;(x) < 0 for all
ie{l,...,m}.
(ii) There are multipliers y € R’ with

L(x,y) = Zylfz(as) + o+ Ynfm(z) > 0 for all z € R".

The function .Z(x,y) is called the Lagrangian.

Multipliers y € R satisfying .Z(x,y) > 0 for all x are infeasible
certificate for (2 = ().

Proof: By contradiction, suppose both (i) and (ii) hold jointly.
Let (i) hold, so x € Q, and f;(x) < 0.
Suppose (ii) is true. By y; > 0, we have y; f;(x) < 0. Adding yields

0.
L(x,y) =yfi(x) + -+ ymfm(z) <0
and this contradicts (ii).
Now, let (ii) hold. Then

f(a?, y) — ylfl(x> + e+ ymfm(x) > ()
so y; fi(x) > 0 and hence f;(z) > 0 for some 4, contradicting (i). [

Question 4. Why not require Z(x,y) > 07

Solution: It does not certify infeasibility. Indeed, we can always
set Z(x,y) = 0 by picking y = 0, so the test is trivial.
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Example 2. Power dispatch. Two generators have capacities
3 and 5 MW but must meet a demand of 10 MW. Obviously there
is no dispatch with p; < 3, po < 5, and p; + ps > 10. Construct
an infeasibility certificate.

Solution: The constraints in inequality form are
p1—3<0,
p2—5 <0,
10 —p1 —p2 < 0.
The Lagrangian is
Z(p,y) = y1(p1 — 3) + y2(p2 — 5) + y3(10 — p1 — p2)
= (y1 — y3)p1 + (Y2 — y3)p2 + 10y3 — 3y1 — Sy
Take y =1 = (1,1,1). Then
ZL(p,1)=10—-3—=5=2> 0 for all p.
Observe that the certificate simply says “10 > 3+ 5”.
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3 Finding certificates by duality

Original problem; call it the primal
find z € R" s.t. fi(z) <0 for all 4.
Certify infeasibility by solving yet another feasibility problem

findy € R st. Z(x,y) = Zyzfz(x) > () for all z € R".
i=1

Systematic way to find y? Construct the dual function:
g(y) = inﬂ{ L(r,y) >0 = ZL(x,y) > 0forall z € R".
reR"

Example 3. Certify that the following set is infeasible:
Q={r cR*:2? + 25 < 1,2, + 25 > 2}.

Solution: The associated Lagrangian is
ZL(@,y) = yi(2] + 25— 1) + 12(2 — 21 — 22).

For fixed y, convex with respect to x. Solving

V. L (x,y) = — [w] + Fyl ! ] [331] —0

Y2 0 2yp| [xo
yields x = 2%(1, 1) for y; > 0, so the dual function is
: Y2
gly) = inf L(z,y) =2L(-—1,y)
reR? 2y1
1ys
= (—y1 +2y0) — =2,
(—w Y2) 211
Combined, we have on y € R
( 2
(—y1 + 2y2) — %z—f y1 > 0,
gly) = ¢ —o0 Y2 > 0,y1 =0,
v Y1 =1y2=0.

\
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Observe g(1,1) =1 —

DO —
[N}
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Systematic way to find y > 0 such that g(y) > 07
Solve the dual problem

sup g(y) > 0 = exists y s.t. Z(x,y) > 0 for all x € R".

yeR
Note: Interpret unbounded as sup,cgm g(y) = +oo.

The function ¢ is always concave, even when f;(x) nonconvex. Dual
problem is always convex optimization.

Example 4. Certify that the following set is infeasible
Q={rcR*: i+ 25 < 1,21+ 25 > 2}

by solving the dual problem.

Solution: Recall that on y € R?

4 192
(=41 +2y2) — 54 w1 >0,
gly) = § —¢ Y2 > 0,41 =0,
\O y1 = 1y = 0.

How to rigorously pick y? Since g is concave, we can just optimize
one coordinate a time. Since

0

99 _, _w_,

Ay Y1
we have yo = 2y at optimality. Then,

9(y1,2m) =1 >0

S0 g — +00 as y; — 0o. Hence the original (primal) is infeasible.
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4 Drawbacks of weak alternatives

We know at most one of the following is feasible
(P) find z € R"s.t. fi(z) <0 foralls

(D) findy € RY s.t. g(y) = EnIanZylfl

Trouble is both can be infeasible.

Question 5. [sQ={zr € R: 2 <0,2° > 1} feasible?
Solution: No. It requires * < 0 and x > 1.

Question 6. What is the dual function?

Solution: Lagrangian is

L(x,y) =y + ya(1 — 2°)

so dual function is

0 =1y =10
g(y)igfﬁf(%y){ o

—00 otherwise

Question 7. Does the dual problem certify infeasibility?
Solution: No sup,~,g(y) =0 % 0.
Question 8. Does () have an infeasibility certificate?

Solution: No. Of course sup,~qg(y) = 0. More importantly
yp >0 = lim Z(x,y) » —o0

Tr—+00

Yy =0,y >0 = lim Z(z,y) — —o0

T—r—0O0

Yo =0,91=0 = ZL(x,y)=0forallz € R

Not feasible, but also cannot certify infeasibility.
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There is also a subtle difference between the dual problem and the
weak alternative. Consider

QO ={z eR:exp(x) <0}
Question 9. Is () feasible?

Solution: No. Every z yields exp(x) > 0.

Question 10. What is the dual function?

Solution: By definition, the dual function is

. 0 y >0,
g(y) = inf {yexp(z)} = {
z€R —o0 Yy < 0.

Question 11. Does the dual problem certify infeasibility?

Solution: No sup,~qg(y) =0 % 0.

Question 12. Does there exist infeasibility certificate?

Solution: Yes. Any y > 0 yields y exp(z) > 0 for all x € R.

Conclusion: The dual is weaker than the weak alternative:

sup g(y) > 0 <= exists y € R s.t. g(y) >0
yeRY

—> exists y € R} s.t. L(z,y) > 0 for all x € R"
but the final = does not go the other way.

10
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5 The strong alternative

Weak alternative says at most one of the following is feasible

(P) find x € R"s.t. fi(x) <0 foralli

(D) findy € RY s.t. g(y) = leannZyzfz

Under constraint qualification (CQ), which are basically addi-
tional assumptions on fi,..., fi,, strong alternative holds, and ex-
actly one is feasible.

Theorem 5. Linear CQ. Let every f; be affine, f;(x) =
alx — b;. Then exactly one of (P) and (D) is feasible.

This simple-looking result is one of the most consequential results in
optimization.

Question 13. Suppose fi(z) = alxz — b;. When is the dual
problem feasible?

Solution: Weights y > 0 give the sum

Zy@ = (ATy)'z by,

The dual function is therefore

gly) = inf L(x,y) =

reR?

—bly if ATy =0,
—oo if ATy #£0.

The dual problem is

T
sup g(y) = sup  —by.
yeRT yeR™, AT y=0

This is unbounded whenever y > 0 exists with A7y = 0 and b"y < 0.

11
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We have derived the following famous results from duality.

Theorem 6. Farkas Lemma. Exactly one of the following is
feasible

(P) find z € R"st. Az <D
(D) findy € RTst. ATy =0, by <0.

The vast majority of scheduling, assignment, logistic problems posed
in this form and solved by feasibility algorithms.

Example 7. Power dispatch, again. Two generators have
capacities 3 and 5 MW but must meet a demand of 10 MW. Obvi-
ously there is no dispatch with p; < 3, po < 5, and p; + ps > 10.
Construct an infeasibility certificate.

Solution: We are looking for

10 3
0 1 [p1]< 5
1 1] P2 —10
Obviously,
- - - 3 _T -
10 —1
> (), [01_1] 1| =0 5 1|l = -2 <0
1 10| |1

soy = (1,1, 1) is the certificate.

12
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Theorem 8. Fredholm Alternative. Exactly one of the
following is feasible

(P) findx e R"st. Ax =b
(D) find z € R™st. AT2z=0, bTz #0.

Proof: Can always rewrite Az = b as Ar < b and Ax > b. Hence,
evoke Farkas with

A b |
) n <
(P") find z € R" s.t. [ | x < [b_

(D) find [yll e R st [AT —AT] [yll =0, b7 —b7] H < 0.
Y2 ) - LY2 Y2

Can always define z = y; — y». Observe
ATyl — ATyQ = AT(yl — y2> = ATZ

and similarly for b. ]

13
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6 Summary

Feasibility. A point is feasible if it satisfies every constraint. A
problem is feasible if © # (), which one point proves, and infeasible
if 2 = 0, which requires ruling out every possible point.

The weak alternative. For arbitrary constraints f;(x) < 0, at
most one of the following exists: a feasible point x, or nonnegative
multipliers y > 0 such that Z(x,y) = >\, vifi(x) > 0 for all
x. Such multipliers certify infeasibility because every feasible point
would make Z(z,y) < 0.

Duality and its limitations. The dual function g(y) =
inf, Z(x,y) is always concave. Finding y > 0 with g(y) > 0
certifies infeasibility, but the converse can fail: a certificate may exist
even when ¢g(y) = 0. More fundamentally, an infeasible nonlinear
system may admit no Lagrangian certificate at all.

The strong alternative. For linear inequalities, Farkas’ lemma
guarantees exactly one of Az < b or y > 0 with A’y = 0 and
by < 0. The latter is an explicit certificate of infeasibility. Rewriting
equalities as pairs of inequalities yields the Fredholm alternative:
exactly one of Az = b or ATz = 0 with b’z # 0.

14



