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Solution 1

(i) Denote Mij to be the ij-th element in matrix M .

(AB)Tij = (AB)ji =
n∑

k=1

AjkBki =
n∑

k=1

BT
ikA

T
kj = (BTAT )ij

Hence (AB)T = BTAT

(ii) By (i),
(ABC)T = ((AB)C)T = CT (AB)T = CT (ATBT ) = CTBTAT

(iii) Denote B := A−1, i.e.,
AB = I

⇒ I = (AB)T = BTAT ⇒ BT = (AT )−1

Therefore (A−1)T = (AT )−1

(iv)

(I − TAT−1)(T (I −A)−1T−1) = (TIT−1 − TAT−1)(T (I −A)−1T−1)

= (T (I −A)T−1)(T (I −A)−1T−1)

= T (I −A)(I −A)−1T−1

= TT−1

= I

Hence (I − TAT−1)T = T (I −A)−1T−1

(v) It is trivially true for k = 0. Suppose it is true for k = n. Then

(TAT−1)k+1 = (TAT−1)k(TAT−1) = (TAkT−1)(TAT−1) = TAk+1T−1

By induction, it is true for all k ∈ N≥0

Solution 2
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(i)

p(s) = det(sI −A) =

∣∣∣∣∣∣
s 1 −2/3
1 s + 2 −1
0 3 s− 1

∣∣∣∣∣∣ = s3 + s2 − 1

(ii)

G(s) = C(Is−A)−1B =
(
0 1 0

)s 1 −2/3
1 s + 2 −1
0 3 s− 1

−11
2
3

 =
2s2 − 1

s3 + s2 − 1

(iii) By formula, the CCF realization will be:

ẋ =

0 1 0
0 0 1
1 0 −1

x +

0
0
1

u, y =
(
−1 0 2

)
x

Solution 3

(i)

C = (b|Ab) =

(
1 1
0 −2

)
⇒ det(C) = −2 6= 0

Hence the system is controllable.

(ii)

C = (b|Ab|A2b) =

0 0 0
1 1 −2
0 −1 1


As the first row of C is 0, it is not full rank, so the system is not controllable.

Solution 4

(i)

˙̄v1 = v̇1 = −(v1 − v2) + f1 = v̄2 + f1
˙̄v2 = v̇2 − v̇1 = −(v2 − v1) + f2 + (v1 − v2)− f1 = −2v̄2 + f2 − f1

(ii) The original system is (
v̇1
v̇2

)
=

(
−1 1
1 −1

)(
v1
v2

)
+

(
1 0
0 1

)(
f1
f2

)
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The new system is already shown in (i):(
˙̄v1
˙̄v2

)
=

(
0 1
0 −2

)(
v̄1
v̄2

)
+

(
1 0
−1 1

)(
f1
f2

)
T is extracted from the given relation:(

v̄1
v̄2

)
=

(
1 0
−1 1

)(
v1
v2

)
⇒ T =

(
1 0
−1 1

)

It can be computed that T−1 =

(
1 0
1 1

)
. Therefore easy to check that

TAT−1 =

(
1 0
−1 1

)(
−1 1
1 −1

)(
1 0
1 1

)
=

(
0 1
0 −2

)
= Ā,

TB =

(
1 0
−1 1

)(
1 0
0 1

)
=

(
1 0
−1 1

)
= B̄
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