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How to Complete This Extra-Credit Assignment
This extra-credit assignment is completed at home and submitted electronically. Submit a freestanding report that contains your derivations, MATLAB calculations, Simulink diagrams, logged data, and MATLAB-generated plots. All equations, code, plots, and explanations must be your own work.
· Use the exact controller convention stated in Section 2: the integral gain  is placed after the integrator.
· Analyze the saturation as a four-phase switched system. A saturation block is nonlinear and does not have one transfer function that is valid in every phase.
· At the start of each phase, introduce a local time variable  and carry the final states from the previous phase into the new phase.
· Show all calculations needed to support every reported result.
· Use MATLAB to solve transcendental crossing equations and to verify analytical results. Use the fill-in root-finding scaffold in Appendix A and include the completed code in your submitted MATLAB .m file.
· Build both Simulink systems and compare them using identical parameters.
· The delayed-enable windup scenario is simulation only. Do not intentionally reproduce it on the physical RWP motor.
Grading Summary
	Section
	Topic
	Points

	3
	Signal definitions and saturation interpretation
	2

	4
	Identification of the four phases
	3

	5
	Phase 1 analysis
	4

	6
	Phase 2 with anti-windup
	6

	7
	Phase 2 without anti-windup
	3.5

	8
	Phase 3 with anti-windup
	7.5

	9
	Phase 3 without anti-windup
	4.5

	10
	Phase 4 with anti-windup
	7.5

	11
	Phase 4 without anti-windup
	4

	12
	Simulink model construction
	2.5

	13
	Required plots and switching markers
	1.5

	14
	Analytical and simulation comparison table
	2

	15
	Physical interpretation and comparison
	1.5

	16
	Conclusion
	0.5

	Total
	
	50


1. Scenario and Objective
A student wishes to regulate the reaction-wheel velocity to a constant reference. The student starts the PI controller but forgets to enable the motor amplifier. The motor remains stationary, but the controller continues calculating the error and updating its integral state. After several seconds, the student enables the motor. The motor immediately receives its maximum allowed command, accelerates aggressively, overshoots the requested velocity, takes a long time to settle, and overheats.
The student is confused because a Saturation block limited the motor command to . The student is then advised to add feedback anti-windup using the difference between the saturated and unsaturated controller commands.
Your objectives are to:
1. explain why saturation alone does not prevent integral windup;
1. derive , , and  in each of four operating phases;
1. determine phase-transition times, steady values, time constants, saturation-release times, peak output, percent overshoot, and settling time;
1. compare the controller with and without saturation feedback in Simulink.
2. Given System, Parameters, and Controller Convention
Use the ideal reaction-wheel velocity model

The reference is

Use the following values in all calculations and simulations.
	Parameter
	Value

	Reference 
	

	Plant gain 
	

	Proportional gain 
	

	Integral gain 
	

	Anti-windup gain 
	

	Positive limit 
	

	Negative limit 
	

	Motor-enable time 
	

	Initial conditions
	, 


The controller convention used throughout this assignment is


Thus, the signal order is

The gain  is after the integrator. Do not use the alternative convention in which  multiplies the error before integration.
[image: aw_assets/antiwindup_ki_after.png]
Back-calculation anti-windup block diagram with the integral gain Ki after the integrator, a saturation block, a motor-enable switch, and the plant.
The saturation and motor-enable relations are


For the comparison without anti-windup, keep the same Saturation block but set

3. Signal Definitions and Saturation Interpretation — 2 points
Explain the physical and mathematical difference among:
· : the unsaturated internal PI-controller command;
· : the output of the Saturation block;
· : the command actually applied to the motor.
Explain why  does not imply . Explain why limiting command magnitude does not necessarily limit the duration for which the motor remains at .
Hint: The saturation block is memoryless, but the integrator has memory.
Student response:
[Enter response.]
4. Identification of the Four Phases — 3 points
Identify the four phases and state the conditions on , , and  that define each phase.
1. Phase 1: motor disabled and saturation inactive.
1. Phase 2: motor disabled and positive saturation active.
1. Phase 3: motor enabled and positive saturation remains active.
1. Phase 4: motor enabled and saturation is inactive again.
For each phase, state whether , , and  are constant, increasing, decreasing, or governed by closed-loop dynamics.
Hint: The boundary between Phases 3 and 4 occurs when  crosses  while moving downward. It does not occur when the output crosses the reference.
	Phase
	Motor state
	Saturation state
	Defining equations and expected behavior

	1
	[Enter]
	[Enter]
	[Enter]

	2
	[Enter]
	[Enter]
	[Enter]

	3
	[Enter]
	[Enter]
	[Enter]

	4
	[Enter]
	[Enter]
	[Enter]


5. Phase 1: Motor Disabled, Saturation Inactive — 4 points
During Phase 1,

5.1 Output and error
Derive  and .
5.2 Controller command
Derive  and . Determine:
· the initial command u₁(0);
· the slope of ;
· whether a finite Phase 1 steady value exists;
· the first saturation-crossing time  satisfying .
Hints:
· The anti-windup feedback is zero because .
· The output is zero, so the step error is constant.
· Check whether  before using a positive-duration Phase 1 formula.
	Phase 1 quantity
	Analytical result
	Numerical value

	
	[Enter]
	[Enter]

	
	[Enter]
	[Enter]

	
	[Enter]
	[Enter]

	
	[Enter]
	[Enter]

	Initial command
	[Enter]
	[Enter]

	First saturation time 
	[Enter]
	[Enter]


6. Phase 2 with Anti-Windup — 6 points
Phase 2 begins at . Define local time

At ,

During Phase 2,

6.1 Laplace-domain expressions
Derive , , and . Your  expression must include:
1. the contribution from ;
1. the input ;
1. the inherited integral state  from Phase 1.
6.2 Steady values and anti-windup dynamics
Determine:
· ;
· ;
· the Phase 2 pole;
· the anti-windup time constant ;
· the approximate 2% settling time .
6.3 State at motor enable
Determine the Phase 2 duration

and calculate

Explain whether the internal anti-windup dynamics have approximately settled before the motor is enabled.
Hints:
· Define .
· A useful controller equation is  because  is constant in Phase 2.
· The Phase 2 settling time concerns  and , not ; the motor is still disabled.
	Phase 2 anti-windup quantity
	Analytical result
	Numerical value

	
	[Enter]
	[Enter]

	
	[Enter]
	[Enter]

	Pole
	[Enter]
	[Enter]

	
	[Enter]
	[Enter]

	Approximate 
	[Enter]
	[Enter]

	
	[Enter]
	[Enter]

	
	[Enter]
	[Enter]


7. Phase 2 without Anti-Windup — 3.5 points
Repeat Phase 2 with

Derive , , and . Determine:
· whether a finite steady value exists;
· whether a finite time constant or settling time exists;
· ;
· .
Compare the motor-enable states with and without anti-windup.
Hint: The Saturation block limits  but does not appear in the integrator differential equation when .
	Quantity at motor enable
	With anti-windup
	Without anti-windup

	Internal command 
	[Enter]
	[Enter]

	Integral state 
	[Enter]
	[Enter]


8. Phase 3 with Anti-Windup — 7.5 points
Phase 3 begins when the motor is enabled at . Define

Use the inherited conditions

During Phase 3,

8.1 Output 
Derive  and .
8.2 Error 
Derive  and . Determine the time at which the output would cross the reference if positive saturation remained active.
8.3 Internal command 
Derive  including the inherited integral state. Obtain the corresponding time-domain expression .
8.4 Positive-saturation release
Determine the first positive root  satisfying

while  is decreasing. MATLAB numerical root finding may be used.
Calculate

State whether the output has crossed the reference before positive saturation is released.
Hints:
· Define  and .
· During Phase 3,  is a ramp and  is a decreasing ramp.
· The equation for  contains both a ramp term and an exponential term, so the release equation is generally transcendental.
MATLAB requirement: use the fill-in fzero scaffold in Appendix A for the positive-saturation release root and include the completed code in your submitted .m file.
	Phase 3 anti-windup quantity
	Result

	
	[Enter]

	
	[Enter]

	
	[Enter]

	
	[Enter]

	Reference-crossing time if saturation continued
	[Enter]

	Release time 
	[Enter]

	Output at release 
	[Enter]

	Error at release 
	[Enter]


9. Phase 3 without Anti-Windup — 4.5 points
Repeat Phase 3 with  and the inherited no-anti-windup state from Section 7.
1. Compare  with  while both systems remain positively saturated.
1. Compare  with  during the same interval.
1. Derive  and .
1. Determine  from .
1. Determine  and .
1. Explain why the two output responses initially look identical even though they leave saturation at different times.
Hint: Without anti-windup,  is the integral of a ramp error, so  is quadratic.
MATLAB requirement: repeat the Appendix A root-finding procedure for the no-anti-windup release condition and include the completed code in the same .m file.
10. Phase 4 with Anti-Windup — 7.5 points
Phase 4 begins when  crosses  on the way down. Define local time  at that instant. The inherited conditions are

Now

so the anti-windup correction is zero and the ordinary PI controller is restored.
10.1 Zero-initial-condition transfer functions
Derive

Identify the characteristic polynomial, poles, , and . State whether  is real.
10.2 Actual response with inherited states
Derive the actual , , and  using  and .
10.3 Peak output and overshoot
Determine the first time  satisfying

Calculate

Explain why the output peak normally occurs after positive saturation has been released.
10.4 Settling time
Calculate:
· the dominant-pole estimate for the Phase 4 settling time;
· the actual Phase 4 2% settling time using the inherited-state response;
· the overall 2% settling time measured from .
Hints:
· For a constant reference, .
· The Phase 4 characteristic polynomial is .
· The output is at a maximum when , not when  first falls below .
11. Phase 4 without Anti-Windup — 4 points
Repeat the actual Phase 4 analysis using the no-anti-windup release conditions

Determine:
· , , and ;
· ;
· ;
· ;
· the actual Phase 4 and overall 2% settling times.
Explain why both systems have the same Phase 4 poles but different overshoot and settling time.
Hint: The dynamics are the same, but the systems enter Phase 4 with different initial errors and integral states.
12. Simulink Model Construction — 2.5 points
Create two Simulink models, or one model with a clearly labeled switch, for:
· Model A: saturation without anti-windup, ;
· Model B: saturation with back-calculation anti-windup, .
Both models must use identical values of , , , , , and . The only control-structure difference is the feedback term .
Requirements:
· place  after the integrator;
· include the Saturation block before the motor-enable switch;
· force the actual motor input to zero before ;
· log all required signals to MATLAB;
· use a sufficiently small simulation step to resolve the short Phase 3 saturation-release interval. A fixed step of  or smaller is recommended. Use a simulation stop time of 40 s.
Place complete Simulink diagrams here or in an appendix and reference them here.
13. Required Plots and Switching Markers — 1.5 points
Generate plots using MATLAB code from logged Simulink data. Do not submit manually drawn plots.
Plot, for both models:

Clearly mark:
· : first positive saturation crossing;
· : motor enable;
· : positive-saturation release;
· : first reference crossing;
· : peak-output time;
· : overall 2% settling time.
14. Analytical and Simulink Comparison — 2 points
Complete the table. Use “not applicable” where no finite steady value or settling time exists.
	Quantity
	No anti-windup analytical
	No anti-windup Simulink
	Anti-windup analytical
	Anti-windup Simulink

	First saturation time 
	
	
	
	

	
	
	
	
	

	Maximum integral state
	
	
	
	

	Phase 2 steady 
	
	
	
	

	Phase 2 time constant
	
	
	
	

	Phase 2 settling time
	
	
	
	

	First reference-crossing time 
	
	
	
	

	Positive-saturation release time
	
	
	
	

	Time at  after motor enable
	
	
	
	

	Output at saturation release
	
	
	
	

	Peak-output time
	
	
	
	

	Maximum output
	
	
	
	

	Percent overshoot
	
	
	
	

	Overall 2% settling time
	
	
	
	

	Final steady-state error
	
	
	
	

	Final steady controller command
	
	
	
	


15. Physical Interpretation and Comparison — 1.5 points
Provide a thorough explanation of the following.
15.1 Why saturation alone failed
Explain why the saturation block limited the applied command but did not prevent the integral state from growing.
15.2 Why the motor stayed at maximum command
Explain why the motor continued receiving  after it was enabled, including after the output approached or crossed the reference in the no-anti-windup case.
15.3 Why prolonged saturation caused overheating
Distinguish excessive command magnitude from a limited command applied for an excessive duration.
15.4 Why anti-windup helped
Explain how  bounded the internal command during Phase 2 and shortened Phase 3.
15.5 Why the outputs initially looked identical
Explain why both outputs initially had the same slope after motor enable while both actuators were saturated.
15.6 Why the peak did not occur at saturation release
Use  to identify the actual peak condition.
15.7 Final steady-state behavior
Explain why both ideal models eventually have zero steady-state error even though their transient responses differ greatly.
16. Conclusion — 0.5 points
Use your analytical and Simulink results to evaluate the statement:
A saturation block protects the actuator from excessive command magnitude, while anti-windup protects the controller from accumulating an excessive internal command.
Your conclusion must cite at least four numerical comparisons from your results.
17. Submission, Academic Integrity, and Safety
Submit:
1. the completed report in PDF or DOCX format;
1. the Simulink model or models;
1. the complete MATLAB analysis and plotting .m script, including both completed Phase 3 root-finding calculations;
1. the logged simulation data used to generate the plots.
The intentional delayed-enable windup test must remain simulation-only. The physical RWP motor must not be intentionally operated using the windup scenario.


Appendix A. MATLAB Root-Finding Scaffold
Use the following fill-in scaffold for the two Phase 3 positive-saturation release calculations. Insert your derived expression for the internal controller command, choose a bracket containing the first positive root, and verify that the selected root is a downward crossing. Include the completed code in your submitted MATLAB .m file.
A.1 Phase 3 with anti-windup
% Phase 3 positive-saturation release - anti-windup
Umax = 10;
t_on = 15.000;

u3 = @(tau) ... % ENTER your derived u_3(tau) expression
F = @(tau) u3(tau) - Umax;

tauL = ...;     % ENTER a left bracket endpoint
tauR = ...;     % ENTER a right bracket endpoint
assert(F(tauL)*F(tauR) <= 0, ...
    'Selected interval does not bracket a root.');

tau_rel = fzero(F,[tauL tauR]);
t_rel = t_on + tau_rel;

h = 1e-6;
du_dtau = (u3(tau_rel+h)-u3(tau_rel-h))/(2*h);
assert(tau_rel > 0 && du_dtau < 0, ...
    'Root must be the first positive downward crossing.');

fprintf('AW local release time  = %.9f s\n',tau_rel);
fprintf('AW global release time = %.9f s\n',t_rel);
fprintf('AW command at release  = %.9f\n',u3(tau_rel));
fprintf('AW slope at release    = %.9f (must be < 0)\n',du_dtau);
A.2 Phase 3 without anti-windup
% Phase 3 positive-saturation release - no anti-windup
Umax = 10;
t_on = 15.000;

u3 = @(tau) ... % ENTER your derived no-AW u_3(tau) expression
F = @(tau) u3(tau) - Umax;

tauL = ...;     % ENTER a left bracket endpoint
tauR = ...;     % ENTER a right bracket endpoint
assert(F(tauL)*F(tauR) <= 0, ...
    'Selected interval does not bracket a root.');

tau_rel = fzero(F,[tauL tauR]);
t_rel = t_on + tau_rel;

h = 1e-6;
du_dtau = (u3(tau_rel+h)-u3(tau_rel-h))/(2*h);
assert(tau_rel > 0 && du_dtau < 0, ...
    'Root must be the first positive downward crossing.');

fprintf('No-AW local release time  = %.9f s\n',tau_rel);
fprintf('No-AW global release time = %.9f s\n',t_rel);
fprintf('No-AW command at release  = %.9f\n',u3(tau_rel));
fprintf('No-AW slope at release    = %.9f (must be < 0)\n',du_dtau);
The submitted MATLAB script must contain both completed root calculations and must reproduce the numerical release times used in the report. Do not replace the root calculation with a manually typed release time.
Detailed 50-Point Rubric
	Section
	Criterion
	Points

	3
	Correct distinction among , , and ; correct memory explanation
	2

	4
	Four correct phase definitions and qualitative behavior
	3

	5
	Correct Phase 1 transforms, time response, and first crossing
	4

	6
	Correct Phase 2 anti-windup expression, steady values, pole, time constant, and motor-enable state
	6

	7
	Correct no-anti-windup buildup and motor-enable comparison
	3.5

	8
	Correct Phase 3 , , and  expressions; numerical release condition and release state
	7.5

	9
	Correct no-anti-windup Phase 3 command, release time, and comparison
	4.5

	10
	Correct Phase 4 transfer functions, inherited-state response, peak, overshoot, and settling
	7.5

	11
	Correct no-anti-windup Phase 4 response and comparison
	4

	12
	Correct and comparable Simulink implementations
	2.5

	13
	Complete MATLAB-generated plots with switching markers
	1.5

	14
	Complete analytical-versus-Simulink table
	2

	15
	Accurate physical interpretation
	1.5

	16
	Evidence-based conclusion
	0.5

	Total
	
	50
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Back-calculation anti-windup structure used in this assignment

The integral gain K; is placed after the integrator.
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