ECE 486: Control Systems

Lecture 14A: Bode Plots for Second-Order Systems




Key Takeaways

This lecture focuses on Bode plots for second order systems.

 Second-order differentiator G(s) = s?: Phase is +180° and
magnitude has slope +40dB/decade

* Second-order integrator G(s) = = : Phase is -180° and
magnitude has slope 40dB/decade.

o _ _ b .
Second-order underdamped G(s) = 52+2€w‘1’15+w%.

Magnitude is (approximately) flat up to the corner frequency w,,and
rolls off at -40dB/dec at high frequencies.

Phase plot transitions by +180°depending on the signs of the
coefficients.

If damping is low ({ < 1) then the plot has a resonant peak of
GGwp)| = |G(O)



Bode Plot: Second-Order Differentiator

* Differentiator: y(t) = ii(t) G(s) = % = s*

If u(t) = sin(wt) then y(t) = —w? sin(wt) = w?sin(wt + )
This agrees with |G(jw)| = w? and 2G(jw) = wrad = +180°

* Magnitude has slope +40dB/decade and phase is +180°.
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Bode Plot: Second-Order Integrator

* Integrator: ii(t) = u(t) G(s) = %
If u(t) = sin(wt) then y(t) = ——sin(wt) = —sin(wt — 1)
[The form for y neglects integration constants.]

This agrees with |G(jw)| = é and £6G(jw) = —mrrad = —180°
* Magnitude has slope -40dB/decade and phase is -180°.

Bode Diagram
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Second-Order Underdamped Systems

Consider the a stable, second-order system: a(s) .
. . $) = s ——s
() + 2¢wny(t) + wly(t) = bou(t) 2o+
Assume by > 0.

— 16
|G(S) — 5185116

Bode Diagram

Bode plots can be generated by Matlab:

o 20F
2 0

>> bO:l6; %_20_
>> wn = 4; 2 40t
S -60 |

>> z1 = 0.7; = -80F

>> Gl=tf (b0, [1 2*zl*wn wn”"2]); 0.04 0.4 4 40 400
>> z2 = 0.05;

0
>> G2=tf (b0, [1 2*z2*wn wn"2]); B s}
O
>> bode (G1,"k—",G2,'b"); “%“ 90}
©
< 135}
. i . _180 rddea s anal bt s aaal
It will be useful to sketch straight-line 004 0.4 4 40 400
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approximate Bode plots.



Corner Frequency

Consider the a stable, second-order system: -
() + 2wn(t) + wy(t) = bou(t) R
Assume by > 0.

Corner Frequency: w = w,

GE) = oo

o b
G(jwn) = GompratenGonTer
. b G(0) -
G(jwn) = 520 = -2
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Corner Frequency

Consider the a stable, second-order system:

y(t) + chny(t) + w%y(t) — boU(t) G(s) = §2+2Cwy s+w?

GE) = oo

Assume by > 0.

Corner Frequency: w = w,

S b =
G(jwn) = GorraconGomter 8 2f
b G 20
G(jwn) = 2¢wZj — 2 J %Zgg:
LG(jwn) = —90° T
0.04

G(jwn)| = 5¢1G(0) 0

Phase (deq)
O
o

Small € gives a resonant peak.

This is associated with -180
overshoot and oscillations.




Low-Frequency Approximation

Consider the a stable, second-order system: a(s)
. . S) = > ST
i(t) 4 2Cwny(t) + wiy(t) = bou(t) F2lwns ol
Assume by > 0.

_ 16
|G(S) ~ 524+8(s+16

Low Frequency: w < 22

10 Bode Diagram
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High-Frequency Approximation

Consider the a stable, second-order system: bo

. : G(3) = o5
i(t) 4 2Cwny(t) + wiy(t) = bou(t) F2lwns ol
Assume by > 0.

— 16
|G(S) — 5218(s+16

Bode Diagram

High Frequency: w = 10w,
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High-Frequency Approximation

Consider the a stable, second-order system: a(s)
. . S) = > ST
i(t) 4 2Cwny(t) + wiy(t) = bou(t) F2lwns ol
Assume by > 0.

— 16
|G(S) — S218Cs116

Bode Diagram

High Frequency: w = 10w,

N = 20F
G(jw) ~ (jLS)Q = . 3-28-
| g 40}
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Gjw)| ~ 2%

Magnitude rolls-off at -40dB
per decade (similar to 1/s2).
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Middle-Frequency Approximation

Consider the a stable, second-order system: a(s)
. . S) = > ST
() + 2¢wny(t) + wly(t) = bou(t) 2o+
Assume by > 0.

— 16
|G(S) = S2F18(s+16

Middle Frequency:
Wn

Straight line approximation to
connect low/high fregs.

Bode Diagram

Magnitude: Lines meet at 0.04 0.4 4 40 400
corner frequency.

Phase: Line passes through
-90° at corner frequency.
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Resonance

e “Lightly” damped second-order system:

G(s) = % — with ¢ =0.05

$2+8(s+16
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Resonance

* “Lightly” damped second-order system:

G(s) = a2 with ¢ = 0.05

524+8(s+16
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General Second-Order Systems

We can draw Bode plots for the following cases using a
similar procedure:

2 2
G(s) = SEXWnsTOn with ¢ < 1

ao

Bode plots for higher-order systems are discussed next.
The approach can be used to sketch Bode plots for
overdamped second-order systems (which can be
expressed as a connection of two first-order systems).




