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3.1 Transmission Lines
Travelling waves on transmission lines has Transverse ElectroMagnetic 
(TEM) field structure between conductors.
• Cross section shape doesn’t change.
• electrical length of the line is long compared with wavelength.
• Cross sectional dimensions are small compared to wavelength.

Example of structures (cross sections) that can support TEM fields given 
below.

1
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Coaxial cable
Wire above 

conducting plane
Parallel 

conductors
A generic coaxial 

structure
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Transmission Lines in Planar structure

 Microstrip line
(a) Two wires

(b) One wire above an infinite ground 
plane

(c) Coaxial cable

Typical printed circuit board (PCB) structuresTypical wire-type transmission lines

  Stripline

εr=4.5 εr=4.5

εr=4.5

CoplanarEmbedded Microstrip line
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3.2 Key Parameters for Transmission Lines
Z0
 
  
  𝜖! = 𝜖!" − 𝑗𝜖!”

1.   Relation of V / I :     Characteristic Impedance
2.   Velocity of Signal:  Effective dielectric constant
3.   Attenuation:             Conductor loss
  Dielectric  loss

Reflection   Γ
Time delay TD
Loss

Lossless case

Speed 𝑐$ =
%
&!'!

= %
()

Speed 𝑣* =
)
&"'"

= %
()

Characteristic impedance 𝑍$ =
(
)

air

dielectric
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Time delay in various mediums
Total Length

velocity of propagation

1. Free space 

!
"

" "

# $ #" % &! "
µ ε

= = ×

Td per meter: !"! # $!"

2. PCB (FR-4) 

!" " #$%! #" & '
! ! !

" "" #
µ ε ε

= = ≈ ×

Td per meter: !"# $ %!"

3. Microstrip Line

Td per meter: !"# $!" #

!"#!ε =

!" #$%& ' ( ($)*!ε ≈ + =

𝑇" =
ℒ
𝑣#
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3.3 Transmission Line Equations

Quasi-TEM in microstrip

TEM in coaxial cable
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How to calculate 𝜖$%%?



Transmission Line Equations

R0 = resistance per unit length(Ohm/ cm)
G0 = conductance per unit length (S/ cm)
 L0 = inductance per unit length (H / cm)
C0 = capacitance per unit length (F/ cm)

KVL :

KCL : Solve 2nd order D.E. for
 V and I

Telegrapher’s equations
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Transmission Line Equations
In Lossless TL  𝑅 = 0, 𝐺 = 0

𝜕𝑉
𝜕𝑧

= −𝐿$
𝜕𝐼
𝜕𝑡

𝜕𝐼
𝜕𝑧

= −𝐶$
𝜕𝑉
𝜕𝑡

1
𝐿$𝐶$

𝜕+V
𝜕𝑧+

=
𝜕+𝑉
𝜕𝑡+

Wave equation

The above wave equation has a solution of the form 𝑉 𝑧, 𝑡 = 𝑉(0, 𝑡 ∓ ,
-
), which represent a 

wave travelling in forward direction (z direction) and a wave travelling in backward direction 
(-z direction), without attenuation (𝑅 = 0) and distortion (𝐺 = 0).

𝑣 =
1
𝐿$𝐶$

𝑣+
𝜕+V
𝜕𝑧+

=
𝜕+𝑉
𝜕𝑡+ Wave equation. Comparing, we get
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Transmission Line Equations with Loss
 Two wave components with amplitudes
 V+ and V- traveling in the direction of +z and -z

  

Where propagation constant and characteristic impedance are
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Reflection

When?

Mismatched lines
 i.e., RL ≠Zc

Major aspect of degrading signal integrity!

Reflection of waves at a termination
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3.4 The per-unit-length Parameters
Homogeneous structure

TEM wave structure is like the DC (static) field structure

So, if you can derive how to get the l, g and c can be
obtained by the above two relations.

homogeneous surrounding medium

12



Analysis approach (Wires in air)

L = ?   (by  L=Ψ/I)

C = ?   (by C=Q/ V)

Determination of the per-unit-length parameters of a two-wire line
(a) inductance; (b) capacitance 13



3.4.1 The per-unit-length Parameters (𝑙)
Ampere’s Law for H field

Conduction current I

Displacement current Id

in the transverse plane,

The magnetic field about a current-carrying wire.
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3.4.1 The per-unit-length Parameters (𝑙)

1

!! =

𝑙 =
ψ.
I
=
𝜇/
2𝜋

ln
𝑅+
𝑅%

Illustration of a basic subproblem of determine magnetic flux of a current 
through a surface: (a) dimension of the problem; (b) use of Gauss’ law; 
(c) an equivalent but simpler problem

Gauss’s Law for H field
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Per unit length



3.4.2 The per-unit-length Parameters (𝑐):
             1) from Gauss’s law

The electric field about a charge-carrying wire

Gauss’s Law for E field

0
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3.4.2 The per-unit-length Parameters (𝑐):

Determining the voltage between two points: (a) dimensions of the problem; (b) an equivalent but simpler problem
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Inductance：

Where

assume 

Example:   Determine the L.C.G. of the two-wire line.
(note：homogeneous medium)

rw1 rw2

s

II

𝜓" = #"$ 
%&	

ln (#
($

	 𝑅% > 𝑅)  for single wire

A special case, both wires have same radii𝑠 ≫ 𝑟0%, 𝑟0+
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Capacitance：
Method 1)

Method 2) 

if  s rw1 ,rw2

ß the same with 1st method

-
- -

S

V

+      +
   rw1
+
    +
  q  C/m

-         -
  rw2

   -
-q  C/m

𝑉 = *
%&+"

ln (#
($

	 𝑅% > 𝑅)  

for single wire

A special case, both wires have same radii

𝑐 =
𝜋𝜖$

ln 𝑠
𝑟0

, 	 r1% = r1+ = r2

+

19



3.5 Analysis approach for Z0 and Td (Stripline)

εr=4.5

Approximate electrostatic solution

1.

2. The fields in TEM mode must satisfy Laplace equation

 

where Φ	is the electric potential
The boundary conditions are

Φ 𝑥, 𝑦 = 0	 𝑎𝑡	𝑥 = ±
𝑎
2

Φ 𝑥, 𝑦 = 0	 𝑎𝑡	𝑦 = 0, 𝑏

∇%Φ, 𝑥, 𝑦 =
𝜕%𝜙-
𝑑𝑥%

+
𝜕%𝜙.
𝑑𝑦%

+
𝜕%𝜙/
𝑑𝑧%

= 0

x

b
y

a/2-a/2

εr=4.5W Homogeneous medium
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The surface charge distribution for the strip:

4. The unknowns An and Bn can be solved by two known conditions:

The potential at y = b / 2 must continuous

Analysis approach for Z0 and Td
 3.    Since the center conductor will contain the surface charge, so

    (bottom half)

(top half)x

b
y

a/2-a/2

εr=4.5W
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Analysis approach for Z0 and Td

6.

7.

Answers!!

5.
b b

𝑇3 =
1
𝑣*
=

𝜖!
𝑐

Characteristic 
impedance

Time delay
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Approximate Solution for Z0 and Td

𝑇3 =
1
𝑣*
=

𝜖!
𝑐

Per-unit-length 
capacitor

Time delay

𝑍) =
30𝜋
𝜖!

1
𝑤4
𝑠 + 0.441

Where the effective width of the center conductor is 

Assume a zero thickness strip, 𝑡 = 0

𝑤4
𝑠
=

𝑤
𝑠

𝑤
𝑠
≥ 0.35

𝑤
𝑠
− 0.35 −

𝑤
𝑠

+ 𝑤
𝑠
≤ 0.35

𝑍$ =
1
𝑉*𝐶

=
𝜖!
𝑐𝐶

𝐶 =
𝜖!
𝑐𝑍$

Stripline 

𝑐: speed of light23



d. How to determine L,C for microstrip-line.

 1)  This is inhomogeneous medium.
2)  Numerical method should be used to solve
 the capacitance C of this structure, such as Finite element,
 Finite Difference...
3)  But L can be obtained by

where 𝜖! is effective permittivity of medium 0 and medium 1.

𝐿𝐶 = 𝜇𝜖! ⟹ 	 𝐿 =
𝜇𝜖!
𝐶

εr=4.5
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a/2

1.

2.

x

PECPEC

 -a/2

The fields in Quasi-TEM mode must satisfy Laplace equation
 

where Φ is the electric potential

The boundary conditions are

Analysis approach for Z0 and Td (Microstrip Line)
 y

Wd
εr=4.5 εr=4.5
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The surface charge distribution for the strip: 

3.

 4.

Since the center conductor will contain the surface charge, so

The unknowns An and Bn can be solved by two known conditions and
the orthogonality of cos function :

The potential at y = d must continuous

Analysis approach for Z0 and Td (Microstrip Line)

(in dielectric)

(in air)
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5.

 6.

Analysis approach for Z0 and Td (Microstrip Line)
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Analysis approach for Z0 and Td (Microstrip Line)

To find the effective dielectric constant εe, we consider two cases of capacitance
1. C = capacitance per unit length of the microstrip line with the dielectric substrate
2. C0 = capacitance per unit length of the microstrip line with air, 

7.

8.

𝑇3 =
1
𝑣*
=

𝜖4
𝑐

Characteristic 
impedance

Time delay
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Approximate approach for Z0 and Td (Microstrip Line)
 

The characteristic impedance is given as*

*Cohn, Problems in strip TL, 1955

The effective relative permittivity is  

W

h 𝜖0

Then, Velocity of propagation 𝑣 = 𝑐/ 𝜖01

per-unit-length parameters   𝑙 = 2%
3
, 𝑐 = )

32%

Time delay per unit length  𝑇4 =
)
3
= 𝜖01/𝑐 

A simpler (less accurate) approximation

𝜖0′ ≈ A
𝜖0 ℎ ≪ 𝑤

𝜖0 + 1
2

ℎ ≫ 𝑤

𝑍5 =
87

𝜖0 + 1.41
ln

5.98ℎ
0.8𝑤 + 𝑡
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Z0(Ω) 20 28 40 50 75 90 100

εeff 4.5 4.5 4.5 4.5 4.5 4.5 4.5

L
(nH/mm)

0.141 0.198 0.282 0.353 0.53 0.636 0.707

C
(pF/mm)

0.354 0.252 0.171 0.141 0.094 0.078 0.071

Td
(ps/mm)

7.09 7.09 7.09 7.09 7.09 7.09 7.09

Tables for Z0 and Td (Stripline)

Fr4 : dielectric constant = 4.5
Frequency: 1GHz

εr=4.5
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Z0(Ω) 20 28 40 50 75 90 100

εeff 3.8 3.68 3.51 3.39 3.21 3.13 3.09

L
(nH/mm)

0.119 0.183 0.246 0.320 0.468 0.538 0.591

C
(pF/mm)

0.299 0.233 0.154 0.128 0.083 0.067 0.059

Td
(ps/mm)

6.54 6.41 6.25 6.17 5.99 5.92 5.88

Tables for Z0 and Td (Microstrip Line) εr=4.5

Fr4 : dielectric constant = 4.5
Frequency: 1GHz

31



Analysis approach for 𝑍, and 𝑇- (EDA/Simulation Tool)

1. Cadence AWR Microwave Office
• Free academic access available to students 
• RF/microwave circuit, transmission-line, and layout design 

2. Ansys Electronics Desktop (HFSS)
• Free Student version; EWS access may also be available 
• 3D full-wave electromagnetic field solver 

3. SIMULIA CST Studio Suite
• Free Learning Edition available to students 
• 3D electromagnetic simulation with multiple solver types 

4. Other commercial EDA / EM simulation tools
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Concept Test for Planar Transmission Lines

 • Poll: Please compare their Z0 and Td
(a) (b)

εr=4.5

εr=4.5

εr=4.5

εr=4.5

εr=4.5

εr=2.5

Line 1

Line 2

Line 3

𝐶 = 𝜖
𝐴
𝑑

2w w

2h h
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𝑇! =
𝜖"
𝑐

𝑐: speed of light
𝐶: Capacitance


