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Four Fourier Transforms

o

CTFS: Periodic in time, Discrete in frequency
CTFT: Periodic in neither, Discrete in neither
DTFT: Discrete in time, Periodic in frequency
DFT: Discrete in both, Periodic in both



Continuous Time Fourier Series: Periodic in time, Discrete
in frequency

Forward Transform:

1 [To . o1
X = — t)e Kbotgr  Qp ==
k T x(t)e ) 0 T,

Inverse Transform:

Z X eijot
k=—o0
Parseval’s Theorem:

— dt = X
To /oo | E ’ k’

k=—oc0



Continuous Time Fourier Transform: Periodic in neither,
Discrete in neither

Forward Transform:

X(Q) = /Oo x(t)e ¥ dt

—00

Inverse Transform:
1 [ ,
t)=— X(0)e/dQ
X0 =5 [ x@

Parseval’s Theorem:

/OO Ix(t)[2dt = % /Oo 1X(Q)[2dQ

—00 —00



Discrete Time Fourier Transform: Discrete in time,
Periodic in frequency

Forward Transform:

Inverse Transform:

2
x[n] = % A X(w)e*"dw

Parseval’s Theorem:

o 2
SR = 5o [ IXG)Pde



Discrete Fourier Transform: Discrete in both, Periodic
both

Forward Transform:

N-1
2mwkn

X[kl = x[n]e ™

n=0

Inverse Transform:

:2mkn

1 N-1
x[n] = & ;X[k]e’ W

Parseval’s Theorem:

N—-1 1 N—-1
> Ixinll? = N > IXIKIP
n=0 k=0
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Discrete-Time Impulse
Definition:

B _ 1 n=ng \
0n — ol _{ 0 otherwise

Sampling Theorem:

> 6[n— nolf[n] = f[n]

n=—0o0

DTFT of an Impulse:
X[n] = 5[" — no] > X(w) — e*fw"o

DFT of a Cosine:

x[n] = cos ((T) n) & X[K] = gé[k —a]+ gé[k — (N - a)]



Continuous-Time Impulse
Definition:

5(t—to):{OO t=to |

0 otherwise

Sampling Theorem:

CTFT of an Impulse:
x[n] = 6(t — to) < X(Q) = e /%
CTFT of a Cosine:

x(t) = cos(at) +» X(Q) = 716(Q—a)+76(Q+a)
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DTFT: Rectangle <> Sinc

» The DTFT of a sinc is a rectangle:

1 |w| <we
0 we<lwl<m

h[n] = (%) sinc(wen) < Hw) = {

» The DTFT of an even-symmetric rectangle is a sinc-like
function, called the Dirichlet form:

1< B2 _ sin(wL/2)
diln] = {O otherwiie & Diw)= sin(w/2)



Rectangle <> Sinc

hiln], omegac=n/4

Hj(w), omegac=m/4
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Symmetric and Causal Rectangles
The causal rectangular window is:

wai] = 1 0sn<i-1
RUT= 0 otherwise

Its DTFT is:
0 ) L-1 )
We(w) = 3 welnle = = 3" e

n=—o00 n=0
1—ewt

" Toew

_ sin(wL/2) —jw(5)
sin(w/2)

It's just a delayed version of the symmetric rectangle:

L-1

WR[”] =d [n — L;1:| > WR(w) = DL(w)efjw(T)



Properties of the Dirichlet form: Periodicity

Wr(w) is periodic with a period of 21

sin(wl/2) H
Di(w) = —— '
L) sin(w/2) )
Both numerator and denominator ? AA AN INNNA

[

are periodic with period 27. \/ VAR \/

IS4l



Properties of the Dirichlet form: DC Value

DL(0)= > wn=L

n=—0o0

Wr(w) has a peak amplitude of L

3w4 -2 4 o wa w2 34




Properties of the Dirichlet form: Sinc-like

Wr(w) falls as 2/w
sin(wL/2)

Dy (w) = A=)
L) = G w/2)
_sin(wL/2) :

T w2

Because, for small values of w, -2

sin (£) ~ 2.



Properties of the Dirichlet form: Nulls

Frequencies of the null of Wg(w)

_sin(wL/2) o
D) = @) :

It equals zero whenever

wa - 2

kT

2 S\

For any nonzero integer, k.



Properties of the Dirichlet form: Sidelobes

Its sidelobes are

Frequencies of the peaks of Wgr(w)

o (3\__ -t -2
E\L ) sin(3r/2L) ~ 3r :
p (7y_.__1 2 6
L) sin(57/2L) ~ 5m
7 ~1 —2L
D |{— )= ~
t ( L > sin(7m/2L) T - \/

0 3L S 7L



Properties of the Dirichlet form: Relative Sidelobe
Amplitudes

The relative sidelobe amplitudes
don't depend on L:

Frequencies of the peaks of Wa(w)

Du(f) 1 =2
Dy (0) — Lsin(3w/2L) = 3« ,
D () 1 2 ‘

~
~

D,(0) ~ Lsin(57/2L) 5w

D () ~1 2 ] \/

Di(0) ~ Lsin(7x/2L) = 7n :



Properties of the Dirichlet form: Decibels

We often describe the relative
sidelobe amplitudes in decibels,
which are defined as

Wr(w) in decibels

D (3F 2
20logy, ;v((é)) ~ 20logyo 5~ ~ ~13dB

Dy (3F 2
20logy, ;v((é)) ~ 20logg o~ ~ ~18dB

D, (= 2 ; e
20logy, \jv(( é)) ~ 20logyg - ~ ~21dB
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Filtering and Windowing

» Filtering: Convolution in time <> Multiplication in frequency

» Windowing: Multiplication in time <> Convolution in
frequency



Filtering: Convolution in time <+ Multiplication in
frequency

Y(w) = Hw)X(w) <> y[n] = h[n] * x[n]
= hlmlx[n— m]

= Z h[n — m]x[m]



Windowing: Multiplication in time <+ Convolution in
frequency

ylo] = wlnlxdi] ¢ ¥ () = 5~ W(w)  X(w)
2T
- 27r/ W(0)X (w — 6)db
1 21

=5 | Wl - 0X@O)d
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Conclusion

I o

Periodic in time <> Discrete in frequency

Discrete in time < Periodic in frequency

Impulse in time <+ Complex exponential in frequency
Complex exponential in time <> Impulse in frequency
Sinc in time <> Rectangle in frequency

Rectangle in time < Sinc in frequency
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