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Problem 5.1

Let A be a 2 × 2 matrix, and let x be one of its elements. All of its other elements are known, and are
given as:

A =

[
x 3
−1 2

]
(5.1-1)

Suppose that you are given one of its eigenvalues, λ, and you want to find the corresponding eigenvector. As
you know, the scale of an eigenvector is arbitrary, so let’s arbitrarily set its first element to 1: ~v = [1, v2]T .
Solve for its second element, v2, in terms of λ.

Problem 5.2

Suppose ~X = [X1, X2]T is a Gaussian random vector with mean and covariance given by

µ =

[
1
0

]
, Σ =

[
4 1
1 4

]
Sketch the set of points such that f ~X(~x) = 1

2π
√
15
e−

1
2 , where f ~X(~x) is the pdf of ~X. Specify four points that

are included in this set of points.

Problem 5.3

Principal component analysis finds the eigenvectors of XXT with maximum eigenvalue, where X is the
matrix whose columns are the mean-subtracted data vectors, xi −µ∀i ∈ {1, . . . , n}. Some authors prefer to
define PCA without subtracting the mean vector, i.e., directly defining X̃ = [x1, . . . ,xn].

(a) Write X̃X̃T in terms of XXT , n, and µ. Take advantage of the fact that

µ =
1

n

n∑
i=1

xi

to reduce your answer to only two terms. Hint: if you get stuck, review the proof of the basic probability
fact that, for any scalar random variable X, E[X2] = σ2

X +µ2
X . This is just the vector version of that.

(b) What is likely to be the first eigenvector of X̃X̃T ? What is the relationship between its other eigen-
vectors and the eigenvectors of XXT ?
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