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* Mahalanobis Distance review

* PCA = Eigenvectors of the covariance matrix

* Positive semi-definite matrices; pseudo-inverse
e PCA = Left singular vectors of the data matrix



Mahalanobis Distance
Review



Mahalanobis form of the multivariate
Gaussian, dependent dimensions

If the dimensions are dependent, and jointly Gaussian, then we can still
write the multivariate Gaussian as

s R D
f)?(f) =N(x;iU,X) = PESE e 2 T 7))

We call this the Mahalanobis form because the exponent is the squared
Mahalanobis distance (with weight matrix X) between x and p:

2 ) = - DTE(E - i)



Example

Suppose that x; and x, are linearly correlated Gaussians with means 1
and -1, respectively, and with variances 1 and 4, and covariance 1.

S 1
H= [—1]
Remember the definitions of variance and covariance:
01 = E[(xg —my)?] =1
0% = E[(xz —pp)?] = 4
012 = 021 = E[(x — 1) (2 —pz)] =1

=]



Example

The contour lines of this Gaussian are the lines of constant
Mahalanobis distance between x and ji. For example, to plot the
ds(x, ) = 1 and dx(x, ) = 2 ellipses, we find the solutions of

1=d§@ i) =F-D'E (X - @)
and
4=di(X @) =EF-DTTE-[)



Example

Contour Lines, Gaussian with Non-Diagonal Covariance
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PCA = Eigenvectors of the
Covariance Matrix




Symmetric positive definite matrices

If X is symmetric and positive semi-definite we can write

% =UAUT

and
UTsU = A

Where A is a diagonal matrix of the eigenvalues, and U is an
orthonormal matrix of the eigenvectors.



Inverse of a positive definite matrix

The inverse of a positive definite matrix is:

>l =pypa-1yT
Proof:
YY1 =UAUTUANTUT = UANIUT = U0UT =1
where 1 ; ;
A
1
Al=10 —
Ay
0 1
i Ap




Mahalanobis distance again

Remember that

dg (%, i) = (X — D" (X — i)
But we can write this as
dz (%, i) = (¥ — HTUATUT (X — ji)
=y Ay
Where the vector y is defined to be the pr}ncipal components of X:
u; (X —p)
y=U"x—{)=

Y T,n -
Uup (X — )]



Facts about ellipses

The formula

... or equivalently , ,
1221 .. 2D
A Ap
... iIs the formula for an ellipsoid. If ; = A, = --- Ap then the biggest main axis
of the ellipse is the direction in which y; # 0 and all of the other principal
components are y; = 0. This happens when (¥ — [i) & 1y, because in that
case:
' (Z—@)#0
- T, - .
uj (x—p) =0, j#1



Example

Suppose that
v — 1 1
1 4
We get the eigenvalues from the determinant equation: |X — AI| =

(1-21)(4 —21) —1=2%—51+ 3 which equals zero for 1 = Si;/ﬁ.

We get the eigenvectors by solving Au = Xu, which gives

1
;o |3+V13|, W« |3-+V13
2 2

Where the constant of proportionality is whatever’s necessary to make
vectors unit-length; we don’t really care what it is.




Example

Contour Lines, Gaussian with Non-Diagonal Covariance
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Example

In fact, another way to write this
ellipse is
1

C(@'@-m)

A ,

(&' G- D)
;

_|_

Contour Lines, Gaussian with Non-Diagonal Covariance
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Example

In fact, it’s useful to talk about X in
this way:

e The first prlnC|paI component, y;,
is the part of (x — i) that’s in the
U, direction. It has a variance of 4.

* The second prlnC|paI component,
Y2, is the part of (x — i) that’s in
the 1, direction. It has a variance
of 1,.

* The principal components are
uncorrelated with each other.

* If X is Gaussian, then y; and y, are
independent Gaussian random
variables.
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Positive semi-definite
matrices



Symmetric positive semi-definite matrices

Positive semi-definite (X = 0) means that for any vector X, X’ £X¥ > 0. This is
equivalent to saying that all of the eigenvalues of X are non-negative (1; = 0).

* This kind of thing often happens if D > N (the vector dimension is larger than the
number of training tokens, as in MP2.

* Now it will turn out that some of the eigenvalues are zero. In fact, only M of the
eigenvalues will be nonzero, for some number M < min(N, D).

* The number of zero eigenvalues depends on how many different values of ¥
cause XXX = 0. Suppose that there is a (D — M)-dimensional subspace of
vectors X such that any X from that subspace causes X' 2X = 0. Then there
are (D — M) zero-valued eigenvalues.

* If we've sorted the eigenvalues so that 4, = 4, = - Ap, thenA; = 0fori > M,
and

D

M
_ - DT _ — =T
I— z Aiuiui = z )ll-ul-ul-

=1 =1



Symmetric positive semi-definite matrices

It’s useful now to define the eigenvalue matrix to be only M X M, and to
define the eigenvector matrix to be D X M, where D > M. That way we can
keep the idea that A is all zeros off the diagonal, and all positive elements on
the main diagonal:

A, 0 0]
A = O 2'2 e ], U — [171; "')l_'L)M]
0 .. Ay

With these definitions,_we can still V\;rite
Y = UAUT (a D X D matrix)
UTSU = A (an M X M matrix)
U'u = Ivxm
L but UUT # Ipyp.



PCA = eigenvectors corresponding to honzero
eigenvalues

When X is positive semi-definite, it’s most useful to define PCA for the
nonzero eigenvalues (you can define PCA for the other eigenvectors,
but it’s not really useful). Thus y is an M-dimensional vector:

> T ;> >N\ |
u, (X — i)
j=UTG i) =

— T .: -
Uy (X —[).



Pseudo-inverse of a positive semi-definite matrix

For a positive semi-definite matrix, it's useful to define a “pseudo-
inverse” :
>t =uAtuT
The dagger T is a special character that means “pseudo-inverse.”
e It’s not a true inverse (XXT = I)...

* But it has some other properties that make it behave almost like an
inverse. For example,
e 2Tyt =37
« XXTE=3.



Mahalanobis distance uses pseudo-inverse,
since the true inverse doesn’t exist

...in particular, the only sensible definition of Mahalanobis distance, in

this case, is
ds (X, i) = (X — DTET(X — )

= 3" A7y
y1° Yu®
= 4.4
A4 Am
Notice what this means. It means that any component of (x — fi) in a
direction outside of the M-dimensional space U = [uy, ..., U] is just
completely ignored. (x — [i) is first projected into that subspace as y =

UT (X — i), then dé (X, ji) just calculates distance in the subspace.



PCA = |eft singular vectors of
the data matrix




Normalized Data Matrix: Outer product =
sample covariance matrix

Define the “normalized data matrix” to be

X = [fl_ﬁ:fz_ﬁ""'fN_ﬁ]
N-1
That way we get the unbiased sample covariance matrix as

N
z=#§ &, — @)@y — @) = XX
n=

Yisa D X D matrix. Its (¢, d)" element is the sample covariance of x,
and x4

1
Ocd = N—1 11¥=1(xcn — .uc)(xdn — .ud) ~ E[(xc — .uc)(xd — .ud)]




Inner Product = Gram Matrix

Instead of the outer product XXT, suppose we compute the inner
product X7 X. That’s called the ”grarp rQatrix:”
r=Xx"Xx

I'isan N X N matrix. Its (m,n)'" element is the dot product of

(X — i) and (X, — fi):
1 - - - -
Ymn = 35 (X — .U)T(xn — )



Eigenvalues of the Gram Matrix and the
Sample Covariance

Both the gram matrix and the sample covariance are symmetric

positive semi-definite matrices, so we can write
¥ =UAUT, T =VKVT

A, 0 0] Kk, 0 0
A=]|0 AZ .|, K= 0 K-
] O AM_ O KM_

U = [ily, ..., 1y ] is D X M

V= [1_7)1,...,7})1\/[] isN XM
UTU — VTV — IMXM

But UUT # Ipyp and VVT # Iyyn



Square Root Matrix

Define the square root matrix of A to be some matrix A/? such that
A1/2A1/2 — A

In fact, for a diagonal matrix like A, the square root matrix is easy to

find. It's just ] )
J&, 0o

0 Ji, .
0 V2u.

A1/2 —




Inserting an |dentity Matrix: Covariance

Remember that VTV = I. Therefore we can write
XXT =%
= UAUT
— UAl/ZAl/ZUT
= UAY2INY2UT
= UNY2VTY A 20T

1 1
= (UAzVT)(UuAzy T



Inserting an |dentity Matrix: Gram Matrix

Remember that UTU = I. Therefore we can write
XTX =T
= VKVT
— VKl/ZKl/ZvT
= VK/2IKY2pyT
= VKY2yTyK/2y”

1 1
= (UKzv YT (UKzyT)



Singular Value Decomposition (SVD)

Thus we have

XTX = (UK%VT)T(UK%VT)
And

XXT = (UA%VT)(UA%VT)T
The only way these things can both be true is if

X=UsvT
Where U (D X M) and_V (N X M), are both inner-orthonormal, and
sty 0 O
S= 0 Sz ’Sj: AJZ\/K_]
0 .. sm




Singular Value Decomposition (SVD)

X =USVT, where U (D x M) and V (N X M), are both inner-

orthonormal, and ]

S1
S=|0
0

0
S2

0

s = A=K

SMm

U and V are called the left and right singular vectors of X

* 5 are called the singular values

* There’s nothing special about X. EVERY matrix has singular values

and singular vectors, but...

* The only way to find the singular values is by finding the eigenvalues
of XTX or XXT, whichever is smaller.



Why is this useful for MP27?

* The only way to find the singular values is by finding the eigenvalues
of XTX or XXT, whichever is smaller.

* In MP2, the sample covariance is D X D, which is huge. The gram
matrix is N X N, which is actually a lot smaller. So you want to start
out by computing ' = VAV |, not £ = UAUT

* To find the principal components, though, you need U. How do you
find it, if you already know VV and A? Answer: use the data matrix:
X=UsvT
XV =USvTv =US
Xvsl=uU



Why is this useful for MP27?

e But actually, in past semesters we’ve discovered that, instead of using
the orthonormal PCA, you actually get better results if you use the S-
weighted PCA:

US = [Slﬁli "'JSM{ZM]



summary

* Principal components are what you get by projecting the data onto
the principal component directions

* Principal component directions are eigenvectors of the covariance

 Variance of a PC is the eigenvalue of the covariance, which is also the
eigenvalue of the gram matrix. Standard deviation of a PC is the
singular value of the data matrix (square root of the variance).

* Once you have eigenvalues and eigenvectors of the gram matrix, you
can find the eigenvectors of the covariance by multiplying through
the data matrix.



