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Linear Transforms

A linear transform y = AxX maps vector

- -
space X onto vector space y. For

example: the matrix A = [O ;] maps

the vectors
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Linear Transforms

A linear transform y = AX maps vector
space X onto vector space y. For

example: the matrix A = [(1) %] maps
the vectors
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Linear Transforms

A linear transform y = AxX maps vector
space X onto vector space y. The
determinant of A tells you how much
the area of a unit circle is changed
under the transformation. For

example:if A = [O 2] then the unit

circle in X (which has an area of «) is
mapped to an ellipse with an area of

m|A| = 2m.




Eigenvectors

* For a D-dimensional square matrix,
there may be up to D different
directions X = v, such that, for some
scalar A4,

AU_d) — Adv_d)

* For example: if A = [é 1], then the Y2
eigenvectors and figenva ues are

e
0 -

A

v—;:m,v—z’: =1, =2

Sl =Sl



Eigenvectors

* An eigenvector is a direction, not just a
vector. That means that if you multiply an
eigenvector b}/ any scalar, you get the same
eigenvector: it Avy = A4v4, then it’s also
true that cAv,; = cA, v4

* For example: the following are all the same

eigenve_cao_r i ]
1

— V2l = _ 11 — V2
2711 "/E"Zzu'_”Z: 1

V2! | V2!

* Since scale doesn’t matter, by convention,
we normalize so that [|v4|[, = 1 and the
first nonzero element is positive.
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Eigenvectors

* Notice that only square matrices can
have eigenvectors. For a non-square
matrix, the equation Av; = A4V, is
impossible --- the dimension of the
output is different from the
dimension of the input.

* Not all matrices have eigenvectors!
For example, a rotation matrix
doesn’t have any real-valued
eigenvectors:

__|cos® —sinéb

R =
sin@ cos6
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Eigenvalues

Avg = A4V

That means that when you use the linear
transform (A — A41) to transform the unit
circle, the result has zero area. Remember
that the area of the outputis m|4A — A,4I|. So
that means that, for any eigenvalue 4,4, the
determinant of the matrix difference is zero:

|A — A4l
Example:
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Eigenvalues

Let’s talk about that equation, |A — Adll = 0. Remember how the
determinant is calculated, for example i

a b c
A=|d e f|, then|4d— AI| =0 means that
g9 h i

a—A b C
O=|A-Al|=| d e—21 f
g h i —A

(@a—NDe—-D)E—-2)—-bdi—-2)—gf)+c(dh—gle—1)

* We assume thata, b,c,d,e, f, g, h,iareall ;iven in the problem statement.
Only A is unknown. So the equation |4 — AI|l = 0is a D'th order
polynomial in one variable.

* The fundamental theorem of algebra says that a D’th order polynomial has
D roots (counting repeated roots and complex roots).




Eigenvalues

So a DxD matrix always has D eigenvalues (counting complex and
repeated eigenvalues). This is true even if the matrix has no
eigenvectors!! The eigenvalues are the D solutions of the polynomial
equation



Positive Definite Matrix

 Alinear transform y = AX is called
“positive definite” %/written A > 0)if, for
any vector X,
XxTAX >0

* So, you can see that this means ¥y >

* So this means that a matrix is positive
definite if and only if the output of the
transform, y, is never rotated away
from the input, x, by 90 degrees or
more! < (useful geometric intuition)

* For example, the matrix A = [1 1] is
.. .. 0 2
positive-definite.




Symmetric matrices

We’ve been working with “right eigenvectors:”

Avg = AqVq
There may also be left eigenvectors, which are row vectors ﬁg, and
corresponding left eigenvalues u :

UgA = pgtig
If A is symmetric (A = A7), then the left and right eigenvectors and
eigenvalues are the same, because

2aBg = Aqv)T = (Av)T = BAT = DL A = paiif



Symmetric positive definite matrices

If A is symmetric (A = A7), then you can do an interesting thing if you
multiply the matrix by its eigenvectors both before and after:

‘7£A5d — 1_7)5(/%173}1) = /1d||77d||% = Aq

So if a symmetric matrix is positive definite, then all of its eigenvalues
are positive real numbers. It turns out that the opposite is also true:

A symmetric matrix is positive definite if and only if all of its
eigenvalues are positive.



Symmetric positive definite matrices

Symmetric positive definite matrices turn out to also have one more
unbelievably useful property: their eigenvectors are orthogonal.

-

ViU =0 ifi #
If i = j then, by convention, we have
v v = |I9]15 =1
So suppose we create the matrix
V = [V, Uy, ..., Up]
This is an orthonormal matrix:
Vv =1
It turns out that, also, VVT = 1.



Symmetric positive definite matrices

If A is symmetric (A = A7), then
5£A5d — 55(@%) = /1d||77d||% = Ag

1,i=]
>T > )
”i”f‘{o,i;tj

...but also...

That means we can write A as

A= ZA” = VAVT

Because

->T > ->T > 5T > .
Vi Av; = )iz AiVj Vi V) = A,



Symmetric positive definite matrices

If A is symmetric and positive definite we can write
D
A= z A0 = VAVT
e

l
Equivalently

VTAV = VIVAVTY = IAI = A



Covariance matrices

Suppose we have a dataset containing N independent sample vectors,
X,,. The true mean is approximately given by the sample mean,

B Nz

Similarly, the true covariance matrix is approximately given by the
sample covanance matrix,

FIG — G — )] ~ Z(xn ) Gen — )



Covariance matrices

Define the ”sum—of—squaresl\r,natrix” to be
§= ) (G — DG — DT
n=1

So that the sample covariance is £ = S/N. Suppose that we define the
centered data matrix to be the following DxN matrix:

X = [5()1 _ﬁ,fz _ ﬁ! "'JJ_C)N _ :L_i]
Then the sum-of-squares matrix is ] )
(X, — D"

Gy — D"

-

S=XX"=[X — i, .., Xy — ii]




Covariance matrices

Well, a sum-of-squares matrix is obviously symmetric. It’s also almost
always positive definite: ] )
(X, —iD)'%

RTSE = [RT Ry — @), oo, ZT Ry — D] .
_(xN — i) X
That quantity is positive unless the new vector, X, is orthogonal to

(X,,— ) for every vector in the training database. Aslongas N > D,
that’s really, really unlikely.




Covariance matrices

So a sum-of-squares matrix can be written as



Principal components

Suppose that
l, 0 0]
A=|0 .. 0|, V=1[v,..,Vp]
0 0 Ap

are the eigenvalue and eigenvector matrices of S, respectively. Define
the principal components of %,, to be y;,, = U} (%, — [i), or

> T > -\ |
(%] (xn_.u)
y)n — VT(fn _ﬁ —

> T ;> -
vp (Xp — U]



Principal components

Suppose that A and V are the eigenvalue and eigenvector matrices of S,
respectively. Define the principal components to be ¥, = VT (¥,, — ji).

Then the principal components yg,, are not correlated with each other, and the
variance of each one is given I?\y the correspondlng eigenvalue of S.

1 yln
Elyy"] ~ 5 VT = Nz [Y1ins +-» YDnl
n=1

yDn

N
1 - - - -
Nz VT Gy — ) Gy = DTV

A, 0 O
0 0 2p




summary

* Principal component directions are the eigenvectors of the covariance
matrix (or of the sum-of-squares matrix — same directions, because
they are just scaled by N)

* Principal components are the projections of each training example
onto the principal component directions

* Principal components are uncorrelated with each other: the
covariance is zero

* The variance of each principal component is the corresponding
eigenvalue of the covariance matrix



Implications

* The total energy in the signal, E[||X — i||3], is equal to the sum of the
eigenvalues.

* If you want to keep only a small number of dimensions, but keep
most of the energy, you can do it by keeping the principal
components with the highest corresponding eigenvalues.



