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Moving Points Around

First, let's suppose that somebody has given you a bunch of points:




...and let's
suppose you
want to move
them around,
to create new
images. . .
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Moving One Point

@ Your goal is to synthesize an output image, /(x,y), where
I(x,y) might be intensity, or RGB vector, or whatever.
o What you have available is:
o An input image, lh(u,v)
o Knowledge that the input point at (u, v) has been moved to
the output point at (x, y).

@ Therefore:
/(X7y) = IO(ua V)
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Non-Integer Input Points

@ Usually, we can't make both (x,y) and (u, v) to be integers.

@ The easiest thing is to make (x, y) be integers. In other
words, create the output image as “for x=1:M, for y=1:N,

I(x,y) = 10(u,v);"
@ In that case, (u,v) are not integers. So what is lp(u, v)?
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Non-Integer Input Points

Suppose that p = int(u), and g = int(v). Then:
@ Piece-wise constant interpolation:

I(x,y) = lo(p. q)
@ Bilinear interpolation:

I(x,y) = Z Zh[mn]lop m,q — n)

m=—1n=-1

where >~ > w[m,n] = 1.

@ General interpolation (e.g., spline, sinc):

Z Z h[m, nllo(p — m, q — n)

m=—0o0 Nn=—00
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How do we find (u, v)?

Now the question: how do we find (u, v)?
We're going to assume that this is a piece-wise affine

transformation.
ul_ ar by X + Ck
v de ek y fi

where ay etc. depend on which region (x,y) is in.
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How do we find (u, v)?

Piece-wise affine means:

HEIMEE

A much easier to write this is by using extended-vector notation:

u ar br ck X
v | = | di e fk y
1 0 0 1 1

It's convenient to define & = [u, v, 1], and X = [x,y,1]7, so that
for any X in the k' region of the image,

U= AgX
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Affine Transforms

Affine transforms can do the following things:
e Shift the input (to left, right, up, down)
@ Reflect the input (through any line of reflection)
@ Scale the input (separately in x and y directions)
@ Rotate the input
@ Skew the input
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Example: Reflection

Identity (Criginal) Reflected Horzontaly

u -1 0
v | = 0 1
1 0 O



Affine Transformations

[e]elele] Jolele]

Example: Scale

Identity (Original) Scaled 2y Horizontaly

SO ON
o = O
= O O
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Example: Rotation

rotated by /4

)6 ¢

l[dentity (Criginal)

u cosf® sinf O X
v |=| —sinf cosf 0 1%
1 0 0 1 1
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Example: Shear

Identity (Criginal) Sheared Horizontaly
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Affine Transformations

nl T vyanstfornmations

¥ Combines linecar +ransformations,

and Translations

x [ a b c x
the ones we looked at, thatwere| d e f Y
tihe you know the ﬁ@ﬁﬁﬂﬂ@n s;@? ing an@ﬂ 0 0 1 w

> P o) 0:26/1:19 @B £ ] i



https://www.youtube.com/watch?v=il6Z5LCykZk
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How do we find the parameters?

@ OK, so somebody's given us a lot of points, arranged like this
in little triangles.

@ We know that we want to scale, shift, rotate, and shear each
triangle separately with its own 6-parameter affine transform
matrix Ag.

@ How do we find Ay for each of the triangles?
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Barycentric Coordinates (10.0) (12,120) (©.10)

Barycentric coordinates turns the

problem on its head. Suppose X is in a
triangle with corners at X, Xo, and Xs.
That means that e

(V21/424)  (1/4,12,1/4)

(1/3,1731/3)

(174,174, 1/2)

X = A1X1 + AoxXo + A3X3

where
(0,0,1)

(1,0,0), (1/2,1/2,0) (0,1,0)

0< A1, A, A3<1

and
(V204,04)  (1/4,1/2,1/4)

AMt+A+A3=1

(13,173,1/3)

20U\, (VA14172)  [(0.1/212)
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Barycentric Coordinates

Suppose that all three of the corners are transformed by some
affine transform A, thus

) = AXy, U= AXy, U3 = AX3
Then if
If: X = MiX1 + AoXo + A3X3
Then:
AX

= MAXL + M AX% + A3AX;
= Arly + A2l + A3l

<y

In other words, once we know the \'s, we no longer need to find A.
We only need to know where the corners of the triangle have
moved.
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How to find Barycentric Coordinates

But how do you find A1, A, and A3?

A1
X = AX1 + AoXo + A3xXz = [)_(‘1,)_(‘2,)_('3] Ao
A3
Write this as:
X=X\
Therefore
A= X"1x

This always works: the matrix X is always invertible, unless all
three of the points Xj, X, and X3 are on a straight line.
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How do you find out which triangle the point is in?

@ Suppose we have K different triangles, each of which is
characterized by a 3 x 3 matrix of its corners

Xk = [X1,k, X2,k0, X3, k]

th

where X, « is the m"™ corner of the kth triangle.

@ Notice that, for any point X, for ANY triangle X, we can find
A= X%

@ However, the coefficients A1, A2, and A3 will all be between 0
and 1 if and only if the point X is inside the triangle Xi.
Otherwise, some of the A's must be negative.
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Conclusion: The Whole Method

To construct the animated output image frame /(x, y), we do the
following things:

o First, for each of the reference triangles Uy in the input image
Io(u, v), decide where that triangle should move to. Call the
new triangle location Xj.

@ Second, for each output pixel /(x,y):

e For each of the triangles, find X = Xk_lff.

o Choose the triangle for which all of the A coefficients are
0<A<L

o Find 7 = UjX.

o Estimate lp(u, v) using piece-wise constant interpolation, or
bilinear interpolation, or spline or sinc interpolation.

o Set I(x,y) = lp(u,v).
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