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Today’s Lecture

 Similarity and Dissimilarity of vectors: all you need is a norm
* Example: the Minkowski Norm (Lp norm)

* Cosine Similarity: you need a dot product

* Example: Diagonal Mahalanobis Distance

 What is Similarity?

* Metric Learning



Norm (or Metric, or Length) of a vector

A norm is:

1. Non-negative, ||X|| = 0

2. Positive definite, ||Z]| = 0iff X = 0

3. Absolute homogeneous, ||ax]|| = |a]||x]|

4. Satisfies the triangle inequality, [|X + yI| < ||X]|+]| V]
Notice that, from 3 and 4 together, we get

X =yl < IX]|+]y]]



Distance between two vectors

The distance between two vectors is just the norm of their difference.

Notice that, because of non-negativity, homogeneity, and triangle
inequality, we can write that

0 <%=yl < IXII+]Iyl

And because of positive definiteness, we also know that 0 = |xX — vl
onlyif X = y.

And the maximum value of ||x — y|| is ||X]|+||y|| achieved only if y is
proportional to -x
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Example: Euclidean (L2) Distance

The Euclidean (L2) distance between two vectors is defined as
1= Yll, = V1xs = y1 |2+ -+ |xp — ypl?
Non-negative: well, obviously

Positive definite: also obvious
Absolute homogeneous: easy to show

R

Triangle inequality: easy to show: square both sides of that
equation [|x — y[| < [lx][+|y]l



Example: Euclidean (L2) Distance

Here are the vectors x, in 2-dimensional space, that have ||xX||, = 1
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Example: Minkowski (Lp) Norm

The Minkowski (Lp) distance between two vectors is defined as
- - P
1 = ll, = VIxs —y1lP + -+ |xp — yp P
Non-negative: well, obviously

Positive definite: also obvious
Absolute homogeneous: easy to show

R

Triangle inequality: easy to show for any particular positive integer
value of p (just raise both sides of the equation [|Xx — V|| <
|X]1+|y] to the power of p).



Example: Minkowski (Lp) Distance

Here are the vectors X, in 2-dimensional space, that have |[X]|3/,, = 1
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Example: Minkowski (Lp) Distance

Here are the vectors X, in 2-dimensional space, that have |[X]|,/3 = 1
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Manhattan Distance and L-infinity Distance

The Manhattan (L1) distance is
X = ylls = lxy = y1| + -+ |xp — ypl
The L-infinity distance is

- - . p
X — Yl = ,3‘330 \/|x1 — Y|P+ -+ [xp —yplP

= max |x; —
1sd5D| da— Val
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Dot product defines a norm

* The dot product between two real-valued vectors is symmetric and linear,
SO:

G- E—F) = xT% - 257 +5F
(for (I;]c)>mplex—valued vectors, things are a bit more complicated, but not too
much).
* Dot product is always positive definite:
E=-'E-y)=0
X=—PI'E—-y)=0onlyifXx =y
* So a dot product defines a norm:
1X=ylI* =& -9"& -3

12 = ¥1I* = I%I1* = 2y" % + |[¥Il°




Cosine

The cosine of the angle between two vectors

is \ © = arccos(x-y/1z11y!)

yT% |

[EqiYIvgl

cos(x,y) =

Y
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Example: Euclidean distance

* The Euclidean dot product is:
VX =x1y1 4+ XpYp
* The Euclidean distance is:
1X = JlI* = (xg — y1)°+ -+ (xp — yp)?
= (xf = 2x1y1 +yi) + -+ (xf — 2xpyp + ¥5)
= IXII* + I¥II* — 2(x1y1 + -+ xpYp)



Example: Mahalanobis Distance

* Suppose that X is a diagonal matrix,

-1 ]
] — 0 0
ot 0 0 of
=0 .. 0f, Zt=]o0 0
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0 0 op] 0 0 —
i Op |
* The Mahalanobis dot product is ther;cdefined as: N
yTE-1% = 132]1 + o D32'D
01 Op
* The squared Mahalonobis distance is: , ,
s oNTw—lro o (X1 — Y1) (Xp — ¥p)
d2(x,y) = -z 1x -y = > + ...+ >
01 Op



Example: Mahalanobis Distance
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What is similarity?




What is similarity?
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Metric Learning

The goal: learn a function f(x,y) such that, if the user says y1 is more
like x and y2 is less like x, then

f(x,y1) < f(x,y2)
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a matrix W that parametrizes the similarity function fy (2, 2) = &” Wz.

Metric learning [edit]

Similarity learning is closely related to distance metric learning. Metric learning is the task of learning a distance function over objects. A metric or distance function has
to obey four axioms: non-negativity, Identity of indiscernibles, symmetry and subadditivity / triangle inequality. In practice, metric learning algorithms ignore the condition
of identity of indiscernibles and learn a pseudo-metric.

When the objects &; are vectors in Rd , then any matrix W in the symmetric positive semi-definite cone Si defines a distance pseudo-metric of the space of x through
the form Dy (ml,m2)2 = (:c1 — mg)TW(ml — :cz). When W is a symmetric positive definite matrix, Dy is a metric. Moreover, as any symmetric positive semi-
definite matrix W € S% can be decomposed as W = L"L where L € R®*¢ ande > rank(W), the distance function Dy can be rewritten equivalently

Dy (z1,25)* = (21 — :cg)TLTL(:cl —x9) = || L(z1 — mg)“g . The distance Dy (z1,22)? = |} — :c’2||§ corresponds to the Euclidean distance between the
projected feature vectors a:'l = Lz; and a:"2 = Lz . Some well-known approaches for metric learning include Large margin nearest neighbor,!! Information theoretic

metric learning (ITML).18]

In statistics, the covariance matrix of the data is sometimes used to define a distance metric called Mahalanobis distance.

Applications [edit]

Similarity learning is used in information retrieval for learning to rank, in face verification or face identification,’®1”! and in recommendation systems. Also, many machine
learning approaches rely on some metric. This includes unsupervised learning such as clustering, which groups together close or similar objects. It also includes
supervised approaches like K-nearest neighbor algorithm which rely on labels of nearby objects to decide on the label of a new object. Metric learning has been
proposed as a preprocessing step for many of these approaches .

Scalability [edit] -
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Mahalanobis Distance Learning

* The goal is just to learn the parameters X so that

S S 1,5 - (xq — 3’1)2 (xp — YD)Z
X =PIz 1x -y = — + ..+ —
1 D

accurately describes the perceived distance between x and .



Sample problem

* Suppose your expriments show that people completely ignore
dimension i. What should be the learned parameter ¢;*?

* Suppose that dimension j is more important than dimension k.
Should you have 6/ < o, or o7 > g;;?

e Suppose that, instead of the normal Mahalanobis distance definition,
you read a paper that does distance learning with

X =N'WE =) =wi(xg —y1)? + -+ wp(xp — yp)?
What'’s the relationship between the parameters w; and ajz?



