Lecture 24: Circular Convolution

Mark Hasegawa-Johnson

ECE 401: Signal and Image Analysis



@ Review: DTFT and DFT
© Sampled in Frequency < Periodic in Time
© Circular Convolution

@ Zero-Padding

e Summary



Review
°

Outline

@ Review: DTFT and DFT



Review
[ Jelele)

Review: DTFT

The DTFT (discrete time Fourier transform) of any signal is X (w),
given by

oo

X(w)= > x[n]e*"

n=—0o0

x[n] = % X(w)e dw

—T
Particular useful examples include:

f[n] = 6[n] © F(w) =1

glnl = 6[n — no] ¢ G(w) = e~
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Properties of the DTFT

Properties worth knowing include:
@ Periodicity: X(w + 27) = X(w)
©Q Linearity:

z[n] = ax[n] + by[n] <> Z(w) = aX(w) + bY (w)

@ Time Shift: x[n — ng] <+ e+ X (w)
© Frequency Shift: e/“°"x[n] <+ X(w — wp)
@ Filtering is Convolution:

y[n] = h[n] * x[n] <> Y(w) = H(w)X(w)
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Review: DFT

The DFT (discrete Fourier transform) of any signal is X[k], given
by

N—-1
2mkn

X[k] = Z x[n]e_j N

n=0

2mkn

1\ .
x[nl = & ; X[k]e/™w

Particular useful examples include:
fln] =6[n] < Flk] =1
. 27kny
gln] = 8 [(n— no))w] ¢+ GlK] = eI~ m"
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Properties of the DTFT

Properties worth knowing include:
Q@ Periodicity: X[k + N] = X[k]
Q Linearity:

z[n] = ax[n] + by[n] <> Z[k] = aX[k] + bY[K]
@ Circular Time Shift: x[(n — no))n] <> e_ij(w)

@ Frequency Shift: e/~ %" x[n] > X[k — ko]

@ Filtering is Circular Convolution:

ylnl = hin] ® x[n] < Y[k] = H[k]X[K],
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Two different ways to think about the DFT

1. x[n] is finite length; DFT is samples of DTFT

w=

x[n]=0,n<0orn>N <+ X[k]= X(w)|,,_2x«
N

2. x[n] is periodic; DFT is scaled version of Fourier series

x[n] =x[n+ N] <+ X[k] = NXx
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1. x[n] finite length, DFT is samples of DTFT

If x[n] is nonzero only for 0 < n < N — 1, then

00 N—-1
X(w)= > x[nled*" =" x[n]e ",
n=—o0 n=0
and
X[k] = X(w)] g2k
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2. x[n] periodic, X[k] = NXi

If x[n] = x[n+ N], then its Fourier series is

X = % Z x[n]e_j277vk"
n=1

N-1 =27k

x[n] =Y Xee W,
k=0

and its DFT is

N—1 .

XK= x[nle?"n"
n=1

N-1

x[n] = % kz_; X[k]ef W
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Delayed impulse wraps around

_.2mkng
S[(n—no)n] <> e’ N
O[((n —0))32] IXIk]| =1
104 1.0
0.8 037
0.6 001, | | | : . .
0 5 10 15 20 25 30
04l . LXKl = — 2mkno/N
—100 4
0.21
—200 1
.0 4 ]
o0 T T —300 +— T T T T T T
0 N 0 5 10 15 20 25 30

n k
(=)be(+)
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Delayed impulse is really periodic impulse

71. 2mkng
S[(n—no)n] <> e’ N
6l((n = 0))32] Xkl =1
1.0 1 104
0.8 0.5 1
0.6 - 001 T T T - . .
0 5 10 15 20 25 30
041 . LX[K] = — 2rkno/N
—100 1
0.2 4
—200 1
00 -300 . . : . .
-N 0 2N 10 15 20 25 30

. N 0 5 :
(=)be(+)
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Principal Phase

@ Something weird going on: how can the phase keep getting
bigger and bigger, but the signal wraps around?

@ It's because the phase wraps around too!

2wk
AX[k] = —wk(N + n) = —wkn, because wy = %
@ Principal phase = add +27 to the phase, as necessary, so
that —m < AX[k] <
@ Unwrapped phase = let the phase be as large as necessary
so that it is plotted as a smooth function of w
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Unwrapped phase vs. Principal phase

- 2mkng
§[(n—no))n] > /" m
Bl((n - 0))32] Unwrapped Phase
0
1.0
—100
0.8 200
—300 1+ T T T - - -
0.6 - 0 5 10 15 20 25 30
k
0.4 Principal Phase
2
0.2 4
0
0.0 -2
N 0 N 2N 0 5 10 15 20 25 30

n k
(=)be(+)
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Summary: Two different ways to think about the DFT

1. x[n] is finite length; DFT is samples of DTFT

w=

x[n]=0,n<0orn>N <+ X[k]= X(w)|,,_2x«
N

2. x[n] is periodic; DFT is scaled version of Fourier series

x[n] =x[n+ N] <+ X[k] = NXx
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Multiplying two DFTs: what we think we're doing

hin] [HIK]|
14 204w
O-I 0—_Ml
—-25 0 25 50 o] 10 20 30
x[n] [XIK]|
14 204w
O—I O-M
-25 0 25 50 0] 10 20 30
sy[n]=x[n]*h[n] [YIK]| = |HIKIXLK]|

D NS
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Multiplying two DFTs: what we're actually doing

Periodic h[n] [HIK]|
1 204w
O-M o—_w
-25 0 25 50 0 10 20 30
Periodic x[n] [XIK]|
1+ 20 9
o-]IIIIUIIIIEIIIIIE O-M
_25 0 25 50 0 10 20 30
Periodic y[n] = x[n]1*h[n] [YIk]| = |HIKIXIK]|
50
250
0 0
-25 0 25 50 0 10 20 30
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Circular convolution

Suppose Y[k] = H[k]X[k], then

27rkn

ylnl = Z HIKIX [k]e/

1 :I ; s j 2mbem 2mkn
=% Z H[K] <Z x[m]e™ "W ) e
k=0 m=0

N-1 N—

= Z x[m] (N Z H[k]e—J )
m=0
N-1

=2 xImlh{(n—m)n]
m=0

. 2
The last line is because

wk(n—m) _ 2rk(n—m))y
N N '



Circular Convolution
000®000

Circular convolution

Multiplying the DFT means circular convolution of the
time-domain signals:

y[nl = hinl ® x[n] < Y[k] = H[k]X[K],
Circular convolution (h[n] ® x[n]) is defined like this:

N—-1

N—-1
hlnl ® x[n] = > x[m]h[(n — m)n] = hlmlx [(n — m))n]
m=0

m=0
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Circular convolution example

x[n] x[m]
14 14
0% y y y y " o1 ' y . . "
0 10 20 30 40 50 0 10 20 30 40 50
hln] hL((0 — m))se]
1 1
0_ T T T T 0_ T T T T
0 10 20 30 40 50 0 10 20 30 40 50
yln]l=x[n]*h[n] circular yIm]=x[m]*h[m] circular
14 14
0 ? ? ? T 0 ; ; " ; :
0 10 20 30 40 50 0 10 20 30 40 50

S
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Circular convolution example

x[n] x[m]
l o
0% y y y y " o1 ' y . . "
0 10 20 30 40 50 0 10 20 30 40 50
hln] hL((0 — m))se]
1
0 10 20 30 40 50 0 10 20 30 40 50
yln]l=x[n]*h[n] circular yIm]=x[m]*h[m] circular
1 m T 14
T T 0 f f f f T
0 10 20 30 40 50 0 10 20 30 40 50

S
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Go to the course webpage, try the quiz!
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How long is h[n] * x[n]?

If x[n] is M samples long, and h[n] is L samples long, then their
linear convolution, y[n] = x[n] * h[n], is M + L — 1 samples long.

x[n]

1+

0

hn]

TmmTTTTTT‘I'?ﬁnmo

T
0 L-1

yIn1=x[n]*h[n] circular

10 4

o _;;TTTTTme ”mmm?m%_

N-1=L+M-2
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Zero-padding turns circular convolution into linear

convolution

How it works:
@ h[n] is length-L
e x[n] is length-M
@ As long as they are both zero-padded to length
N>L+M-—1, then
@ y[n] = h[n] ® x[n] is the same as h[n] * x[n].
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Zero-padding turns circular convolution into linear

convolution

Why it works: Either. ..

@ n— m is a positive number, between 0 and N — 1. Then
(n—=m)ny = n— m, and therefore

X[mlA[(n = m)n] = x[m]h[n — m]

@ n— mis a negative number, between 0 and —(L — 1). Then
(n—=m)y=N+n—-m>N—-(L-1)>M-1, so

X[m]h{(n — m)n] =0
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Case #1: n — m is positive, so circular convolution is the

same as linear convolution

x[n] x[m]
lm IM
0__V—V_ T T T 0__|—\ T T T
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
hin] AL((50 = m))sol
14 M 1
07 T T T T T 07 T T T
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
vInl=x[n]*h[n] circular yIm1=x[m]*h[m] circular
N dﬂm‘m‘m N
. | i P
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
n m



Case #2: n — m is negative, so it wraps around, but N is

long enough so that the wrapped part of h[((n —
doesn't overlap with x[m]

10 4

(=]

o
|

Zero-Padding
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m))n]

n

x[n] x[m]
1 4
d S———— O—W
0 10 20 30 40 S50 60 70 0 10 20 30 40 50 60 70
hln] AL{(0 = m))eal
4 14
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
y[n]=x[n]*h[n] circular yIm]=x[m]*h[m] circular
| ||||| N
|I||I||||||||| |||""|||II|.
0 y u U f u T T
0 10 20 30 40 50 60 70
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Zero-padding turns circular convolution into linear

convolution

x[n] x[m]
1 14
R e ——— OW
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
Aln] AL((0— m))es]
14 14
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
yln] = x[n]*h[n] circular ylm]=x[m]*h[m] circular
|| | ||||| ||
0 .|I||I||||||| |"|I||III|.. ol : : : ‘ : : .

S
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Summary: Two different ways to think about the DFT

1. x[n] is finite length; DFT is samples of DTFT

w=

x[n]=0,n<0orn>N <+ X[k]= X(w)|,,_2x«
N

2. x[n] is periodic; DFT is scaled version of Fourier series

x[n] =x[n+ N] <+ X[k] = NXx
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Circular convolution

Multiplying the DFT means circular convolution of the
time-domain signals:

ylnl = hln] ® x[n] < Y[k] = H[K]X[K],

Circular convolution (h[n] ® x[n]) is defined like this:

N-1 N—1
hin] @ x[n] = > x[m]h[(n — m)n] = Almx[(n — m)n]
m=0 m=0

Circular convolution is the same as linear convolution if and only if
N>L+M-—1.
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