Lecture 5: Fourier Analysis

Mark Hasegawa-Johnson

ECE 401: Signal and Image Analysis



@ Review: Spectrum
© Orthogonality
© Fourier Series

@ Example: Square Wave

e Summary



Review
°

Outline

© Review: Spectrum



Review
®00

Two-sided spectrum

The spectrum of x(t) is the set of frequencies, and their
associated phasors,

Spectrum (x(t)) = {(f-n,a-n),- .-, (fo,a0), .-, (fn,an)}

such that
N

x(t)= ) aelmh

k=—N
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Fourier's theorem

One reason the spectrum is useful is that any periodic signal can
be written as a sum of cosines. Fourier's theorem says that any
x(t) that is periodic, i.e.,

x(t+ To) = x(t)

can be written as
o0
X(t) — Z Xkej27rkF0t
k=—00
which is a special case of the spectrum for periodic signals:

f, = kFp, and ax = X, and

Fo= —
0 TO
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Analysis and Synthesis

o Fourier Synthesis is the process of generating the signal,
x(t), given its spectrum. Last lecture, you learned how to do
this, in general.

o Fourier Analysis is the process of finding the spectrum, X,
given the signal x(t). I'll tell you how to do that today.
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Orthogonality

Two functions f(t) and g(t) are said to be orthogonal, over some

period of time T, if
.
/0 F(t)e(t) =0
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Sine and Cosine are Orthogonal

For example, sin(27t) and cos(27t) are orthogonal over the period
0<t<1:

cos(2nt) sin(2nt)

cos(2nt) | cos(2nt)*cos(2nt)  cos(2nt)*sin(2nt)

INAVAYAIN

) VARV

sin(2nt) 7s‘|n(2r1t)*‘cos(2nt') 75‘in(2nt)”“sin(2nt‘)
o ,/\\/\ ol | \
1]

T T T b T By T T
0.0 0.5 10 00 0.5 10 00 0.5 10
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Sinusoids at Different Frequencies are Orthogonal

Similarly, sinusoids at different frequencies are orthogonal over any
time segment that contains an integer number of periods:

sin(2m3t) sin(2m4t)

" sin@n3t) | sin(2n3t)*sin(2n3t) sin(2n3t)¥sin(2ndt)

=

" sin(Zmat) | sin(2ndt)*sin(2n3t) sin(2n4t)*sin(2ndt)

=

0.0 0.5 10 00 0.5 10 00 0.5 10
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How to use orthogonality

Suppose we have a signal that is known to be
x(t) = acos(273t) + bsin(273t) + c cos(2m4t) + d'sin(2m4t) + . ..

... but we don't know a, b, ¢, d, etc. Let's use orthogonality to
figure out the value of b:

1 1
/ x(t)sin(2w3t)dt = a/ cos(2m3t) sin(273t)dt
0 0
1
+ b/ sin(273t) sin(273t)dt
0
1
+ c/ cos(2m4t) sin(273t)dt
0

1
+ e/ sin(274t) sin(273t)dt + ...
0
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How to use orthogonality

... which simplifies to
1 1
/ x(t)sin(273t)dt = 0 + b/ sin?(2r3t)dt +0+ 0+ ...
0 0
The average value of sin?(t) is 1/2, so

/01 x(t)sin(273t)dt = g

If we don’t know the value of b, but we do know how to integrate
| x(t)sin(273t)dt, then we can find the value of b from the
formula above.
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How to use orthogonality

x(t)=1.5sin(2n3t)+0.25sin(2n4t)

1] ,
o] ,
] ,
' "sin(2Zn3t) | ' X(O)sin(2n3t)
14 4 integral = 1.5/2
' "sin(Znat) | ' X(t)sin(2nat)
1] ,
o] ,
1 ,
integral = 0.25/2

0.00 0.25 050 0.75 1.00 000 025 050 075 100
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How to use Orthogonality: Fourier Series

We still have one problem. Integrating [ x(t) cos(2m4t)dt is
hard—Ilots of ugly integration by parts and so on. What do we do?

@ Fourier Series: Instead of cosine, use complex exponential:

/x(t)e‘ﬂ“ftdt

That integral is still hard, but it's always easier than
| x(t) cos(2m4t)dt. It can usually be solved with some
combination of integration by parts, variable substitution, etc.
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Fourier's Theorem

Remember Fourier's theorem. He said that any periodic signal,
with a period of Ty seconds, can be written

X(t): Z Xkej27rkt/To
k=—00

What | want to do, now, is to prove that if you know x(t), you can
find its Fourier series coefficients using the following formula:

1 [T ,
Xy = / x(t)e 2Kt/ To gy
To Jo
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Fourier's Theorem

Remember Fourier’'s theorem. He said that any periodic signal,
with a period of Ty seconds, can be written

X(t): Z Xkej27rkt/To

k=—0o0

I'm going to find the formula for X using the following idea:

e Orthogonality: e 27t/To s orthogonal to e/27kt/To for any

0+ k.
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Fourier's Theorem and Orthogonality

Orthogonality: start with x(t) = 352 Xxe/2™kt/To, and
multiply both sides by e=/27¢t/To.

x(t)efz’T“/T‘): Z X, &2 (k=0t/To

k=—o00

Now integrate both sides of that equation, over any complete
period:

i Tox(t)e_jzﬂ-et/TOdt: i Xk1/T0 ejzﬂ-(k—é)t/Todt
To Jo To Jo

k=—00
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Fourier's Theorem and Orthogonality

Now think really hard about what's inside that integral sign:

;
1/ ? oi2m(k—0)t/ To gy

To Jo
1 [To (27r(k—£)t>
= — cos | ————— | dt

To Jo To

1 T (27r(k—€)t>
+ )= sin | ———— | dt
T 0 To

o If k £/, then we're integrating a
cosine and a sine over k—/ periods. That integral is always zero.

k S
o If k =/, then we're integrating

To

1 1 [To
— cosOdt—i—’/ sin(0)dt =1
= [ ot [ i)
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Fourier Series: Analysis

So, because of orthogonality:

1 [T , = 1 [T
o X(t)e—J27r€t/To dt = Z Xy — / ej27r(k—€)t/ To 4t
To Jo = Too

=...+404+0+0+X,+04+04+0+...
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Fourier Series

e Analysis (finding the spectrum, given the waveform):

1 [To .
X, = / x(t)e2mkt/ To gy
To

e Synthesis (finding the waveform, given the spectrum):

X(t Z X e]27rkt/T0

k=—o0
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Fourier series: Square wave example
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Square wave example

Let's use a square wave with a nonzero DC value, like this one:

Square wave example

A5T0  TOo  TOR o TO2 TO 15T0
Time (seconds)

1 —T0/4<t< T0/4
0 otherwise
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Fourier Series

e Analysis (finding the spectrum, given the waveform):

1 [To/2 .
X x(t)eI2mkt/ To gy

T —To/2
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Fourier Series

e Analysis (finding the spectrum, given the waveform):

1 T0/2 .

Xk = — x(t)e 2Kt/ To gt
To J_1y)2
1 T0/4

_ 1 ei27kt/ To gy
To J-1o/a
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Square wave: the Xj term

To/4 )
1 e—127rkt/To dt

Xo = —
To J-1o/a

.. but if k=0, then e /27kt/To — 111

1 To/4 1
Xo= — 1dt = =

TO —T0/4 2

I O
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Square wave: the Xj term

Square Wave x(t)

1 I o O O o

cos(2n0t)

04 _— —
1]
Il

|
T cosS(ZmOE)x(t) '

integral =1 0.5

1 I I A

" 0.5cos(2m0t) '
i

1
1
T
1
i
0

1570  T0  To2 TO2 TO 1570
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Square wave: the X terms, k # 0

To/4
Xk = 1/ ’ e J2mkt/ To gy
To J_71y/4

Square Wave x(t)

S O N B

T T —cos(ZnTn T T

.| VAR
N ! AN

i
™ CoS(ZRTEIX(E T

integral =10.32
14 4/_\ H
L
07 ]
]
14 i
T 0.5co3(Zn0t)+0.32cos(ZnIt)
i
1
0 o= -—=

_/‘\__/‘:’\/\_

T
i
I

15T0 TO0  TOR 0 TOR2 TO  15T.0
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Square wave: the X terms, k # 0

To/4
Xi = 1/ ’ e~ I2mkt/To gy
To J_71y/4

N S [effzrrkr/n} To/4
To —j27Tk/T0 —To/4

_ [ J )\ [L-i2nk(To/a)/ To _ —j2mk(~To/4)/To
<27rk> [e ¢

_ <2Jk> [e—jrrk/2 _ ej7rk/2}
T
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Square wave: the X; terms

Square Wave x(t)

i e

cos(2mlt)

. N
! N\

]
T T T CoS(ZMIEIX(E) T T T

integral =10.32

27 1
i
14 '
T T 0.5co5(2n0t)+0.32cos(Znlt) ' T
i
14
04 — ==

/\_/i"\_/\

T
i
1570  T0  To2 0 TO2 TO 1570
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Square wave: the X, term

Xo=0

Square Wave x(t)

S O N B

cos(2n2t)

DAARAAS

T COS(2ZEIX(E) "
integral =10.001

o1 ;
i
14
T 0.5co5(2n0t)+0.32cos(Znlt)+0.001cos(Zn2t)
i
19 1
i
0 o -——=
]
]
14 i
15T0 TO TR 0 T.012 TO  15T0



Square Wave
0000000000800

Square wave: the X3 term

Square Wave x(t)

1 I o O O o

cos(2n3t)

TANNANANNNN
NEAYAVAVAVAVAVAVAYA\

T cosS(Zm3ExX(E) T

o

L VUV ViV VY

.5cos(2n0t)+ cos[Znlt)+0. cos[2n2t)+-0.TTcos(Zn3t)

04 gy

i
14 i
1

T
i
1570  T0  To2 0 TO2 TO 1570



Square Wave
00000000000e00

Square wave: the X5 term

Square Wave x(t)

i e

" " L 01173 B " "
1
o4 44 ANAW - A a
14
T T T cos(Zma)x(T) T T T
integral =10.064
14
04 A - a

|
£)+0.32cos(2n1t)+0.00Icos(2n2t)+-0.11cos(2n3t) +-0.001Icos(Zn4t) +0.C

N NN

04 g -

1570  T0  To2 0 TO2 TO 1570



Square Wave
000000000000 e0

Square wave: the whole Fourier series

x(t)—1+l cos @ —Ecos @ +1cos 7107rt —E
207 To 3 To 5 To 7

Square Wave x(t)

1 I o O O o

cos(2m5t)

o4 44 ANAW NANANAWA a
i
i
i
™ CoS{ZTSEIRTE
integral =10.064

i
04 - - A

|
£)+0.32cos(2n1t)+0.00Icos(2n2t)+-0.11cos(2n3t) +-0.001Icos(Zn4t) +0.C

04 g -

T
i

14 ]

1570  T0  To2 0 TO2 TO 1570
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Try the quiz! Go to the course webpage, and click on today’s date.
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e Analysis (finding the spectrum, given the waveform):

1 [To .
X, = / x(t)e2mkt/ To gy
To

e Synthesis (finding the waveform, given the spectrum):

X(t Z X e]27rkt/T0

k=—o0
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