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Review: Convolution

@ A convolution is exactly the same thing as a weighted local
average. We give it a special name, because we will use it
very often. It's defined as:

ylnl =) glmlfln—m] =) _gln— m]f[m]

@ We use the symbol * to mean “convolution:”

ylnl = glnl * fln] =Y _ glmlf[n—m] = g[n— m]f[m]
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Frequency Response

@ Tones in — Tones out

x[n] = &“" = y[n] = G(w)e"
x[n] = cos (wn) — y[n] = |G(w)]| cos (wn + £G(w))
x[n] = Acos (wn + 6) — y[n] = A|G(w)|cos (wn+ 0 + £G(w))

@ where the Frequency Response is given by

G(w) =) _glmle ™
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Review: Spectrum

The spectrum of x(t) is the set of frequencies, and their
associated phasors,

Spectrum (x(t)) = {(f-n,a-n),- .-, (fo,a0), .-, (fn,an)}

such that
N

x(t)= ) aemh

k=—N
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Review: Fourier Series

One reason the spectrum is useful is that any periodic signal can
be written as a sum of cosines. Fourier's theorem says that any
x(t) that is periodic, i.e.,

x(t+ To) = x(t)

can be written as
o0
X(t) — Z Xkej27rkF0t
k=—00
which is a special case of the spectrum for periodic signals:

f, = kFp, and ax = X, and

Fo= —
0 TO
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Review: Discrete-Time Fourier Series

A signal that's periodic in discrete time also has a Fourier series. If
the signal is periodic with a period of Ny = ToFs samples, then its
Fourier series is

Mol (No-v/2
x[n] — Z Xkej27rkn/No — Z XkeJZﬂkn/No
k=0 k=—No /2

and the Fourier analysis formula is

No—1

Z X[n]e—j27rkn/N0

n=0

1

Xe = —
K= o
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Example: Spectrum of a Square Wave

For example, here's an even-symmetric (x[n] = x[—n]), zero-DC
(>_, x[n] = 0), unit-amplitude (max, |x[n]| = 1) square wave, with
a period of 11 samples:

Square Wave of length 11, x{n]

1
o4 MWMEMWH
=14 T T

0 11 22 33 44

Magnitude Spectrum of the Square Wave, |X[k]|

Phase Spectrum of the Square Wave, £X[k]

o & & T T L

o] 2n/11 /11 6m/11 8n/l11 10m/11
Frequency w (radians/sample)

o
L
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Spectrum of a Square Wave

Square Wave of length 11, x{n]

] iy 2 B @

Magnitude Spectrum of the Square Wave, |XIK]|

? r3

Phase Spectrum of the Square Wave, £XIK]

o

B
] vl ewil  swil  lomnl

Frequency w (radians/sample)

The Fourier series coefficients of this square wave are

[k| -1

2777(—1) 2 kodd, —5< k<5
Xk =
0 k even, —5< k<5
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More about the phase spectrum

Square Wave of length 11, x[n]

Magnitude Spectrum of the Square Wave, |X[K]|

11

Phase Spectrum of the Square Wave, LX[k]

B

0 211 4wll  6wll  8wll 10wl
Frequency w (radians/sample)

Notice that, for the phase spectrum of a square wave, the phase
spectrum is either ZX[k] = 0 or ZX[k] = . That means that the
spectrum is real-valued, with no complex part:

e Positive real: X[k] = |X[K]|
o Negative real: X[k] = —|X[K]| = |X[K]|e/™
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More about the phase spectrum

Having discovered that the square wave has a real-valued X[k], we
could just plot X[k] itself, instead of plotting its magnitude and
phase:

Square Wave of length 11, x[n]

Spectrum of the Square Wave, X[k]

5.0
2.5 1
004 ® e l - ?

0 21l 4w1l  6wll  8wll  10w1l

Frequency w (radians/sample)
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Response of a Filter when the Input is Periodic

Now we're ready to ask this question:

What is the output of a filter when the input, x[n], is periodic with
period Np? J
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Response of a Filter when the Input is Periodic

@ Fourier Series: If the input is periodic, then we can write it as

(V-2
x[n] _ Z Xkej27rkn/No
k=—No/2

@ Frequency Response: If the input is /", then the output is
yln] = H(w)e™"

@ Linearity (of convolution, and of frequency response): If
the input is x1[n] + x2[n], then the output is

y[n] = ya[n] + ya[n]
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Response of a Filter when the Input is Periodic

Putting all those things together, if the input is

(No—1)/2 _
x[n] — Z Xkej27rkn/No
k=—No/2

...then the output is

(No—1)/2 _
ylnl=" Y XcH(kwo)e /Mo
k=—No/2

...where wg = Qﬁg is the fundamental frequency.
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A Pure-Delay “Filter”

One thing we can do to a signal is to just delay it, by ng samples:
y[n] = x[n — no]

Even this very simple operation can be written as a convolution:
yln] = gln] * x[n]

where the “filter,” g[n], is just

1 n=ng

0 otherwise

gln] = d[n — no] = {
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Frequency Response of A Pure-Delay “Filter”

0 otherwise

gln] = {1 nero

The frequency response is

Gw) =3 glmle ™ = eom
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Impulse Response of A Pure-Delay “Filter”

Here is the impulse response of a pure-delay “filter” (and the
magnitude and phase responses, which we'll talk about next).

Impulse Response of a Pure-Delay Filter, gln]= &[n—=5]

l_
T T F T

0 10 20 30 40
Magnitude Response of a Pure-Delay Filter |G(w)] =1

oA

1.05
1.00
)= —5w

0.95 -
“Phase Response of a Pure-Delay Filter £LG(
04 \/\/\
25 s an/s n

al T
W5
Frequency w (radians/sample)

0
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Magnitude and Phase Response of A Pure-Delay “Filter”

— Zg[m]e—jwm — g—Jwmo
m
Notice that the magnitude and phase response of this filter are

IG( )=

£G(w) = —wng

So, for example, if have an input of x[n] = cos(wn), the output
would be

y[n] = |G(w)| cos (wn + £G(w)) = cos (wn — wng)
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@ Example: Delaying a Square Wave
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Magnitude and Phase Response of A Pure-Delay “Filter”

Here are the magnitude and phase response of the pure delay filter.

Impulse Response of a Pure-Delay Filter, gln]= &6[n—=15]
14

0-*% y e ; y
0 10 20 30 40 50

Magnitude Response of a Pure-Delay Filter |G(w)| =1
1.05

1.00

0.95 -

Phase Response of a Pure-Delay Filter LG(w)= — 5w
mn

N ~ T~/ T~

0 s 2n/s 3n/5 an/s m
Frequency w (radians/sample)




Example
0®000

Spectrum of a Square Wave

Square Wave of length 11, x{n]

] n 2 B “

Magnitude Spectrum of the Square Wave, |X[K]|

? r3

Phase Spectrum of the Square Wave, ZX[K]

swll  lowil
nsjsample)

Here are the Fourier series coefficients of a period-11,
even-symmetric, unit-amplitude, zero-mean square wave:

[k|—1

X — 2r(-1) kodd, —5< k<5
« 0 keven, —5< k<5
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Response of a Filter when the Input is Periodic

And here's what happens when we pass a periodic signal through a
filter g[n]:
(No—1)/2
x[n] _ Z Xkej2ﬂ'kn/No

k=—Np/2
(No—1)/2 _
ylnl=" Y XkG(kwo)e™ /Mo
k=—No/2

...where wg = %’; is the fundamental frequency.
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Spectrum: Delayed Square Wave

And here’s the result. This is the square wave, after being delayed
by the pure-delay filter:

0

e

0 11

Delayed Square Wave of length 11, y[n] = x[n = 5]
1

22

33 44

Magnitude Spectrum of a Delayed Square Wave |Y[k]|
54

0-

& ? P L ]
Phase Spectrum of a Delayed Square Wave £Y[k]
m
04 ® . 1
D U
0 2n/11 /11 6m/11

8n/l11 10m/11
Frequency w (radians/sample)

You can see that magnitude’s unchanged, but phase is changed
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Spectrum of a Delayed Square Wave

Delayed Square Wave of length 11, y[n] = x{n ~ 5]
1

Magnitude Spectrum of a Delayed Square Wave |YIK]|

s

? r3

Phase Spectrum of a Delayed Square Wave £Y[k]

. .
3
{ ) { ]
0 aun awu eun ew lomal
Frequency w (radians/sample)

The Fourier series coefficients of a square wave, delayed by ng
samples, are

y 2m(_1)" 5 edkwom  k odd, —5< k<5
k p—
0 keven, —5< k<5

2wk

where kwg = o
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Cascaded LSI Systems

What happens if we pass the input through two LSI systems, in
cascade?

x[n] o g H o y[n]
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Cascaded filters

Suppose | pass the signal through filter g[n], then pass it through
another filter, h[n]:

yln] = hin] x (g[n] * x[n]) ,
we get a signal y[n] whose spectrum is:

Y[k] = H(kwo) G (kwo) X [K]



Convolution is Commutative

Notice that
Y [k] = H(kwo)G(kwo)X[k] = G(kwo)H (kwo)X[kK]
and therefore:

y[nl = hln] * (g[n] * x[n]) = g[n] * (h[n] = x[n])
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Convolution is Commutative

Since convolution is commutative, these two circuits compute
exactly the same output:

x[n] o g H o y[n]

x[n] o H G o y[n]
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Example: Differenced Square Wave

Suppose we define x[n] to be an 11-sample square wave, g[n] to be
a delay, and h[n] to be a first difference:

1 —2<n<?2
x[nj=4¢-% n=x+3
-1 4<n<7

x[n] 9, z[n] = x[n — 5]

z[n] % y[n] = z[n] — z[n — 1]
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Delayed Square Wave

x[n] e g o y[n]

Here's what we get if we just delay the square wave:

Delayed Square Wave of length 11, y[n] = x[n = 5]

0 11 22 33 44

Magnitude Spectrum of a Delayed Square Wave |Y[k]|

5

N R S

Phase Spectrum of a Delayed Square Wave £Y[k]

04 e °
] T

0 2m/11 411 6m/1l 8n/ll 10m/11
Frequency w (radians/sample)
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Differenced Square Wave

x[n] o H o y[n]

Here's what we get if we just difference the square wave:

Differenced Square Wave, y[n]= x[n] — x[n —1]

0 10 20 30 40 50

Magnitude Spectrum of a Differenced Square Wave, |Y[k]
2.5 T

0.0 o L !
Phase Spectrum of a Differenced Square Wave, £Y[k]
4 (] °

01 & l l

R T T T v T
0 2m/11 an/11 6m/1l 8n/ll 10m/11
Frequency w (radians/sample)

mn
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Example: Differenced Delayed Square Wave

x[n] o g H o y[n]

Here's what we get if we delay and then difference the square
wave:

Delayed Differenced Square Wave, yln]=x[n —5]—x[n —1

1

oA

-1
T

0 10 20 30 40 50
Magnitude Spectrum of the DDS, |YTk]|

.

0.0 =

Phase Spectrum of the DDS, £Y[k]

? ?
5 ) s

T T T T T
0 2n/11 a1l 6m/11 an/1l 10m/11

Eramiianeg 71 (radisncefeamanla)

0
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Example: Delayed Differenced Square Wave

x[n] o H g o y[n]

Here's what we get if we difference and then delay the square
wave (hint: it's exactly the same as the previous slide!!)

Delayed Differenced Square Wave, y[n]l=x[n—=5]—-x[n—1

1
0
-1

T T
0 10 20 30 40 50

Magnitude Spectrum of the DDS, |YTk]|

2.5 ‘ - T . T

0.0 -

Phase Spectrum of the DDS, £LY[k]

? ?
°1° l ) }

T T T T T
0 2nf11 4n/11 6m/1l 8sm/1l 10m/11
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Magnitude and Phase of Cascaded Frequency Responses

In general, when you cascade two LS| systems, the magnitudes
multiply:
Vil = [H(W)IIG(w)[ X,

but the phases add:
LYy = ZH(w) + £G(w) + £ Xk
That's because:

H(w)G(w) = [H(w)|“ WG (w)[e“C) = |H(w)|| G (w)|/“HEIT 26
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@ The Running-Sum Filter (Local Averaging)
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Local Average Filters

Let's go back to the local averaging filter. | want to define two
different types of local average: centered, and delayed.

o Centered local average: This one averages (552) future

samples, (£51) past samples, and x[n]:
L)
vl =% > i)
—

e Delayed local average: This one averages x[n] and L — 1 of
its past samples:

1 L—1
yaln) = 7 > x[n—m]
m=0

Notice that yq4[n] = yc [n — (%)]
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Local Average Filters

We can write both of these as filters:

e Centered local average:

Yeln] = fe[n] = x[n]
fc[”] _ {ll_ B (%) <ns< (%)

0 otherwise

@ Delayed local average:

yaln] = fa[n] * x[n]

1

+ 0<n<L-1
fd[n] =L -

0 otherwise
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Local Average Filters

Impulse response f:[n] of a centered local averaging filte
PPP0000000P

0.075 ~

0.050 ~

0.025 A

0.000 {_ 0996008000 -8-0-0-0-00-000
T T T T

Impulse response fgln] of a delayed local averaging filte
(T I XX XXXXXX]

0.075 A
0.050 A
0.025 -

0.000 1_6-0-0-0-0-0-0-0-0-0-0-0-0-0-0 - 8-000
T T T

Notice that fy[n] = fz [n — (%)]
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The relationship between centered local average and

delayed local average

Suppose we define our pure delay filter,

L—1 1 n=5L1
n=06|n———| = 2
gln] [ 2 ] {0 otherwise

Using g[n], here are lots of different ways we can write the
relationship between yy[n], yc[n], and x[n]:

yaln] = faln] + x[n]
Ye[n] = fe[n] * x[n]
yaln] = gln]  ye[n] = gln] * fe[n]  x[n]
faln] = g[n] * fc[n]
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The relationship between centered local average and

delayed local average

Remember the frequency response of a pure delay filter:
G(w) = e+ (F)

We have not yet figured out what F.(w) and Fy(w) are. But
whatever they are, we know that

faln] = gln] * fe[n]

and therefore
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The frequency response of a local average filter

Let's find the frequency response of

1

+ 0<m<L-1
fd[n] =L - o

0 otherwise

The formula is

Fa(w) =) flmle/m,

SO,
L-1 )
Fa(w) = Zedom

~l=

3
I
o
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The frequency response of a local average filter

L-1 1 .
Fue) = Y Leriom
m=0

~I|

This is just a standard geometric series,

L-1 L
m_ Ll—a

a —
1—a’

m=0

1 (1— et
Falw) =1 <1_>

SO:
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The frequency response of a local average filter

We now have an extremely useful transform pair:

1 —jwlL
+ 0<m<L-1 1 /1—e™
alrl {0 otherwise ¢() L ( 1—ew >

Let's attempt to convert that into polar form, so we can find
magnitude and phase response. Notice that both the numerator
and the denominator are subtractions of complex numbers, so we
might be able to use 2jsin(x) = e — e for some x. Let’s try:

1/1— efij 1 efij/Z ejc;.}L/2 _ efij/2
L ( 1—ew > T L w2 \ a2 — giw/2

()1 2jsin(wl/2)
= e )Z ( 2jsin(w/2) )

= ()] (s;((c:ﬁ/ﬁ)))
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The frequency response of a local average filter

Now we have Fy(w) in almost magnitude-phase form:

I m - sin(w -1
faln] = {é gtferwifeL 1 & Falw) = <LSI(I1(://§))> e F)

By the way, remember we discovered that
: L—1
fq[n] = gln] =« fc[n] <+ Fa(w)= eff‘”(T)Fc(w)

Notice anything?
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Dirichlet form

The textbook calls this function the “Dirichlet form:”

oo - 22

That is, exactly, the frequency response of a centered local sum

filter:
di[n] = {1 o (%) sn< (%)
0 otherwise
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Dirichlet form

Here's what it looks like:

Centered local sum filter (Dirichlet form), di1[n]

1.0
0.5
0.0
-15 -10 -5 0 5 10 15
Dirichlet Form D11(w)
10
5 -
/-_-—-""-. —_—
04 NP s == -z
: : : . . .
0 2111 a1l 6m/11 swmll  10m/11

Frequency w (radians/sample)
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Dirichlet form

Since every local averaging filter is based on Dirichlet form, it's
worth spending some time to understand it better.

sin(wl/2)

Du(w) = sin(w/2)

@ It's equal to zero every time wL /2 is a multiple of . So

2k
D, < 7; > =0 for all integers k except k =0

e At w = 0, the value of S'n((”L/Qz)) is undefined, but it's posssible

to prove that lim,_0 D;(w) = L. To make life easy, we'll just
define it that way:

DEFINE: D,(0) =L
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Dirichlet form

Here's what it looks like:

Centered local sum filter (Dirichlet form), di1[n]

1.0
0.5
0.0
-15 -10 -5 0 5 10 15
Dirichlet Form D11(w)
10
5 -
/-_-—-""-. —_—
04 NP s == -z
: : : . . .
0 2111 a1l 6m/11 swmll  10m/11

Frequency w (radians/sample)
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Local averaging filter

Here's what the centered local averaging filter looks like. Notice
that it's just 1/L times the Dirichlet form:

Centered local average filter, f[n]
PP000000000

0.075 A
0.050 A
0.025 A

0.000 A

-15 -10 -5 0 5 10 15

Magnitude Response of centered local averager, Fe-(w)
1.0 A

0.5 A

0.0 \//\_/’*‘“ =

T T T T T
0 2nf11 Inf11 6n/1l am/ll 10m/11
Frequency w (radians/sample)
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Summary: Behavior of Systems in General

o Periodic inputs: If the input of an LS| system is periodic,

(No—1)/2 _
x[n] _ Z Xkej27rkn/No
k=—No/2

...then the output is

(No—1)/2 _
ylnl= Y XiH(kwo)e™ /Mo
k=—Np/2

e Cascaded LTI Systems convolve their impulse responses,
equivalently, they multiply their frequency responses:

y[n] = h[n] * g[n] = x[n], Yk = H(kwo)G (kwo)Xx
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Summary: Types of LSI Systems

e The Pure Delay Filter has |G(w)| =1, ZG(w) = —wng:
glml=dln—n] ¢+ Gw)=e7¥m

@ The Centered Local Averaging Filter is 1/L times the
Dirichlet form:

() <n< (Y _ sin(wl/2)
el = {é otherzwise i & Felw) = W

e The Delayed Local Averaging Filter is f.[n], delayed by half
of its length:

1 .

+ 0<n<L-1 sin(wl/2) _; (L1
faln] =< £ o Fy(w) = o2L2) gmiw(t57)
alrl {0 otherwise ¢() Lsin(w/2)
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