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First-Order System

A causal IIR first-order system has the difference equation
yln] = x[n] + ay[n —1]

Its system function is

Its impulse response is

a” n>0
h[”]:{ 0 n<0
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Second-Order System

A causal IIR second-order system has the difference equation
yln] = x[n] + a1y[n — 1] + a2y[n — 2]

Its system function is

1 1
H p— p—
(Z) 1-— 312_1 — 322_2 (1 — plz_l)(l — pzz_l)7

where the relationship between the coefficients and the poles is
a; = p1 + p2, a2 = —p1p2. Its impulse response is

Cip! +Gpd n>0
h[”]_{oll o
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Impulse Response of a Second-Order All-Pole Filter

Suppose we write the pole as p; = e~?17/“1_ Then we can write

1
H =
(2) 1—2e %1 cos(wy)z™1 + e 201272
and 1
h[n] = ———e 7" sin(wi(n + 1))u[n]

sin(wy
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Magnitude Response of a Second-Order All-Pole Filter

In the frequency response, there are three frequencies that really
matter:

@ Right at the pole, at w = wi, we have

1
[H(en)] o

@ At =+ half a bandwidth, w = w1 & o1, we have

|H(w1 £ 01)] = —=|H(w1)|

S
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Resonance

“Resonance describes the
phenomenon of increased
amplitude that occurs when the
frequency of an applied periodic
force (or a Fourier component of
it) is equal or close to a natural
frequency of the system on which
it acts.”

- https://en.wikipedia.org/
wiki/Resonance
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Resonance

“Resonance describes the
phenomenon of increased
amplitude that occurs when the
frequency of an applied periodic N
force (or a Fourier component of I—
it) is equal or close to a natural F x(1)

Resonancia

Ecuacianes Diferenciales, FI-UNRC

fi f th t hich
i;ejclfc?,cy of the system on whic B

- https://en.wikipedia.org/
wiki/Resonance
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Resonance in Discrete-Time Systems

In a discrete-time system, the “applied force” is x[n]. The “natural
frequency” is wg, and o is its damping:

y[n] = x[n] + 2e77 cos(wp)y[n — 1] — e 27 y[n — 2]
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Resonance

Suppose “the frequency of the applied force is close to the natural
frequency,” i.e., x[n] = e/¥A":
y[n] = /A" 4+ 267 cos(wo)y[n — 1] — e 2y[n—2] (1)

Since this is a linear, shift-invariant system, the output will be at
the same frequency as the input:

yln] = H(wa)e"A" (2)
Combining Eq. (1) and (2) gives us:

1

Hlwn) = T evalonm) (1 = e vefonran)
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ReSO nance (https://commons.wikimedia.org/wiki/File:Resonance.PNG)

Resonance Transmissibility I

©, = Natural Frequency
o, = Input Frequency
Disastrous resonance when &= 0 for o /o =1

Envelope: 1/]1-(o /o)’
5=0——m>

J 3=0.10,

Maximum Curve:

1 NT(o Jo)*

5= 0.150,

Transmissibility
3 = Damping coefficient

T
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o,/o,
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Natural Frequency

Suppose x[n] = §[n] and o = 0, then we have

y[n] = d[n] + 2 cos(wo)y[n — 1] = y[n - 2]

o If the natural frequency is wg = %, then

ylnl=yln=1] = y[n =2

wia

1,1,0,-1,-1,0,1,1,0,—1,-1,0,...
o If the natural frequency is wo = 3, then y[n] = —y[n — 2]:
1,0,-1,0,1,0,-1,0,1,0,. ..

o If the natural frequency is wg = 2% then
ylnl = —yln—1] = y[n - 2]:

1,-1,0,1,-1,0,1,-1,0,1,—1,0,...
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Natural Frequencies of Physical Systems

Natural frequencies of physical systems are determined by their
size, shape, and materials. For example, the natural frequencies of
a column of air, closed at both ends (a flute, or the vowel /u/) are
Fr = % where ¢ is the speed of sound and L is the length:

[x0.) disptacement

R G5 KRR


https://en.wikipedia.org/wiki/Acoustic_resonance
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Damped Impulse Response: Amplitude Decreases Toward Zero
Suppose x[n] = é[n], wo = %, and o = —In(0.9) = 0.105:

y[n] = 8[n] = (0.9)%y[n — 2]
=1,0,—(0.9)2,0,(0.9)*,0,—(0.9)°,0,...

“Applied Force:” Amplitude Increases toward |H(w)|

Suppose x[n] is a cosine at the natural frequency:

y[n] = cos (%n) —(0.9)%y[n — 2]
=1,0,—1—(0.9)%,0,1+ (0.9) + (0.9)%, ...

\,
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Finding the Natural Frequency

Suppose we're given a system

ylnl = x[n] = by[n — 1] — cy[n - 2]

How can we find its resonant frequency?
Answer: use the quadratic formula!!



Finding the Natural Frequency

Y(z) = X(2) — bz71Y(2) — cz72Y(2)
Y(z) 72 B 72

X(z) ~ Z2+bztc  (z—p)z—p2)

So the poles are

—b+Vb%—4c
2

P1, P2 =
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Overdamped System: b%> > 4c

b Vb%—4c

=24
p1, p2 2 2

Notice that if b> > 4c, then both p; and p, are real numbers!
This is called an overdamped system. It is overdamped in the
sense that it doesn’t resonate, because b is too large. Instead of
resonating, the impulse response is just the sum of two exponential

decays:

Gpl+Gpy n>0
h[”]_{oll " n<o
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Underdamped System: b? < 4c

b
= __ 4+ -
P1, p2 5 5 > J >

Vb2 —4c b n Vbc — b2

If b?> < 4c, then both p; and p» are complex numbers, so the
system resonates. This is called an underdamped system, and as

we've seen, the impulse response is

il _{ (s;n?om)e””sin(wo(n+1)) 20
n <

where —o + jwg = In(p1).
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Comparison of Underdamped and Overdamped Systems

Suppose we set y[n] = x[n] + y[n — 1] — cy[n — 2], and gradually
increase c. Here's what happens:

Impulse Response of y[n] =x[n] +y[n— 1] - 0.01y[n— 2]

0.8

0.6

0.4 4

0.2

0.0 1

5 30
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Summary

ylnl = x[n] = by[n — 1] — cy[n = 2]

H(z) = 1 - 1
14 bzl cz?2 (1—piz7t)(1— ppz72)
b Vb®—4c
propp=—5+ s

2 2
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Summary

o If b? > 4c, then the system is called overdamped. Its poles
are both real-valued, and

h[n] = Gip{u[n] + Cop3uln]

o If b? < 4c, then the system is called underdamped or
resonant.
e lts poles are complex conjugates, p» = p7.

o lts natural frequency is wg = S{In(p1)} = Zp1.
o lIts bandwidth is 20 = —2R{In(p1)} = —2R{In |p1]|}.
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Written Examples

@ Consider the system
y[n] = x[n] + 1.4y[n — 1] — 0.75y[n — 2]

What is its natural frequency? What is its bandwidth?

@ Suppose you want to create a system with the following
impulse response:

h[n] & (0.9)" sin (%(n + 1))

Find b and ¢ so that y[n] = x[n] — by[n — 1] — cy[n — 2].



	Review: Second-Order Systems
	Resonance
	Natural Frequency
	Finding the Natural Frequency
	Summary
	Written Examples

	7.Plus: 
	7.Reset: 
	7.Minus: 
	7.EndRight: 
	7.StepRight: 
	7.PlayPauseRight: 
	7.PlayRight: 
	7.PauseRight: 
	7.PlayPauseLeft: 
	7.PlayLeft: 
	7.PauseLeft: 
	7.StepLeft: 
	7.EndLeft: 
	anm7: 
	7.98: 
	7.97: 
	7.96: 
	7.95: 
	7.94: 
	7.93: 
	7.92: 
	7.91: 
	7.90: 
	7.89: 
	7.88: 
	7.87: 
	7.86: 
	7.85: 
	7.84: 
	7.83: 
	7.82: 
	7.81: 
	7.80: 
	7.79: 
	7.78: 
	7.77: 
	7.76: 
	7.75: 
	7.74: 
	7.73: 
	7.72: 
	7.71: 
	7.70: 
	7.69: 
	7.68: 
	7.67: 
	7.66: 
	7.65: 
	7.64: 
	7.63: 
	7.62: 
	7.61: 
	7.60: 
	7.59: 
	7.58: 
	7.57: 
	7.56: 
	7.55: 
	7.54: 
	7.53: 
	7.52: 
	7.51: 
	7.50: 
	7.49: 
	7.48: 
	7.47: 
	7.46: 
	7.45: 
	7.44: 
	7.43: 
	7.42: 
	7.41: 
	7.40: 
	7.39: 
	7.38: 
	7.37: 
	7.36: 
	7.35: 
	7.34: 
	7.33: 
	7.32: 
	7.31: 
	7.30: 
	7.29: 
	7.28: 
	7.27: 
	7.26: 
	7.25: 
	7.24: 
	7.23: 
	7.22: 
	7.21: 
	7.20: 
	7.19: 
	7.18: 
	7.17: 
	7.16: 
	7.15: 
	7.14: 
	7.13: 
	7.12: 
	7.11: 
	7.10: 
	7.9: 
	7.8: 
	7.7: 
	7.6: 
	7.5: 
	7.4: 
	7.3: 
	7.2: 
	7.1: 
	7.0: 
	6.Plus: 
	6.Reset: 
	6.Minus: 
	6.EndRight: 
	6.StepRight: 
	6.PlayPauseRight: 
	6.PlayRight: 
	6.PauseRight: 
	6.PlayPauseLeft: 
	6.PlayLeft: 
	6.PauseLeft: 
	6.StepLeft: 
	6.EndLeft: 
	anm6: 
	6.100: 
	6.99: 
	6.98: 
	6.97: 
	6.96: 
	6.95: 
	6.94: 
	6.93: 
	6.92: 
	6.91: 
	6.90: 
	6.89: 
	6.88: 
	6.87: 
	6.86: 
	6.85: 
	6.84: 
	6.83: 
	6.82: 
	6.81: 
	6.80: 
	6.79: 
	6.78: 
	6.77: 
	6.76: 
	6.75: 
	6.74: 
	6.73: 
	6.72: 
	6.71: 
	6.70: 
	6.69: 
	6.68: 
	6.67: 
	6.66: 
	6.65: 
	6.64: 
	6.63: 
	6.62: 
	6.61: 
	6.60: 
	6.59: 
	6.58: 
	6.57: 
	6.56: 
	6.55: 
	6.54: 
	6.53: 
	6.52: 
	6.51: 
	6.50: 
	6.49: 
	6.48: 
	6.47: 
	6.46: 
	6.45: 
	6.44: 
	6.43: 
	6.42: 
	6.41: 
	6.40: 
	6.39: 
	6.38: 
	6.37: 
	6.36: 
	6.35: 
	6.34: 
	6.33: 
	6.32: 
	6.31: 
	6.30: 
	6.29: 
	6.28: 
	6.27: 
	6.26: 
	6.25: 
	6.24: 
	6.23: 
	6.22: 
	6.21: 
	6.20: 
	6.19: 
	6.18: 
	6.17: 
	6.16: 
	6.15: 
	6.14: 
	6.13: 
	6.12: 
	6.11: 
	6.10: 
	6.9: 
	6.8: 
	6.7: 
	6.6: 
	6.5: 
	6.4: 
	6.3: 
	6.2: 
	6.1: 
	6.0: 
	5.Plus: 
	5.Reset: 
	5.Minus: 
	5.EndRight: 
	5.StepRight: 
	5.PlayPauseRight: 
	5.PlayRight: 
	5.PauseRight: 
	5.PlayPauseLeft: 
	5.PlayLeft: 
	5.PauseLeft: 
	5.StepLeft: 
	5.EndLeft: 
	anm5: 
	5.100: 
	5.99: 
	5.98: 
	5.97: 
	5.96: 
	5.95: 
	5.94: 
	5.93: 
	5.92: 
	5.91: 
	5.90: 
	5.89: 
	5.88: 
	5.87: 
	5.86: 
	5.85: 
	5.84: 
	5.83: 
	5.82: 
	5.81: 
	5.80: 
	5.79: 
	5.78: 
	5.77: 
	5.76: 
	5.75: 
	5.74: 
	5.73: 
	5.72: 
	5.71: 
	5.70: 
	5.69: 
	5.68: 
	5.67: 
	5.66: 
	5.65: 
	5.64: 
	5.63: 
	5.62: 
	5.61: 
	5.60: 
	5.59: 
	5.58: 
	5.57: 
	5.56: 
	5.55: 
	5.54: 
	5.53: 
	5.52: 
	5.51: 
	5.50: 
	5.49: 
	5.48: 
	5.47: 
	5.46: 
	5.45: 
	5.44: 
	5.43: 
	5.42: 
	5.41: 
	5.40: 
	5.39: 
	5.38: 
	5.37: 
	5.36: 
	5.35: 
	5.34: 
	5.33: 
	5.32: 
	5.31: 
	5.30: 
	5.29: 
	5.28: 
	5.27: 
	5.26: 
	5.25: 
	5.24: 
	5.23: 
	5.22: 
	5.21: 
	5.20: 
	5.19: 
	5.18: 
	5.17: 
	5.16: 
	5.15: 
	5.14: 
	5.13: 
	5.12: 
	5.11: 
	5.10: 
	5.9: 
	5.8: 
	5.7: 
	5.6: 
	5.5: 
	5.4: 
	5.3: 
	5.2: 
	5.1: 
	5.0: 
	4.Plus: 
	4.Reset: 
	4.Minus: 
	4.EndRight: 
	4.StepRight: 
	4.PlayPauseRight: 
	4.PlayRight: 
	4.PauseRight: 
	4.PlayPauseLeft: 
	4.PlayLeft: 
	4.PauseLeft: 
	4.StepLeft: 
	4.EndLeft: 
	anm4: 
	4.100: 
	4.99: 
	4.98: 
	4.97: 
	4.96: 
	4.95: 
	4.94: 
	4.93: 
	4.92: 
	4.91: 
	4.90: 
	4.89: 
	4.88: 
	4.87: 
	4.86: 
	4.85: 
	4.84: 
	4.83: 
	4.82: 
	4.81: 
	4.80: 
	4.79: 
	4.78: 
	4.77: 
	4.76: 
	4.75: 
	4.74: 
	4.73: 
	4.72: 
	4.71: 
	4.70: 
	4.69: 
	4.68: 
	4.67: 
	4.66: 
	4.65: 
	4.64: 
	4.63: 
	4.62: 
	4.61: 
	4.60: 
	4.59: 
	4.58: 
	4.57: 
	4.56: 
	4.55: 
	4.54: 
	4.53: 
	4.52: 
	4.51: 
	4.50: 
	4.49: 
	4.48: 
	4.47: 
	4.46: 
	4.45: 
	4.44: 
	4.43: 
	4.42: 
	4.41: 
	4.40: 
	4.39: 
	4.38: 
	4.37: 
	4.36: 
	4.35: 
	4.34: 
	4.33: 
	4.32: 
	4.31: 
	4.30: 
	4.29: 
	4.28: 
	4.27: 
	4.26: 
	4.25: 
	4.24: 
	4.23: 
	4.22: 
	4.21: 
	4.20: 
	4.19: 
	4.18: 
	4.17: 
	4.16: 
	4.15: 
	4.14: 
	4.13: 
	4.12: 
	4.11: 
	4.10: 
	4.9: 
	4.8: 
	4.7: 
	4.6: 
	4.5: 
	4.4: 
	4.3: 
	4.2: 
	4.1: 
	4.0: 
	3.Plus: 
	3.Reset: 
	3.Minus: 
	3.EndRight: 
	3.StepRight: 
	3.PlayPauseRight: 
	3.PlayRight: 
	3.PauseRight: 
	3.PlayPauseLeft: 
	3.PlayLeft: 
	3.PauseLeft: 
	3.StepLeft: 
	3.EndLeft: 
	anm3: 
	3.100: 
	3.99: 
	3.98: 
	3.97: 
	3.96: 
	3.95: 
	3.94: 
	3.93: 
	3.92: 
	3.91: 
	3.90: 
	3.89: 
	3.88: 
	3.87: 
	3.86: 
	3.85: 
	3.84: 
	3.83: 
	3.82: 
	3.81: 
	3.80: 
	3.79: 
	3.78: 
	3.77: 
	3.76: 
	3.75: 
	3.74: 
	3.73: 
	3.72: 
	3.71: 
	3.70: 
	3.69: 
	3.68: 
	3.67: 
	3.66: 
	3.65: 
	3.64: 
	3.63: 
	3.62: 
	3.61: 
	3.60: 
	3.59: 
	3.58: 
	3.57: 
	3.56: 
	3.55: 
	3.54: 
	3.53: 
	3.52: 
	3.51: 
	3.50: 
	3.49: 
	3.48: 
	3.47: 
	3.46: 
	3.45: 
	3.44: 
	3.43: 
	3.42: 
	3.41: 
	3.40: 
	3.39: 
	3.38: 
	3.37: 
	3.36: 
	3.35: 
	3.34: 
	3.33: 
	3.32: 
	3.31: 
	3.30: 
	3.29: 
	3.28: 
	3.27: 
	3.26: 
	3.25: 
	3.24: 
	3.23: 
	3.22: 
	3.21: 
	3.20: 
	3.19: 
	3.18: 
	3.17: 
	3.16: 
	3.15: 
	3.14: 
	3.13: 
	3.12: 
	3.11: 
	3.10: 
	3.9: 
	3.8: 
	3.7: 
	3.6: 
	3.5: 
	3.4: 
	3.3: 
	3.2: 
	3.1: 
	3.0: 
	2.Plus: 
	2.Reset: 
	2.Minus: 
	2.EndRight: 
	2.StepRight: 
	2.PlayPauseRight: 
	2.PlayRight: 
	2.PauseRight: 
	2.PlayPauseLeft: 
	2.PlayLeft: 
	2.PauseLeft: 
	2.StepLeft: 
	2.EndLeft: 
	anm2: 
	2.100: 
	2.99: 
	2.98: 
	2.97: 
	2.96: 
	2.95: 
	2.94: 
	2.93: 
	2.92: 
	2.91: 
	2.90: 
	2.89: 
	2.88: 
	2.87: 
	2.86: 
	2.85: 
	2.84: 
	2.83: 
	2.82: 
	2.81: 
	2.80: 
	2.79: 
	2.78: 
	2.77: 
	2.76: 
	2.75: 
	2.74: 
	2.73: 
	2.72: 
	2.71: 
	2.70: 
	2.69: 
	2.68: 
	2.67: 
	2.66: 
	2.65: 
	2.64: 
	2.63: 
	2.62: 
	2.61: 
	2.60: 
	2.59: 
	2.58: 
	2.57: 
	2.56: 
	2.55: 
	2.54: 
	2.53: 
	2.52: 
	2.51: 
	2.50: 
	2.49: 
	2.48: 
	2.47: 
	2.46: 
	2.45: 
	2.44: 
	2.43: 
	2.42: 
	2.41: 
	2.40: 
	2.39: 
	2.38: 
	2.37: 
	2.36: 
	2.35: 
	2.34: 
	2.33: 
	2.32: 
	2.31: 
	2.30: 
	2.29: 
	2.28: 
	2.27: 
	2.26: 
	2.25: 
	2.24: 
	2.23: 
	2.22: 
	2.21: 
	2.20: 
	2.19: 
	2.18: 
	2.17: 
	2.16: 
	2.15: 
	2.14: 
	2.13: 
	2.12: 
	2.11: 
	2.10: 
	2.9: 
	2.8: 
	2.7: 
	2.6: 
	2.5: 
	2.4: 
	2.3: 
	2.2: 
	2.1: 
	2.0: 
	1.Plus: 
	1.Reset: 
	1.Minus: 
	1.EndRight: 
	1.StepRight: 
	1.PlayPauseRight: 
	1.PlayRight: 
	1.PauseRight: 
	1.PlayPauseLeft: 
	1.PlayLeft: 
	1.PauseLeft: 
	1.StepLeft: 
	1.EndLeft: 
	anm1: 
	1.100: 
	1.99: 
	1.98: 
	1.97: 
	1.96: 
	1.95: 
	1.94: 
	1.93: 
	1.92: 
	1.91: 
	1.90: 
	1.89: 
	1.88: 
	1.87: 
	1.86: 
	1.85: 
	1.84: 
	1.83: 
	1.82: 
	1.81: 
	1.80: 
	1.79: 
	1.78: 
	1.77: 
	1.76: 
	1.75: 
	1.74: 
	1.73: 
	1.72: 
	1.71: 
	1.70: 
	1.69: 
	1.68: 
	1.67: 
	1.66: 
	1.65: 
	1.64: 
	1.63: 
	1.62: 
	1.61: 
	1.60: 
	1.59: 
	1.58: 
	1.57: 
	1.56: 
	1.55: 
	1.54: 
	1.53: 
	1.52: 
	1.51: 
	1.50: 
	1.49: 
	1.48: 
	1.47: 
	1.46: 
	1.45: 
	1.44: 
	1.43: 
	1.42: 
	1.41: 
	1.40: 
	1.39: 
	1.38: 
	1.37: 
	1.36: 
	1.35: 
	1.34: 
	1.33: 
	1.32: 
	1.31: 
	1.30: 
	1.29: 
	1.28: 
	1.27: 
	1.26: 
	1.25: 
	1.24: 
	1.23: 
	1.22: 
	1.21: 
	1.20: 
	1.19: 
	1.18: 
	1.17: 
	1.16: 
	1.15: 
	1.14: 
	1.13: 
	1.12: 
	1.11: 
	1.10: 
	1.9: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	0.Plus: 
	0.Reset: 
	0.Minus: 
	0.EndRight: 
	0.StepRight: 
	0.PlayPauseRight: 
	0.PlayRight: 
	0.PauseRight: 
	0.PlayPauseLeft: 
	0.PlayLeft: 
	0.PauseLeft: 
	0.StepLeft: 
	0.EndLeft: 
	anm0: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


