ECE 350 Lecture Notes — Summer 10/11 - Sp 23 Erhan Kudeki

1 Overview, Maxwell’s equations

e ECE 329 introduced Maxwell’s equations and examined their cir-
cuit implications (inductance, capacitance) and TEM plane-wave solu-
tions in homogeneous media and on “two-wire” transmission lines.

e In ECE 350 we continue our study of the solutions and applications
of Maxwell’s equations with a focus on:

1. Radiation of spherical TEM waves from practical compact antennas (e.g.,
used in cell phones and wireless links).

Propagation, reflection, and interference of TEM waves in 3D geometries.
Antenna reception and link budgets in communication applications.
Dispersion effects in frequency dependent propagation media.

Guided waves in TEM, TE, and TM modes.

Field fluctuations in enclosed cavities -+ thermal noise in fields and circuits

O Ot W o

ECE 350 completes the introductory description of electromagnetic (EM)
effects in our curriculum and prepares the student for specialization courses

in EM (ECE 447, 452, 453, 454, 455, 457, 458, etc.) and applications.

Maxwell’s equations:
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is the speed of light in free space.
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Review:
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Maxwell’s Equations:

V-B = OaB

VXE - _a—ta
D

VxH = J‘I‘E

V:-D =p Gauss’s law

Faraday’s law

Ampere’s law
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)

if

M

-

\

icroscopic applications:

e p and J describe compact (pointlike)
sources,

e D=¢FEand B=pyH
acroscopic applications:

e p and J describe smooth sources com-
posed of free charge carriers,

e D=cE and B=pH

specified in the in frequency domain
with w dependent

— permattivity € and

— permeability . -

e Ficlds E and B determine how a “test charge” ¢ with mass m, position

r, and velocity v =1 =

and Newton’s 2nd law

dr
dt

F=¢(E+vxB)

L accelerates in accordance with Lorentz

force
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Maxwell’s Equations:
V-D =p
V:-B =0 5
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VXE = ——
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D
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e Note: the same units for
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Boundary Conditions:

A

n[ D7 =
n-[BT-B7] = 0

n><[EjL E] =0

nx H —H™] = J,

where n 1s a unit normal to the
boundary surface pointing from —
to + side.
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— Displacement D and surface charge density ps,

— Magnetic field intensity H and surface current density J.

e In right-handed Cartesian coordinates div, grad, and curl are pro-

duced by applying the del operator

R N B

A

V =

+i—

<8x’8y’8z) _x%er@_y 0z

on vector or scalar fields as appropriate.
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Units in mksA sys-
tem:

® ¢[=]C=sA,
® p[=|C/m?,
® J[—|A/m?

® E[-|N/C—V/m,

® D[-|C/m’[]ps,

® B|=|V.s/m?
=Wb/m?=T,

® H[-|A/m[-]J;

where

C,N,V,Wh,and T

are abbreviations for
Coulombs, Newtons, Volts,
Webers, and Teslas,
respectively.

Charge ¢ is quantized in units of
e =1.602 x 10712 C,

a relativistic invariant.



e Vectors and vector functions can be expressed in terms of mutually

orthogonal unit vectors z, , and Z as in
= (z,y,2) = x2+yy+2z and E=(E,, E, E.) =

where

— |r| = /22 +y?+ 22 and |E| = \/Eg + B2 + B2 etc., are vector
magnitudes,

tc., are associated unit vectors, with

~

AT -~ _ E
—r=Xand K = =& e
| |E]

/Dot products: /Cross products:

~
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n a right-handed system.

A~

e t-y=a-2=9-2=0.
Cross product A x B is a vector with a
magnitude the product of |A| and |B| and
the sine of angle 6 between A and B and a
direction orthogonal to A and B in a right-
handed sense.

Dot product A - B is a scalar which is the
product of |A| and |B| and the cosine of an-
gle 0 between A and B.

Dot product is zero when angle 6 is 90°, as

the case of z and ¥, etc. Cross product is zero when the vectors cross

multiplied are collinear (# = 0°) or anti-

\@ear (0 = 180°).

E.a+E,y+E.z etc.,

= (2,9, 2)
=ar +yy+ 22

Y

UNIT VECTORS AND A POSITION
VECTOR IN RIGHT-HANDED
CARETESIAN COORDINATES

Right handed con-

vention: cross product vec-
tor points in the direction indi-
cated by the thumb of your right
hand when you rotate your fin-
gers from vector A toward vector
B through angle # you decide to
use.

A -B =|A||B|cost
DOT PRODUCT:product of
projected vector lengths

A xB=

CROSS PRODUCT:
perpendicular area vector of
the parallelogram formed

by co-planar vectors

|A||B|sinfa x n

right-handed



Example 1: A particle with charge ¢ = 1 C passing through the origin r = (z,y, z) = 0 of the lab frame is observed

to accelerate with forces
when the velocity of the particle is
R . m
V1:O, V2:2y7 V3:3Z_7
S

in turns. Use the Lorentz force equation
F =¢(E+v xB)

to determine the fields E and B at the origin.

Solution: Using the Lorentz force formula first with F = F; and v =v;, we note that
2& = (1)(E+ 0 x B),

which implies that

N A%
E=2—-=2z—.
xC *m
Next, we use
F F
vxB=——-E=— -2z
q q

with Fo = 2% — 62 and vy = 27, as well as E = 22 V/m, to obtain
20 xB=-6z2 = ygxB=-3%
likewise, with F3 = 22 + 9y and vs = 32,
3Z2xB=9y = ZxB=3g.
Substitute B = B,& + B,y + B.Z in above relations to obtain
§ X (ByZ + Byy + B,2) = —By2+ B,& = —3Z

and
2 x (Bg& + Byy + B.2) = B,y — Byt = 33.

Matching the coefficients of Z, ¢, and Z in each of these relations we find that

Wh
BI:3—27 and By:BZ:O
m
Hence, vector
B W
m

Having three mnon-collinear
force measurements F; cor-
responding to three distinct
test particle velocities v; is
sufficient to determine the
fields E and B at any location
in space produced by distant
sources as illustrated by this
example.

zZ
A
Y
V1:O
> - > T
F1—2$
zZ
A
Y
V2:2g
> T
Fo =21 —-62
zZ
A
Y

V3 =432 Fs =23+ 99




Conservation laws

e In HW1 you are asked to derive the continuity equation

dp
i . J =
8t+v 0

by taking the divergence of Ampere’s Law and combining it with Gauss’
Law.

— This equation expresses the conservation of electrical charge by
putting a constraint on charge density p and current density J as
it was first explained in ECE 329 (this is just a review, recall).

e Another conservation law derived in ECE 329 from Maxwell’s equations
was Poynting Theorem, namely

ow
——4+V-S=_-J-E
or ’
where ] ]
w = §€OE - B+ §,uOH -H EM energy density,

S = E x H Poynting vector,

—J - E power produced per unit volume,

— expressing the conservation of electromagnetic energy.
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e All conservation laws found in nature can be expressed mathematically
in the forms given above in terms of a time-derivative of the volumetric
density of the conserved quantity, the divergence of the flux of the
conserved quantity (the so-called transport term), and a production
term on the right (zero in case of charge conservation).

e The above conservation laws account for the increase/decrease of the
conserved quantity density in terms of local transport and production
effects. Hence charge conservation, for instance, is a local conservation
principle.

— If charge density decreases at a location, it will increase at a neigh-
boring location because of local transport between the locations
— charge cannot disappear in one volume and appear simultane-
ously in another volume (satisfying a so-called global conservation
principle) without having traveled between the volumes.

— All conservation laws observed in nature are local (as opposed to
global) in the sense just described — the proof for this very broad
statement can be based on the principle of relativity!.

!Note that if charge could travel between the volumes with an infinite speed, then “global conservation”
as opposed to “local conservation” could have been a viable idea — however no object can travel faster
than light according to the principle of relativity and thus conservation laws have to be necessarily local
and have mathematical expressions similar to those given in the continuity equation. A more general (but
simple) proof of the local nature of all conservation laws (based on special relativity) is given by Feynman
(see “The character of physical law”, 1965, MIT Press).
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2 Static fields and potentials

Static fields
E=E(r), D=D(r), B=B(r), H=H(r)
independent of the time variable ¢ are produced by static source distributions
p=p(r) and J=J(r)

which only depend on position vector r = (x,y, z). In case of static fields
Maxwell’s equations simplify and decouple as

Gime-dependent: A Electrostatics: (curl-free)
V-D = p > _ V-D =
V-B =0 B VxE =0
VxE = o D = ¢E
oD : : .
VxH = J+ e Magnetostatics: (divergence-free, solenoidal)
N J V-B =0
VxH =]
\_ B = u,H




Important vector identities:
e V x (VV)=0
o V- (V X A) =0

e VXV XxA=V(V-A)—V2A.

Electrostatics: (curl-free)

V-D =p
VXE =0
D = ¢ E

Since all curl-free fields can be expressed in
terms of a scalar gradient, we choose

E=-VV

where

V=V(z,y,z2)
\s called electrostatic potential.

~

Magnetostatics: (divergence-free)

V-B =0
VxH =1J
B = uH

Since all divergence-free fields can be ex-
pressed in terms of a curl, we choose

B=VxA

where

A=A(x,y,2)

\s called vector potential.




-

Electrostatics: (curl-free)

V-D =p
VxE =0
D = ¢ E
such that
E=-VV.

Electrostatic potential
V=V(x,y,z2)

signifies the kinetic energy available (i.e.,
stored potential energy) — total energy be-
ing %mv - v + gV — per unit charge in a
static field measured from a convenient refer-

\ence point (ground). )

4 N

Magnetostatics: (divergence-free)

V-B =0
VxH = 1]
B = uH
such that
B=VxA.

[f we apply the constraint V-A = 0 — known
as Coulomb gauge and discussed in more
detail next lecture — then the vector po-

tential
A=A(z,y,2)

can be interpreted as kinetic momentum mv
available — total (canonical) momentum be-
ing mv + gA — per unit charge in a static
field.

- /

e In general, given V' and A, it is easy to compute E and B.

e How do we get V and A from p and J? DBefore addressing this

question in full generality, let’s review the electric field E and the elec-

trostatic potential V' of a stationary point charge located at the origin.



Coulomb’s law specifies the electric field of a stationary charge () at the

Q

- dre,|r|?

origin as

E(r)

as a function of position vector r = (x,y, z) with a magnitude

Force exerted by Q on q:

: F =qE

r| =r = /22 + 132+ 22 and direction unit vector 7 = —
-

with electric field
e This Coulomb field E(r) will exert a force F = ¢E(r) on any stationary g @
dre,|r|?

“test charge” ¢ brought within distance r of @) (see margin).

With multiple Q’s superpose
multiple E’s

e The associated electrostatic potential is

Q

- 47e,|r]

V(r)

with an implied ground for |r| — oo.
Verification: this can be done in two ways,
1. by computing —VV = E(r), or
2. by computing the line integral [~ E - dl = V/(r) along any path.

In HW 1 we will ask you to verify the potential of the point charge
using both methods.



Poisson’s equations:

-

Electrostatics: Since
VxE=0 = E=-VV,
we have
D=¢E and V-D=p

implying

V(e VV)=p =VV=_1"

N 3

Magnetostatics: Since

V-B=0 = B=VXxA,
we have

B=uyH and VxH=J
implying
Vx(u,'VxA) =T =VA=—pu,J

after using

V-A=0 (Coulomb gauge)

in the expansion of

\\ VXVXxA=V(V-A)-V’A )

e We can get V' and A from p and J by solving the Poisson’s equations
V= -2 and VA = — lhod

€o

0*  09* 0

02 i Oy? i 072

5

is Laplacian operator.



The solution of electrostatic Poisson’s equation

vy = -2

€o
with an arbitrary p(r) existing over any finite region in space can be obtained

V(r) = / p(r') Br!

drte,r — 1|

as

where d®r’ = da/dy’dz’ and the 3D volume integral on the right over the
primed coordinates is performed over the entire region where the charge
density is non-zero (see margin).

e Verification: The solution above can be verified by combining a num-

ber of results we have seen earlier on:

1. Electric potential V(r) of a point charge @ at the origin is
Q

B dre,|r|

V(r)

Clearly, this singular result is a solution of Poisson’s equation
above for a charge density input of

p(r) = Qi(r).

(a) Using ECE 210-like terminology and notation, the above re-
sult can be represented as

1
4me,|r|

d(r) — | Poisson’s Eqn| —

The general solution
Viz,y,2)

is obtained by performing a
3D volume integral of
p(@',y', )
47T€o|(x7 Y, Z) - (xla y/7 Z/)|

over the primed coordinates.
In abbreviated notation

&ér' = do'dy'd?

denotes an infinitesimal vol-
ume of the primed coordinate
system.



identifying the output on the right as a 3D “impulse response”

of the linear and shift-invariant (LSI) system represented

by the Poisson’s equation.

Because of shift-invariance, we have

é(r—r') —

1

Poisson’s Eqn| —

dre,|r —r!|

meaning that a shifted impulse causes a shifted impulse re-

sponse.

The shifted impulse response is usually called “Green’s
function” G(r,r’) in EM theory.

Because of linearity, we are allowed to use superpositioning

arguments like

/p(r')é(r—r’)d?’r’ = p(r) — |Poisson’s Eqn

1
s /p(rl)47r60|r — r/|d3r’ = V(r),

which concludes our verification. Note how we made use of

the sifting property of the impulse (from ECE 210) in above

calculation.



Solutions of Poisson’s equations:

zZ

p(r’)

implies a general solution

Vi) = / p(r')

dme,lr —

N

|

3

/

d°r’.

N/

Magnetostatics:
VZA = —p,J

implies a general solution

4tlr — 1/

AN

Alr) = / pod (r')

4t

/

These results indicate that potentials

V(r)

and A(r)

are appropriately weighted sums of

p(r)

and J(r)

in convolution-like 3D space integrals.

8



Quasi-static approximation:

A
z ) p(r',t)
r T

Y4

Electro-quasi-statics: Magneto-quasi-statics:
E~-VV B~V xA
:uO r, 3./
! ¢ Ar,t) =~ / ————~d°’r
V(r,t) ~ / p(r7 ) d?)rl ( ) 47-‘-‘1._1.1‘
4re,|r — 1/ _
\for slowly varying J(r, ).
\or slowly varying p(r, ¢). -

Validity of these quasi-static results requires that
L
T>—
c

where T is the period of the highest frequency in source functions p(r,t) and
J(r,t), while L is the size of the region around the source region where quasi-
static approximation is acceptable. This condition cannot be satisfied as
L — o0, in which case the required “fix” is to replace the potential functions
above by their “retarded potential” counterparts — see next lecture.

9




3 Lorenz gauge and inhomogeneous wave equa-
tion

Last lecture we found out that given the static sources

p=p(r) and J=J(r),

static fields
E=-VV and B=V x A

satisfying
\
Electrostatics: (curl-free) A g/[agnetostatics: (divergence-free)
V:-D =p V-B =0
VXE =10 VxH =]
\_ D = ¢E AN B = u,H -
can be computed using the potentials
4 N/ )
poJ (') s,
/ A — o=\ )
Vir)= / pIr) dr’, (x) /4#\1‘ - r’\d "
dme,|r — 1|
the solution of the solution of
2
V2V:—£ K VA:—ILLOJ /
N € /




e Over the next two lectures we will explain why in case of time-varying

sources

p=p(r,t) and J=

the full set of Maxwell’s equations (see margin) can be satisfied by

E=-VV - 8_A and
ot

in terms of delayed or retarded potentials specified as

~

p(rla t— #)

4rey|r — 1|

dr’,

Vir,1) = /

the solution of inhomogeneous wave equation

0*V 0

J(r, 1),
V-D =p
V-B =0
B=VxA VxE =
VxH = 1]
4 I
('t —
A(r,t):/ILL (I', c )d3r/’
dtlr — 1’|

the solution of inhomogeneous wave equation

O*A

2 —
\ V_IU’OEOW = =

-

€o

4

where ¢ =
\/ /JLOEO

e Note that retarded potentials
V(r,t)

are essentially weighted and delayed sums of charge and current densi-

ties

is the speed of light in free space.

and A(r, 1)

2A_ 00—:_0J
_ VA Tt = K J

z




pr;t) and  J(r,?),

while the fields E and B are obtained by spatial and temporal deriva- A
tives of the potentials.

e Alternatively, we can first use

0J /7t T ‘I'—I"
Amﬂ:/w . oy o B_vxA

4t|r — /|

and then find the anti-derivative of Ampere’s law

V X E = eoa—E
Lo ot

J=A=B=E

to determine E outside the region where J is non-zero, bypassing the
use of scalar retarded potential V(r,¢) — that is the most common
approach used in radiation studies.

We will next verify the procedure outlined above and the start discussing its
applications in radiation studies.



e The full set of Maxwell’s equations is repeated in the margin for con-
venience. Divergence-free nature of B compels us to define a vector

potential A via V-B =
B=VxA V X E
just as before. Inserting this in Faraday’s law we get V x H
0 0A
E=—VxA = Vx(E+—)=0.
V X Eilie x (E+ pr )
Evidently
A A
E + 8_ is curl free, so it must be true that E + 8_ =—-VV,
ot ot
or IA
E=-VV-—
ot

in terms of some scalar potential V.

V-D =

Main difference from statics appears to be the need for fwo poten-
tials, instead of one, to represent the electric field E under time-
varying conditions. We continue ....

e Now substitute

B=V x A and E:—VV—%—iL



in the remaining two Maxwell’s equations — Gauss’s and Ampere’s

laws 9
V- (E)=p and V x (u,'B) =J + E(EOE),
that we have not touched yet. Upon substitutions we get
0A 0 0A
EOV : (—VV — E) = p and y X Yr X A = ,LLOJ + /LOEOa(—VV — a),
V(V-A) - VA
which looks like a big mess.
But if we specify
V-A= —/106088—‘; (Lorenz gauge)
these messy equations simplify as
o0*V o 0?A
2 _ 2 _
VIV — MOEOW = —6—0 and V°A — MOEOW = —,LLOJ

which we recognize as the inhomogeneous or “forced” wave equations
for V' and A stated earlier on.

— The derivation of the decoupled wave equations above hinged upon
our use of Lorenz gauge which reduces to the Coulomb gauge,
V - A =0, in static situations.

— Note also that the forced wave equations reduce to Poisson’s equa-
tions under time-static conditions.

5



— Since we know how to solve the unforced wave equation from ECE
329, and since we know how to solve the Poisson’s equation, it is
now a matter of combining those methods to solve the forced wave
equations obtained above.

Just a few additional comments on gauge selection bhefore we go on (next
lecture):

e Gauge selection amounts to deciding what to assign to V - A.

e We can make any assignment that pleases us. This is like choosing the
ground node in a circuit problem. Whatever simplifies the problem the
most is the best gauge to use.

— Lorenz gauge is clearly a good one since it led to decoupled wave
equations which are very convenient to work with.

We can attack the decoupled equations for V and A one at a time.



4 Time harmonic sources and retarded poten-
tials

e The solution of forced wave equation

0*V 0
VYV - ue— = ——
HoCo ot? €,
for scalar potential V' is most conveniently obtained in the frequency

domain:

Consider a time-harmonic forcing function p and a time-harmonic re-
sponse V' expressed as

p(r,t) = Re{p(r)e’*'} and V(r,t) = Re{V(r)e/*!}

in terms of phasors

p(r) and V(r).

Then, the above wave equation transforms — upon replacing % by jw
— into phasor form as
o7 o0y P
VYV + poe,wV = ——.
6O
e For w = 0 the above equation reduces to Poisson’s equation, which we
know has, with an impulse forcing (for 1 C point charge at the origin)
1 1

p(r) = 6(r), an impulse response solution V(r) = el — o

1



where 7 = |r| denotes the distance of the observing point r from the
impulse point located at the origin.

— Note that this impulse response o< 1/r is symmetric with respect
to the origin just like the impulse input d(r).

We now postulate and subsequently prove that for w > 0, the impulse re-
sponse solution of the forced wave equation — i.e., with forcing function

p(r) =0(r) —is

. —Jjklr|
V(r) ‘ with &k = wy/lte€, = d
c

- 47e,|r|

Proof: For p(r) = d(r) the source of the forced wave equation (for an
arbitrary w) is symmetric with respect to the origin, implying that the corre-
sponding solution ‘N/(r) should also have the same type of symmetry. Then,
with no loss of generality, we can claim a solution for the case p(r) = d(r) of
the form

where

o f(?“) = 47360

o f(r)is to be determined for an arbitrary w as follows:

for w =0, and

Note that by substituting
the source function §(r) and
response function ﬁ back
into the Poisson’s equation

we obtain an equality

V2 (i> = —470(r),

||
which is a useful vector iden-

tity.



— Substituting f(r)/r for V(r) and &(r) for p(r) in the forced wave
equation (see margin), we obtain Forced wave eqn
(phasor form):

V%@) + ﬁ@ — _(5(1‘) i i .
g g € vV kv =L
which reduces, for r # 0, to €o
with
V%E) + k:?@ = 0. "
r

k= w\/ €, = —
c
— Since (as shown in HW) we have, by using spherical coordinates
(reviewed next lecture),

2 J (1) _ 1(‘92]‘
Vi r )= ror?’
it follows that we have, for r # 0,
1,0°f
(L L2 =
T(aTQ + f) Oa

which is in turn satisfied by
f(r) = ge™h = geTirle
with an arbitrary constant g.

— Finally, the constraint that f(r) = 1/4me, for w = 0 indicates that

1
9= Ame,’

3



and thus

GZFj kr called retarded solution of the
f (T) = wave equation. The alterna-
41 €o tive choice +jkr is not used

in the solutions f(r)/r of the wave equation with p(r) = §(r).

This concludes our proof of the postulated solution

6—]/{5|I'|
V(r) with k£ =w

B 4me,|r|

solution as opposed to the acausal alternative (see discussion below).

For the record, by scaling the result above:

- N

For p(r) = Qd(r), the causal solution of the
forced wave equation

VAV + KV = —

€o
where k = w,/l1,€, is the phasor

Q e—jk‘r

dme, T

V(r)

N

The choice —jkr leads to so-

w
Ho€o = —
C

more).

/ﬁkewise, for J.(r) = P§(r), the causal solin)

tion of the forced wave equation

V2A, + kaL = — o,
where k = w/1t,€, must be the phasor

_ pePe M
- Arx
which describes, with P = IAz, the vec-

A, (r)

Y

r

tor potential of the Hertzian dipole defined

\n Lecture 6. /

because it leads to an ad-
vanced solution that depends
on future values of the charge
distribution not available in
practice (this causality con-
straint is further discussed
later in this lecture).

Note that k£ is another sym-
bol for wavenumber /.
where the sign choice in the exponent favors the physically relevant causal this and higher level courses
in EM and signal processing
k is favored over f (for a good
number of reasons which will
become apparent as we learn



e We can next argue as follows:

—Jklr|
d(r) — |Forced Wave Eqn| — c
47e,|r|
and
6—jl{:|r—r'\
d(r — r’) — |Forced Wave Eqn| —
dme,|r — 1|
imply that

—jklr—r'| -
/ﬁ(r’)é(r—r’)d?’r’ = p(r) — |Forced Wave Eqn| — / Je d*r’ = V(r),

de,|r — 1/
giving us, on the right-hand side, the retarded potential solution in

the frequency domain.

e Finally, inverse Fourier transforming the above result back to time do-
main, we obtain

4 t_‘r;r
Vi) = [ CE i

where we made an explicit use of the time-shift property of the Fourier
transform as in

v — ]

p(r',t — ) & R, w)e wi=rl/e = 5(ph)e— k=],

C

— Note that V(r,?) is a weighted superposition of the past values of
charge density p(r,t) (as opposed to future values) because of our

5



use of the causal solution! (as opposed to acausal solution) of the
forced wave equation discussed above.

It is useful to stress at this point the relationship between a phasor (of a time
harmonic function) and a Fourier transform (of a time domain function) as
follows:

e A phasor, say, V(r) is a sample of a Fourier transform function V (r, w)
at the frequency w of a time-harmonic function that the phasor repre-
sents.

e Conversely, a Fourier transform V (r,w) represents a continuous collec-
tion of phasors V (r) representing time-harmonic functions of all possi-

ble w.

Based on the above correspondence principle we feel free to switch
between phasor and Fourier transform concepts as convenient.

IThis choice is also referred to as Sommerfeld’s radiation condition after Arnold Sommerfeld who also
developed an asymptotic formula that retains the causal solution and rejects the acausal one.

6

Question: is causality an ad-
ditional postulate on top of
Maxwell’s equations that needs to
be invoked to understand radia-
tion?

Answer: no, not really, we need
to invoke causality at this stage to
pick the relevant root of the solu-
tion for the forced wave equation
simply because we took a short-
cut of using a steady-state solu-
tion based on Fourier transforms
(phasors). Had we solved the
same problem as an initial value
problem (using the Laplace trans-
form), only the retarded potential
solution would have figured in our
answer naturally without having
to invoke a separate causality pos-
tulate — see J. L. Anderson,
“Why we use retarded potentials”,
Am.J. Phys., 60, 465, 1992.



Having finished the derivation of the retarded potential solution of the

forced wave equation for scalar potential, we can re-state our result, and by

analogy the result for the retarded vector potential as:

-

plr',t = =2

d*r’
de,lr — 1 ’

V(r,t) = /

{

0*V
2
VIV e

_ P

N

~

the solution of inhomogeneous wave equation

e
\r—r’|)

C

MOJ(IJ) t—

dr|r — 1|

d°r’,

Alr,t) = /

the solution of inhomogeneous wave equation

0*A

)

where
1

Ho€o

T

These results indicate that retarded potentials

V(r,t) and A(r

)

are appropriately weighted and delayed sums of

p(r,t) and J(r,

in convolution-like 3D space integrals.

t)

VA — lyep—— = — 1,
\_ P — /

is the speed of light in free space.




Next turning our attention to retarded vector potential solutions, we

Time-domain:

OJ ’t_ﬂ
A(r,t):/'u (ra c )d?)rl7

4t|r — 1/

the solution of the inhomogeneous wave equa-
tion

1 0°A

VA —

2o ~Haod.

N /

note that the results stated in time and frequency domains are as follows:

N

Frequency-domain:

. J (1 e iklr—r|
A(r):/IU“OJ(r )e dBr/’

4tlr — 1/

the solution of the inhomogeneous wave equa-

tion
9

V2A + CZ—2A = —lod.

N /

In the next lecture we will learn how to perform vector calculus operations in
spherical coordinates and then apply the frequency-domain result obtained
above to the calculation of radiation from short current elements.



5 Vector calculus in spherical coordinates E

In studies of radiation from compact antennas it is more convenient to use

spherical coordinates instead of the Cartesian coordinates that we are
familiar with. In this lecture we will learn

r cos 0

1. how to represent vectors and vector fields in spherical coordinates,

2. how to perform div, grad, curl, and Laplacian operations in spherical ey 7

< rsin@sin ¢
coordinates. . g
rsin 6 cos ¢ x
e A 3D position vector
r=(z,y,2)
with Cartesian coordinates (x,y, z) is said to have spherical coordinates
(1,0, ¢) where
4 N/ In terms of spherical coordinates, Cartesian coordi)

1 X N \/ > — nates can be expressed as
ength r = |r|=+vx*+y>+=z

LV +y? r = rsinfcos¢

2 y = rsinfsin¢

\_ z = rcosb. J

zenith angle # = tan™

1Y _ atan2(y, x)

x /

Ratios x/r = sinf cos ¢, y/r = sin @ sin ¢, and z/r = cos§ are referred to
as direction cosines cos 8., cos 0, and cos 0, respectively, as they represent
the cosine of the angle between vector r = (z,y, 2) and the x-, y-, and z-

azimuth angle ¢ = tan™
\_

directions, respectively, namely 0,, 8,, 0, = 0.

1



e In Cartesian coordinates we have mutually orthogonal unit vectors

A A A

I? y?z

pointing in the direction of increasing Cartesian coordinates x, y, z,
respectively.

e Likewise, in spherical coordinates we have mutually orthogonal unit
vectors

pointing in the direction of increasing coordinates r, 6, ¢, respectively.

e However, unlike , ¢, 2, the unit vectors r, é, gﬁ are not global —
rather they are local in the sense that their directions depend on the
local coordinates.

— The local nature of r, é, é becomes clear when they are expressed
in terms of the global unit vectors x, v, Z as follows:

r (z,y,z2

Fo= —:M:ﬁ:sin@cos¢—|—gjsinesin¢—l-20089
r r

~ —vy,x,(

¢ = =y2,0) >:—i“sin¢—|—g)cos¢
vV + y?

0 = gﬁxf:icosﬁcosgb+g)cos@sin¢—28111«9

Make sure you understand each of the terms above with reference
to the figure shown in the margin.

2

Unit-vectors 7, é,and <5 shown
in red, green, and blue point
in mutually orthogonal direc-
tions of increasing spherical
coordinates r, 6, and ¢, re-
spectively, such that 0 x ¢ = 7.
Note that 7, f,and ¢ are local
unit vectors (i.e., coordinate
dependent) unlike the global
unit vectors 7, y, and Z of the
Cartesian coordinate system.



e [n Cartesian coordinates we have an infinitesimal volume element
dV = dxdydz

which is used in 3D volume integrals and often denoted as “d’r”.

— Note that dV is the volume of a rectangular box formed by the
intersection of constant coordinate surfaces of two infinitesi-
mally close points having a separation vector

dr = zdx + ydy + zdz.

e Infinitesimal volume element d®r expressed in terms of spherical coor-
dinates and their increments is

dV = (dr) (rdf) (rsin0de¢) = dr r* sin@df do .
V' = (dr) (rdf) (rsin 0d¢) = dr r* sin o

solid angle increment = df?

— Once again dV is the volume of a rectangular box formed by the
intersection of constant coordinate surfaces of two infinitesi-
mally close points having a separation vector

dr = #dr + 0rdf + ¢r sin 0do.

— Note that in this case constant coordinate surfaces are no longer
planar globally, but over infinitesimal dimensions of dV' the sur-
faces will appear locally planar.

3

Any vector

where

A(r) = A2+ Ayg+ A2,

Az, Ay, and A, are the projec-

tions of A(r) on red, green, and blue
arrows aligned with .y, 2, respectively.

4

y

| ‘\dy‘ "
rsin0dg \£
o Y
r .
0 i D
E »n
L 8
oos
Tsi_@e— A . .
A 5 rsin @ sin ¢
rsin @ cos ¢ x
Any vector

where

A(r) = A7+ Agh + Ay,

A, Ag, and A, are the projec-

tions of A(r) on red, green, and blue
arrows aligned with 7,0, ¢, respectively.



I herical dinates di 1, and grad
In Cartesian coordinates div, curl, and grad (In spherical coordinates div, curl, ald gra
1 0(r*A,) 1 O(sinfAy) 1 04,
0A, O0A 0A, A = r
VA = + "+ v rz  Or +7“Sin«9 00 +TSiIl(9 0¢
ox oy 0z
5 G 3 P 4 ¢
g ‘g g r2sinf rsinf r
A, A, A VxA =| & & o
A, 1Ay rsinfA,
ov._ oV . oV,
T+ Y+ z
” oV 10V 1 oV
— -7 — é 7
vV 8rr+7“8€ +rsin88¢¢

v = ox oy

are obtained by applying the del operator
are obtained for vectors
A = A7+ Agh + Ay

_ 220
N 0x’ Oy’ 0z
“algebraically” to vectors
. . . and scalars
A=Ac+ A+ Az V(r,6,8)
and scalars as indicated above. Also the Laplacian V? of a scalar function V
Vi(z,y,z) is obtained as
N : T — 2
a? mdlcfute(%l ab?ve. élso télte Lapzfaman V.-V=V o — ig(rz ov n 1 g(smeav N 1 o0*V
of a scalar function V' is obtained as 2Zors oy 2 sin 6 00 90 r2sin2 0 042
2 2 2
ViV = ald + ald + 0 V_ Note that there is no del operator that “works alge-
\ ox?  Oy? 022 % . . : :
\Qalcally” in spherical coordinates. j




Example 1: Verify the 7 component of V x A formula in spherical coordinates by
showing that it corresponds to

A .dl
lim Je A
Ac—0 AC

where A¢ is the enclosed area of contour C' orthogonal to 7 marked in the margin
by blue and green edges.

Solution: In spherical coordinates

P 6 é
r2sinf rsinf r
_ 0 0 0

A, 1Ay rsinfA,

and, therefore, 7 component of V x A is

1 0 0 1 0 0

> smﬁ(@&r sinfA, — 8—¢7“A9) rst(@H singA, — 8_¢A9)

(VxA)-7 =

To show that this expression corresponds (as it should by definition) to
A - dl
lim Je A
Ac—0 AC

where circulation path C and enclosed area A¢ are as described in the question
statement, we first note that

Ac = (rsin0d¢)(rdb)

rsin Odo ‘/

“ rsinfsin ¢

rsin @ cos ¢

Sy



to second order in increments df and d¢. Also,
7{ A-dl = Ap(r,0,¢)rdd+ Ay(r,0 + db, ¢)rsin(6 + db)d¢
C
—Ap(r, 0,0+ dp)rdd — Ay(r, 0, ¢)rsin Od¢

starting on the green edge. Thus
§C A-dl . A@(ra 87 ¢) - A@(ra 87 ¢ + d¢)

Ac rsin fdo
Ay(r,0+db, ¢)sin(0 + db) — Ay(r, 0, ¢) sinb
+ :
r sin 6d0
which yields in the limit of vanishing df and d¢
1 1
8A 0 sinfA, =(VxA)-r

_rsin98—¢ 0t rsin 6 90

as requested.

r sin Odo \/

See Appendix A and B in Rao for a complete coverage of the
derivation of div, grad, curl in spherical coordinates.




Example 2: Verify the gradient procedure

oV 19v. 1 oV,
Vo= a0 a9

in spherical coordinates.

Solution: Independent of the coordinate employed, the total differential

ov ov ov
dV = —dx, + —dxs + —d
(9331 Tt 8332 T2t 8333 3

of a scalar function V' = V' (x1, x9, x3) and its gradient VV are related by

dV =VV -dr.

In the Cartesian coordinate system where V' =V (z,y, 2) and dr = Zdx + ydy + zdz,
this relation expands as

dV = (9_de + (9_de + (9_de =VV - (2dx + ydy + 2dz)
ox Jy 0z

and implies
ov._ oV, oV
VV = 8xx+ 8yy+ 822'

For spherical coordinates V' = V(r,0,¢) and dr = rdr + Ordo + ¢Er sin Odg, so we
have

oV oV oV . ~ y
dVv = 5 dr + 50 do + 8—¢d¢ = VV - (rdr + 0rd + ¢rsin0do)

implying that

oV, 1av, 1 oV,

0+ &,

VV_ETJF;aH rsinf 0¢




Example 3: Show that the Laplacian of a scalar field V(r, 8, ¢) is specified as

18,,0V 1 9 1% 1 9V
v?‘f _ 2 :
B ) (Sinb5g) + Zanre 0¢*

r2or:  Or r2 sin 6 00

Solution: Since the Laplacian is the divergence of a gradient, we start by noting that

oV +1@Vé+ 1 8‘/&
or r 00 rsinf 0¢ =

Applying to this vector the divergence formula

i@(rQ(VV)T)+ 1 9(sinf(VV)y) 1 9(VV),

VV =
vV 72 or rsin 6 00 +TSiIl(9 0¢
_ 1065 1 o665 1 Ol a)
r2  or rsin 6 00 rsinf  0¢

the above result for the Laplacian is readily obtained.




6 Spherical waves

In this lecture we will find out that short-filaments of oscillatory currents
produce uniform spherical waves of the vector potential propagating away
from the filament. The relationship between spherical waves of the vector
potential and the corresponding electromagnetic wave fields will be examined
in the next lecture.

We recall that time-varying solutions of Maxwell’s equations can be ob-
tained via

B=VXxA,

where the vector potential A(r,t) is related to time-varying current density
J(r,t) via

Time-domain: /frequency-domain: N

r—r’ ~ j(r/)e_jk|r_rl|
oJ / t — | ‘ _ Ho 3./
A(r,t) = / Ho (1 ¢ )d?’r/. A(r) / ',

_ p/
drt|r — 1| Amlr =

where

\_ k= wy/1o€o. J

e We will next examine the implications of the above results from Lecture
4 for an z directed infinitesimal current filament defined as

Iet) — {Icos(wt), for x =0, y =0, —%<z<%

0, otherwise. / z
v

I(z,t) = ]rect(AZZ) cos(wt)




where constant [ is specified in units of amperes (A). We can associate
with this infinitesimal current the following current density function

et = {15(1‘)5@) cos(wt)z, for — 42 <2< &2
0, otherwise.
= Ié(x)é(y)rect(i) cos(wt)z A
Az m?

recalling that the dimension of an impulse §(z) is m™!.

The oscillatory and 2 directed infinitesimal current filament of a length
Az can in turn can be represented in terms of a phasor

I(r) = Ié(x)cS(y)rect(Aiz)é %

We can also re-write this as

- rect(=) . A
J(r) = I5(z)0(y)A B2
(1) = 16(2)d(y) e = 520 2 5
in which the ratio with the rectangle in the numerator can be treated
as the impulse “d(z)” provided that the width, Az, of the rectangle is

considered an wnfinitesimal so that the ratio

rect(x>)
Az




represents in effect an infinitely thin and tall function centered about
z = 0 having a unity area underneath?.

e Next we substitute this current density phasor J(r) (with Az consid-
ered an infinitesimal) into the phasor formula for the retarded vector
potential to obtain

. J (e Jklr—'|
A(I’) _ /NOJ(r )6 d3rl

drt|r — 1’|
J(r))
r] / A N2 ,—jklr—r'|
_ ///,uo oz )o(y )Az0(2)z e da'd
4tlr — 1/

where the integrations are to be carried over 2/, ¢/, and 2’ in the range
—00 to +00.

e These are very easy integrals to take because of §(z'), d(y'), and §(2')
factors in the integrand, and lead to (after replacing all 2/, ¢/, and 2’
elsewhere in the integrand by 0)

e—jk‘r

Alr) =Horn

Z,
4 r

IThis treatment of Az as an infinitesimal is permissible in A (r) calculation provided that Az < \/2r =
k~' and r = |r|. This can be seen easily by noting that e ="' a e=hreFikAzcost/2 for p/ — £ 822 and
Az/2 < r, which is in turn ~ e 7¥" provided that kAz < 1. This amounts to having Az small compared

to all remaining lengths, ramely A and r, in the problem!



where r = |r| as usual. Converting this result into time domain by
multiplying it with e/“! and taking the real part of the product we

obtain R
A(r,t) = Z—OIAzCOS<w _ T)é.

/0 r

We have just finished deriving the retarded vector potential solution of an
oscillatory infinitesimal current filament known as the Hertzian dipole.

Our results indicate that for a Hertzian dipole oriented in Z direction, the
vector potential solution

Frequency-domain: Time-domain:
8 e eIk _ Mo\ _cos(wt —kr)
A(r) = EIAZ p— A(r, 1) 47TIAZ . 2

is also oriented in the 2z direction and oscillate in time at the frequency w
of the oscillating dipole. Note that:

1. These vector potential solutions describe a spherical wave (as opposed
to a plane wave) characterized by spherical surfaces of constant
phase associated with

e and  cos(wt — kr)

variations in frequency and time domains.

2. Spherical wave solution is uniform in the sense that the vector potential
phasor A is constant (in direction and magnitude) on spherical surfaces

4



of constant phase (in analogy to uniform TEM plane waves of electric
and magnetic fields studies in ECE 329).

3. Clearly, the propagation speed of the spherical wave is

w w
/l}p—_— :C.

ko wy/lo€

4. The spherical wave is also characterized by an oscillation amplitude
1

r

that varies as = away from the radiating source

e In the next lecture we will take the curl of this result (using spherical
coordinates operators) to obtain spherical (but non-uniform) waves of
B that accompany the A-waves, and then derive the accompanying
spherical (but non-uniform) E-waves using Ampere’s law.

— We will find out E- and B-waves derived from A-waves are in
general non-uniform and form “beams” of directions along which
field magnitudes |E| and |B| maximize over spherical planes of
constant phase.

— The mathematical description of these beams is provided by the
“oain function” and the “solid angle” of the radiating system to be
defined and explored in Lecture 10.

e In deriving E- and B-waves from A we will not explicitly worry about
V(r,t) and p(r,t) that accompanies the Hertzian dipole behavior (since
J contains all information included in p variations).

5



e For completeness sake, however, let us examine what kind of p(r,?)
variation should be expected for the Hertzian dipole.

The Hertzian dipole is a hypothetical radiation element defined and intro-
duced above. Its main utility is that it has the simplest radiation properties
that one could imagine and use as a building block to represent more com-
plicated (and practical rather than hypothetical) radiation elements.

e A Hertzian dipole was defined as a filament of an infinitesimal length
Az which is carrying a constant (z-independent) current at each instant
of time ¢.

— Since outside the filament the current vanishes, charge conserva-
tion and the continuity equation
dp

bl .J =
8t+v 0

demand that there has to be a time-varying charge accumulation
at the two ends of the filament.

Since for a z directed Hertzian dipole, J = ZJ., we can write the
phasor domain form of the continuity equation as

wp + 0J; _ 0
J l) é?Z - M
Thus, with
N z
. =1(x)d(y) rect(A—Z)

6

AZ

Current

»

xr

J. = Ié(x)é(y)rect(é)

Charge

—|—0(z — Az/2)

-

v

—
++ (2 + Az/2)

p=j—0(x)o(y)

I
Y8z + Az/2) — 6(z — Az/2)]

Depicted charge density (red)leads
the depicted current density (blue)
profile by a quarter period because
of j term in charge density.

Positive reservoir of charge at z<0
end of the dipole discharges into

the negative reservoir at the other
end causing half a cycle of z-directed
current across the filament.

By the end of half-cycle the top end
is positively charged and the bottom
end negatively, so a new half-cycle
with motions in the opposite
direction starts.



and

0J. Az Az
=~ 1o@)y)las + 5) — 6 — )
we get
A 1o, I Az Az
i J—0(2)o(y)lo(z + —) —d(z — )]
In time-domain this corresponds to
I Az Az . . C
ploe, 1) = ~0()6(y)6(= — =0) = 8+ )] sin(wt) —
accompanying the current density variation
J(r.t) = I6(a)3(y)rect(5) cos(wh):
r.t) = x)0(y)rec N cos(wt)2 .

e Clearly, the result above shows that the “ends” of a Hertzian dipole
element located at z = j:% serve as point-charge reservoirs (of opposite
polarities) sustaining the current variations of the element.

— Radiated fields of the Hertzian dipole should be attributed to both
the time-varying p and the time-varying J even though considera-
tions of J will be sufficient to determine the radiated fields owing
to the dependence of p on J that is built-in within Maxwell’s equa-
tions.

AZ

Current

i

I8}
I
~

5($)(5(y)rect(Ai)

z

Charge
—|—0(z — Az/2)

>

xr

—
+H+ (2 + Az/2)

1
P=J-
w

6()d(y)
[0(z + Az/2) — d(z — Az/2)]

Depicted charge density (red)leads

the depicted current density (blue)
profile by a quarter period because
of j term in charge density.

Positive reservoir of charge at z<0
end of the dipole discharges into

the negative reservoir at the other
end causing half a cycle of z-directed
current across the filament.

By the end of half-cycle the top end
is positively charged and the bottom
end negatively, so a new half-cycle
with motions in the opposite
direction starts.



7 Hertzian dipole fields

e We concluded the last lecture with the retarded potential solutions

Frequency-domain: N\ Time-domain:
. Lo eIk _ Mo cos(wt — kr) .
A(I‘) = EIAZ . 2 A(I‘,t) 47T]AZ " Z

/

of a z directed Hertzian dipole.

e We noted that these oscillatory solutions describe spherical waves by
virtue of the e™/*" dependence of the potential phasor on 7:

— the variable r measures distance in all directions away from the
origin, as opposed to, say, x measuring distance only along one
coordinate axis labelled as x.

— Thus, while the phasor variation e 7** describes a plane wave, the

phasor e /¥ describes a spherical wave (see margin).

e To calculate the magnetic field phasor B from A we make use of

P 0 o
~ - - r2 Sé'n 0 rsinf T _ . '
B=VxA and VxA=| = % a% in spherical coordinates.

A, 1Ay rsinfAy

1



e Given that

N Lo e gkr
A = —IA
(r) Wl
A2<r>
and
Z-r=cosf, Z-0=—sinb,

it follows that

A, = A(r) 7= A.(r)cosb,
Ag = A(r)-0=—A.(r)sinb,
Ay = A(r)-¢=0

P 0 0
~ Lo r2 sén@ rsiané 5
VAT L T
1 cosf —re=sinh 0
e Expanding the determinant, we obtain
- < O eI
B=VxA = X27A; ——fW'e——
47 T{ o 00 r
1 e—jk‘r R
= —]Az(]k+ )Sinﬁ ¢
4 r

—HA/L sin f

rA. cost

(r) = A.(r)cosf
Ay(r) = —A.(r)siné



leading to

H = jkTAsinf’ (1 1
=9 Zsin I+ —).
J dr A jkr)
e To obtain the accompanying electric field phasor we will next employ
Ampere’s law H is in “azimuthal” direction,
V x I:I o j 4+ jwe E the direction the right-hand-
- 0] )

rule would give if the right-

. 3 . . . . . . hand-thumb were directed in
with J = 0, which is true at all locations outside the Hertzian dipole. tphe direction of dipole cur-

In that case rent, as for the DC B-field.
~ V x H
E p— ; p—
JWe,
i ! g g 0
_ 1 r ﬁné rs&le é _ 1 r 3119 ’I“Sél@ é
Jwe, or 99 op jwe, or o0 9
H, rHy rsint0Hy 0 0 rsinfH
1 oo N 0 0 .
= rsinfH, — —rsinH
jweo{r2 sin 6 90 ® rsinfor o}
1 PO - 00 -
= smb0H, — —rH,}.
jweo{r sin 6 06 ° T ror o}
Substituting
= hIA=singS (1
=] 2 8 4+ —
¢=J H Amrr ( jkr)



from above, and simplifying, we have

~ jkIAz O | 1 .. e 90 1 .. eIk
E = (1 +— 0 — ——r(l4+— 0
JWe, {Tsinﬁf?@ sin +jk7“)sm dmr r@rr( +jkr)81n 4777'}
kIAz 7 1 e 7% 9 0 0 1 eI
= 1 in® @ — —sin f—(1 + —
WeE, {rsinﬁ( +jk:7“> dnr 09 o 87“( +jkr) A J

Lo & 1 eIt A 1 1 eIk
= )/ —IAz{-(14+ — 2cosf + Osinf[jk(1
€0 Z{’F( i jkr) dmr 2O + O sinfljk(1 + jkr) i j]f’f’Q} dmr ;

e Jkr 1

A 1
] 1
- {sin 09[1 + Er + <jkr

_ [Ho
?70 — —.
€o

e This is a very complicated looking result.

)?] + 2 cos 07 !

= jkn, Az :
Jkr

where

— Fortunately, many of the terms above are important only at very
small values of r!



e If were to drop all of the terms in E and H above except for those
1

varying as -, we would be left with
N e—jkW . N e—jkr R
E = jn,lkAzsinf 0 and H = jlkAzsin6 0,
mr Amr

which are the only terms of the fields of the Hertzian dipole that matter
at large distances (of interest for communication and remote sensing

purposes).

— They are called the radiation fields of the Hertzian dipole, and
the remainder (the terms which have been dropped) are called the

storage fields. Radiation fields:
— The reasoning behind this terminology is as follows: B — jn, [kAzsin gjjkrg — 5
wr
The average Poynting vector
and
1 _
<E X H> = —RG{E X H*} —jkr . B .
2 H = jTkAzsing—d = 24,
4drr Mo

computed with the full expressions for E and H gives the same
result as that computed with only the simplified radiation fields.

— What that means is the remaining parts of E and H (storage
fields) do not contribute to the transport of energy away from the
dipole.

— They only represent a local energy exchange (and storage) between
inductive and capacitive attributes of the dipole — recall that the

D



dipole is both a filament having some inductance and a capacitor
with two reservoirs for charge storage.

e In many applications of dipoles we only need to focus on the radiation

fields.
To substantiate the above points let’s re-write the full dipole fields as
. . 1 .1 ~ _cosf
E = _F6 1+ —)—F@#+2 ;
<L (1+ jkr)jkr (6+ sin@rz
radiation storage Radiation fields:
~ =~ —N —jkr
T _ Eé + LEA E:jnolkAzsinﬁzj 0= FEf
Mo Jkr 16 i
e A and
in terms of radiation electric field amplitude £ = jn,/kAzsin0<_-. Since 6 x ¢ =7, we
then have i
~ e IRT | E A
1 ~ - H = jIkAzsinf gy ¢ =—0¢.
(ExH) = ERe{E x H*} purely imaginary "o
B> |E?. 1 1 1 ,. _cosf. 1 -
= R 1+ —)—(6+2 X (1 ——
2, gy e T T g ) < (L= e
B
= T
21,

Only the radiation fields account for the energy transport rate (E x H) when the dipole is

embedded in free spacel.

"However, if there are free charge carriers near the dipole, where the storage fields are still large in
amplitude, energy can be extracted from the storage fields via radiation fields of the free charges caused
to oscillate and radiate in response to the storage field oscillations — this is fundamental to the operation
of wireless charging devices available in the market.

6



The expressions for radiation fields are simple and have features resem-
bling the plane TEM waves that we are already familiar with. Let’s see what
these features are:

1. The phasors are orthogonal and

ExH «0x¢

T

points in the radial direction 7 of the spherical wave propagation just
as in plane TEM waves.

Radiation fields:

2. The magnitude of H can be obtained by dividing the magnitude of E g :jnOIkAzsinéi;iré _ i

by the intrinsic impedance 7, just as for plane TEM waves.
and
3. Conversely, the magnitude of E can be obtained by multiplying the

—jkr

magnitude of H by the intrinsic impedance 7, just as for plane TEM g N L

~ E A
Ay 0= %qﬁ

waves.

4. The direction of H can be deduced from the direction of E (and vice
versa) by a 90° rotation and enforcing the right-hand-rule of having
E x H* point in 7 direction.

On the other hand, these spherical TEM waves radiated by the Hertzian
dipole differ from uniform plane TEM waves by the facts that:

1. Field amplitude is not constant in the propagation direction because of
% dependence.



2. Field amplitude is not constant in the direction orthogonal to the prop-
agation direction because of sinf dependence.

As such, a Hertzian dipole radiates TEM waves which are non-uniform
as well as spherical (non-planar).

As such, Hertzian dipole radiation is said to be anisotropic!

e Radiation is strong — forms a “beam”, so to speak — in the broadside

direction of # = 90° (with respect to the dipole axis),

e Radiation vanishes for 8 = 0°, 180° along the dipole axis. Radiation fields:

— In short, radiation strength scales with Azsin#f, a foreshortened E = jn.IkAzsing

version of length Az of the dipole “seen” from an angle 8 with and

respect to the dipole axis. More on this later on...
(&

H = jIkAzsinf 1

e—jkr

0

A7y

—jkr
o.

wr




8 Radiation fields of dipole antennas

e Radiation fields of a z-directed Hertzian dipole from the last lecture

are repeated in the margin.

e In this lecture we will first obtain the radiation fields of short dipole

antennas by superposing the Hertzian dipole fields.

e A “short dipole” is a practical antenna — as opposed to a hypothetical
Hertzian dipole — consisting of a pair of thin straight conducting wires
of equal lengths % placed along a common axis leaving a short gap

between them (see margin).

— A short dipole is typically used by connecting a “source” across

the gap that constitutes the “input port” of the dipole antenna.

— Let’s assume that the source is an independent current source

I(t)=I,coswtA < I=1,/0=1IA

and that the gap is an infinitesimal Az so that the dipole and its

input port occupy the region —% <z < % in total.

— We can then envision the entire dipole, including its input port, to
be a stack of Hertzian dipoles of lengths Az, with each Hertzian

L

dipole centered about position z (in the interval —5 < z <

carrying a current I(z), subject to boundary conditions

8 - L
I1(0) = 1,0 A and I(:l:a) = 0.

1

L

2

)

Radiation fields:

E = jn,lkAzsin6

and

H=jlkAzsin6

ro|

Gap,
input

port
<> A

e—jkr

0

Ay

—jkr

¢.

wr

L
2

(a) Short
dipole---
undriven

\/

~
e e e e e e e e e e e e e e e er

AL

T 2
(b) Driven short
dipole modeled as

a stack of Hertzian
dipoles



In conformity with these boundary conditions we will take I(2) to
be a triangular current distribution!

“)A.

I(2) = IOA(L

e What are the radiation fields of the short dipole antenna described
above?

We can answer this question in several different ways:

1. We could turn the specified (z) into a corresponding J(z), and
then, in succession, calculate the retarded potential A, the mag- Aot aaog rrent
netic field B = V x A, and then obtain E from B using Ampere’s
law as we did for the Hertzian dipole Finally, the storage fields
decaymg faster with distance than 2 ~ would be dropped from E
and B to obtain the radiation fields exclusively.

2. A variant of (1), but with the radiation field H immediately de-
duced from B, and then E is obtained by multiplying H by 7, and
rotating it by 90° so that E x H* points in # direction.

3. Superpose shifted and scaled versions of the radiation fields of the
Hertzian dipole (as we will do shortly).

All these options enumerated above will work because Maxwell’s equa-
tions and radiation process have linearity properties.

!This turns out to be true because “L-length dipoles” inherit the current distributions of “L/2-length
twin-wire transmission line stubs” with open terminations as shown at the end of this lecture.
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e The radiation electric field

e—jkr .
E = jn, kAzsinf

0

4rr

of a z-directed Hertzian dipole

J=2IAz0(x)d(y)0(2)

implies the following linear relationships for a z-polarized radiation pro-

cess, where the input function shown on the left represents the current

distribution of the radiator:

_ . ‘ _ e_jk|1"| A Field due to dipole at the ori-
d(z) — |z-pol radiator | — jn,k sin 0 0 gin
47t r|
B — o J(0)kAz sin 05— §
E—in :
and an ( ) Z Sln -
. /4 Field due to displaced dipole
e—j/{:|r—z Zl
! 2 1 : ‘ : ! / —jk|lr—2'2|
- radi T 1mn N ~ J R
d(z — z') — | z-pol radiator| — jn,k sin 6 o F—— 7 E:j%[(z,)mzsme,;'r_z/2|9,

where (see margin)
r— 2z

A

cost =2 —">=
r—2z'z2
r — 2'Z|

the implication is then

—jk|r—2'3| R R

‘ f'd>' = B(r)

/f(z’)é(z—z’)dz’ = I(z) — | z-pol radiator| — /jnof(z’)k sin 0’

ditlr — 2'Z|



e The final result, the expression

) —jkfe—2]

E(r) :/jnof(z’)ksme’ ‘ —0'dz’

A

for the radiation electric field phasor is in fact very general, and ap-

plicable to dipole antennas of all lengths provided that the current
distribution I(z) on the dipole is known.

e In practice, the triangular current distribution

j(Z) = ]OA(%> A Triangular current

distribution

we have described earlier turns out to be applicable only when the
dipole length

c
L<<€)\N=—
/
at the operation frequency f = ==. For such dipoles

) y gﬂMrzd )
E(r) = /jnOIOA(—)kSmQ’ —0'dz’

e—iklr—2"2]
= 01, k/A sm@' —0'dz’
—]k‘|I‘| L e_jkr ~
~ Nl k{/A )dz' }Sme Il 0 = jnolok§ sin @ o= 0,

L/2, area of a trlangle with height 1 and base L



where the condition L < X is used to justify the replacement of [r—2z'Z]|
by |r| =1
e Notice that the result

. L —jkr
E(r) = jn010k§ STy

drr

is identical with the radiation field of the Hertzian dipole except that Radiation fields

of the short dipole:

— infinitesimal length Az has been replaced by a finite length % Lk

corresponding to the dipole half-length. E - i [0k£ sin @ 0
2 Amr
e The corresponding radiation magnetic field of the short dipole is and
- ' L ' e_jkr .
H(r) = ]I(,k§ sin 6 - 0. I
H=jl,k—=sinf Q.
2 Amr

— Dipole half-length % is also known as effective length of the short
dipole antenna.

e The term effective length is used more broadly to denote

I ‘
() = /%eykzcosedz

defined for any length dipole antenna having a phasor current distribu-
tion I(z) and a phasor current [, at the input port (or input terminals).



— For a short dipole with the current distribution

. 2
I(z) = LA(T),
where L < A, this definition yields
(o) = g
Effective length
— For a half-wave dipole with the current distribution IR s
) 0(0) = / ]—Oe] dz.

I(z) = ]Orect(%) cos(kz),

where L = %, this definition yields

(6) = icos(% COS 9)’

T sin?é

as will be confirmed in HW.

Radiation fields of all linearly polarized antennas can be obtained
from those of the Hertzian dipole by replacing “Az” with an ap-
propriate effective length “/(0)” as illustrated above.

e The justification of this general rule is as follows:



Replacing A(%) with an arbitrary %’Z/) in the second line of the above ex-

pression for E(r), we have

~ j / —jklr—=2"2]
E(r) = jﬁofok/ (Iz)sinﬁ' ‘ —0'dz’

Imtlr — 2'2

I(2) .. .
~ jnolok{/ %e‘jm_”'dz’} sin 6

1 .
0,
47t|r|

where in the second line we have replaced all occurrences of 8" by 6 and
Ir — 2'Z| by |r| = 7, except for in the complex exponential which is highly
sensitive to 2.

e Replacements outside the exponential are easily justified with any finite
length L (large or small) for r > L.

e Treating k|r — 22| as k|r| = kr in the exponent cannot be permitted
when k is large,

but approximating k|r — z2'z| as kr — kz'cos6

(an underestimate, in fact) can be tolerated for sufficiently large r in
the so-called paraxial approximation? to obtain

s o /,\ s _/ s . /
e Jklr—2"Z] ~ e jk(r—z"cos) _ e jkrejk:z (:0897

2. also known as small angle approzimation in reference to the angle between the vectors r and r — /2
— see the margin plot. In this approximation we pretend that the vectors r and r — 2’2 are parallel to
one another!




leading in to

E(r) ~ jnolokr/ e )6]kz 39 sin Qe_jkré
J L j dar
= ((0)

a general radiation field expression formulated in terms of effective
length £(0).

— This result is certainly valid for all » > L where it makes sense
to consider r — 2’z and r to be parallel vectors.

— The validity limit of paraxial approximation can be investigated
more carefully by expanding k|r — z'Z| to a higher order, and find-
ing under what condition high-order correction factors are really
unnecessary — that exercise (see the margin) shows that paraxial
approximation is well justified for

2
-2

A

where the “threshold distance” 2L?/\ is known as Rayleigh dis-
tance.

L2 N

~ 2

S e i (L e s
P L

In paraxial approximation the dashed
lines are treated as having equal
lengths (which is only accurate for

r going to infinity), leading to an
error in phase delay kr’' of magnitude

L w2L?
k— = — — rad.
8 8 Ar
The phase error magnitude is less than

= 2
3 rad and tolerable if r > D

Alternatively,

klr — 22| = ky/22 + 42 + (2 — 2/)2
= kr\/l — 222" [r2 + 22 /12,

where r = \/22 + y2 + 22. Hence

klr — 22| = kr(1 — 22" /12 + 2'% /1% /2)
= kr — kcos0z' + kz'?/(2r)

provided that 2’ < r.

Finally the term kz'2/(2r) can be ne-
glected above, even with maximal val-
ues at z/ = +1/2, leading to the parax-
ial apprommatzon result |r — 2'2| =~
r —2'cos®, if k(L/2)?/(2r) < /8, the
same as r > 2L2/\.



Current distributions on thin wire antennas

-~

Radiation fields of red and blue dipole segments
on the line nearly cancél out but not exactly

e Tojustify I(z) = I, cos(kz) current distribution for the half-wave dipole, = of e e sirforene i of e Eos

Therefore the twin-wire:stub radiates and hence

V_o is non-zero and incdreases wi: th increasin g b
to account for the radiated power (1/2)V_oI_o.

consider the current distribution on a open ckt’ed A/4 long stub ex- : p

cited by an an ideal current source with a phasor I = 1,20 as shown I“?—“’ loos(h) Wa

in the margin. Input impedance of the open stub with Z; = oo //hm

18 Zin = g—i = 0 and there is a standing wave on the stub with o T +
I(z) = I,cos(kz) and V(0) =V, = 0. /\ e z bD_ L,

radiates strongly with™“radiation
resistance of ~73 ohms

— The description above is accurate for a coaxr stub which does not
radiate despite I(x) # 0 because the outer conductor shields the
exterior of the coax from the interior where the currents (capable
of radiation into unshielded regions) flow.

— However, the above description is not fully accurate for a twin-wire
stub. That is because in that case the equal and opposite currents
I(z) = I, cos(kz) on the two wires of the stub will actually radiate
a small amount of power of the order (kb)?, where b < \ = 27 /k
is the wire-to-wire separation distance of the twin-wire stub.

o accordingly the input voltage V, # 0 and, in fact, is given
by V, = Ryuil,, where, R,,q = Z—;(kb)Q ~ 30(kb)?* < 0.3 Q
for kb < 0.1 or b < 20%7 is the “radiation resistance” of the
quarter-wave twin-wire stub?.

o As b increases R, increases and if the stub were opened up

3see “Radiation Resistance of a Two-Wire Line”, Storer and King, Proc. IRE (1951).



(that is, bent) to become a half-wave-dipole with
I(2) = I,cos(kz)

the calculations given in Lecture 9 show that R,.; would in-
crease to about? 73 Q.

o Lab confirmations of V, ~ 731, for half-wave dipoles® with
I,~-amplitude current inputs then confirm that the half-wave-
dipole inherits the standing-wave current distribution of an
open-loaded quarter-wave twin-wire stub.

e Likewise, it can be shown that all L-length dipoles inherit the standing-
wave current distributions of open-loaded L/2-length twin-wire stubs.

— This leads to triangular current distributions in case of “short-
dipoles” with lengths L < A.

e These current distributions can also be confirmed using numerical an-
tenna models such as NEC2 and its PC and Mac adaptations such as
4dnec?2 and CocoaNEC, to be demo’ed in class.

WVery close t0 Ryqq = 12(kb)? &~ 74.02 Q obtained with b equal to the stub length 3.

°The fact that R,.q ~ 0.3Q for the quarter-wave twin-wire stub is so much smaller than the 73 Q
radiation resistance of the half-wave dipole is the reason why transmission line stubs are not considered
to be antennas (even though they may radiate a little to cause undesired RF interference effects in turn
to be minimized using shielding techniques).

10
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Radiation fields of red and blue dipole segments
on the line nearly cancél out but not exactly
because of the phase difference kb of the fields.

Therefore the twin-wire:stub radiates and hence
V_o is non-zero and indreases with increasing b
to account for the radiated power (1/2)V_oI_o.

Radiation fields:

T
L)V, I,

os(kx) b

v

Radiation resistance Vﬁo[lidﬂbf the quarter-wave
stub grows from 0.3 ohms for kb=1/10 to 73 ohms

if the stub is "opened

/-\::Z_f:,_\

Radiation fiélq;

of red and blue'dipole segments

nearly add fully and-the

radiates strongly with™“radiation

resistance of ~73 ohms

T T
A4

up" into half-wave-dipole ...

I, Qj ~ 731,
"Opened up"

quarter-wave stub
into a half-wave

dipole dipole




9 Poynting vector, radiated power, radiation re-
sistance

Consider the radiation fields of a z-polarized short-dipole antenna shown in
the margin:

e How much average power is radiated by the short-dipole antenna to
sustain these fields, and

e how can we determine this amount, F,,;, by electrical measurements
which can be performed at the antenna input port — the small gap
at the dipole center where the dipole is connected to the source circuit
(typically via some transmission line network)?

To answer these questions we will calculate in this lecture the average
Poynting vector of radiation fields of the dipole antenna and the “fux”
of the same vector computed over a sphere imagined to surround the dipole.

e Recall once again that Poynting vector
S=ExH

denotes the energy transported by electromagnetic fields per unit time
and per unit area normal to the vector itself. With time-harmonic fields
the average value of Poynting vector can be denoted and computed as

1 .
(E x H) = §RG{E x H*}
in terms of field phasors E and H.

1

| J = 2J,

Radiation fields
of short dipole:

E = Ey0
and
. E, -
H="¢
No
where
6—]’/{;7’

Ey = INod kil sin 6

4r

and ¢ = L/2.



It is this quantity
(S) = (E x H)

which is independent of the storage fields of dipole antennas and only
depend on their radiation fields.

Using (see margin once again)

~

/ljzzjz v

~ ~ ~ - —jkr
E =0FE; and gb— with Ey = jn,Iklsin 96
Mo dar Radiation fields
we find of short dipole:
P ) - B |E)? -
ExH =0F) x (6—2) =60 x ¢ 9’ Bl E = Eyf
Mo Mo
and . and
(E x H) 1R {E x H*} B ”
= —InE =T . N E R
2 2770 H = —gb
Since N "o
B G2~ BIPRS00 gL sin’ o T
= , —]k‘r
(47r)? A(Ar)? Ey = jnol Kkl sin 05
we have , , dmr
E 0 / _
<E > H> ‘ ‘ n ‘] ’2 ‘ | sin 97,, and € L/2.

"o, (Ar)?

The expression above is the energy flux density or transmitted
power density of the dipole antenna as a function of distance r from
the dipole and angle 6 of viewing direction off the dipole axis.

2



e The average power output of the dipole — radiated power P,,q — can
next be obtained by computing the flux of (E x H) over any closed
surface surrounding the dipole.

— This calculation is most easily carried out over a spherical surface
of radius r having infinitesimal surface elements

dS = 7(rsin 0de)(rdl) = 7r?sin 0dOde = rrds2,

where

dS) = sin Odfdo

(introduced to maintain a compact notation) is called a solid an-
gle increment.

We then note that

_ 2
(E x H) - dS 8)\2‘]’ |4|% sin? 6dS2
and the flux of (E x H) is
2 2
f{Ex H) -de = 8)\2 /dQM sin” 6

"

P, rad

where it is implied that

/dQ / d@ sin 6.
$=0 6=0

N
rsinfde \£ -
irdo Yy
r/
0 ' D
E n
L S
s
TS"LT.L-G .
%) rsinfsing
rsin @ cos ¢ x

Infinitesimal area on a con-
stant r surface is

dS = (rdf)(rsinfde)
= r%dQ

where
dQ) = sin 0dfd¢

is called infinitesimal solid
angle.



— This result can be cast as

1 o e lsind
Prad — §Rrad’10‘2 where Rrad — 4?1\2 /dﬂ‘g sin (9‘2 \

1s known as radiation resistance.

o If /is the effective length of a dipole — distinct from its physical length
L because of current weighting — then £sin 6 is “how long the effective

length looks” when one sees it (the dipole) at an angle (see margin). A L ¥
Solid angle integral of the square of this “foreshortened” effective / ; i 008

length, namely
Note: recall that / may be a

/ dﬂw SN 9‘2, function of ¢ itself!

determines the radiation resistance of the dipole antenna.

Since for a short dipole ¢ = % is independent of angle 6§ (unlike for
half-wave dipole), we have

2T T
/dmzsme\? _ (%)2/619;81119\2:(%)2/0 d¢/0 46 sin 0] sin ]2

L T 2mL?
= (—)227'('/ df sin 0| sin §|* = il
o), 3

\ - o
Vv

4/3

Hence the radiation resistance of the short dipole is

Mo 012 Mo 2mL? N 2, Lo
Rywd = 4)\2/d§2|€sm€| = 3 = 207 (X) Q.
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e Since a short dipole is constrained to have & ¥ < 1, say 15 or smaller,
R,,q will be equal to or less than about 2 Q.

e Thus, a short dipole with an input current of 1(0) = I, = 1 A will have
at best an average power output %I 2Rqq of about 1 W.

This is not quite at the level of 100s of W’s of power that typical radio
stations transmit!

Using antennas with higher R, than a short dipole! — e.g., a half-
wave dipole for which

307 Acos(5 cos0)
2 a2
Ryod = 4)\2 dQlsinf|” = 5Vl dQ]— T S 0]
2m cos(5 cost) , ™ cos?(5 cosb)
= — dgb/ df sin 0 | 2 :60/ df :
sin ¢ 0 sin 6

evaluates numerically to R,,q =~ 73.13 ) — is the best way of addressing
this difficulty since the alternate solution of increasing I, (as needed)
is not recommended because of antenna losses:

— In practice, antennas appear as a circuit element with input resis-
tance

Ro - Rrad + Rloss

IShort dipoles are typically employed as receiving antennas rather than transmitting antennas because
of this. Receiving properties of antennas are closely related to their transmission properties, but figures
of merit of antennas pertinent in transmission and reception are somewhat different as we will learn later
on in the course.

Ryaq = 20m%(%)2 0
for short-dipoles

R,ua~73 Q)
for half-wave dipole



where Ry, represents ohmic losses (heating of antenna wires) —
an antenna consumes an average power of

1
§Ig(Rrad + Rloss)

out of which only

1

_I2 Rra
g o
is the useful radiated power.

We have Rjyss o< L, whereas R,qq o< L? for small L, so going to longer
dipoles really helps.

YO =R, + 75X,
1(0)

known as antenna impedance.

Zo

e A source circuit connected to the antenna terminals “sees” the antenna
(and the radiation volume with which the antenna interacts) as a two-
terminal element having some impedance

— We have already discussed the resistive component R, above.

— Modeling the reactive component X, requires working with
storage fields of the antenna as well, matching components of total
fields to proper boundary conditions imposed by the actual sur-
faces of antenna wires (i.e., antenna geometry needs to be specified
in detail before X, can be determined).

6

Source : Antenna
Circuit

Zr  1(0)=1,

Antenna reactance:

Short dipoles have capacitive
reactances, just like the line-
impedance at a small distance
away from an open termination on
a transmission line.

Capacitive reactance switches to
an inductive one when the dipole
length is approaching \/2, just
like the line-impedance at a dis-
tance \/4 away from an open ter-
mination, forming a resonant half-
wave dipole antenna with an input
impedance Z, ~ R,,q ~ 73 ).

In practice, resonant half-wave
dipole with a length L and wire
radius ¢ has L+ 2a = \/2 to a good
approximation and Z, ~ 72 Q.



— In general input reactances of L-length dipole antennas vary with
L similar to the input reactances of L/2-length open-loaded twin-
wire stubs.

o short-dipole antennas are capacitive (X, < 0) just like short
stubs of transmission lines with < A/4 lengths,
o antennas with X, = 0 are known as resonant antennas, and

o half-wave dipole (L = A\/2) is a resonant antenna (see margin
note for practical details)

o use 4nec2 or CocoaNEC to calculate the input reactances
of wire antennas (if/when needed).



10 Antenna gain, beam pattern, directivity

e A dipole antenna (or a closely related monopole to be studied in Lecture
18) is a “near perfect” radiator for purposes of “broadcasting” — that is,

Beam pattern plot of low di-
rectivity dipole antenna:

sending waves of equal amplitudes in all directions to reach out multiple

targets or receivers.

e However dipole is a poor choice when the objective is to radiate the
power P,.4 in a specific direction (i.e., towards a specific receiver), as
in

— communication with deep space probes or orbiting satellites, or
with

— radar beacons where the objective is to determine the direction
of a moving target.

In such applications we need high-gain and directive antennas, as
opposed to low-gain and non-directive antennas such as a single dipole.

e ualitatively speaking, gain and directivity of an antenna measures its

A higher directivity beam

pattern of an array antenna

ability to confine its radiated wave fields within a narrow field of view

called the antenna beam or beam pattern.

— when a narrow antenna beam is achieved, and all the radiated
power P,,; of the antenna is conveyed through this beam, the
power density of the waves is naturally high within the beam.

1




Arrays of dipoles can serve as high-gain antennas needed in
beaming applications as we will learn in the next lecture.

In this lecture we will focus on the definition of antenna gain
and directivity as well as the related concept of beam solid
angle.

Consider an antenna located at the origin with an input current of I, [(E x H)|
radiation resistance R,.q, and a radiated power ;

1
Poog = 5 |1, |* Ryqq Watts.

What would be the time-average Poynting magnitude [(E(r, ¢)xH(r,t))],
i.e., the power density in Watts/m? of the radiation fields at a location

r = (1,0, ¢) a distance r away from the antenna? ‘ ;
2
-P'rad = éllo‘ Rra.d

Power density of a radiating
antenna in the far field

Answer:

— If the antenna were an isotropic radiator then we would have a
power density of

(E(r,t) x H(r,t))| = Prad .

A2’

however, no real antenna is an isotropic radiator, and thus the
correct answer can be formally cast as

(B(r, t) x Hir,0)| = 2 G(6, )

Arr?

7



in terms of an antenna gain (over isotropic radiator)

t) x H(r,1))|
Prad ’
Agrr?

Clo.oy = LB

to be determined.

Clearly, gain G(6, ¢) is the ratio of the radiated average power density
of an antenna to that of an isotropic radiator (hypothetical perfect
broadcasting antenna) radiating the same average power P, ..

— According to this definition, the solid angle integral of gain G(0, ¢)
1s

A [ dOr?|[(E(r.t) x H(r, t
[ aasi,6) = LEUBE0) x -0
Prad
= A $ (E(r,?) x H(r, 1)) - dS = 47, a fixed value.
Pmd
Since

G (0, ¢) < {E x H)| o |[£sind|?,

we can write

G(0,¢) = K|lsinf|?

in terms of a proportionality constant K, which is subsequently iden-
tified as

4
K = fdQ]éZin@P after applying the constraint /dQG(@, ¢) = 4.

3



Thus we obtain a general gain formula

47|l sin )

G0, 9) = [ dQ¢sin6]?

applicable to all antennas for which the foreshortened effective length

¢ sin 0 1s known.

For an arbitrary antenna, gain calculation can be complicated because
of the solid angle integral in the denominator in G(#, ¢) formula.

However, for a short dipole with £ = L/2 the calculation is simple and Gain functions G(6,6) de-

leads to (in case of Z-polarization) If)icted on a constant ¢ plane
or
47_‘_‘ sin 0|2 47_(_| <in 9‘2 3 (a) short-dipole (red curve),
. L Y2 and
G(0,0) = [dosmo)? ~ 2nd 2 sin” 0. (b) half-wave dipole (blue
3 curve).

For a half-wave dipole it works out that

cos?(5 cos 0)
sin” 6

G(0,¢) ~ 1.64

with a maximum value of 1.64 at 8 = 90°.

— Having maximum gains of 1.5 and 1.64, respectively, short- and
half-wave-dipoles are considered to be low-directivity antennas.



Directivity D of any antenna is defined to be the maximum value of its
gain G(0, @), i.e.,
D =G0, ) maz-

While the solid angle integral of G(0, ¢) is constrained to have a fixed value
of 47, there is no constraint on the maximum value of G(6, ¢); therefore, it is
possible to design antennas with arbitrarily large directivities D by making
the antenna beam shape arbitrarily narrow.

e Note that the constraint
/dQG(@, ¢) =47

implies

G(0,9)
D / df) ’ = 4,
G(0,9)max
which can also be written as
D), = 4.
in terms of beam solid angle

G9,9)
G (0, &)maa

to be discussed further in this lecture.

Q, = | dS2

Gain function
3 .,
G(9,¢) = 5 sin 0

of short-dipole depicted as
a 3D polar plot — gain in
any direction (0, ¢) is propor-
tional to the radius vector
from the origin to the de-
picted surface.

A short-dipole has a low di-
rectivity of

D =15

because it radiates with a
broad beam that is isotropic
in azimuth.

Antennas with high-
directivity have narrow and

pointy beam shapes.



e Important result: the product of antenna directivity D and the beam
solid angle €2, is fixed, specifically

D), = 4,

which implies that if D is large then (), is small and vice versa. Antennas  with  high-

. . L . directivity have narrow and
e A useful method to determine the antenna directivity is to use

4
D= —
Q,’

pointy beam shapes.

where the solid angle

B G0, o) _/ ¢ sin 0|
QO/dQG(Q,@max N dQ|€Sm€|2

max
can be calculated once the antenna effective length is known.

Example 1: For a short dipole with ¢ = L /2, we have

. 2 4
QO—/dQM—/dein@F—ng—8—7T.

[ s 670,

Consequently,
A A

0, 8r/3

consistent with what we learned above.

D = 1.5

— This method of finding D from (2, is very useful because there are
geometrical methods for estimating (), in terms of the physical

antenna size (as we will learn later on).

6



Once D is determined, the gain of the antenna can be written as

(sin 6>
G0,0) = D]
|¢sind|2,.
without the need to perform a solid angle integral in practice. Antennas  with  high-

) directivity have narrow and
e The beam solid angle

G(6, ) / |0 sin 0|
Q, = Q) = ()——
d G (0, ) maz d ¢ sin 02

max
extends the concept of “angle” from 2D to 3D to describe the angular

pointy beam shapes.

width of the antenna beam pattern. Let us examine this parameter
more closely.

e Ordinary angles ranging from 0 to 2w radians (with degree equivalents
ranging from 0 to 360) correspond to arc lengths measured on unit-
radius circles drawn on 2D planar surfaces.

e Solid angles ranging from 0 to 47 steradians correspond to areas of
patches or spots specified on unit-radius spheres defined in 3D space.

— An antenna-beam solid angle

Gl (E x H)|
B0 = LRG0 S / e X ) s

is an equivalent area of a spot or a patch (centered about the
direction of [(E X H)|q.) specified on a unit sphere surrounding

7



the antenna, having the property that the entire power output P4
of the antenna would flood this area with an equal flux density of
|(E X H)|,q, if the beam were reformed into a conical shape. Antennas  with  high-

— Beam shapes of high-directivity antennas with small ), can be well directivity have narrow and
represented by equivalent conical beams, but such a representation Ponty beam shapes.
is not appropriate to dipole-like broadcast antennas (see margin).

Example 2: For a short dipole with

G(0,0) = gsin2 0

e have 3 | sin 62 4 8w
D:§ and QO:/dQMZQﬂ-g:?
as we already established in Example 1.
Consequently, . A
T s
D — Q—O — m — 15

consistent with what we learned above.




Example 3: An antenna designer comes up with a model that has a gain function spec-
ified as
Dsin?f, 0<6< 5

0, othewise,

G(Q, qb) - {

where D is the antenna directivity. Determine both D and the beam solid angle
Q.

Solution: Since the solid angle integral of G(0, ¢) has to equal 47, it must be true that

27 /2
/ dQG (0, ¢) = / do df sin 6D sin® 0 = 4.
$=0 =0
It follows that
/2 /2
2D dfsinfsin?f = 4nr = —D (dcosf)(1 — cos* ) = 2
6=0 6=0
from which we get
2 2 2

= - = =3,
feozﬁ/Qdcos (1 —cos?f)  (cosf — <50 2/2 1—3

This is twice the directivity of the short-dipole (which makes sense because half
the gain function of the short dipole is missing from the gain of this antenna).

As for the beam solid angle, it is
O — 4 Arw
o D - 3 9
which is half the solid angle of a short dipole (again for the same reason).




11 Beam pattern, wave interference

In this lecture we will see how antenna beams can be “patterned” by us-
ing interference effects of fields radiated by multiple dipoles or dipole-like
elements.

e Let’s recall that the antenna beam is the shape of the antenna gain
function G(6, ¢) oc ?|{E x H)| that can be depicted as a surface plot

in 3D.
Specifically
47|0 sin ) 4T G(6, )
G0, 9) = D =G0, 0)mew = =— with Q, = [ dQ :
(6,9) [dQ)esin o2’ (6,¢) Q, G0, D)ms
Also, for z-polarized dipoles
E 2 N —gkr
(E x H)| = ol with Ey = jn,I,klsin I
21, Amr

— With £ = L/2 the above equations would represent a short dipole.

— An antenna system constructed by an array of such dipoles would
also be represented by the same equations, but with a different

¢ =10(0,¢) (to be determined).



® The design and analysis of multi-element or multi-dipole arrays are facilitated by

the linearity of wave solutions of Maxwell’s equations: If
— Ifradiators J; and J produce radiated wave solutions E, and Eg, respectively, Ji = — B
then a radiator a.J 1+ BJQ would produce a wave solution ozEl + BEQ with 514
arbitrary (complex) weights o and f. ) )
— By induction, the above principle of superposition can be extended to n ele- J2 = — By
ments. then

Note that this superposition principle applies at the level of fields rather than power. aJi+53 — — oE,+8E,
This is similar to superposition principle applying at the level of voltage and currents

in circuit analysis. CoRerrerence Pererierance
Superposition of wave fields can produce resultant wave fields with enhanced or E A A E A A
reduced wave amplitudes as a consequence of interference effects. / \\ / ;"/ \ / \\\ / ;"/ |
\, / ‘\v/" \v / Y /
— A constructive interference occurs at locations where the waves being su- Enonon Eoonon
perposed are “in phase”, meaning that the phasors representing the wave fields "f \ fA ) \ //" Vo
are complex numbers having the same angle — i.e., ZEy = ZE;. VooV voov Y
— A destructive interference occurs where the waves being superposed are Bt By {f’A\\ \ ,f\ Bt By

“out of phase”, meaning that the phasors representing the wave fields are com- | I
plex numbers having an angle difference of £180° — i.e., Z/Es; = ZE; 4+ 180°. V]

With a judicious choice of the locations and relative amplitudes of the radiators Ji
and Jo, it is possible to arrange for a£; + SEs to exhibit constructive interference in
desired beam directions — that is the essence of antenna beam design and designing
high directivity antenna systems.

— One final detail before showing some examples: the calculation of the su-
perposed wave fields is considerably simplified at distances r to the source
elements that far exceed the largest distance separating the source elements.

2



Example 1: Two Z polarized dipole antennas with equal input currents I, are located at (0,0,0) and
(0,0,d). Find the phasor expression E(r) representing the superposition of the fields radiated
by each dipole individually.

Solution: First, the dipole at (z,y,2) = (0,0,0) has a wave field phasor

—jkr

~ . . €
Ei(r) = jn,l,kl(0) sin 6 -

—Jklr|

7

(&

0 = JNolokl sin 6
4rr|

expressed in terms of the dipole effective length function £(0). The field phasor of the second
dipole at (x,y, z) = (0,0, d) is a shifted counterpart of E;, namely
i ~ o—ikle—zd
Es(r) = Ei(r — 2d) = jn,I,kl(0) sin G’MH’,
where the angle 6’ is the angle between vectors Z and r — 2d (see margin) such that
(r—2d)

2.
lr — 2d]

For |r| > d we |r — 2d| ~ r — d cos f and therefore

= cosf'.

—jklr—zd| 6—jk(r—dcos 0)

Ey(r) = jn,Lkl(#) sin ¢’ ° "' jnol,kl(0) sin O 0 = E,(r)etikdeost

—
Ar|r — Zd|

4rr|

in paraxial approximation valid for r > 2d?/\ satisfying the Rayleigh criterion.
The total field phasor (when both dipoles are “on”) is then
E(r) = El(r) + EQ(r) ~ El(r) + El(r)eﬂkdwse = El(r) (1+ e+jkdwse)
—_— ————
element field array factor=A.F.

also in paraxial approximation.
We can alternatively express E(r) as

~

6.

6—jkr

E(r) = jn.Ik0(0)(1 + etk 0) sin g

- wr

-~

effective length of array




Example 2: For the two-element antenna array examined in Example 1 having the

field phasor
- —jklx|

E(r) = Ei(t)AF. = jn,Lk(AF. SinQZﬂ_TQ,

where
AF. =1 4 efhdcost

derive the gain function and directivity D assuming that the array elements are

short dipoles with £(6) = £.

Solution: For any antenna [ dQG = 47 while G oc r|E[%. For this array
L .
G x |§A.F.sin 0)? oc |1 4 e/Mes?|2gin? g
_ |ej%kdcos0(ej%kdcost9 + 6—j%kdcos0>|2 sin2 @

1
x COS2(§]€d cos §) sin” 4.

Therefore
cos?(3kd cos 6) sin® 6

=4
Wf dS2 cos?(3kd cos 0) sin” 0

G(6,9)

to satisty [ dQG = 47 and

D_ Ar
[ dQ2cos?(3kd cos 6) sin® 0

since the maximum value of cos?(3kdcos)sin® is 1 occurring at 6 = 90°.
Numerical value of D will depend on element spacing d/A — see in the margin
the beam patterns for different values of d/\.

Polar plots of G(6,¢)/D for
two-element array (compared

to the short-dipole, shown in
black):

d=2
2
04,
m
-R0 -0.5 0.5 0
2
-0.4

Question: which of the above
arrays has the largest D and
smallest 2,7

Explain qualitatively.



Example 4: For the two-element antenna array examined in Examples 1-3, with the
gain function

1
G(0,¢) =D COSQ(§]€d cos 0) sin® 6,
determine all angles 6 for which G(0,¢) = 0 if d = 2.

Solution: Clearly, G(#,¢) = 0 at § = 0° and 180° because of sin?# factor. But also,
because of factor cos?($kd cos6), we have G(6, ¢) = 0 for all § for which

1
5kdcos€ = g(2n +1)

where n = 0, 41,42 ---. This condition can be satisfied when

A2
2n+1) = (2n+1) = M2 o0 4 1)

=d d
for all integers n such that the right hand side is bounded by -1 and +1. For
d = 2\, this condition reduces to

™

kd

cosf =

o+l 113

A2 3
COSQ— —(2n+1) 4 {_Z,_Z,Z’Z}

2\

So, we have

3 1
G(0,¢) = 0 for #—0°, cos™! 1= 41.41°, cos™? 1= 75.52°,

cos ! _Tl = 104.78°, cos™* _TS — 138.6°, 180°.

03[

Sidelogbe

03f .

ot e Mainlobe

ufpy S T S
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2
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0 ENY N TS

b NG Nl T

BWFN=
Beam-width between first nulls



e The patterns shown for the two-element array in the margin illustrate
that larger the element separation d, narrower the angular width of the
mainlobe. d=2

— However, the number of sidelobes (really, “grating” lobes!) also ! ; \V 1 \

increase with d, so there is no substantial directivity increase with

distance d because of that (because of power diverted into the ,;_ o,

relatively large intensity sidelobes). / \/‘\

o For large d the directivity D of this 2-element interferometer \ -// 3;
fluctuates about 6!!! "

— The remedy is to have multiple-element arrays analyzed next.

lsidelobes coming from “equi-magnitude” peaks of the A.F. are called grating lobes ...

6



e In the two-element array the distant field, in parazial approximation, ExH
was found to be

~ ~ ~

E(r) = E|(r) + Ey(r) = E(r)[1 + e/Fdeos?]

after using

Ey(r) ~ E;(r)e/Mcs?,

e For a 3-element array with element locations (0,0,0), (0,0,d), and
(0,0,2d) this result can be extended as

) ~ ~ | | ' ' \ x
E(r) = E(r) + Eo(r) + E3(r) = Eq(r)[1 + e/Fdeos? 4 gi2kdeost) Y

The same interference prin-

. . ciple governs N-element ar-

and, for an N-element array, with elements at (0,0,nd) for n in the rays: in directions where

field phasors from individ-

ual elements have the same

~ ~ ) ) ) phase angle, constructive in-

E(r) — El(r)[l + 6]kd0089 + e]2kd0059 + oo+ e](N_l)deOS 9}_ terference takes place, and

the radiation field of the ar-

ray is strong. In other

— These superposed field expressions in the antenna far-field imply directions where field pha-

sors from individual elements

cancel one another, the field
of the whole array is weak.

interval 0--- N — 1, we can write

an array factor
N-1

AF — Z(ejkdcosﬁ)n

n=0

o We can write the gain of the N-element array as G oc |£A.F.sin6}?
once more after simplifying A.F. and normalizing the product ...



— Let w = e/kdcos? g1 write

AF. = 1+wtw’+ - +wV !t = wAF. = wtw’+ -+ +w'
Therefore,
N
—1
AF(w—1)=w -1 = AF =-—
w—1

— With w = e/¥s? we obtain

N-1 N kd cos 0
_ kdcostyn _ € —1
AF. = Z<€j . )n - ejkdcosd _ 1~
n=0
Now,
N-1 N kd cos 6
. jkdcosO\n| __ ‘ej T 1|
AR] = I =
B ‘ej%kdcosﬁ(ej%kdcosﬁ . e—j%kdcose)‘ B ‘Sin(%deOS 9)‘
= ‘ej%kdcose(ej%kdcose _ e—j%deOS@)‘ - ‘Sin(%deOS 9>| .

With proper normalization G oc |[SA.F.sinf> oc |[A.F.[’sin®0 [
yields

-0.4

sin?(5-kd cos 0) V=16 Nd=8\

G(6,¢) = Dsin?0

N2 sin*(1kd cos 6)

Ve

digital sinc?



since D is the maximum value of this function realized for 6 = 90°.

o Plots of G(0,¢)/D for d = 4 and N = 2, 4, 16 are shown in the

margin. Note the reduced sidelobe levels (you can barely see them)
and how larger N results in larger directivity

47

sin®(§kdcosd) . o
fdQNQSiHQ(%kdcosﬁ) sin” ¢

D:

because of the reduction in €2, with increasing V.

— D has to be computed numerically but we will learn a shortcut
for this soon.

Digital sinc:

sin(%w)

N sin(31))

with ¢ = kd cos 6.

Digital sinc is a periodic function
of angle v with unity magnitude
peaks occurring when ¢ = 2mm
for all integer values of m. Unity
magnitudes of digital sinc give
rise to grating lobes and minor
peaks to sidelobes of the gain pat-
tern.



12 Interference, antenna arrays — cont’d.

We continue our study of interference effects and antenna arrays.

e Beam patterns of N-element antenna arrays examined last lecture with
gain functions
sin®(5kd cos 6)

N2 sin(5kd cos )

G(0,¢) = Dsin*0

were isotropic in ¢ direction — the main effect of increasing the array
size Nd appeared to be narrowing the mainlobe of the pattern in 6
direction.

— These so-called broadside arrays — meaning that they mainly
radiate in the “broadside direction” of the “array axis” — are good

for broadcasting purposes at relatively high frequencies 5= in the
FM band (~100 MHz),

— where array sizes Nd, in excess of many \’s, become practicable
(as opposed to in AM band where 5= ~1 MHz and A ~ 300 m).

e The same 1D array with y-polarized dipole elements would have a gain

function
sin®(5kd cos 6)

Y N2sin?(Lkd cos 6)

G(,¢) = Dsin?0

E x H*

New vocabulary:
— Broadside arrays
— Array axis

— Broadside direction



where sinf, = /1 — cos? 0, = /1 —sin” #sin® ¢, would form a broad-
side beam in £x directions but would have radiation nulls in +y direc-
tions.

e Such y-pol 1D arrays may be used as “elements” of arrays built along
x- or y-axis directions which we will consider next.

— In that case it will be possible to produce antenna beam patterns
anisotropic in the azimuth plane (in ¢ direction).

— We will also consider phasing the element input currents so that
the mainlobe of the beam can be steered into desired directions in
the azimuth plane.

Lo

e Consider an array of elements polarized in y-direction positioned along
the z-axis as shown above. Our initial analysis of this array will assume

2



equal input currents I, for all the elements. Let

~ e_jk‘r‘

E()(I’) X

7] denote the field at the observation point r due to the element at the origin.
r

— Then, using the paraxial approximation, the field phasor at a dis-
tant observation point due to the next element at (d,0,0) can be
expressed in terms of Ey(r) as

El (I‘) ~ Eo(r)ejkdcoséx
where 6, is the angle between vectors r and z, i.e.,
cos @, =72 = (sinf cos ¢z + sin O sin ¢y + cos 02) - & = sin 6 cos ¢,

known as a direction cosine.

— Likewise,
Es(r) =~ Eo(r)e/* % ete | so that,

— For an N-element array;,

~ ~

E(r) — Eo(r)[l + ijdcos% + eijdcosex 4o+ ej(N—l)kdcoséx}.

e The field expression above is identical in essence with the field expres-
sion for the N-element array examined in the last lecture except for the
replacement of cos@ by cosf,. Therefore, assuming that Eo(r) is due
a short dipole (so that ¢ = % is independent of direction), we obtain



the A.F. for our new array by exchanging cosf by cosf, in the A.F.
obtained in the last lecture — by that procedure we arrive at

sin?(Skd cos6,,)
Y N2sin®(3kd cos 0,
sin(5-kd sin 6 cos ¢)

Y N? sin®(5kd sin 0 cos @)

G(A,¢) = Dsin*0

— Dsin%6

maximizing at D for 8 = 0 as well as § = 180° (as can be visually con-
firmed by thinking about full constructive interference of all NV elements
in a direction of element pattern maximum).

Even more complicated gain expressions would be obtained if the array ele-
ments were themselves arrays (like those examined last lecture) having angle
dependent ¢’s! (see HW problems).

X
-0.16-0.05 0.050.10

On ¢ = 0 plane G(#,0) maximizes for
f = 0 and has its first null where

Ekd sinf = .
2
This indicates
. . A
kLsinf = 27 or sinf = I

where L = Nd is the physical length of
the array.

For L > A\ we have
the first null in radian units at

enull ~ )

>

beam-width-between-first-nulls
A
BWFN ~ 2—
L )
half-power-beam-width

1 A
HPBW ~ —_BWFN =~ —.
2 L
For “optimally designed” 2D arrays with

physical dimensions L, and L, in z-
and y-directions it turns out that

2
o XA A
L, L, Aphys

from which D = 47 /Q, for the maxi-
mum gain of the array.
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Phased array:

e Next let’s examine what happens when the element input currents are
not identical, but follow a progressive phase pattern with

I, = L,e ™ for n-th element located at (nd, 0,0)

where « is a phasing increment specified in radians.

In that case — since E,(r) o< I,, — we would have a phased array
with element field phasors

Ei(r) ~ Eo(r)e/Fdeoste=a) = E(r) & Ey(r)e/2kdeosta=a) = etc
and an array gain function (again, assuming short-dipole elements)

sin?(5 (kd sin 6 cos ¢ — )
" N2sin?(1(kdsinf cos ¢ — o))

G(0,¢) = Ksin’0

where, constant K is to be determined by requiring [ GdQ) = 47, as
shown in Mathematica notebook demo in class.

D



e On ¢ = 0° plane (zz-plane) we have sin®6, = 1 and

sin?(3 (kdsing — )
N?sin*(3(kdsinf — «))

GO,6=0) =K

which leads to zz-plane patterns of G/K shown in the margin shown

for d = %, N =16, and a =0, 7, and 7 radians.

— Also, 3D plots of G(0,¢)/K for the same but with a =0, 7, 55
and § radians are shown below:

~00%0s5

Question: The broadside pattern shown on the left is clearly a “fan beam” — how
would you make the “fans” narrower (in order to increase D) in 6 direction? Answer: by
creating a 2D broadside array as explored in HW and Mathematica demo in class.

e Our discussion so far have focused on 1D arrays.

6

|

|

a = 0: Broadside array

o= %: Steered beam:

a = 5: End-fire array




— One class of 2D arrays consist of 1D arrays having other 1D arrays
as their elements, in which case their gain functions can be formu-
lated after multiplying the array factors of two 1D arrays and the
effective length of the smallest element of the arrays — usually
referred to as pattern multiplication!

— We have shown examples illustrating how antenna beams with

relatively small solid angles €2, and directivities D = ;“)—7; can be

generated.

— We have shown how phasing can be used to steer the antenna
beam patterns.

e Interference effects which are fundamental to antenna array design are
mainly sensitive to

1. antenna locations, and

2. phases of antenna input currents.

The next example examines these parameters in more detail.

Example 1: We have two identical g-polarized short dipoles. We want to “place” them
and “phase” their input currents in such a way that no power is radiated in +z
direction and there is a gain maximum in —x direction. Determine the required
positions of the dipoles and the relative phases of their input currents.




Y

02/ dﬁo%%

(—xm(),O) el / (x07070> ]

Solution: Let’s place the two g-polarized short dipoles at (0,0, 0) and (d, 0, 0) as shown
above and drive them with input currents I; and I, respectively. For I, = I;e77¢,
the field phasors of the dipoles at an observation point (z,,0,0), x, > d, will
vary as

E; oc e 7% and Ey o e I Iko—d) — g=ikogi(kd—a)

having identical proportionality constants. Likewise, at an observation point
(—2,,0,0), x, > d, we will have field phasors

E; oc e 7% and Ey oc e I H@otd) — gikvog—jlkd+a)

Now, in order to have destructive interference between E, and E, at (20,0,0) we
need to have |
k=) — 1 = kd—a=r.

Also to have constructive interference between E; and Ey at (—x,,0,0) we need
to have |
e /) =1 = kd+a=0.

Adding and subtracting these equations we find that

kd:g and a—-7.

[\)




Thus A\
T T

d:—:—:—_

|

This result makes sense because, with I; lagging I by 90° of phase, and E, traveling
an extra % compared to Es to lose an additional phase of 90°, E; ends up being

180° out of phase with E; at (x,,0,0), which is the condition for destructive

interference.
Conversely, with I leading I; by 90° of phase, but E, traveling an extra % compared
to E; to lose that phase lead of 90°, Es ends up being in phase with E; at

(—x,,0,0), which is the condition for constructive interference.

Example 2: Obtain the gain function G(6,¢) for the 2-element array examined in

Example 2.
I:I*

E x
N

= 0,Ey,

=h

0, 7/ (24, 0,0)

<_I07 07 0)

Solution: With I, = [1e77%, o = —5and d = %, we have in the antenna far-field (i.e.,




the region where paraxial approximation justified)

E(r) = Ei(r)(1 + e ety = By (r) (1 4 e/2(c0sfat1)

where ,
eJ kr

0,

Ei(r) = jn,I1klsinb,

wr
This is compatible with

|1 + 6j%(cosﬂgﬁ—l)|2

4

2+ ej%(cosﬁm—i—l) + e—j%(cosGw—i-l)
4

1 + cos(5(cos b, + 1))

2
1+ cos(z(sinfcos g + 1))

G(6,¢) = Dsin*0,

)
= Dsin” 6,

= D(1 - cos®6,)

= D(1 —sin®#sin’ ¢)

2
A 3D plot of G(0,¢)/D is shown in the margin.

10




13 Arrays and feed networks

Performance of antenna arrays depends on our ability to feed the array ele-
ments with input currents having accurate phase relationships. This can be
accomplished by using appropriately designed “feed networks” consisting of
transmission line (TL) segments. We continue our study of antenna arrays
with examples illustrating feed network design issues.

Example 1: Consider a 4-element phased array with Z-polarized short dipole elements,

progressive phasing with increments «, and element-to-element spacings d = 2

along the z-axis. It is desired that the array has a gain maximum on 6 = 90%
plane along ¢ = 45' directions. Determine « such that I; = Ipe 7® and suggest
a TL feed network that can be used to distribute the required input currents of

the array elements.

Solution: Let Eq(r) denote the far-field phasor due to the array element at the origin.
The phasor due to the element at (d,0,0) can then be expressed (in the far-field)
as

El(r) _ Eo(r)ej(kdcosb’x" ) _ Eo(r)ej(kdsin9005¢" 04).

Since we are interested in = 90' case, we can simplify this as
El(r) = Eo(r)ej(kdcos¢l‘ a).

Since we want constructive interference in ¢ = 45 direction, we will demand

that . )
plkdcos¢™ @) _ 1 ¢, — kdcos ¢ for ¢ =45
le,
27 A
a="Zcosd5 = $=rad.
A2 2

E x H*

E=0E,



Thus, the required current inputs of the array elements are

L
2
Y

I, =Ie /™%, n=0,1,23.

With this phasing, radiation coming from all four elements will interfere con-
structively along the ¢ = 45' direction.

E x H*

Designing the feed network: The required phase delays

21 A
a=""2cosd5 = $7T—_rad
A2 2
to be applied progressively are in elect to compensate for the fact that propaga-
tion distance from element 1 to the observation point (along the ¢ = 45' line)
is shorter than the distance from element 0 by an amount

A =dcos¢ = %(30845!.

Let’s make the current signal arriving at the input terminals of element 1 travel
on a TL (with propagation speed v = ¢) an extra distanceA compared to the
current going to element 0 (coming from the same source) — that procedure,
repeated progressively for all the elements, will produce the required current
inputs

L.
2
Y

I, =1Ipe "3, n=0,1,2,3,

derived from a common current source, provided reflected waves from the ele-
ments can be avoided.

E=0E,



To avoid reflections from the antenna elements it is necessary to match the antenna
impedance Zp, to the characteristic impedance of the TL (e.g., single-stub tuning).

Assume that all the elements have been identically matched to a TL with a charac-
teristic impedance Z,. Then we can connect the elements to a common current
source [ via a corporate-ladder network shown in the margin and have

I, = " 275 5 =0.1,2.3.

The verification of this formula would require the use of quarter-wave transfor-
mation formulaefor impedance and terminal voltage and currents reviewed next.

e As shown in the margin a quarter-wave transformer with a charac-
teristic impedance Z, transforms a load impedance Z;, into an input

impedance
Z2
Zi = 2.
Z1
Also, an input voltage V;, is transformed to a load current
Vin
I - (1] '_
L J 2

independent of load impedance Zj, while an input current I, is trans-
formed into a load voltage

"Phasing" cables
and loads

Quarter-_
wave txOs

Quarter-,
wave txOs

Quarter-wave transformer:




Assuming Z; = Z, and applying the quarter-wave transformer formu-
lae repeatedly we note that

. Junction voltage

i
Vi=" ]EZO;
. Element 1 current
n ‘/vl n -(" ]%ZO) n IS
I; = — = =" =
Z, Z, 2

. Element n current is then

"o " in$
I, = Ipe 7" = Ipe 72

as required.

Question: Why did we have to assume Z; = Z, above?

Answer: Because otherwise the impedance of the two branches seen by I

may have been different, and we would not necessarily have equal cur-
rents % flowing into the two branches of the circuit.

Exercise: In the diagram on the margin we have a voltage source Vj in series

with a source impedance Z, feeding an array feed network. Determine
I, using quarter-wave transformation rules assuming Zj = Z,.

4

"Phasing" cables
and loads

Iy,

Quarter-_
wave txOs

Quarter-,
wave txOs

Loads
Quarter-,

wave txOs

Quarter-_
wave txOs



1 ,coskx)

—_

(Io! 1y)coskx)

The need for ObalunsO o

Antennas in the beld are fed by transmission line networks ascussed above and co-axial TL are the
most commonly used in such networks because of ease of hanglhs well as their shielding properties.

® In feeding a dipole antenna with a coax the inner and outer cdnctors of the coax carrying equal
and opposite directed (so-called Odi'erentialO) curremte establish contacts with the terminals of
the dipole antenna as shown in the diagram in the margin.

(a) Unbalanced feed

B The AC current with amplitude I, from the inner conductor feeds the left-half of the dipole

AN

1, coskx)

_

B

y |ucoskz)

as shown, causing a dipole current distribution likd (x) = I,cos(kz) inthe " L/2 <z <0 a

half of, say, a half-wave dipole. K

D However the AC current arriving from the inner surface of theuter conductor of the coax
can continue on both the right half of the dipole and the outesurface of the outer conductor swremraes ||
of the coax, resulting in an OunbalancedO current distrilaut of I(z) = (I," 1) cos(kx) in Il
the 0 < = < L/2 half of the half-wave dipole wherel, % 0 is the amplitude of the current
placed on the outer surface of the outer conductor of the coax

(b) Balanced feed
using bazooka balun

D The only way of balancing the dipole, i.e., forcind, = 0, is to quench or QchokeO the current
I, cos(kz) leaking into the outer sleeve of the coax Oby some meansO.

b This requires using a ObalunO connection between the coakthe dipole, with the term
balun deriving from bal anced/un balanced transition that needs to be OengineeredO.

® The second diagram in the margin illustrates a possible ballknown as Obazooka balunO.

——1
T~
——

1,4
o

40)

Bazooka balun

B The end of the coax is enveloped by a secondary conductingieger of length A/4 which “ 3ok
is shorted to the outer conductor of the main coax.

B with this arrangements we have electively a quarter-wave sirted coax stub whose inner
- . 4-to-1 balun
conductor is the outer surface of the outer conductor of the an coax. Antenna it

impedance is
2Vol(l0/2)=4Z0

D The input impedance of this quarter-wave coax stub is an elége Oppen(), meaning that oo
the stub draws no current, the outside current of the coax stace is OchokedO by the high = ’
impedance seen in the (unwanted, Ocommon modeQO) currertt!pliience this bazooka balun

forces/, = 0 and ensures a balanced current distribution on the dipole ¢adesired).

® Other popular baluns include the O4-to-1 balun® (Jicamgrc@dirty balunO (IRIS), ferrite beads
around the coax ...

V=0

BES

N5

SIE

=
;coskx)

5" Half-wave loop:

Input and output
signals are 180 degree
out of phase, dipole
currents are balanced.

Balanced dipole currents
are extracted effectively
from the inner conductor
of the main coax.

Outer conductor current

of the main coax splits
and feeds the outer
conductors of both
ends of the half wave
loop (in direct
electrical contact).

No currents flow on any
coax shield (outer
coax surface).



Spatial Fourier transforms of current distributions:

e Consider an array of identical dipoles positioned along the z-axis at

locations x,, = nd having input currents [,, with n in the interval

01---N" 1
e The far-field electric field of the array (in paraxial approximation) is
then
2 - I ikd cos 0, Iy 12kd cos 0, In+ ((N" 1)kd cos 0,
E(r) = Eo(r)[1+—€ + —¢’ + oo+ ——¢ ]
Iy Iy Iy
RCA A
— Eo(r) _nejnk:dcosﬁx
n=0 IO

so that the array factor is

%l;
AF = _nejkCOSHxnd
1y ’
n=0
a discrete Fourier transform of the sequence % representing the “il-
lumination pattern” of the array into a spatial-frequency domain of

k., & kcod,.

e Compare the A.F. with the effective length of a single array element
(from Lecture 8) Py

/= T(Z) ejkcosﬁzdz
1, ’
which is also a spatial Fourier transform into the domain k£, & k co9.
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e Therefore the system gain that consists of the products of the A.F.
and element ¢ is in effect a spatial Fourier transform of the “current
distributions” or so-called “illumination pattern” on antenna surfaces
of the system.

P This link will be examined more closely in antenna and imaging
courses starting with ECE 454,



14 Interference zones, plane waves

¥ LetOs examine the radiation beld of a 1D arrail of 2M + 1 iden-
tical elements located afnd, O, 0), with n in the interval! M, aaa'
1,0,1, a4l havingsphericalwave beld phasors

_ _ _ g jkIrt end|
En(r) = ! ol k" sm#n4$|r| ond|

where#, is the angle measured from thxeaxis to vectorr ! ¥nd such

that 1 nd
¥ The total bPeld phasor
!M
E(r) = En(r)
n=!M

of the array will have dilerent types of spatial variations idi'erent
interference zonesr regions

1. The region ,

2L
Ir|! % where L = 2Md

0
Is the physical length of the array, is known &sesnel region or
the near-beld radiation zone N in this zone paraxial approximation
cannot be used and the radiation beld is highly structuredihg a

1

-

)
L
s

Fraunhoffer
region

-~

tepessssssnnnn
“a

Fresnel
region




prominent magnitude directly above the array (i.e., foMd ! x ! z

> 4
M d ) . “. Fraunhoffer :'
‘,‘ region :-
2. The region g :
|r| " ZLZ ““‘4 ................ A, >:-'.2L2
% , i
is known asraunholer region or thefar beld N this is the zone in e wpe= L N
L, L

which paraxial approximation works well, and spherical esarriving
from individual array elements merge to become a singlersgiavave
of a higher directivity.

Eigl
R T

The concept ofantenna beanapplies only in the Fraunholer region. Fresne
A beam with a bPxed angular width emerges out of the Fresnabneg P H

as Fraunholer region is approached, as shown in the cartoothe Ly
margin (in which an OunphasedO broadside array has beemedsisu 0/ v
sketching the far-beld beam). WAL/

¥ In addition, it should be noted that

b the region|r| ! few%will include strong storage Pelds, whereas

2 . . . .
b for |r| " % deep in Fraunho'er region, spherical waves will
OlocallyO look like plane waves.

We will next examine the transition between Fresnel and Frau nhof-
fer regions and then examine how spherical waves can be treat ed
as plane waves over limited regions of space in the far-peld.

2



¥ Consider the Ophase-delayO of signals arriving frondimalielements
of a broadside array on the-axis to a location(0, O, r) on the z-axis
as shown in the margin.

P Clearly, the sample OraysO shown in the margin connedengrdi
array elements tq0,0,r) have dilerent lengths even though in

paraxial approximatioronly one lengthy, would be assigned to
all them sincend cos#, = 0 for #, = 90”.
This discrepancy betweanand theactual ray length|r®! ndx¥| would

small in radian units).

ray-0
be the cause of the failure of paraxial approximation, exaepen the
Ophase errorO caused by the discrepansyirigortant (because it is

b The exact phase delay along ray-0 is

!0:kr

rnyinnnnns
/ -
since the beld phasor arriving along this path from element0
is$ ¢ Ik

b The exact phase delay along r&§-is

| v = K[rd! Mdx| = K|r! %K’I =k 2+ ()

since the beld phasor arriving along this path from elenment M
is$ e! jK |r B! Mdi;')|_




M+ -

kr( 1+ (%)2! 1)

r, we have, whem " %, a pnite error of about
Moz kr( 14(D)21 1)
2r

, 1L, _2%L% s
kr(1+§(§) ' 1)= —— = ———

%8 8 %r’

2L 2 2L 2
— 1 1 r"
%%or (

$
— then we would havé! | —rad,
% 8
which is a small enough of a phase error that can actually be
neglected (in particular in multiple-element arrays whéne phase

errors due to a multitude of other elements will be even sanall
than £ rad or 225%).

I o=k r2+(%)2! kr = k( r2+(%)2! r

Note that this phase error vanishes whefo & . But for a bnite

using the Prst two terms of the binomial expansion ol + (2L—r)2. 7/
b Clearly then, if we were to take

b The maximum phase error made in paraxial approximation rth

z

(0,0,1)
ray-0 t";ay-M
LY
0 /{‘: M
----------- >
L



The analysis just concluded indicates that the border betwe en
Fresnel and Fraunholer zones can be taken as

2
r)ZL

the so-called Rayleigh distance . 2|
b 4
Fraunhoffer 3

¥ For the N -element broadside array being considered the far-peld gal region
function (adapting from Lecture 12)

sirf(Ykd sin#coss) P

N 2 sirf(3kd sin#cos8) T -

G(#,8 = D sirt#,

The array gain
sirf(5kd sin#)

N 2 sirf(3kd sin#)
on& = 0% has its Obrst nullsO around the mainlobe at atglatisfying Sl

N 2%/% . AU
T~ : - + * : + 0 : ‘u : ]
> kd cost > Mgg,ln% $ L sin#, = = %, a / M

G(#,0) = D

Eigl
R T

so that Obeam-width between brst nullsO is / L

BWFN = 2#, ° %A’

forL" %



¥ Approximately speaking, the Ohalf-power beam widthOebatwhe |

points of D/ 2 in the gain-pattern works out to be

1 %
HPBW' —BWFN = —
2 L

in radian units.

¥ Multiplying the HPBW with the Rayleigh distance we bnd that

L2 9% 2.7
HPBW + o - E+ %_ZL,
which indicates that at the border of Fraunholer region thant@nna
beamO between its half-power points is about twice as withe itians-
verse direction as the physical size of the array, as showimeicartoon
in the margin. This is a Ophysical pictureO that should beikepind

(and can be easily extrapolated into Fresnel and Fraunhalegions
when needed).

D Note that increasing the array side causes:

1. A larger Rayleigh distance,
2. A thicker column of radiation beld in Fresnel region,
3. A narrower HPBW in Fraunho!er region.

The inverse relation between antenna sizend the HPBW, that can
be summarized as

HPBW + L = %,
6

Fraunhoffer
region

------
- ~
-

.®
mapot s n .
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region




is reminiscent of Ouncertainty relationO from quantum axech as well
as the relation between bandwidth and impulse responsdheufgolter

circuits N underlying all such relationships is of course@uFer trans- N

form pair (between frequency response and impulse resgonsker
circuits; between momentum and position wave functions wargum
mechanics; between elective length function and spatiatent distri-
bution in antennas).

¥ In the Fraunholer region, we can express the radiation bafich -
polarized antenna or antenna array as
. . - e! jkr
E(r) = J! ol ok"eff (#, & Sln# 4$r
P This OgloballyO spherical-wave beld can be considerentanaiee
peld OlocallyO in any neighborhood of

8.

r=ro, (XoYorZo) = (Tos#o, &)

within the Fraunho!er region.

b The expression for plane-wave approximation in the neighbod
of r = rq is simply
I jk o

E'p(r) , 1 ol oK" eff (Fo, &) Sin#om#o,
where
s o
" rl

v

-

Eigl
R T

Fresnel
region



This phasor expression, that approximates the sphericalewsha-
sor in the neighborhood af = r,, and is identical toE(r) at
I = ro IS recognized as plane wavebecause it has the samé |
numerical value (as a complex vector) planesof constant phase ‘o —
debned by '

ki, &r = const. e

perpendicular to unit vectoty,. This is a plane wave propagating HpBw = »
in direction i, and isassigneda wave vector LA b

k = kiy.

More on thewave vectoiconcept later on...

Eigl
R T

L
+  Fresnel
. . region

¥ Notice that the plane-wave bel},(r) can also be expressed more com-

pactly as ) | [
En(r) = AIE(ro)|e ™, 0/ y

disregarding a possible phase o!set (position independeaual to the 7/ ........ -
angle Oﬁl o"eff (#o, &o)

¥ The deviation of this plane-wave pbeld from the sphericatavbeld
E(r), asr departs fromr,, will be dominated by thediscrepancies
in phase variations oE(r) and Ey(r), rather than the much slower
variation of |E(r)| with respect to|Ey(r)].

That is, the wave-front curvature of sphericakE(r) will be the main
cause of the dilerences that emerge betw&gn) and E(r) asr de-
parts fromr,.



We next determine the size of a region around= r, where this wave-
front curvature can be neglected. Our criterion will be toekethe phase
discrepancy betwee(r) and E(r) due to wave front curvature su"ciently
small.

¥ For simplicity, let
o= Tof
and compare the phase delay of pha&g(fs) andE(r) atr = ro+ &@x.

b The phase delay dEp(r) atr = ro+ @x is

= k r 0 "-‘ X

smcerO + &X andr, reside on the same constant phase plane of
Ep(r) (see margin).

------
- -~
- -

D The phase delay df(r) atr = ry + &x is 7 hpenf=
l= K|rop+ x¥| = k r2+ x2

b The phase discrepancy betweBn(r) and E(r) at r = rq + &X
because of wave front curvature is then

e
Py o S T
.

"=l b=k rz+x2! kro=Kk( rz+x2! ry)

e
sssntupes s
~a

12 2 $(2x)? | A
kg1 X0 )= B $() /

2r2 %2r, 4 %y

# <AL
using the brst two terms of the binomial expansion of + f—é /

(0]

9

Fresnel
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b Clearly then, if we were to take
(2x)*
%,

Thus, plane-wave approximation of a spherical wave about

(
- 1 ( 2x< %y then we would havé! - %rad.

position r, will have negligible errors within a box with di- 3

mensions less than = %, known as Fresnel size.

b Note that Fresnel size, the size of the region where planeewa\'i‘__

approximation is acceptable, grows as the square root ¢énke
ro. Smallest meaningful value of Fresnel size is for

21 2 . .
ro= A (Rayleigh distance)
in which case
Fresnel siz& %= 2L < 2L = beamsize,

indicating that the antenna beam is always (at atl,|) broader
than a Fresnel size and thus only portions of an antenna beam
can be well represented by a plane wave. A superposition affma
(an inPnite number in fact) plane waves would be requiredafor
accurate representation of an entire beam.

Example: For %= 10m (30 MHz) andr, = 100km, we have %k, = 1

km. So at a distance of 100 km away from an HF source the wawk bel
looks planar over a neighborhood of about less than a km ieréxior
about 100 wavelengths).

10
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15 Plane-wave form of MaxwellOs equations, prop-
agation in arbitrary direction

Having seen how EM waves are generated by radiation sounckisav spher- E——
ical TEM waves develop a OplanarO character over incrigdsing regions N
as they propagate away from their sources, it is time to shift attention "‘-.‘, ________________ R ,izi
to propagationand guidance phenomenssing the plane-wave formalism. % .. e 4": |
Perhaps the most OpracticalO rationalization of this bviitam spherical %, | “ |, /

to plane-wave emphasis is that waves produced by compacotasinvariably
OlookO planar at the scales of practical receiving systesmsv{ll study near ~ ;
the end of this course) situated afar. 1 reme

¥ We wish to study wave solutions of MaxwellOs equation®iérgithe
planar phasor form - /

E = E,e 'K = @B, K4 e

and time-domain variations

Rq E'ei!t } — Re[ Eoel ('t! kér)}
= @|E,|coslt ! kar+! E)

wherewave vector K is to be found in compliance with and MaxwellOs
equations according to some specibc Odispersion relatiurdng the
details of the propagation medium.



b For simplicity, the above phasor has been declared to baltige K &r = const-
polarized. Circular or elliptic polarized wave Pelds cancoea-

structed later on via superposition methods.

¥ Linearly polarized wave beld phasor above can be expargled a

E=Ee ik = g g itoxrkyrke)

assuming a wave vector

K = (kx, ky, kz) = &kx*‘vky"'kz

expressed in terms of its projectioriky, ky, k;) along the Cartesian
coordinate axes¢x, Y, z).

¥ A special case we are familiar with is
ke = ky =0, k, > 0, whenk = k,p= kb ande' ¥ = ¢ Ik

as in plane TEM waves traveling iz direction having a

wavelength" = % and propagation speed, = E

b Likewise, the case
ky = k; =0,ky > 0, whenk = k= ki ande 1% = ¢ &

corresponds to plane TEM waves traveling +x direction with
the same wavelength and propagation speed.

2



¥ The general case with non-zero compongkisky, k;) corresponds to

a plane wave propagating in the direction of unit vector

!
" E: (kx’iy’kZ) wherek " | k| = k2 + k§+ k2 = G

and also having the same wavelength and propagation speai@.
Wavelength” now describes the shift invariance of the wave Peld in
spatial R direction, i.e., the propagation direction.

5

k ar =const./

Example 1: A plane wave electric beld phasor is specibed as

3ix | 4ly) !
m’

E=aell

2

Determine the propagation directioR, wavenumberk = k|, wavelength” = <

and wave frequency = 5 assuming a propagation speed- 3 # 1 m/s.

Solution: Contrasting E with € 1(ko*ky+k2) \ye note that

rad rad
kXZS#F, ky: ' 4#H, kZZO.

Hence, wave vector

K = diky + Gk, + ak, = 3#0! 4#@%3',
and wave number

I 1
k=|kl= kZ+ki+ki= (3#)2+(@A4#)2+02= 25/ =5# %j.

\/



The propagation direction is specibed by the unit vector

sk 3HR! 49 ) "
R= Pl T—O.&o! 0.8y
The wavelength is
- P
ks
Since |
C=Vp= K

in general, it follows that

| = Kc=5## 3# 1P =2## 75# 108%]I

and |

f = o =750# 10°PHz = 750 MHz.

¥ Based on what we learned in ECE 329, we recognize that the wav
analyzed in Example 1 must have been propagating in freeespac

¥ What are the constraints on wave vectoifor plane waves propagating
in arbitrary media?



To answer the above question, we will return to macroscopic- form
MaxwellOs equations written in phasor form (see margin) and  ex-
amine under which conditions phasor solutions

& € 1ka %ad = $
%a& =0
WBHE = | j| B
YHH = TJ+jl D

can be applicable for all the beld quantities in the absence o f source
currents J and their accompanying $.

¥ First, we note that in view of relation
where (constitutive rela-

D = o, tions)
we can have plane-wave solutions of the form D = %
D =D, % and E = E ¢ /K4 B - ulj
J. = &E.
if and only if “does not depend on positian(why?).

¥ Likewise, relation k-ar =const. !
B = uH, '
implies plane-wave solutions

B =B, 'k and H = He 1k

if and only if 4 does not depend on positian(why?).




¥ In a homogeneous region whégeu, and & are, by dePnition, inde-
pendent ofr, plane-wave solutions of phasor-form MaxwellOs equations
given in the margin become possible provided that

ljkaD = $
! Jk é.B =0 k ar =C0nSt.j’/’
| jkK#E = 1 jI B '
ljk# H = 3+ D.

We have obtained these vector-algebraic relations fromsph&orm

MaxwellOs equations in the margin after replacing the vediterential
operator% by the vector-algebraic operatdrj k.

The justibcation of this simple procedure is as follows:
If

Ij- — Doe! jka — Doe! J (kxx+kyy+kzz) — (DXO1 Dy01 Dzo)e! j (kxx+kyy+kz2)

then
A5 - ( ' | ' ' )é(one! j (kxx+ kyy+kz2z) Dyoe! j (kxx+ kyy+kz2) Dzoe! j(kxx+kyy+kzz))
IX |y 1 |y ’ ’
= | ijDXOe! J (kxx+kyy+kz2) | jkyDyOe! J (kxx+kyy+kzz) | ijDZOe! J (kxx+kyy+kzz)
= 1 j(kx, Ky, Kz) &(Dxo, Dyo, I:)zo)e! Jloocrkyy+kaz) — jkaD.
Likewise, if

E' — Eoe! jka — Eoe! J (kxx+kyy+kzz) — (EX01 Eyo; EZO)e! J (kxX+kyy+kz2)

6



then

%#E = (';( y ) # (Eyo Thorhyyrked) B el itkorkyriad) ool §(kocrkyytkaz)y
= (! jky, ! jky, ! jk,) # (Exoe! J (kextkyyt+kzz) Eyoe! J (kxx+kyy+kzz) E,e j (kxx+kyy+ kzz))
= | jk# E.

The vector-algebraic relations above, repeated in the mmafgfter cancel-
ing out some common terms), are known as plane-wave form eiveliOs
equations. Plane-wave form of

¥ Plane-wave form ME in the margin provide us with the consttasuch MaxwellOs equations:
plane waves satisfy in various types of propagation mediegraized jkaD = $
according to%u, and &

kaB = 0
¥ Focusing brst on the case= J = 0 and & = O (source free and k# E = | B
non-conducting), the equations simplify as ljk# B = J+j D.
kaD = 0
kaB = 0
k# E = IB
lk# H = I D.

The brst two constraints tell us that wave vectéris necessarily or-
thogonal to bothD = % andB = pH.

b Hence, the plane waves satisfying the above equations will b
TEM.



¥ Cross-multiplying the third equation witlk and substituting from the
fourth equation we get

k# (k# E)=lpk# FH=1p( D)= u%PE.

But we also have P E
k# (k# E)="! (k &)E v )
since vectork and E are perpendicular as shown in the margin N R (R! E)

cross-multiplyingE twice byk = kR produced E timesk?" k k!

Also, the vector identity

P The above lines are compatible if and only if A#(B#C)=(Ca)B! (BA)C

leads to the same result.

kak =12u% ' R&ak=1andk ="! $W%,

which is thedispersion relation of TEM plane-wave solutions of
Maxwell® equations Plane-wave form of

S ~ _
& ¢l R Maxwell®s equations:
with .. .. kaD = 0
R4aE =0 and RaH =0. CAB = O
as well as (according to the last two equations ir:#the margin) K# E = luH
. R#E . e m | k# H = |%E.
A= =7 and E= (A # R with (= %/
0

¥ TEM plane wave solutions obtained above correspondiidamped
uniform plane waves when th@avevector k obeying thedispersion
relation k &k = ! 2u%is real valued.

8



¥ Same results also descridampedplane waves and/onon-uniform
plane waves witlcomplex valued:

P Damped waves: R is real butk = ! $ %s complex valued with
a negative imaginary part - e.g., in Ohmic conductors

P Non uniform waves: iR, obeyingR &R = 1 is a complex valued
unit vector - e.g., withsurface wavesvanescent waves to be
studied over the next few weeks

¥ Example: Non-uniform plane waves with real valuedk

P Considerk ak = ! 2u,% where the right hand side is real valued
and equal to the square dfc .

b Let k = k, + | kj wherek, andk; are real valued.
P Thenk &k = (k; &k, ! k;&ki)+ j 2k, &; = ! ?u% leading to the
constraints
kr ék| = O.

b For instancek = (ky, ky, kz) = (2#,0,! j#) will comply with these
constraints withk, = (2#,0,0) andk; = (0,0,! #) and! 2% =
3#2 , describing a non-uniform plane wave with a phasor

o ika = o j@ixtjiz) = o j2ixg #



that propagatesn x direction with a wavelength df = 2#/k, =1
m anddecaysin z direction ... namely a Osurface waveO propagat-
ing along, sayz = 0 surface.

( Translating the wave phasor back to time domain, we see that
it will be described as

Rqe! jké[ei!t } — Re{ e! j2#xe! #Zei!t } — e! #z COS(t | Z#X)

10



16 Reldection and transmission, TE mode

¥ Last lecture we learned how to represent plane-TEM wavepagating

in a directionR in terms of beld phasors In 1808 Etienne-Loius  Malus
discovered that light re-

Q " Rected from a surface at an
oblique angle will in general
[ be polarized dilerently than
the incident wave on the re-

such that Recting surface.
|

E=E.,!* and H =

E 4 This is caused by the di'er-
| = — — —r A — ence of the ref3ection coe"-
' K kR, k= # K", and k ako = 0. cients of TE and TM com-

ponents of the incident wave

. . ._as we will learn in this lec-
Such waves are only permitted imomogeneous propagation media,, . practical implementa-

with constantp and™ and zera$. tion of the phenomenon in-
clude polarizers and polariz-
. ) ~ ing blters used in optical in-
D The condition of zer® can be relaxed easily N in that case thegruments, photography, and
- , : e LCD displays.
above relations would still hold if we were to repldcby " + & SRS

as we will see later on. N

¥ In this lecture we will examine the propagation of planeMEvaves -«
across two distinct homogeneous media having a planarfaiterbe-

~..
~

~

tween them.

¥ With no loss of generality we can choose unit veddobe the unit-
normal of the interface plane separatimgedium 1 in the region
X < 0 from medium 2 in the region x> 0. Medium 1 Medium 2




¥ A plane-TEM wave incident onto the interface from mediumslas- z
signed a wavevector

ki = ky(®cosh + @sin%)

by taking ¥ to be orthogonal tk; (see margin). H;

This makes thexz-plane the Oplane of incidenceO %ritie Oangle of ~ kicod;

incidenceO, and, furthermore, _
Medium 1

b if we were to consider the casef)f= §E.€ 1% we would call the
problem a OTE modeO problem, where TE is shoff fansverse
Electric beld, and transverse is with respect to the planenof-i

dence. z
p

b if we were to consider the casedf = §H€e' '%i¥ we would call the &
problem a OTM modeO problem, where TM is shoif fansverse

~..
~

kisin!4

Medium 2

M agnetic beld, and transverse is, once again, with respettieo
plane of incidence.

This lecture we will examine the TE mode, and next lecture Td _
mode. These dilerent modes have dilerent transmission agedaction Medium1
properties. They are easy to study one at a time, and su"ciemt

general since all cases can be represented as a superposili& and
TM cases.

Medium 2



TE mode refl3ection problem: z

¥ In TE mode rel3ection problem, the plane-wave beld phasaident
on the interface between medium 1 and 23\t 0 plane N are specibed

as |
Ei = §'1Eoe! IKid and H; = Ki " Ei kqsin! ¢
kilp
where
ki = k]_(m COSO/Q+ Sin%), Medium 1 Medium 2
and ) . .
Ki= o vy= =) 1= HL
Vi M1 1 1

P The plane-wave beld specibed above satisbes Maxwell@isnsqua
in the homogeneous medium 1 occupying the regienO, but if
there were no other belds in media 1 andviaxwellOs boundary
condition equationgequiring the continuity of tangentiaE and
H across any boundary not supporting a surface current wod b
violated.

In order to comply with the boundary condition equations wesgulate
a set ofref3ectedandtransmittedwave belds in media 1 and 2 as follows:

¥ In medium 1 we postulate @e3ected plane-wave with beld phasors

. ) i . k n E
E = §Ey s and H, = ———
kl!l

3



where
Ky = ki(! ®¥cosh + @sin%).

¥ In medium 2 we postulate tiansmitted plane-wave with beld pha-
sors

. _ . ki" E
Ei= §E.&€ ¥ and H = t 3
Ko! 2
where
ki = ko(®cos¥% + @sSin%).
and " 1 I
Ko= —, Vo= #——, = &
Vo M2 2 2

¥ To justify our postulates and determine a seteectionandtransmis-
sion coe"cients! ¢ and & N debned in terms of electric bPeld compo-
nents N we will next apply the boundary conditions on= 0 surface,
where (usingk = 0)

Ei — S.’Eoe! jklsino/ggz, E'r — §’Eo| $e! jklsin%z, Et — 9E08$ e! jkzsino/gz.

¥k Kt
Clearly, with these beld components tangential continwfythe total f 1 , sz»ln'z
peld phasoE acrossx = 0 surface will be satisped for allif and only H, X
if kqsin! 4
e! jk 1sin%z + 1 $e! jk1sin%z — 856! jkzsino/gz’ ------ i 1COS!1 ........
which is only possible (non-trivially) if Medium 1 Medium 2



1. A Ophase matchingO condition zt

k1sin% = k,sin% Kt

~ | kosin!,
known asSnellOs lawis satisbed, and 2 -
. ky sin!
2. !¢ and & satisfy psinty
1+!lg = &.
. . ] Medium 1 Medium 2

¥ Tangential components &f;, H,, andH; onx = 0 plane are obtained

from
= — 5 I jk1sin%z = o I I jk1sin%z = g I jkosin%z
E; = §Eqe , Er = 9gE !l g€ , Ei = §E&e .

as

EO COS)/Qe! jklsin%z’

I

Eol s COS)/Qe! jk 1sin%z

'y

E08$ COS)/Qe! jK 2sin%z

Iy

B, = BaT, = | B, =

Clearly, given SnellOs law, tangential continuity of theltéeld phasor
H acrossx = 0 surface will then be satisbed for allif and only if
co? | COS’/@I _ cosk

$ —
Iy Iy I

& .
Combining this with
1+ = &,

INote that OSnellOs lawO can also be interpreted as havingahgonents of wavevectork; and k;
equal along the interface between media 1 and 2.
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we bnd that

cos%| co%, _ cosh lo,cos%! ,coskh

|y = 1+1g) % lg=
M 1, ° !2( s) % ls 1,co% + 1,c0%
and
& =1+1 4 = 2! ,co%
* T 1, cod%+ ! ,co%
ZA

Kt
I ;\ ko sin!,
X=

kqisin! 4

Medium 1 Medium 2

¥ Conclusion: In TE rel3ection problem, the Fresnel rel3ection and
transmission coe"cients are

s & Eyr _ l>,cos%! ',coH and & = Eyt _ 2! ,cosHh

Eyi l>,cosh+ ! ,coH Eyi l,co%+ ! 1co9%’

respectively. The coe'cients enable us to express the refdeand
transmitted wave phasors in terms of the incident-wave teledeld
phasor at the origin (i.e.Ey;).



Example 1. Medium 2 is vacuum while medium 1 hag = Yo and"; = 2",. Given
that a TE mode incident beld phasor

E = QSG! jk 1(cos 30 x+sin 30' 2) x
| ml

determineE,, E;, and H;.

Solution: We have ! !

[ Ho _ Lo
l,= —== _——=#=and!,=1,.
1 IIl 2II0 2 2 0
Also, according to SnellOs law,
# .
. . . Ky . . #_
kisin% = k,sin% % sin% = k—lsm%: #1—E15|n%: 2sin30 = #%
2 2M2
indicating that
% =45 .
Now, the rel3ection coelcient is
# #_
3 'o
| g By = 12005%! licost _ Tog 552 2 (0268
!
Eyi l>,cos% + !1c0s% I0_3+ #o 4l 341
02 2 2 2 2
The transmission coelcient is
#_
E 2! , cos% 2! g2
& = V' = 2220 - 4292 (1268
Eyi l,cos% + !1c0s% !0734, ﬁ_éﬁl_é

Consequently, the re3ected and transmitted wave phasoes ar

Er = §(5" 0.268ﬁ! jk1(! cos30x+sin 30 z)%




and

Et — 9(5 " 1268ﬁ| jk 2(cos 45 x+sin 45' z) !

m
Finally,
H, = k2" Eq _ (cos45%+sin45 1) " P5" 1.268) ika(cos45x+sin45'z)
Ka! 2 Iy
(B! ®)(5" 1.268), jke(c0s48x+sinds'a) p
) 120 2 m’




17 Reldection and transmission, TM mode

on the interface between medium 1 and 24\& 0 plane N are specibed

as _
: |k A . ki" H;
H, = §He 'K and B =1 1, ——1,
Ky
where
ki = ky(®cos'y + @sin"y),
and 4 1 I
M1
Ki= — vi= #——, 11= —.
v T $
¥ In medium 1 we postulate @eRected plane-wave with beld phasors
. . i . k n H-
H, = §H.Re X% and E, = 1 I, rk L
1

where
ky = kq(! ®cos'y + @sin",).

¥ In medium 2 we postulate tsansmitted plane-wave with beld pha-
sors _
kt ! F'Tt

H: = §H T 1K¥ and B, =1 |, P
2

where
ki = ko(®COS's> + @sSin"y).

1

4
¥ In TM mode reRRection problem, the plane-wave beld phasmigént ~-.. k.

~

Medium 1

Medium 2



and |

# 1 M2
ko= —, Vo= #——, l,= ==
TV TR YT %

¥ To justify our postulates and determine a set of ref3ectiod ransmis-
sion coelcientsR and T N debned in terms of magnetic beld compo-
nents N we will next apply the boundary conditions on= 0 surface,
where (usingk = 0)

I_—:I-i — §"Hoe! jk]_Sin"]_Z, I::rr — yHoRe' jk]_Sin"]_Z’ I_—:l-t — g’HO-I-e' jszin"zl

Clearly, with these beld components tangential continwfythe total

K
!

|
;\ k2 sin! 2
XV

peld phasoH acrossk = 0 surface will be satisbed for allif and only

if
e! jk1sin"qz + Re! jk1sin"1z — Té jkosin"s

which N given SnellOs law N is only possible (non-trivialy) Medium 1

1+R=T.

¥ Tangential components &&;, E,, and E; on x = 0 plane are then
obtained from

I_—:I-i — yHoe! jklsin"lz, I_—:I-r — gHOReI jk]_Sin"]_Z, I_—:I-t — yHo-l-eI jkzsin"zz.

as

k]_Sin!]_

Medium 2

iEi =1 !1COS|1Hoe! jklsin"]_Z, ZEr — !1COS'1H0Re! jklsin"lz, ZEt = | !2COS'2HOTGI jkzsin"zz.

2



Clearly, given SnellOs law, tangential continuity of thelttreld phasor p
E acrossx = 0 surface will be satisped for alif and only if .

l,co08'1(1! R)=1!5c08'5T

k
!

Combining this with

Medium 1

1+R=T,
we bnd that
1,co8'1 (1! R)=1,c08'5(1+R) $
n - Hy _licosy! locoss B _ | Ex
Hyi !icos'p+!co8', Ei §$%
%! g
and l,cos'1! I,cos
1+-1 ll- - 2 ,2:T$
l,cos'1+ 1,c0S'5
poHp_  2cosy i B
Hyi l,cos'1+ !,c0S'5 !2--E$%
% %

b Ei, E,, E; refer above to the (phasor) amplitudes of the incident,
rel3ected, and transmittedlectric Peldvectors at the origin, point-
ing in the reference unit vector directions alohy" k indicated
by the arrows shown in magenta in the margin, while,

3

t oV
4

;\ szin! 2
e

k]_Sin!]_

Medium 2



P | ¢ and % introduced above are known &sesnel coel!cients' for
TM polarized rel3ection and transmission, respectively.

¥ Conclusion: In TM case, the Fresnel ref3ection and transmission co-

elcients for plane-wave electric belds are
2! ,Cc0S';
l>,cos's+ | 1COS'1’

E., E, I>,cos's! 1,c0os', E:
l g% — = ! = and % % — =
& E E. 1,co8,+!,co9 17°E

respectively. The coelcients enable us to express the refgeand
transmitted wave phasors in terms of the incident-wave teledeld
phasor at the origin (i.e.E;). Note that 1 +! 4is no longey!!!

¥ Note that for";' 0, the SnellOs law impligs' 0 also, in which case

| _ Ezr _ I 2 I I 1 _ | _ Eyr Z
En la+!1 ' Ey 3 .
t,. V%
1
and y E, 2, : Ey !;\ kzsin! ,
Q: - = — — = p = - XV
Ei !2+ !1 Eyi k]_Sin!]_
(as one would have hoped for) since the distinction betweEnahd
TM cases vanishes in this limit. |
Medium 1 Medium 2

I, and! . relate the tangential componentf incident and ref3ected

lFresnel reRRection coelcients
% and

electric peld vectordn TE and TM cases, respectively, whildresnel transmission coe!cients
% relate the amplitudesof incident and transmitted electric bPeld vectors
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Example 1: Medium 2 is vacuum while medium 1 hag = goand$ =2%. A TM
mode plane-wave with an electric Peld amplitude of 1 V/m isithent on medium
2 with an angle of incidence df, = 30). Determine the wave-beld phasoks,
E,, and E;.

Solution: The described incident wave beld can be represented as

E; = (sin30'%! cos 30p)e ik1(cos30x+sin30'2) v

m
Also N :
M1 Ho 0]
l,= == ——=4#—and!,=1,.
1 $l 2$) > 2 0
SnellOs law gives )
kisin"1 = kssin"s $ sin", = k—zsm 1= #—qusm 1= 25|n30 #i_
indicating that
",=45).
The TM mode rel3ection coelcient is .
" " | 4| 4o 3
%|E: 2005"2! !1005"1: "5 22 _ 1! ﬂ3/2* 0.0718
E; l,cos',+ !,c08"; | 5+ go 3 1+
2 2 2
The transmission coelcient is .
E 2! , cos" 21 -3
0% % —' = S °2 4 * 13127
Ei !,cos',+ !3c08";y | #1_ ;é_273

Consequently, the re3ected and transmitted wave phasoes ar

E, = | 0.0718(sin 30 + cos 30 )¢ Ik1(! cos30x+sin30'2) x
m




and

. . - aei g V
E; = 1.3127(sin4%%! cos45p)e Jk2(cos45x+sin45'2) —.

TE reBection‘:

A

Kt
I ;\ szin! 2
X:

klsin!l

Medium 1

Medium 2

Eyr l>,cos'y! l1cos'y

L %2 =
(%E,

Eyt
% % —L =
6 PE,

l>,cos';+ !1coS'>
2! ,c0S';
l,co8';+ ! 1Cc0S'y’

™ reBectic“)n:

kQSinlz
v
Medium 1 Medium 2
E, l>,cos's! 11c0S', E,
g% == 2 1=
E; l,cos's+ 1 1c0S', E.,i
E 2! , cos'
RW= =
E; l,cos's+ 1 1C0S',




BrewsterOs angle:

For diamagneticand paramagnetianaterials which cover a vast amounts of
media of interest in EM and optical applications, we have* o, For
TE and TM rel3ection problems between diamagnetic and/orgmaagnetic

materials it is therefore possible to

take = Hy, and simplify the ref3ection

and transmission coelcient formulae above.

¥ For the casgup = pg, ! ( =0 1"
to have!l g =0with!, = !;ata

l,=1,4,1.e,% = $§, but it is possible
special angleé; known asBrewsterOs

angle, ",, examined in this section.

TE relRection: TM reflection:
E I-cos'y! !';cos
.0 yr_ 2 1 1 2 , ,
' ( /OEyi I,co8 1+ [;C09', !&%!Er:!ZCOSZ! !1CO§1:Ezr
= o - cod E; l>,cos's+ 1 1c0S'; E,;
% % yt — - 2 1 ’
O E, T Toco8 + [1cos, . voop Et - 2208
) 2 Ei !,cos'>+!,c08';
¥ Note that in view of SnellOs law
# o # o
wHsin'y, = ppEH sintg
we have . ,
Lo E, _ l>cos's ! !1coslzo
&7 BT 1,c09,+ !;co9,

v



only when
& !
l1co8'1=15c08,="15 1! sirf",=1, 1! Hl$ls,mz"
Ho%
Squaring this we get
Ho $

Mgy gy = H2g) Mo Py o m
$l(1. sirt",) $2(1. 2$2sm2 ) $ sty @ B+ 5

¥ For 2 = Yy, this yields

: 1
"1=sin' 1 75 %"
$2

which simplipes as thBrewsterOs angle
| !

5+ % $ "p=tan'’

‘

—cin' 1
o = Sin

| 4

¥ A physical insight to BrewsterOs anglecan be gained by noting that
(as veribed below)
"+ "5 =90,

implying that vector! E; in medium 2 is co-aligned with wavevector

k., of the zero-amplitude rel3ected wave in medium 1 as shownen
margin.

Geometry at BrewsterOs angle

A
Z
Kt
‘....kr "n‘
' ..... N |
/2- p /\ \'2
!
Ki
E|
Medium 1 Medium 2
"1 > 11} 2 ! !2 > ! 1

Geometry at BrewsterOs angle

Z
Kt
‘,...kr """ 7
e § \I
/2- p /] ' 2
!
Ki
i
Medium 1 Medium 2
lIl > " 2 ! !2 > ! 1

th



P Now, the physical cause of the plane-wd¥g is the superposi-
tion of dipole radiations of polarized molecules in mediumta
medium 1, behaving like a giant 3D antenna array.

P However propagation directiok, of waveE, is the dipole axis of
these molecules whéen = ", in which case radiation amplitude
becomes zero because dipoles do not radiate along theinaxes
have seen earlier on (they radiate best in the broadsidection)!

Veribcation of ", + ", =90 For pyp = Yy, SnellOs law simplipes as
# #

Hsin", = $sin'y,
yielding l
sin", = a\ﬂ_sin"l.
$2 Geometry at BrewsterOs angle
For"; ="y, we have )
! P ! z
S I $ Kt
Sln 2 — - Sln p - — - ] 20
)  $+&H  H+ & . ke a
implying that /2!};"~~[\ \!2
|
. & E+&! B S . '
Sirf", = = =1! =1! sirf",=cos",. K
2T e+ & S+ L+ P D . —
Thus E,
sin", = cos"y, Medium 1 Medium 2
a telltale sign that", and the correspondint, add up to90! (QED) "1>" 1 >0,

9



¥ Finally, there is no BrewsterOs angle for TE mode reRechecause
in the TE casek, is unconditionally in the broadside direction &f
polarized dipoles (inp direction). It is easy to see that fou, = pq,

1(=0i" $=%

Veribcation: According to SnellOs law

#__ #__
$sin"s = Fsin";
while , ,
I _Eyr_!ZCOS;L! !1CO§2_
" Eyi !2c0s'1+ !;cos',
only when

l,cos's> = 1,c059';.

Dividing SnellOs law with this relationship we get

> i
& ——tan", = &———tan"; $ tan",=tan";.
H1/$1 H1/$>

But this condition of", = "4 is only permitted by SnellOs law jf= ! 4,
the trivial case of no practical interest.

¥ Read pp 322-323 in Rao for a discussion of the applicatioBeeavsterOs
angle.

¥ One simple application: rel3ected light from ground is ¢gly TE
polarized (parallel to the ground) because the TM componanight

10



rel3ects poorly because typicallymay be close to,. Itis easy to elim-
inate TE polarized glare from the ground by using polarizgdgasses
which only transmit the TM component of light (polarized veally).
Note that this application also explains why the Brewstea@g;le"p 5
also known as Opolarizing angleO.

11



18 Rel3ecting plates, monopole antennas, corner

refdectors

TE reBection‘:

A

K
| ;\ k2=S|n' 2
X

k]_Sin!]_

Medium 1

Medium 2

Eyr _ l>-cos'1# !,coS'y

Eyi l>,cos';1+ !1coS'>
a Eyt _ 2! 2 COS'l
' Eyi !2c08'1+!;5c08';

™ reBectiqn:

Medium 1

Medium 2

E, l>-cos'># !,c0S', _ E,

lg"# —L =
" E. T 1,c08,+ ,co8, E,

g " E_ 2! ,Cc0S',

,, Ei !,cos'>+!;c08'y

¥ In deriving the transmission and rel3ection rules for TE 8 modes
summarized above we assumed lossless propagation medhg due

last two lectures.

¥ The equations can be easily modibed as described nextéfraitedium

1




1 or medium 2 or both have non-zero conductivitgsand/or $,.

In general, in the case of a non-insulating medium with a ®mibn-
ductivity $, we expect a conduction curredt= $E, in which case the
plane-wave form of AmpereOs law can be cast as

#ik %H = SE + j%&,
= |0 + —)E.
]%0(& j%)E
Since this equation dilers from the non-conducting case/dy having

&+ J.;i/o in place of& propagation parameters
!

k=0 and 1 = P
&
of non-conducting media are modibed as
I 1]
' $ I
=0 + — | = -
k=% p& j%) and o j;’i/o1

respectively, in homogeneous conducting media. In othedsva con-
ducting medium is treated as a dielectric with a permittiyi&+ j;i/o.

¥ Consider the wavenumber
|

k=% &+ jO_A))



in a medium with&' $/%. In that case N poor conductor approxi-
mation N we can approximaté< as

& . $
= 0 #iZ)=0 #i2)( 0 #i 2
K A)p(&j) % &1 j%g(/oﬁg(lj/

Vo
:qgmwj%%§"kan,
with 2
kK'" Re{k}( % p& Propagation constant
and I _

1 .
K" # Im{k} ( 5 %$ Attenuation constant

These terms are applicable since

i ka i i (K#K) ) ik)
e#jka — e#]ks — e;r%ifj(k#k )s — e#k Se#jk S

clearly signify an attenuating plane-wave beld with distas measured
in the direction of a unit vectoR such thatk introduced above relates
tok = kK # jk) as in

k = R(K # jk 7).

¥ Conversely, in a medium whe&* $/% N good conductor approxi-
mation N we can approximaté< as

RN T )
k = % (&#]—)(%#]—— #) Y%ud

ﬁ%-QHE:u#j)'m$"W#m»

3



Clearly, in this case thevenetration depth ( (recall ECE 329 N
distance for the Peld to decay one e-fold) is
1 1
= =&
( k)) 'fu$ '
and this quantity vanishes in the limi$ +, N the meaning of this is,
TEM waves cannot penetrate regions of perfect electricatlootors.

Example 1: Consider a plane wave of frequenty= 400 MHz propagating in a con-
ductive medium with conductivity$ = 4 %10” S/m. Given that the wave phasor
IS
E(X) = §EE ka — QE #k'x #]k X
determineE(x,t) and H(x,t) and the penetration depth (skin depthj as well
as the propagation velocity, = %/k. Assume thaty = , and &= & in the
medium.

Solution: We brst note that in this case
$ 4%10 1, 1

~ = = &= S —
% 2 %400%10° 20 & ( 36 %10
Thus
) ) #7- #- . , rad
K=k)( 'fu$ = '400%10° %4 %107 %4%10" =8 %104—

Also,

M j%H 2 %400%10°F %4 %10¢7
( —_

&_
5 1% 10 145 =2' 2145 m! .
0




Therefore, we have
E(x,t) = §Ee" "0 cos(8 %10t # 8 %10‘&)%

and
8#%10*x k A

E
H(x,t) = a°—2&§— cos(8 %10°t# 8 %10°x # 45) —

The penetration depth is

1 1 1

(= 0~ g %10 80

clearly a small fraction of a millimeter. Finally the propadjon velocity is

% 1073m,

% _ 8 %1C m

WP T g % s




Example 2: A plane TEM wave propagating in air with a phasor
Bi(x) = g’ 50D

is incidentx = 0 plane at the planar boundary of a good conductor for whi
$' %&Determine the transmitted beld phasd#;(x).

()

Solution: Formally
Et(X) = q# e#j (kox X+ k22 2)

where, according to SnellOs law,

Ko, = kiz = %

and g
$ k2 # _
kox = k2# K2, ( #ju$%#§1( #iu$% = K # jk)
with i
K=k = ‘'fus.
Thus

Bo(x) = §# e Kxe!l (K5

which is anon-uniform plane wave sinceE; is not a constant on planes o
constant phase as a consequence#d‘f X factor.

—h

The transmission coe!cientd can be computed using the usual formula f@r, but
with a complex valuedcos", obtained fromsin?", + cos?", = 1 and Snell®
law, ki sin"1 = kosin",, used with complexk, and sin", N under the Ogood

conductorO conditions considered here, it will be the cémse tos', ( 1 and
(1 syl L

$: cos%

U)

A plane wave is said
to be non-uniform
if the wavevector

K = (Kkx, kyy Kz)

contains a complex
valued component so
that the Peld is not
constant on planes of
constant phase.



¥ Assume that medium 2 is a perfect electrical conductor (PEE.,

$ +, . Inthat case

U
& S

%

TE rel3ection;

. w Eyr _'pcos'1# ! c08',
- Eyi locos'y1+ 11c0S'>
H#o" Eyt — 2! 2003'1
' Eyi !2co0s'i+!jicos's

+#

+ 0

1

#1

$n

=0 (PEC is like a "short"), and

TM rel3ection:

lg" # Er

l,cos'>s# ! 1C0S';1 _ E,

+ #

E|

l>,cos's+ | 1coSs'y

2! ,Cc0S'

l>,cos's+ | 1c0S'

Ezi

+ 0.

1

Conclusion: all plane waves incident on a PEC boundary will rel3ect in
such a way tha€&,, at the bounding surface (this is the tangential com-
ponent of the total Peld summed on the dielectric side of therimary)

is everywhere zero, whereas the accompaniiiRg at the bounding
surface will imply a surface curredt, such that|H s % = |Js/°.

¥ In Operturbation methodO solutigesd conductoraretreated asPECOs
to infer |Hwn|? = |J|? and then thepower loss per unit areaf the
good conductor is subsequently calculated as the Poyntinog €n
the condlﬁptor side surface N works out to b;¢|='rtan|2Re[! o} with

Re{! 2} (
.

% referred to assurface resistande




¥ We will next examine the consequences of this conclusiantannas
placed near conducting planes.

z
h

Source current

Monopole above rel3ecting surface:

2)

¥ Consider a a straight wire of a length Oend-fedO by an independe
current sourcd(0) = |, connected as shown in the margin between t
wire and an inPnite ground plane. For* ) = 27 we may assume a
current distribution

/ Image current

. Z
2) = lo (55)u(2)
that drops linearly froml, to O across the length of the wire.

We next construct the radiation beld of this so-called  vertical
monopole antenna by postulating that the monopole will ra-
diate, into the half-space z > 0O, like a short-dipole of a length
L = 2h having a triangular current distribution

52) = 1o ()

that matches [(z) for z > 0 and is considered to be a OimageO
current of I(z) for z < Q.
We justify the postulate by observing that:

1. the Peld generated Wy(z) is in*© = # pdirection onz = 0 surface,

and therefore it satisbes the boundary condition of haviegoz
tangential E on the perfectly conducting surface,

8



2. the beld generated Hy(z) also satisbes the boundary condition z

of having zero tangentialE on the perfectly conducting surface N
of the h-long monopole wire, since the wire is just the upper half
of a two-wire dipole of length = 2h (on which the condition is 2)

satispedpso factq,

3. MaxwellOs equations (ME) necessarily havaigue solution for
each possible conbguration of boundary conditions (BCh No-  image curent
lution of MEOs matching the given BCtig solution!

In view of above, the radiation beld of the monopole is

%

: K g
j! ol ok’ sin ej.r O forz>0

0 forz < 0O,

E =

where% should be replaced by. As this result indicates, a monopole
radiates its entire power to one hemisphere as opposed tpalealin
free space radiating equally into two hemispheres.

¥ In the above description of the radiation of the monopoles bottom
half of the current distributionly(z) is said to be the OimageO of the
source current{(z) on the monopole. The image is really OimaginaryO
in the sense that the OrealO, actual, sources of the radiatd€ in

the upper hemisphere are

1. I(z) on the monopole, and



2. a surface currenfig(x,y) induced onz = 0 surface in order to
satisfy the BCH% H (x,y, 0) = Js(X, y).

¥ A short monopole of lengtth * ) radiates half as much power as
a short-dipole of lengthL. = 2h having an equal input current,.
ThereforeR,5q for monopole is half of

z

L 2h h
Rrad = 20' 2()_)2 - 20' 2()_)2 Source current
of the dipole, i.e., )
2h h
Rrad,mono = 10° 2()—)2 = 40 2()—)2

/ Image current

in ohms.

¥ Directivity of monopole is twice the directivity of shodipole, i.e.,
D = 3, since the beam solid anglg of the monopole is half the solid
angle of the dipole (why?).

¥ Finally, a monopole of length = % is called aguarter-wave monopole

b In analogy with a half-wave dipole, the quarter-wave moriepo
has a radiation resistance of about 36 ohms and a directigity
3.28.

10



Corner rel3ector antenna

¥ The following diagram depicts a Ocorner reRectorO anventte left,

and its image based model as a 4-element array.
v

Image

Image ™. Dipole

Image

(a) Corner reflector (b) Image based model

D Note that the image elements in the model have been so sdlecte
that the 4-element array has tangential electric beld nalleng
the conducting walls of the corner rel3ector placed next te th
p-polarized dipole antenna (seen from the top) shown on tite le

b The Peld of the corner ref3ector antenna matches the beldeof th
4-element array in the rightmost quadrant in the diagram inoled
by the diagonal lines. The beld can be calculated easily bygus

an array factor that depends on the distance of the dipolanfro
the rel3ecting corner (see HW).

11



19 Total internal rel3ection (TIR) and evanes-

cent waves _
TE refl3ection:
Z
¥ Consider a TE- or TM-polarized wave (or a superpositiortident on
an interface atx = 0 surface as depicted in the margin at an incidencé"'";i.,. kt\ Kosint»
angle";. T
Hi . .
kisin!

. . . . ki
¥ Independent of the polarization of the incident wave, timgle of trans- Kicod;

mitted wave", can be found using SnellOs law vedium 1 Medium 2
. . # . # . Eyr _ !pc0s"y! !1c08"
kisin"; = kosin', " Ui SIN"y = U SINY Eyi = !2c08"1+!;c0s",
Eyt _ 21 5cos",
assuming lossless media on either side of the interfacegewhe Eyi ~ 12008'1+11008"

TM relRection:

M #
e — and # $ — 4 ’
HO #-O :;u,.kr Kt ‘
are the relative permeability and permittivity, respectily, of the prop-  [i.... 15\ kesint,
. . I X
agation media. Moreover, . < sint s
# w c. Y kicod;
—#— - —_ E;
l-lr - Wg - V_ $ n Medium 1 Medium 2
P | Er — !pcos’p! 1jcos’y
above can be referred to as thefractive index of the propagation ¢ ~ 12,008 21 11.€0Sy
Et — :2C0OS 1
medium. Ei = !zc0s"p+!1c0s"y”
¥ SnellOs law, expressed in terms of refractive index, Refractlvg index:
H || —_ N ]| n | — nl N ]| n - 5 = IJ.r”F
NiSIN"1 = NoSIN » SInN" > = n—sm 1 Vp
2

1



shows that for a giveri,, the correspondingin”, can be in excess of
1 whenn; > n,, that is, for propagation from a high refractive index
(optically thick) material such as glass into a lower refrae index
(optically thin) material such as air.

b For example : if it = 1.5and"; = 45% then

. ni . 5
sin", = — sin" —153n4g°—9‘?f~ > 1.
2= s ! 141

But, sin", in excess of 1 cannot be solved for ", as if it were
a OregularO anglé describing the elevation of vector k; above

the x-axis.
¥ In general whem, > n, and the incidence angle Critical angle:
|
"> sin :—i—sm E_%fl$ "o "C:sin’lz—i
we will havesin", in excess of 1 andos's = m purely
imaginary.
P in such situations usein”, andcos', = 1! sir?", directly in

the expressions fdt, ! , and$ as illustrated below.

'Nor if sin"; is complex valued because medium 2 is lossy and we need to#ise 2 + 5 in SnellOs
law (as we already did in Lecture 18).



b as we will see the situation corresponds to havingtal internal
reBection (TIR) in medium 1 and establishing agvanescent
wave (a special form of non-uniform plane wave with an imaginary

valuedkoy) in medium 2. Total internal rel3ec-
D For example : for i* = 1.5 we have tion (TIR)
=sinn ~—=sin ~— & 4181
c =Sl ~ Sl 1.5& 81"

which is less thari; = 45”®which is why we bPndin", > 1in the evanescent wave
above example (see margin for an example plot of this cora>gur
tion in the context of a glass prism with = 1.5).

¥ To understand the beld topologies far>" . = sin' 1 E—i let us examine
the rel3ected and transmitted Peld phasors for, say, the Biafization,
as", approaches and then exceéds We will simplify this exercise byTE rel3ection:

taking Uy = M2 = Mo SO that the refractive index ‘
# e ke Kt
n1,2 - ”i 1,2 /’I'{ ...... ';\ ks sin! 5
. ~ . . . . ! X
in SnellOs law, and so that the reRection and transmissieltieots - kysin! g
for the TE-mode shown in the margin can be expressedas | kicoss
. Eyr _!2c0s'1! !jcos', |, nicos'y! npcos's E“:e‘“”"”' e 'Mledi“;";s"
.= = . . : , yr — :2€0S 7' '1COS 2
Eyi !2cos'yi+ !jicos’ N1COS'1 + N2 COS' Eyi — Tocos'1+11cos,
Eyt _ 21 5c0s"1
and Eyi  !ocos'q+!7icos's
2n1 COS'4 4

$ =1+ =

n;Ccos'y + N,Ccos'y
3



We have, using SnellOs law

. 1] . n n . 1] nl . n
N{SIN" 1= NySIN > SIn" > = —SIN 4,
Ny
and, therefore,
#

[ n? .

cos's= 1! sirt",= 1! n_;su "y
2

in the coelcients above.

¥ For )
n T I n2 . n n2
=sin' 1= sir?
1( e - ) 1
we have gourely imaginary
# #

n? . . . n? .
cos', = 1! n—%smz"lz +j%, with %$ n—%smz"ll 1,
5 5

in which casé

L nicos's! nycos',  Nnpcos's* jny% 11 * 2 tan 1( Nn-»>% )
' nicos'y+ Nycos's NiCoS'1+ jn% n;cos'y”’
2Also, for TM reRections,
— n,cos';y! njcos',  nycos'y* jnl%_1| * 2tan 1( n1% )
"' 7 npcos'y+ Nicos’,  npcos'iE jni% n,cos';”’

with the same magnitude ad 4 but a dilerent angle values (Goos-kanchen shifts) varying from 0 to18¢
as",varies from". to 9C®.

4



and
n>%

=1+1. -«
$ Ny COS';

=1+1! * 2tan ( ).

Note that

1. '] = |Ex/Eyi| =1 atall "1 ( "¢ a condition known as total
internal rel3ection(TIR).

2. % Evw/Eyi # 0 in general and therefore a non-zero trans-
mitted Peld exists in medium 2 despite TIR N this Peld in
medium 2 has evanescent waveharacter described below.

¥ We can express the transmitted TE-mode beld phasot f@r "

as
Et — yEyte! jkia — §.’Eyte! jK 2(cos" ox+sin "22)
where N1COS'1* jn %
1 17 N2
Evi = Eyi(1+ : ,
vt = Byil N1COS'1 % jn %

kosin", = kysin", (SnellOs law)

and

#

. . n? .
ko coS's = Ko(£ (%) = +jk %, where %= n—%smz"ll 1.
2

TE ref3ection:

Z
¥ ke Kt
/’I".. | \ k2 sin! 2
1 Tee, -2
| X
Hi ) .
ky sin!
,,,,,,,,,,,, ki e
kicod {

Medium 1 Medium 2
Eyr _ !5cos"q! I'1c0s">
Eyi I>c0s"1+!1c0S">
Eyt _ 21 5c08"1
Eyi I>cos'1+!1cos’y



Thus,

NyCOS'1* jn %
N, CcoS'1 = jn 2%
Ny COS'1* jn %
n,Ccos'yi = jn %

e! jk1sin"qz e! J (£ ]k 2%9x

E: = yEyi(l"'

I jkqsin"1z et ko%Xx

= §E,i(1+

¥ Depending on which root we selectfor! N we have two candidate
solutions for medium 2 satisfying the plane-wave form of WealiOs
equations.

P In genealE; should be a weighted superposition of these two so-
lutions with weights determined by boundary conditions. par-
ticular the solution that blows up ag , -  can be assigned zero
weight in problems where the-extent of the propagating region
IS unbounded, leaving us with agvanescentvave

Et — §’Ey|(1 +1, )e! jk]_Sin"]_Ze! ko%Xx

in the regionx > 0, with

#
N, Ccos'y + jn ,% n2 .
.= D1C0S 1T N2 g 0= n—%smz"ll 1,
2

nycos'y! jnox%

when the total internal ref3ection condition

n " o | “2
( C 1

holds.



b This solution should bt (as we are about to see) the planeswav
form of MaxwellOs equations with

k = kt = kz(ﬁCOS'z‘F Sinuz) =1 jk2(y®+ klsin"lﬁ

which
1. is perpendicular t&; . ¥ as required N i.e.,k; &E; = 0
(GaussOs law),
2. implies acomplex valuedinit vector

T ¢ : Ky .
R = k—; =1 %%+ k—ism“lz’)
which satispes
. k2 n2 n2
RaR=1 98+ LsirP"; =1 (LsirP";! 1)+ LsirP"y =1
k3 nz nz
as required, and
3. implies a transmitted magnetic Peld intensity phasor

Iy Iy

H_t:

(1 +1 . )e jk1sin"1z Ik2%><(| %7 Il:_sm 1K))
2

which is of course transverse kipso facto

P It remains to show that
®a Et /[ H tlz 0
7



so that
WAaE;/ Hl+&8a&,/ H,1=0

N demanded by TIR N is satisbed.
Veribcation:

1 .
CE:/ H{l = éRe{Et/ H?2}

12 2
= 'Ey'2|||$ e 22ORep/ (j%D! %sin"lb)}
|Eyi|2|$ |° !2k2%xk1 ST
= 2, e K sin"1D.

Evidently, timed averaged power 3ux is directed along theriiace
and has no component alokgnormal to the rel3ecting interface.

Example 11;# Consider a uniform plane wave propagating in quartz with= 2.25and

n = "% = 1.5incident on a quartz/air interface at an incidence angle 45"
Determine the evanescent beld phadsy established in air outside the quartz
slab. Assume that the incident wave is TE polarized and thewakength is 1 mm
within the quartz.

N

Solution: With "; = 45%andn; =1.5,n, =1, we havecos',; = ! j% with
# ! ! !

n2 2.25 2.25 9
%= —isin?";! 1= Zsin450 1= "1 1= 211
’ n3 ! 1 2 8

2

N




Hence,

nicos's+jn.% %5+l 3+j1  8+j6

e = - . = . = — = =0.8+)0.6
nicos's! jn % %#%+!jljg‘—§ 31j1 10
and
$ =1+!. =1.8+j0.6.
Also, since&; =1 mm, it follows that
2 rad ki 4 rad
ki= —=2" — = kon1 = kol.5, ko= —= — —,
17y mm o= Ko ° 15 3 mm

wherek, $ (/c is the free space wavenumber also applicable in air (ikg),
Therefore, we have

Et — QEyl(l-l_' . )e! jklsinllze! ko"x

. i 2! ! V
¥E,i(1.8 + j 0.6)e %52l 3x =

wherex and z are used in mm units. This is an example of an evanescent K
that OhugsO the the quartz/air interface on the air side.

veld

evanescent transmitted wave.

¥ The evanescent wave;

¥ To summarize: TIR that occurs when'; ( "¢ is accompanied by an

An evanescent wave is a non-

uniform TEM wave since the

1. has a decaying amplitude with distance away from the réf8@Cpeiq vector in non-uniform

9

on surfaces of constant phase.



interface (that is along) and carries no average power away from
the interface,

. it exhibits a phase variation along the interface (thatakngz)
that matches the phase variations of the incident and reBdct
waves in medium 1,

. It carries average power only along the interface and cldge to
the interface because of tlee2<2** factor N thus it is also known
as asurface wave,

. it can be perturbed by introducing some new materials ir@gion
2 to start drawing energy towards medium 2 N this is the topic
of frustrated TIR to be examined next.

10



Frustrated TIR and tunneling: Reflected

¥ Suppose a silicon atom is brought to a location right nex girism as
shown in the margin where an evanescent wave is present.

D What happens then to the evanescent and total internal re@ec
waves to either sides of the diagonal face of the prism?

b What happens when the atom is replaced by another prism place
as shown in the second diagram in the margin, at a distaha&ay aom
from the diagonal face?

Incident

¥ In the brst instance, the silicon atom will be stretchedoira polarized
dipole by the action of the time-varying evanescent eledteld outside
the prism and therefore it will radiate like an oscillatingeHzian dipole
antenna at the frequency of the evanescent wave.

¥ The radiation beld of the atomic dipole will then superpasethe
evanescent and internally reected Pelds, modifying therth,band . e
enabling the extraction of power from the incident wave to toens- “
ported away from the TIR interface.

P This is an elementary example of what is known as energy Otun-
nelingO. ki

Incident

¥ The tunneling phenomenon becomes more pronounced wheatdhe
Is replaced with a second prism (a whole array of silicon atonixed

11



with oxygen atoms) as illustrated in the margin.

P The described phenomenon is known as OfrustratedO TIRiskeca
the presence of the second prism will perturb the reRectedewa
substantially when the gap widtkd between the prisms is a small
fraction of a wavelengti&.

D The double prism arrangement shown in the margin can be used
as a OpracticalO beam splitter at optical frequencies lgtadj
d/&.

b A quantitative treatment of the tunneling problem will be ef
sented in Lecture 24 in a multiple slab geometry involvingreas-
cent regions.

12



20 Antenna reception N simplibed approach e
g iV2
¥ Interactions between pairs of antennas 1 and 2 separatesbhye dis- + _Gj
tancer across an arbitrary but isotropic propagation medium obey a o

reciprocity relation

V I ) V I Antenna 1 (with wire body W3) with input
111 212 ircuit volt-
current (phasor) 11 causes an open circuit volt

age response (phasor) V, at antenna 2 (with

indicated in the margin N implications of this relation foreceiving e el orminals across some distance

antennas, which holds true when the two antennas are exdtedput . E """"""" o S
currentsl; and |, one at a time, will be examined and veribed in thIS ° ;
Gy 2
lecturé-. e
| Vi G
P Notice that V411 = Vsl 5 implies Cw (w 1
Vl V2 | 7 ?2&2%22; otﬁlfﬁ lpti 55{2;%”5 Bt <pdhf£
|2 1 . C o e o e s across some lis-

Antenna response voltages V1,2 and input cur-
rents |1, satisfy a reciprocity relation

whereZ. can be interpreted as eoupling impedancef a pair of
interacting antennas.

Vil1 = Vals

W3 above represents passive refectors that

b Using Z., an equivalent circuit model of the interactions of they exstin the vicinit of the antennas caus-

ing some OscatteredO belds.

antennas can be expressed as shown in the margin using the two
port voltage current relations

Vi = Zq4l1+ Zdl> _>le!_2|° ZZI!_Zlc -
L1
Vo = Zcla+ 2ol .

YIn this lectures we will skip placing OtildesO on voltage amarent phasorsV and I,

Reciprocal circuit model for antenna
coupling



" HereV; is the terminal voltage of antenna 1, equal &l ,
coupled from antenna 2 ifiwhen antenna 1 terminals are open
and hencd ; = 0.

" LikewiseV; is the terminal voltage of antenna 2, equalal ;
coupled from antenna 1 if/when antenna 2 terminals are open
and hencd, = 0.

" The componentZ,l, and Z,l, of V; and V,, respectively,
represent the antenna input voltages when the antennas are =z
being used for transmission purpose and tliysand Z, rep- —
resent theself-impedancesf the two antennas (familiar fromVr = 11Zc ()
our study of transmitting antennas)

Thevenin equivalent circuit
¥ The open circuit voltageZ.l; of antenna 2 can be regarded as tfjg?nenna 2 in reception
Thevenin voltage/r of aThevenin equivalent circuit of antenna 2
in reception as shown in the margin, where Thevenin impedai¢e-
Z, is obtained from the coupling network using source the sapgion
method (deactivating the sourdg by replacing it with an open).

¥ From the Thevenin equivalent we identify the average pawnaarsferred
by 1, to a possible matched termination of antenna 2 as the power
received

P = Vil? 1?12
" 8ReZ1} S8RZ,}

¥ To calculate the transmitted powd?; of antenna 1 when antenna 2 is



terminated by matched&, = Z¥ (see margin), we brst note that
Vi$ 1124

if |Z¢| % |Z12|, in which case antenna 1 has a power input
1 # 1 2
I:)t - équll 1}$ éllll Re{Zl}

¥ The above expressions can be combined as

B

Z,! Z;
[
L

P 1Z2
P~ 4Re{Z1}Re{Z3}’ RO, 2]

which is areciprocalrelation symmetric irZ,; andZ,, indicating that re-

ceived to transmitted ratio between the two antennas woudddepen- ., o showing antenna 1

dent of the transmission and reception roles assigned toatltennas. in transmission and antenna
. ~ . . ~ 2 in reception terminated by

The same conclusion N known gmower reciprocity N also holds 5 matched load

if the ratio is calculatedexactly without making use ofZ| % |Z1,|

approximation, yielding (to be shown in HW)

P _ 1Zo?
P. ~ 4Re[Z}Re{Z} & 2ReZZ

¥ Next we use theower reciprocity concept to derive arelective
area based description of antenna reception:



¥ Consider a pair of arbitrary buto-polarized % antennas separated over
some distance as depicted in the margin.

P LetOs brst assume thbt = 0 so that Antenna 2 can act as a uf

receiving antenna with some Thevenin voltage= V. "' |4, the §/f <

input current of Antenna 1 in a transmission role. J

b Antenna 1 transmits an average powerkf= %R1|I 1|? and pro-
duces a Poynting Rux of

P
Sinc = thGl
incident on antenna 2 wher@&, denotes the transmission gain of
Antenna 1 in the direction of Antenna 2. We know about antenna

gain functionsG from our study of transmission antennas.

For instanceG = g’sinz" for a z-polarized short dipole an-
tenna.

b Now let P, denote the average power delivered by Antenna 2 to
its impedance matched load Z, = Z# and dePne the ratio
Py
Sinc
as theelective area of Antenna 2 br reception so that we can
write P, = S cAo.

Ao

2Co-polarized means that the antennas producedentically polarized radiation Pelds propagating to-
wards one another N e.g., identically weighted mixes of TE ah TM polarizations (wrt to any plane
containing vectorr separating the antennas) as well as RC or LC polarized radiah pelds.

4



By combining the expressions fBf and Sj,c we notice that

I:)r _ GlAZ

P, 4r?2
and likewise we can obtain

P, GoA;

P, 4r?2

for Antenna 2 transmitting towards Antenna 1 with a gain
of G, and Antenna 1 extracting powdP, from Sj,c with an
elective area ofA;.

SinceE,—: should be identical between Antennas 1 and 2 inde-

pendent of which one is used for transmission and which oﬂ{__

for reception, because pbwer reciprocity , it follows that yfj

GlAzz GzAl ( é—z - é—i

Since we reached the above conclusion with no restrictions o
the types of antennas considered in our discussion, itvigllo
that all antennas, independent of their design details, will
have to have identical elective area to transmission gaios
A/G . If we can compute A/G of any single antenna by

any means, that result will be valid and usable for all

types of antennas.
# We will shortly show that

A $?

G 4



for a short dipole antenna and then use this fany
type of antenna to relate its elective area A to its
transmission gain G.

Example 1: Recall that the gain of a-polarized short dipole antenna is
3 . 5.
= —sin“".
2
Therefore corresponding the elective area must be

%2 3%,
A_EG_S—!SIn ,

— 32

= 2= for a zenith angle of = 90".

maximizing at a value ofAax

Consequently, a short dipole antenna exposed to a plane watle wavelength$ = 1
m and Poynting Flux ofSi,c = 8! W/m? arriving from" = 90" direction (from
the broadside direction of the dipole) will deliver an avgepower of

2
Pr = Si,cA=8!1) ?éi;sinz" =3W

to a matched load connected across its terminals.




¥ To show thatA/G = $2/ 4 for a short dipole antenna, consider the
response of a short dipole to an incident amslpolarlzed wave Peld
arriving from, say, a loop antenna, as shown in the diagranowe

Antenna 1 Antenna 2

P The loop antenna launches the co-polarized wave Belgkx
incident on thez-polarized dipole on the right. The length of
the short-dipole is much shorter than the wavelentho that over
a region of sizé surrounding the dipole located at = x, * L
the Peld phasor amplitudg.e%*2 can be regarded spatially non-
varying and represented in terms of a quasi-static elegatential
V(z) linear inz with a sloped¥ = E 42,

" The equipotentials representing this line@Kz) in the absence
of the dipole are shown by dashed lines in the bgure, whereas
distorted equipotentials caused by the presence of theldipo
are sketched by solid red curves. The distortions are such as
to render the two wires of the dipole equipotentials sittiafy
distinct potentialsV, = V(L/ 4) and Vg = V(&L/ 4), respec-



tively, as shown in the diagram, so that

L
Vo= V.& Vg = 2E g&lkxz,

b This particular derivation of the antenna open circuit vatie in
terms of incident co-polarized pel.e4**2 at the antenna lo-
cation and the antenna length is only valid forL % $, i.e., :
for short dipole antennas, and would not be applicable fauy, gt 1" ey
half-wave dipole for which = 3. s

' Still the result allows a quick derivation ok,/G, = $%/ 4!
for a short dipole in free spacél which is all we need to
useP; = SicA with all antennas everywhere. Here is the

derivation:
%
. #_ !_u
o - |V2|2 |LE e&]kx2|2 |Ec|2 $2 3
=

8R2 8) 2(] 2( )2 241@$ 4 !"g$.

RZ Sinc GZ

¥ SinceV, = Znly = 5E4%*2 and the radiation peld of a small loop
with area! x! z is Ece&l"XZ = k2 x! z1,& 4,X 2 at a distancexs, it
follows that

V, _ LEg42 L ghliocz
| 1 2 | 1 2 S 4 - ’




the coupling impedance from the loop to the dipole.

¥ LetOs next calculaté/l » to show that it equalsvgll 1 = Z.as a
veribcation of the recoprocity relation;l; = Vul, that we started o
with at the beginning of the lecture.

Iy

¥ We do this by having the short dipole radiate towards thedoan-
tenna centered at the origin N see the margin. The incidenidpe
on the receiving loop is once aga®wE.e%%*2 which is accompa-
nied by an incidentH = &xbvce&lkx2 to produce amagnetic Ruxof

"= Ho 'E/ge&lkxﬂ x! z linking the loop and a counterclockwisanf of
E! Ead = &j&" so that an ideal voltmeter connected froato
b would measure (see Example 6 in Lecture 14 of ECE 329 notes) an

open circuit voltagédrop V; = E = &j&U, ECe&lkle x| z = Vi since “%

Eceflz = j| O/gk;eifx it turns out that
Vi E e¥ikx2 L edlkxz 1y,
— = &j&Uo———! X! z= —%k?! X! Z = =2
I, CASHeTo 27 ax, 1,

showing that the coupling between the loop and the dipoleeisip-
rocal as claimed. A general and rigorous proof of the recipraof
the coupling impedances afbitrary antennas embedded in isotropic
propagation media is provided in Lecture 21.

3Calculating the short circuit current Iy of the loop antenna would require the inclusion of back-emf
&j&L 11y in addition to the coupledemfVr = &j&! ' |, to express thetotal emf Ryl of the loop to
yield Iy = Vr/Z 1, Z, = Ry + j&L 1, where for a lossless looR; stands for its radiation resistance.
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Example 2: Consider ag-polarized half-wave dipole antenna with an input impedan
of Z, = 73" located at the origin in free space. Determine the time-age
power received by the antenna if it has a matched terminatiand the incident
Peld has an electric beld phasor

= 120! 2% V/m .

Solution: The incident beld has a wave vector
k = &2 ¥rad/m,

indicating the antenna sees the incident wave coming fromediion" = 90" with
a polarization direction®. Since

and

2
A ) = $;G(go = _19@ 164 m?,

half-wave- dlpole gainat 90
and, furthermore,

[Ec)> _ (1201)?

= = 60! W/m 2
2% _ 2) 12a 00" Wim~,

Sinc =

it follows that
1. 64
= SincA("," )=60! ) —— =24.6W

is the time-averaged power received by the antenna with thetched termination.

10

)




¥ Suppose Antenna 2 has been terminated by sofme= Z%. In that case power
delivered toZ, will be less thanP, = Sj,cA, and can be computed using the
Thevenin ckt as follows:
V¢ VyZ,
V=127 =

||_ =
and
IVr|°Re{Z, } _ V|2 4Re{Z}Re{Z,}
AZ,+ ZL P BRe{Zaly  [Z2+ ZLJ
P, with matched load

1
P, = éRe{lef}=

ARe[Zo} Re(Z } <
|Z,+ Z|?

= Py P

Example 3: Repeat Example 2 if the antenna is terminated & = 36.5" by brst
determining the antenna open circuit voltage magnitugi |.
Solution: In this case power received will be less than the availablesgro

1.64
Pr = SincA("," ) =60!) 4—| =24.6\W

of the antenna obtained in Example 2. Substituting fé%,Z,, andZ_, we bnd

ARe{Z,}RE Z, } 4) 73) 365 4) 2
P = p =24, =24.6-2 % =21.87W.
T Za+ 2L 0 |73 + 36.5)2 05 8

Alternatively, we obtain, usingP; = 24.6 W, Z, = 73" , andP, = L
sRg z,}
%

IVr| = 8Re[Z5} P, = 119.86V.

11



Hence

119866 119866
I = V = I Z = 36-5 y
L= 737365 ( T Iia 73+ 365
where' = ! Vg (itOs value is not needed to calculd&g), and
1 1 119866*% 11986e%* 1 11986
P, = SRV, 151 = 2365 = -36.5 2=121.87W.
L= SRV = 5385 =573+ 365~ 25073+ 365

¥ We have learned how to calculate the power delivered by denma
to its terminating load, whether matched or not. We have nawever
outlined how to calculate the open circuit voltage of an &y shaped
antenna (except for its magnitude N see Example 3) N we want to
address this next:

b Notice that V, = %EC denoting the open circuit voltage of any
short dipole antenna of length exposed to a co-polarized inci-
dent beldE. arriving from the broadside direction, is a particular
realization of

Vo = (etf ("," ) SIN"Eg,

the product of theforeshortenecantenna e!ective length and co-
polarized beld amplitude incident from a directidén The proof
that this is in fact the proper generalization & = %EC for arbi-

12



trary dipole antennas follows from

N Aett (", )
P = IVol? _ |Boc Cert (*, )sin"[2 _ |Ed? $2 A (err (") sin”|?
" 8R 8% O |(est ("' )SIN"|2 | 2% 4| - O#|(eff ﬂ" ' )sm"l?
Sinc G(",")

where we used the already known expressions (from earter le
tures) for the radiation resistanc® and gainG of arbitrary z-
polarized dipole antennas with known elective length fuonaois

(eff ("1' )

¥ The formula .
Vo = (eff ("," )SIN"E¢ A

S . .
. N S D

S N
S S .
. VI D

represents the open circuit voltage response of a recer/nglarized o
dipole to a plane wave with co-pol amplitudig. arriving from" direc- ‘ N

tion. A further generalization of this formula for an arbatry shaped Vs - |
and polarized antenna responding to an arbitrary incideravey beld
(planar, spherical, evanescent, etc.) is given by a patlkgnal formula

Vo= & d aE(r)I (r)

L 0

where% describes the current distribution of the antenna along the
path L it occupies. This result, representing a weighted sum of the

13



projections of the beld(r) along the antenna body, is derived and
further discussed in Lecture 21.

b Using this more general formula for the open circuit voltage
together with with an incident plane wave beld

E(r)=(®E.+ 8 )

and a z-polarized dipole geometry, such that = @dz in the
integral formula betweea = &L/ 2andz = L/ 2, we recover, as

expected,
1 1 Z
| (r , L2 (z L . . S
Vo= & ( )dl ae(r) = & ( )dzna(fEc+ e ek Bl (Ec+ #Ey)
- auz o N
. L/ 2 I (Z) o'z . . ) ,a.,,‘\n
= E.sin dz——-¢€ = Ecsin" (et ()" ) ™\
g2 lo a
Vo —f )

sincepa® = 0 and »a% = & sin" and we also recognize the
weighted line integral of the antenna current distributias the

antenna elective length{ess ("," ) from our earlier lectures. |
A z-pol dipole responding to an

¥ The results obtained in this lecture will be su"cient to selthe antennag‘ggﬂ?ﬁzﬁffcgtﬁgﬁi? Vé"th an
reception problems assigned in the homework. More gengatbus/formal
derivations of the same results furnished in Lecture 21 wit be

needed in the homework ...

14



21 Antenna reception N formal approach o
§ iV2
¥ Interactions between pairs of antennas 1 and 2 separatesbhye dis- + _Gj
tancer across an arbitrary but isotropic propagation medium obey a o

reciprocity relation ‘ 1
(a)

Vll 1 ) V2| 2 Antenna 1 with input current (phasor) 1
causes an open circuit voltage response (pha-
sor) Vp at antenna 2 terminals across some dis-

indicated in the margin N this relation, which holds when theyg weer @errede. - .

antennas are excited by input currenks and I, one at a time, will be E, W, 3

derived starting with MaxwellOs equation later in this leet. ‘ %
V1 Gy

I2

b LetOs taka/il1 = Veol, for now as an experimental bPnding and‘ j o ‘
notice that it implies (b)

Antenna 2 with input current (phasor) I2

V V causes an open circuit voltage response (pha-

1 2 | sor) Vi at antenna 1 terminals across some dis-
ZC1 tance r (due to beld Eg).

2 1 W3 represents passive reBectors that may exist
in the vicinity of the antennas causing some

whereZ stands for thecoupling impedancef the two interacting gsceteredd beids. Anemna response vltages
anten naS . procity relation
b Given Z;, an equivalent circuit model of the interactions of the

that Vil1 is not a power since Vi belongs

antennas can be expressed as shown in the margin using the dieon s e 11 specied n'sitaion

(@). Vil, is really the response Vi of antenna

Vil1 = Vaolo

port voltage current relations Lo sienna 2 ueighed by ariena 1 inpu
L 2! Ze Z,! Z.
Vi = Zilh+ Zdl; =] [ — 1
Vo = Zcli+ Zolo . '
5 V_l Zc|::| \(2
IThis lecture provides rigorous justibcations of the resudtobtained in Lecture 20 N should be left

as optional reading for interested students. Tildes are not shown on current andoltage phasors as in

Lecture 20. Reciprocal circuit model for antenna
coupling



" HereV; is the terminal voltage of antenna 1, equal &l ,
coupled from antenna 2 ifiwhen antenna 1 terminals are open
(and hencd ; = 0 in receiving mode) oZ,l; when antenna 1
IS transmitting.

" LikewiseV; is the terminal voltage of antenna 2, equalal ;
coupled from antenna 1 iffwhen antenna 2 terminals are open
(and hencd, = 0 in receiving mode) oZ,l , when antenna 2 Z1= 2
IS transmitting. —

" HenceZ; and Z, are the antenna input impedances encoulf-= 1Zc ()
tered in our studies of transmission antennas.

Thevenin equivalent circuit
¥ The open circuit voltageZ:l;, of antenna 2 can be regarded as tg2"enna 2 in reception
Thevenin voltage/r of aThevenin equivalent circuit of antenna 2
in reception as shown in the margin, where Thevenin impedai¢e-
Z, is obtained from the coupling network using source the sapgion
method (deactivating the sourdg by replacing it with an open). 7. =2,

[
L

¥ From the Thevenin equivalent we identify the average pawnarsferred Zu | +
by |1 to a possible matched termination of antennazz, = Z#, as the ® )L ve=zon
power received '

|VT|2 ~ ||1|2|Zc|2 OLoadedO® Thevenin equiva-

P, = lent with 1, = ¢/ (Z1 + ZL)

~ 8Re(Z1}  8REZy}

¥ To calculate the transmitted powd?; of antenna 1 when antenna 2 is
terminated by matched, = Z¥ (see margin), we brst note that

Vi$ 117,

2



if |Z¢| % | Z12|, in which case antenna 1 has a power input
1 # 1 2
I:)t - équll 1}$ éllll Re{Zl}

¥ The above expressions can be combined as

E |ZC|2 L |
P~ 4Re{Z;}Re{Z3}’ RO, 2 |

which is areciprocal relation symmetric inZ, and Z,, indicating that

received to transmitted ratio between the two antennas oo inde- gq, ekt showing antenna 1

pendent of the transmission and reception roles assignéde@nten- in transmission and antenna
. . .. 2 in reception terminated by

nas. The same conclusion also holds if the ratio is calcdlat@ctly 5 matched load

without making use ofZ. % |Z;,| approximation, yielding (to be

shown in HW)

P, 1Z|?

P 4Re[Z1}Re{Z} & 2Re(Z2}

Power reciprocity:
independence of P,/P; from

. . . . | . transmission and reception roles
¥ Next we use thlspower reC|prOC|ty concept to derive arelective assigned to antennas 1 and 2

area based description of antenna reception:



¥ Consider a pair of arbitrary buto-polarized % antennas separated over
some distance as depicted in the margin.

D LetOs brst assume thht = 0 so that Antenna 2 can act as a e I J Va
receiving antenna with some Thevenin voltage= V"' 14, the v o~ '
input current of Antenna 1 in a transmission role. J

b Antenna 1 transmits an average powerkf= %R1|I 1|? and pro-
duces a Poynting Bux of
P
Sinc = thGl
incident on antenna 2 wher@&, denotes the transmission gain of
Antenna 1 in the direction of Antenna 2. We know about antenna
gain functionsG from our study of transmission antennas.

For instanceG = 3sirt" for a z-polarized short dipole an-
tenna.

b Debne arelective area A, for Antenna 2 such that the average
power P, delivered by Antenna 2 to itampedance matched
load Z, = Z¥ can be expressed as

Pr I SchZ

2Co-polarized means that the antennas producedentically polarized radiation belds propagating to-
wards one another N i.e., identically weighted mixes of TE ash TM polarizations (wrt to any plane
containing vectorr separating the antennas).




It follows that

P GiAz

P, 4ir2
and likewise we can obtain

I:’r _ GZAl

P, Ar?2

for the case with Antenna 2 transmitting towards Antenna 1
with a gain of G, and Antenna 1 extracting powel, from
Sinc With an elective area ofA;.

Since% should be identical between Antennas 1 and 2 inde-

pendent of which one is used for transmission and which eﬂ(
for reception N because gfower reciprocity N it follows ~ f

that A A

G]_AZZ G2A1 ( G—z - G_j_
Since we reached the above conclusion with no restrictions o
the types of antennas considered in our discussion, itviallo
that all antennas, independent of their design details, will
have to have identical elective area to transmission gaios
A/G . If we can compute A/G of any single antenna by
any means, that result will be valid and usable for all

types of antennas.
# Later on we will show that

A $?

G 4



for ashort dipole antenna. The same must be true for
any type of antenna to relate its elective are@A to its
transmission gairG and to calculate the power delivered
in reception to a matched load.

Example 1: Recall that the gain of a-polarized short dipole antenna is

3
G= =sin®".
2
Therefore corresponding the elective area must be
%% 3%,
A= I G= 8 sin“",

maximizing at a value ofAmayx = %2 for a zenith angle of =90".

Consequently, a short dipole antenna exposed to a plane watle wavelength$ = 1
m and Poynting Flux ofSi,c = 8! W/m?2 arriving from " = 90" direction (from
the broadside direction of the dipole) will deliver an avgepower of

2
P, = Si)cA=8!) ?:;;sinz" =3W

to a matched load connected across its terminals.




Example 2: Consider ag-polarized half-wave dipole antenna with an input impedan
of Z, = 73! located at the origin in free space. Determine the time-age
power received by the antenna if it has a matched terminatiand the incident
Peld has an electric beld phasor

E.= &120 »€* V/m.

Solution: The incident beld has a wave vector
k = &2 ¥rad/m,

indicating the antenna sees the incident wave coming fromediion" = 90" with
a polarization direction®. Since

and
$2
4

600 % = (L4~ m’

half-wave-dipole gainat 90

ACLN =

and, furthermore,

_IECP - (1201)2

: — — = | 2
Sinc 28, 2) 120 60! W/m *,

it follows that Lea
Pr = SincA(",9%9 = 60! ) 4—| =24.6\W

Is the time-averaged power received by the antenna with thetoched termination.

)




¥ Suppose Antenna 2 has been terminated by sofme* Z%. In that case power
delivered toZ, will be less thanP, = Sj,cA, and can be computed using the

Thevenin ckt as follows:

Vr VtZ.
I, = Vi = 1,72 =
L Zz+ Z|_ ( L L4&L Zz+ ZL
and
1 Vs |2Re(Z Vil2 4AReZ,}Re(Z
2 A2+ 2P T BRAZ, 122+ 2

P, with matched load
ARe[Zo} Re(Z } <
|Z,+ Z |2

= Py P

Example 3: Repeat Example 2 if the antenna is terminated & = 36.5! by brst
determining the antenna open circuit voltage magnitugi |.

Solution: In this case power received will be less than the availablesgro

1.64
Pr = SincA(",9%9 = 60! ) 4—| =24.6\W

of the antenna obtained in Example 2. Substituting fé%,Z,, andZ_, we bnd

ARe[Z} R Z } 4) 73) 365 4) 2
PL=P =24.6 =24.6—=21.87W.
T Za+ 2L |73 + 36.5)2 9
Alternatively, we obtain, usingP, =24.6 W, Z, =73! ,and P, = [V ,
sRgz2}

%_
IVr| = 8Re[Z5} P, = 119.86V.

g6

+
D=z

OLoadedO® Thevenin equiva-

lent with

L= Vil (Z7 + Z,)



Hence 119866 119866
o= =——_ Vi =1,Z =365———
L~ 73+365 (V=12 =36 °737365 V4

where%= ! Vr (itOs value is not needed to calcul&g), and

1 1 11986e* 11986e%# 1 11986
P, = ZRe[V, 171 = 2365 = 2365(————— )2 =21.87W.
L= 2 VLl 2" 73+365 73+365 2 (73+36.5)

Vo i >
.. R . D]
¥ The examples above made use Af= L—..ZG debnition of antenna Oelective areaO
in P, = SihcA formula for antenna available power obtained2 from the recipity
postulateVil, = Val,. Let us brst see how we can justify = LTG formula (before |

verifying V111 = Vol » using MaxwellOs equations).
A z-pol short dipole of

D The open circuit voltage of a-polarized short dipole of a physical lengthength L % $ responding to
L illuminated by an incident plane wavéE = &BE.e'** turns out to be an incoming plane wave .
Vo = 5E. N see margin. Sinc&r = V,, and since REZ1} = Rrag = 20! 2(F)? with an open circuit voltage
for a short dipole (as seen in Lecture 8), the available powafethis short dipole V,' E.. For" =90,

will be
L
P = Vr2 __ [Eel® |E°|2) $;2) 3
' BRe{Zr} 8) 202(R)2 240 Al Ty 2 g
A", %9 |s=00'

P ThusA = L—..ZG for a short dipole as well as all other antennas as we have used
in above examples.

¥ We next derive the reciprocity relation;l; = Vul, from MaxwellOs equations and
subsequently justifyV, = %EC claim (for short dipole illuminated from broadside)

just used above IA = L—..ZG derivation:

9



P Consider prst the situations (a) and (b) depicted in the mang

In situation (a) currentsJ, conbPned to some volumé surrounded by a
surfaceS generate the Peldsa and H o propagating within and outside

the volumeV as governed by MaxwellOs equations shown within the box ................. Lj ........................ @J ................ .
" Situation (b) depicts the very same volume of space but witlliéerent Ea Ha v
set of currentslg and Peld€g andH g also obeying MaxwellOs equations :Est \\\\\\\\\\\ :
shown in the second box. (a) v,
D Observe that with the set of equations shown in the boxes — Lﬁ ........................ @J ................ S
Hga+) EaA&Hpaa+) Eg = 0 " wv

E4+) Ha&Ead+) Hg = JadEp & Jg 8Ea. \\\ N\

Subtracting the brst equation from the second one, and usinghe identity H a+) E&Ea+) H =
+&(E) H) used in the derivation of Poynting Theorem we get

+é[EA) Hg &EB) HA]: Jp &Eg & Jg &EA.

Integrating both sides over an arbitrarily big spherical volume V" centered about surfaceS and
volume V and using the divergence theorem (on the left hand side) we dhin

& &
dSé[EA) HB&EB) HA]: dV[JA éEB &JB éEA],
S! \%

where S’ is the surface of the larger volumeV ", with dS = dSb on S, where i is the outward unit

vector on surfaceS'.

D It turns out both sides of this equality are zero and it is easito see how
left hand side vanishes: o8&, su"ciently far away from the radiation sources
within S, the outward propagating waves appear locally planar with g =
0) Eap/&, implyingthat Ep) Hg = Eg) Ha (to be shown in HW) leading
to the conclusion & &

dVJA éEB = dVJB éEA
\Y, \Y,

3This reciprocity derivation is for propagation media chara cterized by scalar permittivity and permeability paramete  rs as implied by the boxed
sets of Maxwell®s equations shown in the margin. Antenna rec iprocity is not valid in gyrotropic media where permittivit ies and/or permeabilities

need to be expressed in terms of asymmetric tensors Band f@.
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known as thereciprocity theorem N the left side volume integral is said to

be! the OreactionO of the sourcd pf(in practice some OportO where a current Es \vaz
source is inserted) to what causés (namely,Jg and its source), and equal | e
to the reaction of the source dfg to the cause oE, represented by the right @ © e,

side integral over the same volume. e (w

¥ We next use this reciprocity theorem just derived to obtat, = Vil , | ‘. "
pertinent to a pair of interacting antennas shown in the sitions (a) %)I
and (b) depicted in the margin. Her€l; can be interpreted as the | ¢, '
OreactionO at antenna 1 (drivenl pyduring transmission) to antenna | -}, |
2 causingV;. LikewiseVsl, is the reaction at antenna 2 to antenna ()i
causingV,. These reactions are useful to obtain open circuit voltages

V, and V,of the two antennas as shown later on. & &
» _ dVJ, &Eg = dVJIg &E,
B Current densitiesJa and Jg have been constrained to Row on surfaces of/ v
perfectly conducting and inbnitely thin wiresW,, W,, W3) contained within
S. With those constraints the volume integrals above reducdite integrals becomes
and the Reciprocity Theorem becomes
ladl &Eg = lgdl &EA
|Ad| é.EB = |Bd| é.EA, —#—3 |—"H—$
L L I, dl aEg I, dlaEn
where it is implied that the line integrals will be carried evall the wires and  !=2"#—$ 122 % %
current paths located withinS. P& Vi P& Vs,
' We will use the convention that the current reference direin in each segment agrees
with the vector direction of dl, and Egl, as well asExlg vary with position along V= LV

the integration paths established by the wires contained wiin S.

4see Rumsey, 1954, https://doi.org/10.1103/PhysRev.94.1 483, where this terminology was brst introduced.
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P Wwith the current | o of situation (a) andL = G; + W; + W, + W3, we have
the reaction (ofA to B)

0 . s,
Iadl 4Eg = 1, dlaEg+ 1! 1Adl &Eg, 1 b, o~
L G1 ! Wj!_+W2+W3 i \+V2
! Go_ .
sincela = |1 in the gap regionG; of antenna 1 while the electric beldg % j
will have a zero tangential component along the inPnitelyndacting wire W'l (W :
segmentaNy, W, and Ws. @
D Likewise, with the currentl g of situation (b) andL = W1+ W, + G, + W3, T E ””””””” N ””” o
we have the reaction (0B to A) } ° }
Go(Dl2
lgdl 4B = P! sdl aEA + |5 dl aE 4. L
L ! W]!_+!\N'2+W3 Gy (b) val ( Ws
D Hence, the Reciprocity Theorem, the equality of the reacipimplies that ~ ~
I 1 dl éEB = 1|, dl éEA ( [,V =1\, QED ;-) & &
1S % 182§ dVJIa 4Eg =  dV Jg 4Ea
& W, & V) v v

in terms ofopen circuit voltageV;, and V, across the gap&; and G,, respec- pecomes
tively, with OpolaritiesO shown in the margin - rememberCdfrdot-dlO line °

integral is always a Ovoltage dropO in the integration tdat " IAS; éEB$ = o IB'S; élEé$
¥ LetOs next use the-regiprocity theore_m once more, as apuﬂie'niuations (a_l) and (c) I, dl &g I, dl &4E,
shown in the margin, in order to derive an explicit formularfopen circuit voltage 61 vy g 162 ny_ g
V1 = Z.l, of antenna 1 in terms of the Igeld radiated by antenna 2 that wel w 1& Vy 18& V,
initially call Ec as shown in the margin NE¢ dilers from PeldEg of situation
(b), asEg contains OscatteredO Peld components caused by currevitgyio wire
segment3V, of antenna 1 which are absent ¢, representing the OunperturbedO 1V, = 1L\

pPeld incident on antenna 1.
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P Starting with current | o of situation (a) andL = Gy + Wi+ W, + W3, we

have the reaction .
11 0 - b w
| adl &Ec = Iadl &Ec + 1 1Adl &Ec, ‘ S Y
L G+ W, L Wo+ Wa ?
sinceE¢ generated in situation (c) is shorted on wiréd, and W3, but not (e
at locationsG; + W; where antenna 1 used to be before its removal to create! w, (W
situation (c). (B e
P Next with current | ¢ of situation (c) andL = W, + G, + W3, we have the o E ””””””” " o o
reaction ' \ : § c }
11 0 | ()12
lcdl 4EA = P! !C!dl aEa + 15 dl aE4, "G
L ! \|N2.+W3 G, ; '
becausd ¢ can only Bow through wire¥V, and W3 and across gafs, (as a T (W :
source current ;) and E is naturally shorted out on wiresV, and Wsa. e

B Hence, the reciprocity theorem implies that

|Ad| éEC = |2 dl é.EA |Ad| éEC = |Cd| é.EA
G1t Wy 1G2 "y ¢ o $ IL_"#__$
&V, | adl &Ec 1, dlaEa
. . . . G1+W1 1 Gz "# $
and sinceVil, = Vil , this result also implies that 'zv —
[] 1 2
7 I 7 - =
&Vl = ladl &Ec ( Vi= & Adl &Ec. &loVo = &1:Vy
Gi+W; Gi+W; 1

implying that

P We now have an explicit formula for the open circuit voltagg of antenna ' N
1 in terms of the undistorted wave bel: ! E, caused solely by,-driven Vi= & |_d| aEc
antenna 2 and extraneous ref3ectors/scatterers (Nkg) that may exist in the Gt
environment. SinceG; + Wy ! L, is the full integration path belonging to
antenna 1, we can re-write this'result as

11(r)

V= &
' L, 11(0)

dl 4E ,(r)
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in terms of incident electric Peld phas&,(r) on antenna 1 and the normal-

. . . . . . .. ; Ea W.
ized current distribution :igg of antenna 1 that it carries when it is used for \Nz
. . . . . . . 1 Gy
transmission, as in situation (a), with1(r) = I and1.(0) = |, representing § ; ’
the input current of antenna 1. - Ye
Bl N G
¥ The upshot: any wire antenna that supports a normalized current disteition - - -
along its length when it is being used for transmission pusps will exhibitan open E ””””””” o |
circuit voltage of - | °
| (r , c(Dl,
Vo= & Oyaem e
L I [0} Vlel
across its terminals when it is exposed to a (total) inciddreldE (r); the integration we (W ‘
path L in the formula is Oself-debnedO by all the locations Withzmo% and, by ()i ,S,,,,:
debnition,% = 1 at the antenna feed point. - e~ w ‘
D\, is the voltage rise across the antenna input terminals in thieection the / %IZ
antenna currentl (r) is assumed to Bow when the antenna is transmitting. | I;Gl
D If d and E(r) are orthogonal over the entire integration path then V, will (c) e (W
be zero and the antenna will not detect suclhoss-polarizedrelds. 7/
¥ The path integral formula
a , 1 (r) Iadl 8Ec = |cdl 4E
Vo= & I_dI ae(r) | oLy g Ly g
where% describes the current distribution of the antenna along tipath L it ., adl 8Ec '2' - ('ﬂ#éE/;;
occupies, represents a weighted sum of the projections efileldE(r) along the sz_
antenna body. = &IV, = &IV
D) Using this general formula for the open circuit voltagg together with with implying that
an incident plane wave Peld ' |
] . . i K4 Vi=& —Adl éEC
E(r)=(%E.+ %E )" Gorws 11

14



and az-polarized dipole geometry, such thalt = @dz in the integral formula
betweenz = &L/ 2andz = L/ 2, we bnd, sinc#d%=0 and 4= & sin",

L/ 2
I(r)dl AE(r) = & 12) 4, pa(te . + BE )dk=

L o a2 lo

Vo= &

. I z
= Ecsin" H2) g cossz - Ecsin”' o (7,99
&L/ 2 Io
recognizing the weighted line integral of the antenna cuntr@listribution as
the antenna elective length ¢ (", %9 from our earlier lectures.

D Clearly the antenna open circuit voltage phasf, is the product of co- |

. . .. . z-pol dipole responding to an incom-
polarized beld amplitud& . of the incident plane wave with the foreshortenqu plane waveE . with an open cir-

elective lengthsin"' ¢ (", %9 of the antenna. cuit voltage V, ' Ee.
¥ For z-polarized short dipole antenndsgs (", %9 = % and therefore Universal relationship
: L . .
Vo= Ecsin®™ ¢ (", % = ECE sin". A= 5&G

. . " . . applicable to all antennas indepen-
D We already used version of this result fér = 90" to verify the universal gen of conbguration details lsed

elective area/gain relation repeated in the margin. in
¥ The power budget equation of a radio link between a pair of @mias as shown in Pr = Snc A

the margin is known agriis transmission formula: formula for optimal  received

power calculations.
b P, is the average transmitted power of antenna 1,

b S = 4rzGl Is the Poynting Rux incident on antenna 2 at a distancein
terms of antenna 1 gai; in the direction of antenna 2,

bP = SzincAZ Is the available power of antenna 2 in terms of its electiveear \Lz .
A, = -Gy, leading to Ve I j Vs
+ G [ r
2G1G Viig
P, = Pt% Friis transmission formula _j
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Example 1. A typical GSM cell tower will radiate 10 W of average power at aarrier frequency
of 750 MHz. Assuming a 1 km direct path between the cell towemnd your GSM hand held
receiver compute the received powd?, assuming that both the tower and the receiver make
use of small antennas of directivitie = 3/2.

Solution: At the transmission frequency of = 750 MHz the wavelength

_3) 100 _ 300

$=F7 750 10~ 750

c
. =0.4m.
: m

Therefore, usingG; = G, = 1.5 in Friis Transmission Formula we get an upper bound (assumt
ing best/co-polarized orientations) of

$2G,G, 0.4) 15,
P, = P, 172 - q0(—2L >~ 2.28) 10 8W =22.8nW
= Py 100 )% 228) "
or 2.28) 10 &
10 log, =22 =~ 1)0 = = &1642dBm,

as typically used in the RF world.

dBm stands for dB above a mW power level, e.g., 3 dBm is 2 mW, 10Boh is 10
mW, 20 dBm is 100 mW and so on; also 0 dBm is 1 mW and -3 dBm is 0.5 mw

¥ The power budget of a radar system is referred toragar equation and can be
obtained as follows:

P A radar transmits an average power & with an antennaG; in the direction
of an object at some distanaethat will rel3ect a portion of average power it
intercepts from the incident Poynting Bux

Py

Sinc = m

Gt

16



back to the antenna.

D The target is envisioned to intercept an average powerPaf = Sinc(rcs,
where( rcs IS an elective area known agadar cross-section (RCS) of the
target, and re-radiate it isotropically, so that the radarrenna delivers to its
matched load of an average power of

Py 1

P = alr ZGt(RCSmAt

whereA; = L—..zGt Is the elective area of the radar antenna for reception.
B 1t follows that
GiA: $2G?

— — t
P = tW(RCS— tW(RCS

which is theradar equation .

Note that (rcs IS not the physical cross-sectional area of the target be-
cause a target will never re-radiate its intercepted powsbtropically
(there are no such things as isotropic radiators) as demahdby the
above debnition of the RCS.

As an example, the RCS of an optimally oriented square shap&C
plate of with a physical are#pae - $2 would be

4
(plate = @Aglate-

This can be deduced by noting that the PEC plate will re-ditethe
power%GtAmate that it actually intercepts fromS;,. back to the radar
antenna with a gain of5pjate = f—';Apme, beNhaving as if it were a uniformly
excited blled antenna array of are®y,.e N hence

P 1 Py 1 4 _ GiAr 4
Pr - mGtAp]ate4lr 2Gp|ateAt - mGtAplatem(ﬁAplate)At - PtW I(@’f‘élate%

( plate

17



# Accordingly

& — $2Gt2 ﬂ 2 _ ( GtApIate)z = ( Gi! plate)z
P, (41)3rag2 Pate g2 7 4

for a PEC plate with a solid anglé pjae = ApjatelT 2 as seen from
the radar site!

# Estimating the solid angle of an airplane at 10 km distance do
airport radar as10%® steradian and assumin; = 4! ) 10 for a
typical airport radar, the use of above equation would yield
I:)r Gt! airplane 2 &8
— = (————)"=10%°= B.
5 ( 2 ) 0 &80d
¥ We conclude this lecture by deriving a projection operatar talculating the open
circuit voltage formula of an arbitrary shaped antenna ithinated by a plane TEM
wave with a phasor given by . ‘
E(r) = E,&kd z
arriving from a direction

sk _k
QZ—Z—
kI k

as shown in the margin.

P In this case

Vo= & Dyaer) = &E,a d gkka

L o L o

Noting that

R) (R) d) = (Rad)Re& (RaRydl = (Rad)R& d A TEM plane wave E,&* is in-

1 cident on an antenna at the ori-
gin from a direction R. Note that
k4E, =0.

18



we have

EodR) (R) dl) = (réédl)fé_éﬁ&EOam: &E, adl.
0 since the beld is TEM

Hence, we can write

V,= &Eo & dl'f—r’)eik‘?é": E,ak) R) dl'f—r’)eik‘?é": Eoap(R),
L (o] L o]

where ' |
pR=R) R) a M gree
L o
is a R-dependentvoltage projection vector  of the receiving antenna
used for extracting from the incoming plane wave Peld phatha open
circuit voltage response of the antenna.

\, is the projection ofE, onto p(K).

D For the z-polarized dipoledl = dz® and, therefore, the projection vector
reduces to Antenna open circuit voltage as

L/ 2 s
0@ = R) R) B dz Dk cossz Vo = Eo8p(R)
&L/ 2 0

on terms of incident plane wave
L/ 2

. 1 (2) i\ cos$z _ ) peld phasorE, at the antenna
= Ogin dz—2¢ = O (",9%9sin", location and antenna projection
&L/2 lo vector

with a magnitudegiven by the foreshortened elective length of the antennab(ré-) - B B) dl@ék%!
used in radiation electric bPeld calculations anddirection ® matching the L o
direction of the radiated electric Peld vector of the antenN this is consistent

with our earlier bnding oV, = E¢' ¢t (", %9 sin” specibc foz-pol dipoles.

With this knowledge we can always construct the projectiorcta p(R)
of any antenna needed to extradf, out of incident electric beld vector
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E, arriving from a directiond = R provided that we know the foreshort-
ened elective length of the antenna and the polarization elction of its
radiated electric beld into the same radial direction.

For example, for &-pol magnetic dipole of radiua % $ (i.e., small loop
on the xy-plane) we have seen in homework that the elective length is
' = &jkla 2. Therefore for such a loop exposed to a co-polarized plane
wave beldE = %E; arriving from direction" the open circuit voltage
responseV, is Ex times the foreshortened elective lengt®jkla ?sin",
namely,V, = &jkla 2sin"E 4, which is the emf%&j) " of the magnetic
Bux !a?sin"E 4/c linked through the loop of radius.

# As always,V, has the O+ polarityO at thentry terminal of the an-

tennadriving current input |, responsible for the radiation beld that

determines the reference direction of the co-polarizeddant wave
Peld used iV, calculation.
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22 Doppler shift and Doppler radars

¥ Doppler radars make a use of th®oppler shift phenomenon to detect the motion
of EM wave reRectors of interest N e.g., a police Doppler radams to identify the
speed of a vehicle in relative motion.

D In this lecture we will describe the general principle of h@wDoppler radar
works and also learn about the Doppler shift phenomenon im4melativistic
and relativistic limits.

Doppler radar:

¥ Consider a stationary dipole located at the origir € 0) excited by a co-sinusoidal
input current _
i(t)= locosft)! & + cc

where OccO refers to the complex conjugate of the term fpmgaded

P The dipole will radiate a spherical wave beld
I cos(t " kr)! (k) 4 ¢c

where |
—_=cC
Kk

assuming propagation in vacuum or air.

¥ Consider a stationary reRector, say, a parked a car, at distar = r,, where the
radiated beld is
| @t ko) 4 oo



and induces oscillating currents ('t " ko) + cc on the reRector surface to re-radiate

a beld

back to the transmitting dipole site.

L ‘\I ®

)= RO

¥ Let
1 #$ 1t " kro and ! #$ 1t " 2kr,
denote the phases of the Peld illuminating the car and theadiated beld illumi-
nating the dipole, respectively.

D If the reBector is stationary, i.er, is not changing with time, then partial time
derivatives of the phases*and! #give us the transmitted wave frequendy.

P But whenr, is time varying because the reRector is in motion, the samdiph
derivatives give us one- and two-way Doppler shifted vensiof! , namely
N | H n " HH n

:!"kro ! :!"2kr°.
. Ilt llt llt
D With, say, ro(t) = 2(t) + yo for a car moving along a highway along the
direction with a speedr = % we have N see margin N

(2= 0+ ) % 2r0,,rt = 2x(t)v % ,,r—to—vcos#$ V.

¥ In terms of the Oradial velocity® of the moving car the one- and two-way Doppler
shifted frequencies will be

1 #= 1" kv, and ! =1 " 2kv,.

b If the transmitting dipole is arranged to detect the reRectavave beld (using a
T/R switch N a radar jargon implying that the antenna is swithed to connect
to the input port of a receiving device shortly after the tramission of a burst
of EM wave), then the speed of the cav, can be obtained from Otwo-wayO
Doppler shifted frequency # ThatOs how police radars work.

2
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Note that

b positivev, (motion away from the radar antenna) causeé’< ! and is referred
to asredshift , whereas

D negativev, (motion toward the radar antenna) causés”> ! and is referred
to asblueshift .

Doppler shift in relativistic and non-relativistic limits

¥ The Oone-wayO and Otwo-wayO Doppler shift formulae (weénugkace ofv, from

here on even though we really meanby v)

1 #=1" kv and ! #=1 " 2kv

obtained above, where is the relativé radial recession velocity of the radiator and
the observer, are only accurate whévj & c.

The reason for this is, in our derivation df **we neglected an important detail:
according to MaxwellOs equations we need to have

I ! but al '

not only — = ¢, butalso—, = c,

- K
whereas we have, in elect, used an inconsistent relatlén: c at an intermediate
stage. And if! #is incorrect so will be! # becausd #is obtained from a pair of
identical one-way shifts applied in succesgbon

D This inconsistency produces a negligible errohif & c (the usual case perti-
nent for police radar applications) but the errors are unaptably large if|v|
approacheg (like in Fermilab).

Lit does not matter whether the radiator or the observer is OmaingO since motion is alwayselative.
°The inaccuracy in! ! is actually caused by relativistic time dilation elect (not included in this simple derivation based

on partial derivative of ! * with respect to time t of the lab frame).

3
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¥ We will refer to the approximate Doppler shift formulae giw@bove asion-relativistic
Doppler formulae N they are to be used if and only ifv/ic| & 1, i.e., in the non-

relativistic limit.

¥ Relativistic Doppler formulae that can be used unconditionally (and most im-
portantly for |v/c| approaching unity) are

# #
" \Y n VvV n \;
| #= 1 1 3 and!##:l# 1 E:I E
1+ 7 1+Y7 " 1+7Y

D Before deriving these relativistic formulae (correct folt &), let us note that (@ stationary reflector (in lab frame)
they reduce to the non-relativistic formula ifv/c| & 1. In that case we have, i 12

for instance, -
# Uo Ei; = Eqcoslt ! kx) /
1 n ! (1 n M) V V . , - >
[ # | cC—1 ¥ ¢/ (1u _)1/2(1+ _) V2 E -1 E L+ K 7 X
1+ % (1 + %)1/2 c c iz = ! Eocos(t + kx)
k
Vv \' Vv '
1 ! (1 1 _)(1 1 _) 1 ! (1 n _) : ! 1 kv.
20 20 C (b) Moving reflector
.. C .. ki 12
Derivation of relativistic Doppler formulae: —

We will not need complicated relativistic transformatiomfmulae discussed in PHYS 225 = Eocos(t ! kx)

(also summarized in ECE 329 notes) for this derivation. Itss"cient that we make a . _, cos( "t + k')
careful use of MaxwellOs equations in developing an aceunatlel of a beld rel3ected from  «— S

a reRector in motion as shown next: Kr vt

¥ Consider a plane TEM wave in lab fralﬁén free-space,

Ei(x,t) = @E,cos(t " kx),

3By debnition the frame where the OunprimedO frequenkyis observed is thelab frame; it can also be called theunprimed

frame.



incident on a conducting surface at= 0 plane from the left such that
|

k= —.
c
The wave will be ref3ected to produce

E.(x,t) = " BEscoslt + kx)
so that the total tangential Peld ox = 0 plane
Eocos(t " 0)" Egcoslt +0)=0

as required by MaxwellOs boundary condition equations.

¥ If the conducting reRector were not stationary but movingtwia constant velocity

v to the right, the total tangential Peld in the lab would needtvanish onx = vt i z
surface, as depicted in the margin, leading to -
EOCOSGt n kX)lxzvt n EOCOSQ #f + k#&)lxz\/t — 0 Eiz = EOCOS(t ! kX)
# . P Eiz = ! Eocos{ 't + k'X)
where! *is the frequency of the reBected wave in the lab &ft= — is its wavenum- -— P
ber. ke vt

P This requires that

V V 1ll
LA =151+ It % 1#=1_°¢
( C) { C) 0 1+

ol<|loI<

conbrming the 2-way relativistic redshift formula (for > 0). We obtain the
blueshift counterpart by exchanging with " v (or else usind #with negative

valuedv).
¥ Note that # # #
! ##: I 1|| % _ I 1|| % 1|| % $ I " 1|| %
1+ 7 1+7 1+ 1+ 7



with #

1 #¢ 1

1
1+ %

representing the relativistic one-way redshift formula.

Relativistic
Doppler formulae

P This is the Doppler shifted frequency of the forward propgigg Olab-frameO
wave as seen in the Oprimed frameO in motion where the meReuntiror One-way:

appears stationary.

P We obtain the blueshift counterpart by exchangingwith " v once again (or

using negative valued).

D This derivation of the one-way Doppler from the two-way Ddppis justibed

by the Oprinciple of frame invariance of the form of rulesfofgicsO N two-way

Doppler shift should be consistent with the same one-way Pplep shift rule

applied twice in succession!

Example: Tom is moving in the lab in" x direction with a speed of0.6c while Tina is moving in +x
direction also with 0.6c speed. Tom radiates a 12 GHz TEM wave using a dipole antenna. Hat
is the frequency of TomOs radiation detected in the lab fratheé/NVhat is the same frequency |
TinaOs frame? What is the speed of Tina in TomOs frame?

! !

Solution:  Using the one way red-shift formulaf ' L:jﬁ , we getfiap = from

lab is Omoving away from TomO and therefore it sees a redstiifrequency.
!

108 = 6 GHz; the

1+0.6

6_
1+oe 3 GHz.

I
— 1" vic
UsefTina - fTom 1+vic

in TomOs frame.

with f1ina = from/ 4 to obtain v/ic = 15/ 17 representing the speed of Tin

-

D

Time dilation and other relativistic elects:

¥ A student may ask at this point: Ohow com&;(vt,t) ! cos(¢ " kv)t) and not cos( 't) =

6

#
1'$ !

H
~—

o<

[EEN
I+
ol<

Two-way:

H
~

|
o<

[N
I+
ol<

The Example here shows how relativis-
tic Doppler elect establishes ¢ as the
universal speed limit  for matter and

energy N v/c ¥ 1.211

This is because speed is a derived pa-
rameter inferred from radar and fre-
guency shift measurements between re-
mote objects; there are no alterna-
tive (shift independent) ways of docu-
menting the speed of distant objects in
unmarked/ungridded 3D space (or 4D
spacetime).

The relative speedu of an object C with
respect to an object A can approach but
not exceed the speed of lightc if the
speedv of another object B with re-
spect to A as well as the speedi' of C
with respect to B are both limited by c.

| n
u+voo, u

1" uv/c?

~ 1+ ulv/c?



|
' " - - - . - - - - . -
cos( L t) if a rigorous application of electromagnetic solutions skid produce relativistically

v
+ v
lc

accurate results (as claimed earlier on)?0

This is the sort of question Albert Einstein asked to himselin his free time at work in a Swiss

patent olce and bgured out th#?t the rigorous con#cz‘lusion oughto be Time dilation:
$
"y | 1+ Y v2 !
I kvt = ct' % t'= ca" Ht= 1"
( ) 1+% 0 1" %( C) C2 t#= 1" \é—zt

wheret' is the time kept by a clock attached to the reRRecting surface. .
moving clocks

tick slower than

D Less time elapsing in the moving framet{ < t), meaning that moving clocks tick slower .
stationary clocks

than stationary clocks N known astime dilation e"ect N was one of the surprising results
of the work Einstein published in 1905 under the title OOn thlectrodynamics of Moving
BodiesO, popularly known as the relativity paper. Furtherare time dilation is a reciprocal

e"ect sincei- moving clocks are stationary in their own refenee frames! _
: Lorentz contraction:

b Usingt'= 1" z—it we can calculate that Tracy will age 8 years during her = 0.6c voyage
to a star 3 lightyears away and back, while her twin Stacy agel) years waiting here on !
Earth for TracyOs return. Tracy canOt make a correct caldida of StacyOs age using thex*= 1" ‘é—ix
same equation with her owrt and v data because the equation only works with input data
obtained in an inertial reference frame! moving rulers

+ TracyOs aging of 4 years (instead of 5) in her outbound trip $3 lightyears distance contract
can be explained by the fact that in her (outbound) referencame the star (moving
at 0.6c speed towards her) starts at d.orentz contracted distance of 2.4 lightyears
N smaller travel distance, less travel time! Lorentz contration is a necessary conse-
qguence of time dilation (so thatdistance=speed travel time rule is frame invariant)!

¥ Remember that our one-way Doppler formulae for red and bludiéts are used withv representing
the relative radial speed between the radiation source and the observer. We cafer to this one-
way Doppler shift aslongitudinal Doppler shift to distinguish it from a much weaker (time-diation
induced) frequency shift known agransverse Doppler shift related to the transverse component
of the relative velocity vector between the source and the ebrver.

D consider a signal source moving by an observer on a contingotrajectory not passing
through the location of the observer and let the speed of thegmal source bev at the

moment of its closest approach to the observer. Longitudinal
" VS
Tracy is using at least two dilerent inertial reference fram  es in her voyage, making at least three jumps between dileren t frames!
transverse
redshifts

v



D At that instant the radial speed between the source and the @erver is zero and/ is purely
transverse. No longitudinal Doppler shift can be caused ahat instant, but the frequency
I s of the source signal emitted at that instant will be detectedby the observer at a redshifted
value of $

n V2
!0:!5 1 Y

C2
as a consequence of time-dilation between the source and tieserver frame@.

B Notice that transverse redshift! o/! < is second order inv/c as opposed to longitudinal
Doppler !''/t ' 1" v/c which is brst order inv/c for |v|/c & 1. Therefore transverse
Doppler remains less important than longitudinal Doppler dr all values of|v| < ¢ and is
invariably ignored (not even recognized) in non-relativisc settings.

Accelerating

¥ Al moving observers within a lab frame permeated with a progmgating wave of a frequency will gpservers

detect longitudinal Doppler shifted frequencies in inertial frames see

L the same Doppler shift
1o, 1" vlc as non-accelerating
' " 1+vlc’ observers

wherev denotes the instantaneous radial velocity of the observar the lab frame N this applies to
accelerating observers as wedlnce co-located observers side-by-side having the sanstantaneous
velocities will necessarily see the same instantaneousgiitency! ' even if their accelerations di"er
(to cause di"erent velocities and di"erent! ' in future instances).@ .
Acceleratlng sources
¥ Consider an accelerating Antenna A, with positiorz = 0 and velocity v, = 0 at time t = 0 within generate gravitational

some inertial frame, emitting a wave pulse of some carrierefjuency! towards the acceleration Doppler shifts

direction z, to be detected by Antenna B also accelerating iz direction to maintain a bxed N their reference frames

distanceh from Antenna A. Assuming a small valued acceleratiog for both antennas, the transit

time of the wave pulse by antenna B will beé ' h/c at which instant Antenna B will be moving

away fromz = 0 with a speedgt' gh/c (in the same inertial frame) N this will cause Antenna

SHere is how time dilation causes the transverse redshift:
;In the moving source frame the wave period is Ts = 2!f' s which relates to the observed period To = 2!/" o in the rest frame as Ts =

To 1" vZ/c? as a consequence time dilation formula t' = t 1" vZ/c2, leading to the transverse redshift formula "o = "s 1" vZ/cZ N see,
e.g.,/The Transverse and Oblique Doppler Elects.

6Another way of seeing this is, special relativity (SR) is a local approximation for general relativity —~ (GR): . )
GR incorporates accelerations and gravity into a relativis  tic framework of a globally Ocurved spacetimeO which idocally ORatO and governed by
SR. Thus SR-based Doppler formulae also apply to accelerati ng observers on a instance-to-instance basis.


https://phys.libretexts.org/Bookshelves/Classical_Mechanics/Classical_Mechanics_(Tatum)/15%3A_Special_Relativity/15.19%3A_The_Transverse_and_Oblique_Doppler_Effects

B to detect the pulse with a redshi}‘ted frequenc@ P LS% obtained by using the usual
longitudinal redshift formula 1 ' = 1 ¥ with v* ghrc.

Gravitational

B Since distanceh between the antennas is not changing, this frequency chanigenot a Okine- redshift
maticO redshift, but it can be interpreted as a Ogravitatial® redshift caused by the pulse
climbing against what an accelerating observer carrying Aenna B perceives as a Ogravita-

tional pull® N this follows fro:ﬁ the equivalence principleof general relativity stating that
Obeing in an accelerating fraies indistinguishable (locally) from being in a gravitatioral
peldO.

The existence of a gravitational Doppler e"ect N which come®ut from the description o"ered

1% 1 (@" ghlc?

in weak gravitational potential
(gh) regime.

above N in the vicinity of gravitating masses is of utmost imprtance in cosmology, and also, \\aye frequency decreases as wave

somewhat surprisingly, has a substantial impact on the opation of our own GPS syste

7the same as the Doppler shifted frequency that would be detec ted by an unaccelerated (constant velocity) antenna, say An tenna C, having
the same position and velocity as the accelerating Antenna B at the measurement instant N see page 282 in Einstein Gravity  in a Nutshell, A.
Zee (2013, Princeton).
Additional facts ~ : A second constant-velocity antenpa, antenna P, moving wit h a velocity ! v in the frame gf Antenna G will measure (at the

same location and instant) the same "'

"' multiplied by = 1" ! vic/  1+! vic, which can be shown to equal " 1" va/c/ 1+ vo/c in terms of
v representing the velocity of this second antenna within the inertial frame N just add the speed gh/c of antenna C and ! v relativistically to get
v2. Hence, Doppler shifts observed by non-accelerated detect ors are not dependent on source accelerations N it is su"cien tto know the detector
velocity within a specibc inertial frame where the emitter ( i.e., antenna A) of frequency " appears to have an instantaneous velocity of v, =0 at
the emission time. Finally, for a detector in motion withint  he accelerated (non-inertial) frame of antenna A with some ¢ onstanf velocity vy and

distance h to antenna A at the time of pulse emission, use vgq + gh/(c" vq) in place of v in the usual redshift formula ! t=| % N this
produces an "' due to a combination of kinematic and gravitational redshif ts which can be well approximated by "'# " (1" vg/c " gh/c?) in
case of small vq and weak gravity.

8

such as the frame in which the accelerating signal source (An tenna A) and its Pxed-distance observer (carrying antenna B ) described in this
example are stationary N 'a non-inertial framel!

Additional facts: Acceleration of a free falling box under the pull of a gravita ting mass makes the box aninertial frame since the equivalent
gravitational force Peld within the box caused by its accele ration points in opposite direction to and cancels out the gr avitational force beld
produced by the gravitating mass pulling down the box N the in  terior of the box will have zero-gravity, things will Boat ab  out and there will be no
gravitational Doppler shift of signals emitted by Roating s  ources criss-crossing the interior of the box (although an a ccelerated source injected into
the box will of course produce gravitational Doppler shift i n its own non-inertial frame) N see |https://www.eftaylor.com/spacetimephysics/
02_chapter2.pdf

9There is also @ gravitational time dilation  elect described by t' # t/ (1" gh/c2) accompanying the special relativistic time dilation  elect
described by t' = t 1" v2/c2 N this is a direct consequence of gravitational redshift ~which is described in regions of weak gravity (i.e., when
gh/c?2$ 1) by "'# " (1" gh/c?) and is important for GPS timing accuracy:

A photon of frequency " =21/t climbing against a g-strength gravitational pull is redshifted to a frequency "' =21/t '= " (1" ghlc?) <" ,
implying that t' # t/ (1" gh/c?2) >t , which tells us that clocks tick more frequently and time  t' passes more rapidly at height h above a gravitating
body compared to time t measured on its surface (the reason why clocks on GPS satelli tes run ahead of Earth clocks if left unchecked/uncorrected );
equivalently, time slows down as you descend onto the surfac e of a gravitating body (coming to a halt on the Oevent horizon O of a black hole
as seen by remote observers). In these equations you can evaluate gh as graV|tat|onaI potential energy gained per unit mass rais ed to helght
h above a gravitating body, namely the Ogravitational potent ialO change!" =" '" " . The exact formula for gravitational time dilation is
t'=t 1" 21" Jc2 whichis valid for all !" values permissible (in the exteriors of black holes). See |https://www.youtube.com/watch?v=2JhQI_

9

climbs against gravitational pull
of strength g.

Gravitational
time dilation

t*" t/ (1" gh/c?



https://www.eftaylor.com/spacetimephysics/02_chapter2.pdf
https://www.eftaylor.com/spacetimephysics/02_chapter2.pdf
https://www.youtube.com/watch?v=2JhQl_d4X7g

¥ How about relativistic antenna reception? Relativistic
antenna
B In geometries pertinent to longitudinal Doppler shifts uséP,ec = SincAer as usual, taking reception
into account that S;,. is transformed from source frame to the receiver frame withfactor
that is equal to the square of the Doppler shift factor N as anxample if the source frequency
appears redshifted from 2 GHz to 1 GHz, then the incident Poyimg Rux is reduced from
4 W/mZ2to 1 W/m?2to be used inP;ec = Sinc Aet formula{E.

¥ Non-relativistic Doppler equations are also valid (in nomelativistic situations) within material
media (such as in plasmas) whergk may be! dependent.

B However relativistic Doppler equations are only applicablin vacuum, the reason being, a

frequency independent propagation velocitg was assumed in the derivation of "! Doppler in
D In material media stationary within the lab frame with the refractive index n(! ) the rela- mate_”a|
tivistic one-way Doppler formula takes the form media
"ovp(l
| = | w
l" ﬁ
C2

which reduces, withn(! ) =1, to ! ! expression applicable for free spﬂ

d4X7gfor a discussion of gravitational time dilation elects seen  in the movie Interstellar .

It is useful to think of t'/t versusr curve N as !" varies with radial distance r N as a slice of a Ocurved spacetimeO while considering the
gravity itself as the tendency of particles of matter and lig  ht to follow the Oleast curved pathsO between nearby events in a 4D spacetime OcurvingO
in response to paths taken by matter and energy in a self-cons istent manner (as described by EinsteinOs beld equations of general relativity).

1OOf course A Will need to be computed with the Doppler shifted wavelength |, to result in a frame invariant  Sjnc Aefs  product.
See Holmes and Ishimaru, IEEE Transactions on Antennas and P ropagation ( Volume: 17, Issue: 4, July 1969) for a broad disc ussion of rela-
tivistic radio links including arbitrary propagation angl es measured from source velocity vectors within the receive r frames.

11E.g., in a plasma with n(")= 1" "2/* 2;

Also note that vp >c in a plallsma, which will be dilerent in dilerent Oprimed® fram es given by v, = -, wheren!= 1" " SI /" '2 in terms of
a Lorentz contracted " g, = "2/ 1" v2/c? N see Achterberg & Wiersma (2007), DOI: 10.1051/0004-6361: 20065365.
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https://www.youtube.com/watch?v=2JhQl_d4X7g
https://ieeexplore.ieee.org/abstract/document/1139473?casa_token=piF1D5T_EhkAAAAA:wmtxoR8jsBth5HteuFVdx_pH2mFHzf-6UNZqSN2OMLEMxwSNQBvhsp3SBH5_2OakF6j4ClREr18

23 More on Doppler radars

¥ Doppler shift phenomenon is essential to the operation ofppler radars such as
weather radars or police radars for purposes of target motoeasurements.

¥ In particular, the two-way Doppler shift equation

.V W vV n oAV "
#:(1 ¢! E)#-!-#(l 20)= | 2k\4;

e

non-relativistic

plays a major role because the reRected frequehtyfrom the moving target is
compared to the incident frequendy in order to estimate the target velocity.

¥ In many applications the non-relativistic limit applies,é.,|v| $ ¢, in which case
the radial target velocityv away from the radar antenna is obtained as

R
VT Tk T2
Note that when
P the target is moving away from the radat," is red-shifted,! " 1" > 0, and
V is positive.
b the target is moving toward the radar! " is blue-shifted,! " ! " < 0, andv
IS negative.

Remember thatv is the radial component of the velocity vector of the target.

Transverse motion of the radar target with respect to the ident wave from the
radar does not cause any Doppler shift (if time dilation cae beglected in case of
non relativistic speeds).



Example 1: Police radars catch you when the magnitude of

KRR
VE Tk T2

I is the radar transmission frequency whilé * is the frequency of the wave that bounces o!
your car back to the antenna of the police radar.

exceeds 70 mph N here

Also v is the component of your carOs vector velocity away from thadar.

When your car is approaching the radat ' > ! and v is negative. Conversely, when your car is
moving away from the radar! ¥ <! andv is positive.

¥ Total reBection is not necessary for Doppler elect and theeogtion of Doppler
radars. Partially relRected waves from a moving dielectncface, or even scattered
Pelds from atoms in a gas in motion re-radiating like tiny dile antennas excited by
the incident wave, will also produce Doppler shifted retsrof the incident (trans-
mitted) radar signal governed by the Doppler shift formuladove.

D) Meteorologists and atmospheric scientists routinely maked measurements
by bouncing EM waves from atmospheric atoms and ionosphieee electrons
N related research areas of E. Kudeki, J. Makela, R. lllie, Waldrop, and F.
Kamalabadi ECE lllinois.

¥ Engineers designing police radars and meteorologistsdingl weather radars bnd
themselves in strictly the non-relativistic domailég| $ 1. They will routinely think
of the one-way Doppler shift formula

=1 kv

2



as thetime rate of changeof a plane wave phase
It " kx

evaluated at the location
X = vt

of a moving observer.

In a broad sense, frequency of a wave in any reference frame is the
time rate of change of the wave phase, and observers in relati  ve motion
naturally detect dilerent rates in a wave peld.

Example 2: A police radar with an operation frequency of = 300 MHz is located at the origin
(X,¥,2z) =(0,0,0). A car with the trajectory

(x,¥,z) = (50t, 50,0)
Is passing by, where the coordinates are given in meter unast time t is measured in seconds

(a) Determine the vector velocity of the car.

(b) Determine the frequency! ' of the radar signal in the reference frame of the car, by detaming
the rate of change of the signal phase detected by an antennanoected to the car.

(c) Determine the two-way shifted radar frequency * by considering the rate of change of the phas
delay of the ref3ected signal.

Solution: (@) The vector velocity of the car is

- w7 (50t,50,0) = (50,0,0) = 50;92_

(D




(b) The radial distance from the radar to the 0c/ar IS given by
o @
r=(50t)2 +502.

Therefore, the spherical wave phasor of the radar signal dte location of the car is proportional
to %
g ik = gk (501)7+502

wherek = l/c = 2# rad/m. Therefore, the beld at the location of the car varies ith time in

proportion to the real part of y
0.

o jkr gt = d(t"k (501)2+502)

Thus, the phase of the signal detected by th(g/antenna connedtto the car is
o
I(t)=1 " k (50t)2+502

Finally, the frequency of the incident radar signal detecetin the car frame is

mn 1
= oy k@%zw =" kSO%Lz | " K50%t_.
"t (50t)2 + 502 (50t)2 + 502 t2+1

(c) The beld ref3ected from the moving car correspono(l; to theal part of

0.
"i2kr gt — 4 (it 2k (50t)2+502)
e gt =¢

since the phase delay occurs twice over the distance This leads to the two-way Doppler
shifted radar frequency formula

I t
" =1" k100%—.
t2+1
Note that ! ' = 1" =1 att =0 when the car motion is transverse to the propagation direain of
the incident radar wave.
Also note that the two-way Doppler shift
I t
P = K100%———
t2+1

maximizes in magnitude at
|I*" 1]=100k = 200# % & 100Hz

fort $" 1sandt' 1s when the carOs motion is nearly collinear with the propagat
direction of the incident wave from the radar.




¥ Engineers working in high energy particle labs (FermilalERN, etc) or applications
relating to GPS and other satellite and space communicatgystems will need to
pay attention to relativistic elects.

P GPS satellite clocks run faster by about 45.8/day because of gravitational
time dilation, and slower by about 7.21s/day because of special relativistic
time dilation related to satellite kinetics.

( If not corrected for these o!sets GPS positioning errors wdaccumulate
to about 11.4 km/day.

P Clocks on Earth surface are slowed down by about 3-5 s/yeardnse of the
gravitational pull of the center of Milky Way, in addition toabout 0.3 s/year
because of SunOs gravity, and 0.02 s/year because of Egrtv@ational pull.
More importantly, an additional slow down of about 35 s/yebecause of Local
Supercluster of galaxies (including Laniakea superclusted Virgo cluster),
pulling us in along with Sun and Milky Way, all totaling to alwat 40 s/year
in relation to clocks in Bootes Void (OGreat NothingO) at i#illion lightyear
distance to Earth, an OemptyO region of the cosmos whererdvéagonal
Peld is nearly zero.

P Deviation of EM wave propagation in 3D space from straightdirays because

of the curvature of 4D spacetime can be neglected excepts asttonomical
and cosmic scales to account for observational elects suslhgeavitational
lensing and black hole physics, covered in graduate levsgisms courses on
general relativity.
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24 Dispersion and propagation in collisionless
plasmas

¥ TEM plane wave propagation in homogeneous conducting anedln
be described in terms of wavenumbers and intrinsic impeéanc

] 8l

k=1 p("+j—f )! kK#jk and $=
! +

as we have seen in Lecture 18.

For real valued # these relations imply complex valuédand $ as
well as anl dependenpropagation velocity

' 1
Vp - n

K~ Re u+ Dy

Having an ! dependent v, is a telltale sign that propagation
of TEM waves in the medium will be  dispersive meaning that
the shapes of TEM signals waveforms other than co-sinusoids
will be distorted as a consequence of propagation N the dis-
tortion happens because dilerent co-sinusoid components o f
the signal having dilerent frequencies ! travel with dilerent
velocities v, and thus fall out of synchronism!

¥ Dispersion in wave motions can be caused by a variety obnsam-
cluding the frequency dependence of the medium paramesensel as

1



geometrical elects related to the dimensions of the prop@garegion
in relation to a wavelength.

P For anohmicmedium wheré# is real N such as seawater or copper
N wave propagation is botHossyand dispersive.

¥ An important propagation medium known to be dispersive mssless
is the ©ollisionless plasma O, an ionized gas in which collisions of the
charge carriers (with one another) are negligibly small Nadlisionless
plasma provides an ideal setting to explore and understamel wave
dispersion elects without having to deal with complicat®rarising
from losses and dissipation.

¥ A collisionless plasma is essentially a conducting medvitna purely
imaginary conductivity# (or, equivalently, a dielectric with a relative
permittivity less than one, as we will see).

b To develop the conductivity model for a collisionless plaswe en-
vision a region of volume in free-space contairfihdree electrons
per unit volume along withN positive ions (e.g., Oin the ion-
ized portions of the upper atmosphere) which are also freehbf
these free charge carriers with chaggand massn respond to an
alternating electric beld with a phas@& as dictated by NewtonOs

Prst law: q
md—\:: gE $ mj! v=(E



wherew denotes the phasor of particle velocity in sinusoidal syead

state. With N electrons per unit volume, each carrying a charge

g = # e with a phasor velocity#, we then have a phasor current

density ,
J=Nqv= Nq(%) = #jN—CIIE

carried by free electrons only. Positive ions with much &rmass

than the electrons will also carry a similar current denshyt with

a much smaller magnitude given the inverse mass dependénce o

the expression fod. Hence, a reasonable model for a current

density in a collisionless plasma is

. . . . Ne?
J = #E with a plasma conductivity # = # ] —

where the contribution of ions is neglected.

The crucial result above is that conductivity is purely imagry N
the collisionless plasma is not a resistive but a reactivpgation
medium!

In the absence of collisions, kinetic energy of the charge ca r-
riers acquired from the wave Peld is not dissipated (lost) in  to
heat, but instead returned to the wave peld much like energy
exchange in a circuit consisting of a source and an inductor.

¥ Since TEM wave propagation in conducting media is the sasnerap-

3



agation in a dielectric with an elective permittivity

1] #
+ —,
!
a collisionlesplasmawith " = ", and conductivity

. Ne?
#=#]—
m!

can be treated like a dielectric with a permittivity

#j e Ne® 5
I n Moy — n -

n +

N g2
!
p mllo
is known as thevplasma cuto! frequency (or Oplasma frequencyO for

short).
With the above dePnitions,

where

are, respectively, theelative permittivity = and refractive index
in a plasma treated as a dielectric, where we also hawe [, (true

because except for its free carriers, a plasma is essgrdiathcuum).

4



Hence, in a plasma, TEM waves are described byagenumber
| |
| 2

%_. %
=! Hoor!

k=1 u

and anintrinsic impedance
|

L
H_ o o
n m n 2 !

o a# 8 1# 8

$=

respectively.
¥ The collisionlesplasma dispersion relation for TEM waves, namely

|
| 12
k = < 1# 2
derived above governs the properties of TEM waves to be emneced

in a plasma medium.
It most signibcantly dilers from the free-space dispersielation

|
k=—
C

by exhibiting a non-linear relationship betweénand k.

As a consequence,

1. Thepropagation velocity
|

Vp = =
k 14!

To
I
S|lo

ON

N

5



in a plasma is frequency dependent and a meaningful concdypt o
for! >1 , whenk is real valued (see next).

2. For! <! ,, we Pnd a purely imaginark in which caseg”!*?
describes not a propagating wave but awanescent one (for

which v, is not a relevant concept).
3. The plasmaefractive index

is real valued but less than unity in the propagation reginwe! ,
and it is imaginary in the evanescence region! .

¥ Topics that remain to be examined over the next two lectures

1. The distinction betweemphase and group velocity concepts in

the regime! >1
2. Evanescent plasma waves in the ! , regime and related tun-

neling phenomena.

¥ We close this lecture with a brief discussion of plasmaukegy! .

¥ The parameter "
N e2




in the plasma dispersion relation has the dimension of feeqy and
grows with the square root of the electron density of the plas A

useful formula for the plasma frequency is
%
l p=2&f, with f,& 806N

wheref , is quoted in Hz units whel is entered in f* units.

P For example, foN = 10?m2 as in the EarthOs ionosphere,

$
f,& 806' 102& 9' 1FHz=9MHz

and
l » & 18&Mrad/s.

b A plasma frequency df, & 9 MHz will have a severe impact on
EM waves in the ionosphere when the wave frequeney 2’—& IS
close to 9 MHz.

b The elect of the plasma on the EM wave will be negligible in the
lonosphere only wheh is many orders of magnitude larger than
9 MHz.

¥ The plasma frequencly, also has a direct interpretation in terms of
plasma dynamics:

b If all the electrons in a volume of plasma were pulled to ode sif
the volume, away from the positive ions within the same vodum

v



N in analogy to a stretched spring N and then let go, the elemtr
and ion populations would rush toward one another (because o
electrostatic attraction) and then overshoot (because radriia)
and reverse their motions to establish a perpetual osaifatat

the frequency !

b The plasma frequencf, is a resonance frequency of the plasma
seen as an elastic body.

Example 1: Consider an inPnite homogeneous plasma with a plasma frecyuef

Solution: (a) We have, forf =20 MHz

f, =10 MHz. Determine the wavelength or the penetration depth N wdtiever
is relevant N of a TEM wave in the plasma produced by an inbnitarrent sheet
located atx = O plane, if the oscillation frequency of the current density (a)
f =20 MHz, and (b)f =5 MHz. Also comment whether the TEM wave i

propagating or evanescent.

U)

! 12 28" 20' 10F 10
k = = 1# P= 1# (=)2
c | 2 3 10, (20)
0 1 34&  3&rad
~ 300 4 600 15 m’

Hence, the TEM wave produced by the current sheet is Oprapag@ in that
case (away fronx = 0 surface on both sides) and its wavelength is

0
- :@:g%ﬁ:g‘?%:lo 3m.

k 3
15




(b) For f =5 MHz

|
! 12 28" 5' 1P

! . 10
k = = 1# P= 1# (=)2
c | 2 3 10 #(5)
6 Y.
_ 1% 31’ _ . 3&rad
= 300 ~ %00 T 60 m

where the sign giving rise to the decaying wave away from dsrse should be
employed. In this case the TEM wave is OevanescentO anteitgiation constant

IS %._
3& Np
k| = —— —.
K] 60 m

The corresponding penetration distance (distance overahithe wave amplitude
is reduced by an exponential factor ef?) is

Example 2: In Example 1, part (b) what is the attenuation rate of the evascent
wave in units of dB/m?

Solution: The evanescent beld in Example 1 part (b) will vary as
E(x) = PEKX

in x > 0 region, wherep is a unit vector perpendicular ta, E, is the Peld

strength atx = 0. Also, 0%
3& Np
K| = —— —.
K] 60 m




from the solution of part (b). Therefore, we have

[E(x=0)] _ 1 Y
E(x=1)m| €k
and
E(x=0
20Iogl0“|2()((_1))r1]| = 20log,,€l = |k[20log,e
e g i
= —— 20l = %_| %-0.434
50 Ologge 3ogloe& 30 3
& O.788d—B
m

which is the attenuation rate of the evanescent beld in dB/mits.

Attenuation in dB/m is expressed as the 20 log of the amplimidatio across a one

meter distance (as we have done above), or, equivalentiyl &g of the Opower
ratio across a one meter distance.
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25 Phase and group velocities and delays

¥ Propagation velocity |

“k
of a co-sinusoid beld component

Vp

cos{t | kz) " €&k

is also known aphase velocity , becauses, as debned above, cor-
responds to the speed with which constant phase points,(edyo-
crossings of the peld) move.

¥ If the phase velocity i dependent N as in dispersive media N then
Peld components (e.gEx, Hy, etc.), which are the superpositions of
co-sinusoids with dilerent frequencies (two, three, saliecountless),
can in general be described in terms of @mvelope function and a
carrier function (recall AM modulation from ECE 210), each having
its own and distinct velocity.

b The propagation velocity of the envelope is knowngasup ve-

locity and it can be calculated as
|I!

Vg = —

g uk

once the dispersion relation relatingto ! is available.



b The propagation velocity of the carrier is simply a phaseoedl

where we use the carrier frequenkty for frequency! , and the
carrier wavenumbek, for wavenumbek as illustrated below.

A simple example : Consider the superposition
f(z,t) =cos( 1t! kiz)+cos( »t! kyz)

where wavenumbers, and k, depend on frequenciésand! , as de-
scribed by some dispersion relation (e.g., the plasma dispe rela-
tion). Using some trig identities we can re-writ€z, t) as

' !

f(z,t)=2 ¢
(z,1) 0032

2k z)cosl ot ! kyz)

where

i+ 15 ki + ko

lo#t =5 kot —o, 1L =10 Ly, Tk=ke! Ky,

P Veribcation: Given the above debnitions,
1 I k
I 12 = !0$ 7 and k]_,z: ko$ 7,
and so

f(z,t) = cos(!1t! kiz) +cos(! ot! kyz)

2



[ [
= cos(! ot! koz+ #ﬂcos(! of! koz! t#kz)
[ K | P11l
= cos(l ot ! ke2)Cos(— 5 )1 sin(l ot ! kez)sin( D)
[ L1+ 1
+ cos(l ot ! ke2) COS(— 5 %) +sin(1 ot koz)sin(¥)
Il Ik
= _ 11 |
2!cos( 2; > z()£ FOSQ ol koz%_
envelope carrier

In this simplest possible example of superpositioned wassids (sim-
plest because we only used two components instead of maot)),the
envelope function and the carrier function are co-sinusoid

Assuming that! ! % !4, ! ,, the carrier functioncos{ ot ! kyz) is
a co-sinusoid within the same Ofrequency bandO as the csgadigD-
sinusoids, while the envelope functiiwos{--¥) is a low-frequency

co-sinusoid residing (in frequency space) outside theasigand.

With that distinction in mind, we identify the propagationeiocities of
the carrier and envelope functions as the phase and groucies of
composite waveforrhi(z, t) N the phase velocity (describing the carrier
motion) is

whereas the group velocity (describing the envelope mdi®n

L 1,0,
YOS T K T Kol ke
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Example 1: Consider the case

In that case
1410 11, 1

'K~ kJ5 2k, 2P

a waveform with half as large a group velocity as the phaseey N in such
a waveform, the zero-crossings of the carrier will marchaingh the envelope a
demonstrated by an animation on the web site.

Vg:

UJ

Example 2: Determine the group velocity

Vo= Tk

of the sum of two co-sinusoidal waves propagatingidirection if! ; = 99 rad/s,
I , =101 rad/s and the dispersion relation is

| = K2,

Solution: We can solve this problem by brst obtaining » = &!ﬁ, and then dividing




by I k= &1._2! &1._1.
Alternatively, we can approximate !/ ! k by the

partial derivative "!/"k  evaluated at! , = 100rad/s
which is at the center of the frequency band Ranked!byand! ».

Both approaches will give about the same result sitice % ! ;, and the slopé€'!/"k
of the! versusk curve at! = !, is nearly the same as the ratib!/ ! k.

Using the second method, we note

=k L =ok=2tT
. W - - b
Therefore, the group velocity of the sum is
I "l & m
= — — =2 1 =20 —
Yo TR e
after evaluating at! = !, = 100 rad/s. You should compare our result above
with the exact value
I ol 1y
- 2 9
Lk Tl T

to convince yourself that both approaches give approximgtdie same result.




Example 3: What is the phase velocity of the sum signal in Example 2.

Solution: The phase velocity of the sum signal is

where b N &
0 2 2
This is well approximated by

I 100 m
Vo= &—=-—=10—
. T, 1 S
The exact value can be obtained as
o 11+ 1o i+ 1o
Vo= — = = T .
T ke kit ky T+ Ty

¥ Practical signals used in communication applicationsragre compli-
cated than just the sum of two-co-sinusoids. In general, vee @n-
cerned with the superposition of a continuum of co-sinusaxer bnite
frequency band$ ! . How do we then debne the wave envelope and
the carrier in such cases and extend the notion of phase andpgr
velocities introduced above? This question is address&t ne



¥ Consider a sum of many monochromatic waves of frequehgias a
band! ! centered about a frequendy, N such a sum can be repre-

sented as %
m
whereF,, are the individual wave amplitudes. Introducing

we can re-write the same sum as

i(!aqt! k % it imt! —5——)
Re{el(-o- 02) Fme'"m TTm/Tkm’Y) !

m

Suppose that the band of frequenciek containing all the components
I m IS su'ciently small so that the ratio
ll!

L1
( "K =1,

Is independent of indern.

In that case the sum above reduces to

Re{ e| (! ot! koZ)f (t | 5)}
Vg

with % |
f(t)=  Fpe€''m Envelope function

=V



and "

Vg = [ Group velocity.

¥ The above result indicates that a wave signal
s(0,t) = Re{€' of (1)} = |f (t)| cos{ ot + ! f (1))
observed at a locatiom = O will be observed at an arbitrarg > 0 as

s(z,t) = Re{& (o Kdf (t1 Z)} = |f (11 2| cos{ of! kez+! f (1! ).
Vg Vg Vg

Such a signalwould be called an

1. AM signal for the casd f (t) = 0 N purely real f (t), requiring |

Fim=F)for! I, =m# withm=0,21+2444a

2. Phase modulated (PM) signal for |f (t)] = const.N f (t) *
¥ with |Fn| % FoandF, ,="! F) form=+1+2 444

The important point is, the modulatiorf (t)| and/or ! f (t) of the AM
and/or PM signal will travel with the group velocity

"l

K=,

1Also, the same results apply in the continuum limit of#! + 0 in which case the sum debPnin§(t) in
terms of Fourier coelcients F,, reduce to an integral debningd (t) in terms its Fourier transform F (! ).

Vg =

=V



¥ The propagation oharrowband signals for which the above deriva-
tion of vy is well justiped N bandwidth! ! % ! , N is therefore well
described by the phase velocity (for the carrier) and theugreelocity
(for the modulation envelope and/or phase) concepts.

b However, forbroadband signals where! ! | |, the constancy

of
[ - »

I Km
over the entire frequency band! will not hold, and it may be 'o
necessary to debne a set of frequency dependent grouptiasoci
associated with sub-bands bft (see HW).

¥ In general, the computation of the phase and group velesitf narrow-
band signals requires the knowledge of pertinent dispenrgtation, the '

: : : k
algebraic relationship between the wave frequehcgnd wavenumber Slope=v, _
K. Ko k

Note that:
¥ When the dispersion relation is kn_own, it is u_seful to dagpit in the velocity v, is the slope
form of a! versusk plot as shown in the margin. of the line from the origin to
the dispersion curve at the
band center.

b If the plot is a straight line then the waves are dispersigsland
Group velocity vy is the slope

Vg = Vp. of the dispersion curve itself
P However, if the plot is curved (like shown in the margin), thine at the band center.

waves are dispersive and the phase and group veloeiaad v

need to be computed separately.

9



¥ The dispersion relation
& 1

L 1!! Lokt k2 + 12

C !

o

k =

N

for the collisionless plasma has a dispersion curve regegnthie one ' o

shown in the margin N waves in a plasma are clearly dispersive

To obtain the plasma group velocity we take the partial dative of
the plasma dispersion formula

2 _12 2
k? = | 1

on both sides with respect to variabke which leads to

" " | "
_ 2121 12 =921 - 0=
"k(czk 12119 2k = 2! e T .
Since " |
Vg = W and Vp# E,
this result indicates that in a plasma
VgVp = €
with the explicit formulas of
&
! c 12
Vp= === andvg=c 1! .
k 11 :_FZ, !

! 4

3
=V

Note that:

Phase velocity v, is the slope
of the line from the origin to
the dispersion curve at the
band center.

Group velocity vy is the slope
of the dispersion curve itself
at the band center.



Note that the phase velocity in the plasma exceedat all ! > ! |,
whereas the group velocity is bounded dy

EinsteinOs speed limit of ¢ for motions in the universe is only meant
to apply to energy, mass, and information transport N thastidoes not
include the phase velocity, since the phase velocity of anadulated
carrier is not pertinent for the transfer of energy or massndormation
across space.

b A distant light bulb can be lit by sending an electric beld pail
with an envelope which will travel the intervening distanaethe
group velocity of the propagation medium. The light bulb get
turned on only after the pulse envelope arrives at its loaafi
independent of how fast (or slow) the pulse carrier movesergn
moves with the group velocify

¥ In general, depending on the dispersion relation, it issgae to have
Vg < Vp as well as/g > vy,

¥ Also, as just mentioned, it is possible to haxe< ¢ as well as/, > C
(as dictated by the relevant dispersion relation).

¥ Howeveryy > c is never possible for any wave motion N if a group
velocity calculation indicatesy > ¢ in some setting, you can be sure
that the dispersion relation used for calculation is invalid in that

2A rigorous proof that energy is transported with velocityvy in linear and dispersive media can be
found in Bers,Am. J. Phys., 68, 482 (2000).

11



setting and/or the dispersion curve has a shape that preetudhe
applicability of the narrowband signal model developedhistlecture.
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26 Evanescent waves and tunneling

¥ In this lecture we will explore the tunneling phenomenosaasated
with evanescent waves established within Pnite-widthaagi

The multi-slab tunneling result to be derived in this lecauwill:

1. Enhance our qualitative understanding of the frustraf€R ex-
ample shown back in Lecture 19,

2. lllustrate a methodology based aransmission line analo-
gies to be used in forthcoming lectures on waveguides.

¥ Consider the three-slab geometry depicted in the margieneta TEM
wave pbeld

E e jk]_Z
l

E; = &E;€ *1?, accompanied byH; =

Is incident from the left in the regioa < ! d (region 1). As a response
a rel3ected wave

E, = &E,€X1?, accompanied byH,

E, .

— | v k]_Z
'Y le' :
Is set up in the same region, as well as

E ejkzZ
-2

= ®E. € %22 accompanied by, =

and

. : B
E, = 4E, €2, accompanied by, = ! p—e*#,
2

1

Region 1

=

L}
—

3| Region 3



in the region! d <z < 0 (region 2). Finally, in regiorz > 0, we will

have -
E, = &E.€ 32, accompanied by, = g‘;l—te! jkaz.
- 3

D Our aim is to determine the amplitudes,, E+, E, , E, in terms ﬂ

of E; using tangential boundary conditions at=! d andz = 0.
D We are in particular interested in the ratio of the transmaid

power in region 3 to the incident power in region 1 as a fumcob
slab widthd as well as the refractive indices, n,, andns, includ-
ing the case when, is purely imaginary, the case corresponding
to region 2 being in evanescent mode.

¥ Starting with the boundary az = 0, the continuity of tangentialE
and H across the boundary requires that

E.! E, E
E.+E =E;, and —— — = —%,
!2 - 3

These equations can be solved Egrand E, in terms ofE. to obtain
2! 31 1
Er=—E, andE, = = —°E,.
famy! 3% %

32 '3

Note that we have debned a pair of coelcients representing th-
teraction atz = O interface: atransmission coelcient "3, and a

2

E;

Region 1

Tab

Regionz

Region 3



rel3ection coelcient ! 35 in terms of intrinsic impedances and !,
in a manner analogous to similar relations seen in our ssidigrans- . 4
mission line(TL) systems (in ECE 329).

. - ! 1, Z
¥ At the boundary onz = ! d plane the continuity of tangentiak and | f_
H requires that E P Er
—
Eieik]_d_l_ Ere! jk1d — E+eik2d+ E, e! jk od
and Region 1 Region 2 Region 3
Eigkidl E g lkid  E,gkdl E, g kod
!1 B !2 !leiﬁ 3;I :1 32_!3! P
. . . . -0+ 2T Ig+ !
respectively. To utilize these relations in a close anatogil. problems L—L —
we next debne an e"ectiveeld impedance Z(! d) for thez = ! d ! '2 '3
plane as H
i k]_d + | Jk]_d + | I Jk]_d 1+1 ! j2kod Z(O): !3
Z(I d) = Elej . Ere = '11 21 where'! 21 " Ere— Z(t d)= !21|+|3sz2k2d
' Eidhah Erekad TR 1y ' Ejgkad 7
'
But, by the boundary condition equations above it is alsodrthat regent - Regonz - Regon®
. z('d! !y Lol |
. . E! e! szd . to1 = d _ 3> 2
20 g ExrEieN AT Egar | 14lge 1% G e
' E.ok2di E ¢ Tkod '21| Ere ka0 T T2 1 gl j2ked” 1 Z, =
I E.ek2d T8
Solving the above expression for tref3ection coelcient !, atz = (
. . ! j 2kod
I d plane in terms of impedancg(! d) we bnd that Z(! d)= 'zif'.fziim
_Z(0dy! 1y
l o1 = :
Z(' d)y+ 1,

3



¥ The parameterss,, Z(! d), and! ,; introduced above, bearing a strong X
analogy to an equivalent TL problem suggested in the margne, suf- T
Pcient to calculate the rel3ected and transmitted powersunraultiple Er—T B
slab problem as follows:

1. We brst note that TE',

. : Eq
! 21| = |ﬁ| # = > = |! 2
E;ek1 $Si% |Ei|/2!;|_
gives thereRectance, the fraction of the time-averaged incident power @2 ©”
density rel3ected by the slab discontinuity back into regibn 2091 1, .
. . . . . SO E PR e
2. Assuming that the slab in region 2 is lossless,tthasmittance , the R
time-averaged power density transmitted into the regionas o be Iy 7 =14
$5:%_ |Eq|% 2 5 2 (
%= $Si%!$S, % $SU!| ! 01D # = =11 ! 5%
35 $51%!$5 35 AL | 21| ) $S,% |Ei|2/ 2!, | 21| 0@ 141 g J2ad
' L1 g 12Kked
The upshot is
% %
S5 |! 24> and Bk, LU 1of?
5% S %
where
_Z(rdy! oy 1+ ge 2k gl 1,
o Z(d)+ 1, 20 d) = gy P E U Py

in analogy with an equivalent TL problem. An extension of skeerela-
tions to ann-slab conbguration is straightforward.
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Example 1. Assume that regions 1 and 3 are free space whereas region glasma
slab of some widthd and a plasma frequencfy,. Determine and plot the trans-
mittance

5%

=10 g)?
% | ! 2

as a function ofd if (a) f = 2fp,, and (b) f = £fp.

Solution: (@) In this case the plasma refractive index in the slab is
%

f2 & 4 . 16 3
= 1! 2= 11 (9)2= 11 ==:3.
N2 f () 25 5
Hence, with! ;= Is=1,and!> = 1,/n>,=5!,3, we have
I 1 5 31 5 2
|l go= 22 397" "= Z=1025
7 1,+3, 3+5 8

also, with realk, = 2—'2 we have

1+1 g€ 1% 5 11 025147

| =1 = _
2O D= oy g Ead T 30 e 19

A plot of the transmittancel!| ! »1|? versusd/# », where

Lzt
LT zO A+ 1

Transmittance curve for part
(a) when region 2 is in prop-

agation mode:

Transmittanc:
1.0

0.6

0.4[

0.2

0.0

.
0.2

.
0.4

.
0.6

.
0.8

1.0

Lo,



and produced by a Mathematica code of these equations is shavthe margin.
The transmittance shows #,/ 2 periodicity in slab widthd in consistency with
the periodicity expected for lossless TL systems.

Solution: (b) In this gase the plasma refractive index in the slab is

Tt fm Y g
= 1 2= 11 (9)2= 1! == | Z=#j=
n2 T Y 16 6 3
Hence,with!lz!3:!0and!2:!O/n2:j%‘!o,wherewehaveuseruiz:!j%,
we obtain
Lol it 3! 4
- 32—

o+ j2l, 3+4]
having a unity magnitude. Alsok, = knp = ! j3k/ 4, and we have
1+1 g i2d 4 1+ 3L 4 o 3ldr

3+4]
= j_I J _
T 306 12k2d J 3 %11 34ig 3dr

3+4j

Z(' d)=!

A plot of transmittance1!| ! »1|? versusd/#, where

Z(Md)y! 1,

g1 = oo

Z(' d)y+ 1
and produced by a Mathematica code of these equations is ahavthe margin.
Note the strongtunneling elect at smalld/#. The choice oh, = | ;3; would
also have resulted in the same plot even though the expressior! 3, and k»
would have been changed.

Transmittance curve for part
(b) when region 2 is in
evanescence mode:

Transmittanc:
1.0

0.8
0.6
0.4+

0.2

. . . Ll
0.2 0.4 0.6 0.8 1.0

Note that adjusting di# to
about 0.2 sets the transmit-
tance as Y2, creating in elect
a Obeam splitterO in reference
to our discussions of prisms
and tunneling in Lecture 24.



¥ A fascinating aspect of tunneling is: Quantum mechanical
tunneling:

P even though the time-averaged Poynting vectors N i.e., th& an quantum physics one talks
power densities N associated with the evanescent wave t&ld%‘;ougaﬁ{g?:f";gez O;Isgﬁogﬂg
and E, in region 2 are individuallygerobecause of th80% phase cal system rather than the par-

. ticle trajectories; furthermore,
shift between the probabilities are calculated

_ _ _ _ as magnitude squares (like the
E, and H, aswellas E, and H, , average power) of Owave func-
’ ' tionsO obeying a wave equation
_ _ _ . (e.g., SchroedingerOs equatioim
the time-averaged Poynting vector associated with + E; , i.e., case of non-relativistic particles).
Since waves in general (includ-
1 ) ] ) ] ing Schrodinger waves) can ex-
-Re{(E, + E,)" (A, + H, )(} hibit tunneling properties across
2 evanescent regions (as shown in
. . . . i this section), Pnite probabilities
pertinent for region 2, is (as shown in HWpn-zero(and inde- can be calculated in quantum me-

.- oLt . _ chanics for particles in regions
pendent of position within region 2) because of tlen-zero CIOSS g arated from their source re.

term contributionsbetween gions by classically impenetrable
barriers (in which the wave func-

: . : . tion is evanescent).

E. and H, aswellas E, and H,. )

Phenomena such as radioactive

i i i i - decay or Ohmic contacts (in
& By contrast, in propagating regions (i.e., non-evanesgdhe metal semi-conductor Juncions)

cross product terms cancel while Oself productO terms dgiebe explained in terms of

mine the net average Poynting vector. quantum mechanical tunneling,
a counterpart of electromagnetic

tunneling studied in this section.
There are many practical implications and applications wfimeling: ~AlSe: quantum mechanical tun-
neling is fundamental to the op-
eration of Oscanning tunneling mi-

b Beam splitters, attenuators, (undesired) interference@&'due to croscopesO used to image atoms
coupling of nearby systems ... and crystals.

v



¥ The transmission line analogy to solve a four-slab problem

Region 0 Region 1 Region 2 Region 3
Z( d! ot
0T a1+ 1
Z[(: d+ 14 2T,
Lo ' l2 7, =14

1+1 216! j 2kql

Z( dl 1) =1 . L+l ge 12
( ) 11| | 5q€ j 2l Z(' d) = |21| | 5e |2k
e »4 -------------------- >

| d

b The relations shown on the diagram can be used to calculate th
transmittancel!| ! 1o|? from regionO to region3 assuming that
regions 1 and 2 are lossless.

Example 2: If in the above diagram region 3 is evanescent what would be tfans-
mittance 1!| ! 10|2?

Answer: In that case the transmittance should be zero (and ref3ec&mnnity) corre-
sponding to a purely reactiv&_ = !3!




Tunneling at obligue incidence

Ky

¥ Our analysis of tunneling and frustrated-TIR at obliquecidence will
amount to analyzing the three-slab geometry shown in thegmawith
interfaces atx = ! d and x = O surfaces separating media with refrac

¥

tive indicesn,, n,, and ns, respectively.

¥ Assume that medium 1 has TE-polarized incident and reRgatilectric
Pelds superposing as

Mediuny:1

x'on(e! jk 1(sin$1z+cos$1x) Re jk 1(sin$; 2! cos$1x));

the beld in medium 2 is

X.Z.)EO(PG! jka(sin$z+cos$x) Qe! jk 2(sin $,z! cos$2x));

and in medium 3 we have

YE,Té jk 3(sin $3z+Cc0s $3x)

¥ In medium 1 thed component of total is

? CO§1(6! jk 1(sin$1z+cos $1x) ! Re! jK1(sin$; 2! cos$1x));
1

in medium 2 we have

E o o
iCOﬁz(Pé jk 2(sin$pz+c0s$X) | Qe! jk 2(sin $pz! COS$2X));

9
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and in medium 3

Ky

Eo L .
jk 3(sin $g3z+cos $3x)
T coskTe .

¥ BCOs applied at= ! d andx = 0 require a Ophase matchingO, that

D

kisin$; = kosing, = ks sings,

leading to SnellOs law relations

Mediuny:1

n,sin$, = nysin$; and n3sin$; = n; sin$;.

¥ Matching the tangentiaE and H at x = 0 boundary yields
P! Q _ T
1,/ cos$, !/ coss

P+ Q=T with
implies

PIQ P+Q ” Q _ !s/cosks! !aof coskp , |

1,/ cost, !3f cos$s P~ 1. cosk+ | costs 2
dePning an e"ective Oload reRectionO coelcient for thisi@no

¥ Transverse beld matching &t=! d requires forl= and H
eiklcos$1d+ Re! jk1cos$d — Pé’kzcosﬂszd_l_ Qe! jk 2 cos$pd
and

|iCoﬁsl(eik1cos$1o|! Re' Jkicostidy — %cosﬂsz(p dk20osd) (gl kocostd)

10
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respectively. Now debne transverse beld impedance

: - H, - Pékzco&’l#z(j!c(g:d;zjkzcos#zd - CO@Z].! | 329' i 2k, costyd
)
and
Ey gkicos$id | Rg' jkicos$id 1, 141,
I o = —
Z( d) HZ dklcos#:l]_(:-!/ Eoelsg;l-klcos#ld COﬁll' | o1
where |
Re! jk 1 cos$d
I mn
F 21 gk 1 cos$id

¥ Clearly|! »4]? is the reRectance(fraction of incident power density in
the reRected wave) antl! | ! »4|? is the transmittance,wherein

| _Z(M d)! 14/ cosy
LTz d)! 14/ costy

These results suggest the use of transmission line analogy i n
terms of characteristic impedances !i/ cosk and ky " kjcosh in
phase terms. Note that in evanescent regions cos are purely
imaginary. Also quarter-wave transformations can be used w hen
dcos$, = #,/ 4 and half-wave transformations when dcos$, = #,/ 2.

11



¥ For the TM case, the use of cosh in place of! i/ cos in reRection
coelcient and impedance calculations leads to the corresfRectance
and transmittance values (same trick would also work in TEdarRV
Fresnel rel3ection coelcients in oblique rel3ections fromrmle inter-
face as well as in guide impedance formulae whes8 is replaced by

11 12/ 2),
Here are the details:
P Matching the tangentiali and E at x = 0 boundary vyields

P+Q=T with ! I,cosh(P! Q)="! I3coskT = ! I3c0s%(P+Q)

implying
200sH(P! Q)= 1sCosk(P+Q) # = Lo Z 2y 1y,

debning an e"ective Oload reRectionO coelcient for thisl@nm
P Transverse beld matching at= ! d requires, fold and E,
eiklcos$1d+ Re! jk1cos$d — Pé’kzcos$2d + Qe! jk 2 cos$pd

and
! !1C0§1(eik1COS$1d! Re! jk1008$1d) =1 !200@2('3 ék2C05$2d! Qe! jk2c05$2d)’

respectively. Now debne transverse beld impedance
| E, | 2CO§2(P ékzcos$2d | Qe! jk2COS$2d) 1+! 329| j 2k cos$rd
I = = = |
Z(! d) H, P gk2costd + Qg K2 Coshd ' 11 1 5 1 2kzcostyd

12



and

| E, !,cosp(ekicoshd| Rg' ikicoshd 1+
Z(! d)= HZ: . jll(cos$1d+R'jk Costd ):!1C05$1 | |21
y e 1 1. « 21
where _
Re! jk 1 cos$d
5" : .
21 ejklcos‘.}sld
b The upshot is,
_Z(' d)! !'icosh

2= Z(! d)+ !, cos,

wherein we see the replacement of!allcosh in TE-mode rela-
tions by!; cos to become the corresponding TM-mode relations.

13



27 Parallel-plate waveguides N TE m modes

¥ Consider a TE polarized incident beld

E| — yEoe' j(l kxX+kzZ)

With this lecture we start

our study of guided waves
and resonant cavities.

In ECE 329 you were already
exposed to guided TEM
wave propagation in two-wire

transmission line systems.

rel3ecting from a conducting plate on= 0 plane as depicted in thedere we will study TE and

margin so that a ref3ected wave
Er = | Y)Eoe! J (kxx+kz2)

is produced to ascertai®" (E; + E;) =0 onx = 0 plane. In these

expressions
2 2 — L2 — | 2,
kx + kz = k=1 Ho o

assuming that the plate is embedded in free space (othengsg and
", instead).

¥ The incident and rel3ected waves will then produdetal Peld

E = E; + E, = §E& %221 & 1) = 2j pE € *2%sin(k,x)

in X > 0 region which propagates in thedirection with a phase ve-

locity

and OstandsO in tkalirection.

TM mode propagation on
parallel-plate  transmission-
lines and hollow waveguides.
While guided TEM modes
are dispersion-free and prop-
agate at all frequencies, TE
and TM modes are disper-
sive and exhibit frequency-
dependent cuto!.

Intersections of solid and dashed wavefronts
of the incident and reflected waves demark
the locations of the nulls of the total y-
directed electric field.



¥ The standing wave in th&-direction is characterized by a tangential
electric beld component

Ey(x,z) # sin(kxX)
which has nulls at alk > 0 satisfying

kix=m# $ x= forintegeran =1,2,3 444 | =1

ke

¥ Likewise, the tangential component at= a,

E,(a, 2) # sinkxa), ! :I

will vanish for allk, satisfying

The y-directed total electric field is zero
at x=0 and x=a surfaces of the guide formed
by the conducting plates and exhibit maximum

m# . . . .  plates |
an = m# $ kX = ? for |ntegergn = 1, 2’ 3, aaa an;s%rggusvz\?éftrgitlnptgirrs;e.cuons of solid or

Note the 180 degree reversals in the
reflected phase fronts on both surfaces
(top and bottom)as required by a reflection

¥ HenCe . coefficient of -1.
E = 2j YE.€ #Zsin(kyx)

can be regarded as a steady-state solution of MaxwellOsicetpuin
between PEC plates located at= 0 andx = a so long as satisbes a
Oguidance conditionO

m# : L 2oz
Ky = = forintegeran =1,2 3, aéda

This is true because



P E # wsinkex) satisbes MaxwellOs boundary conditions of zero

tangential electric Peld at the PEC surfaces 0 andx = a, '
b E # ysinkyx) satisbes the MaxwellOs equations in the chant D
O <X<a a ~
¥ These are designated as @TiEodeO solutions amd = 0 case is ex-
cluded becausk, = m#/a = 0 for m = 0 leading toE # YsinKyXx) =
0. o
¥ Guided TE, mode waves with electric beld phasor The y-directed total electric field is zero

at x=0 and x=a surfaces of the guide formed
by the conducting plates and exhibit maximum
magnitude at the intersections of solid or

E' — 2] wEoel ijZSIn(kXX) dashed wavefront pairs.

in region0< x < a with OquantizedO

m#
=
will have
! k2 |
k= k2! kz=k 1! _)é:E 1!
where
m#cC
I . %k, Cc= ——

iIs known as cuto! frequency of TEmode.

Note the 180 degree reversals in the
reflected phase fronts on both surfaces
(top and bottom)as required by a reflection
coefficient of -1.

| 2 C | 2’



b The corresponding beld in the time domain is obtained by mult
plying the phasor withe't and taking the real part, yielding

E(x,z,t) = ! 2yE,sin(t ! Kk,z)sin(kyX).

Since propagation of the Tk mode Peld is controlled by, the

relationship " 4
! 1z | fe
= _ | - = _ |
Kk, S 1! 27 G 1! 2
where mic ' c Example:
!c:ka: a a”dfc%ﬁzz—a’ fora=3 cm, m =1 implies
mc 3" 10°
Is thedispersion relation of the TE, mode, from which it follows fe = 22~ 27003
that: = 5" 10Hz
= 5GHz
1. Propagation takes place if >f .= 7%, and evanescenceoth- for TEsmode.
. The cuto! frequency  for
erwise, and TE,mode is 10 GHz, for
.. TEszmode is 15 GHz, and so on.
2. Phase and group velocities A signal with 11 GHz fre-
H guency will propagate in T and

TE.mode, but will be evanescent

! C $! f2 - :
Vo %0 — = $ ~ and v, % =c 11 -C in TEzand higher order modes.
Tk 2 978k f
z 11 C v4
. f_z

in analogy with plasma dispersion (identical except for theer-
change of . with ! ).



¥ The component TEM waves that satisfy the condition
|

Note that cutoff-wavelength=2a/m is also

%f=c & —=c
’ K
and superpose to form the TEmode have a wavelength, for
mc
f =f,= —,
" 2a
given by
C C cC 2a
%= = —= —= — %%%.
TF Tt ™ om0 ¢
Consequently, the TE mode dispersion relation can also be cast age race wavelengi”inx-direcion.
# # #
! f2 1 c2 | %
k,=>- 1! -£=>- 1] =— 1! —;
C f C %f2 cC %
note that:
1. The Ocuto! wavelengthO
0 = 2
" m

can be remembered to be Otwice the guide wadfivided by the
mode numbemO,

2. The factor%0 can be used to replace the fact%érthat appears in
all of the expressions given above (and below).



3. Finally, sincek, = 2%, we have

2a 2#
= —=— =0
b= T TR

at any frequency .

¥ Each permissibl&k, (or mode) at a given operation frequenty is
associated with an inciden@nd rel3ection anglé& (see margin) of the
component TEM waves superposing, which is given by

indicating thatasf ' f., &' O, thatisatf = f. (at cuto!), the beld
consists of plane waves bouncing back and forth between ldteat
x =0 andx = a at normal incidence (see margin).

¥ Component waves superposing to constitute the guided baidbe
viewed as rel3ections of one another from the guide platesjymed
(self-consistently) by surface currents induced on thedcmting walls

At cutoff (f=f_c) we have k_z=0 and thus
TEM waves bouncing between the plates in
exclusively x direction, carrying no energy
in z-direction.

Guide wavelength:  The com-
ponent TEM waves that super-
pose to form the TE, mode so-
lutions have a wavelength

2#
%= —
K
as usual. We debne
2# 2# %
il -
% % o= =3 2

kK 1! [ 11

—
-
N

of the guide atx = 0 andx = a. The guidance condition restricts thige be the guide wavelength%.

to component waves withy = mff, m=1,23 aaa

Note the distinction between

24
()/gzk—z_%

and out
%=-—=%.
Kx



¥ There is an alternate way of obtaining the same guidancelition

ky = m?#, m =1, 2, 3, aaasing the following steps: ( Pay close attention to this
method.
P The guided TE, modes propagating iz direction are superpositions of inci-

dent and reRected TEM plane waves Next lecture we will use it to
derive TM modes.

Ei = @Eoe! J (! kxx+kz2)
and
E, = §E,! g 1 (kextkz2)

where! =1 , =1 1is the TE-mode refRection coe!cient appropriate for an
air-PEC interface.

P Since for the permissible guided modes, TEM wate gets reRected (once
more) atx = a to becomeE; at the same location, it is necessary that
(ﬁ’Eo! e! J Cocr I(ZZ))lx: a! = (6yEoe! T oot I(ZZ))lx:a

implying that
I! |2e| 211 e! jkxa — eikxae! j2In
must be permitted with any integen such thate' 1?" =1,
D This, in turn, is possible if and only if! | =1 and

2011 kea=kea! 2#n $ ka="!!+ n# = m#,

with m=n+1sincel Il= 11 1=#.

P Hence M

a

where any integem that leads to a non trivial superposition of component
waves should be considered, im,=1,2,3, 444



Example 1: TE,, mode belds have transverse electric beld phasors
E = 2j $E € *7Zsin(kyx)

satisfying the zero-tangential beld conditionsat=0 and x = a planes with

#
m# ! f2
k= — and k, = — 1! -&
7 a Zo ¢ f2
where me

fo= —.

¢ 2a
(a) Determine the magnetic beld intensity phasbr for TE,, mode waves. (b)
Also determiné tg % % which is the e"ective guide impedance for Enode.

Solution: (a) Using FaradayOs Iaw,owe have .
ool
&? Y6 % | Bt + Gt

g oo E_70 E, O
P o LV LV
= | szo(ﬁ(jkzsin(kxx)ﬂ'izkx coskyx)) e k22,
‘Mo

(b) Using the result of part (a), we have

S Ey _ 2IE o€ *2Zsin(kyx)
P Hy o 2Rojk, sin(kex)e ke
— 1 — q:luo — ¢ I0
- 1 - d - ¥ .
aoke £ ol 1 K




28 Parallel-plate waveguides N TM ; modes 'x

¥ Last lecture we discussed the JEnodes of propagation in parallel;1
plate waveguides.

¥ These guided modes hayeoolarized electric belds transverse to the
propagation directionz and exhibit a standing wave pattern ix-
direction with m half-wavelengths of variation between the guide plates

atx =0 andx = a.

Superposing all T, mode Pbelds

D More specibcally, the Tk modes have transverse electric peJff ampitde? En €0 2ane o

phasors y
E = 2] 9E€ sinkyXx) E(X,y,00=§  Emsin(-—_x)
m=1
where m! o which is in the form of a
k= —, m=1,2 4daa Fourier series, implying that any
E(x,y,0) periodic in x with a
and # period 2a can be expressed in
" " £ 2 this format as a superposition of
TEnmode Pelds.
k,= kZ# k2= — 1# = "
X 2
C f Such Pelds can be generated
' dipole or loop antenna N more on
o= mcC this later!
c ~
Alternatively (and equivalently),
#
mn " #2
k,= Kk2# k2= — 1# —,
‘ X ¢ #2



with cuto! wavelengths
2a
#C = E.
Above, the operation frequencly and operation wavelength
satisfy#f = c, and furthermore
21
k= —=—
# cC
Is the operation wavenumber. The propagation charactassof
the guided mode, on the other hand, dependskgnwith
" 2!
= — and #;= —
Vp kz g kz

denoting the phase velocity and the wavelength of the guitiede

when
f >f . and, equivalently,# < #,

corresponding to propagation condition for a given mode.ewh

f <f . and, equivalently,# > # ,

the mode is evanescent.

b Since
[} n fC2



is electively the dispersion relation of the guided modesihg
the same form as the plasma dispersion relation, it folloinest t

the group velocity is
#

_% fé _
Vg = g = © 1# 5 and VgVp = ¢

just like in plasmas.
b Finally TE, mode belds have a guide impedance
Ey o« %

Ho 14

%Ee=#

_.,
N

—,
NI

relating the transverse beld components of the wave.

¥ Next we turn our attention on TM, mode belds which share most of
the dispersion characteristics of the JJEnode Pelds. However, they
are essentially orthogonal to TlEmode belds and furthermore support

the m = 0 case which is absent for TEmodes.



¥ TM,, mode guided waves propagatingzrdirection correspond to su- x
perpositions of incident and rel3ected TEM plane waves with

] (# kxX+ kzZ) a

= gH.€

and

yH | #J(kxx"'kzz)

where! = R =1 is the TM-mode rel3ection coe"cient at an air-PEC
interface.

For permissible TM, modesH, gets reRected (once mora) x = a to
becomed; at the same location, and thus it is necessary that The same self-consistency condi-

tion of guided waves of any polar-
1 ization by any type of channel of
' (%L& a width a can be posed as
@H | #j(kxa+kzz) | = CU/H #J(#kxa+kzz() #jZ'm

I:'rr()(: a,Z) F'ri(X— a, 2)
for any integem, i.e.,
|! |2e| 21 e#jkxa — eikxae#jZ!m .
This is possible, sinceé| = |R| =1 and! ! = ! R=0, with
#kia=ka# 2m $ ka=ml,

leading to |

ky = % m=0,12444
as the guiding condition for T\ modes.

4

|l |2e i2a = giam iy
satispedi!

[']=1 (TIRorrelectionfromPEC)
and m! # 11

a
known as theguidance condition

Ky =

Permissible modes in dielectric
waveguides can be identibped us-
ing this guidance condition once
I'l variation with ky/k is speci-

Ped.



¥ Since for TM, modes the transverse beld
H = H; + H, = 29H 6" *22coskyx)

does not vanish with vanishinlg,, the m = 0 mode is permitted. In
fact, TMp mode corresponding tm = O is the TEM mode studied in
EEC 329 in transmission line (TL) theory. '

b TMy=TEM consists of wave pbelds

. . . Eo .
E = 8§E,'%* and H = §—e’Ik?

%

which naturally satisfy the boundary conditions at = 0 and
X = a planes of having zero tangential electric beld.

> AISO’ for this mode Superposing all TM,mode Pbelds

with amplitudes H, (to stand for
kx =0 and kz = k, 2H,), m! [0," ], we can write

which follows whem = 0 is permitted in dispersion equationgi(x,y,0) = ¢ Hmcos(mf;x)

when applied for the case of TjMmodes. "
which is in the form of a

Fourier series, implying that any
F(x,y,0) periodic in x with a
period a can be expressed in
this format as a superposition of
TM ,mode belds.

Such Pelds can be generated
within a waveguide using a small
dipole or loop antenna N more on
this later!



Example 1: TM, mode Pelds have transverse magnetic intensity phasors
H = 2§H.e" %22 cosfk,x).

(a) Determine the electric Peld phas@& for TM,, mode waves. (b) Also detert
mine %\ % E—y the elective guide impedance for T\ mode.

Solution: (a) Using AmpereOs law, we have

¥ 9 D
|

!
X Iz
& A _)0 Hy 0) #ugr+apt

E = - — i :
J'I&O J"&O J|I&O
= ]320 (E(Jk 7 COSG(XX) # Dkx Sin(kXX)) e#jkzz.
(0]

(b) Using the result of part (a), we have

E, ek, cosfyx)e?ik:?

Ym = — = e
Hy %—Ioe‘*lkzzcoskxx)
. #
_ ke _ 3 1#1—5_0/ s T2
T % & D f2'

¥ Note that the results obtained in Example 1 give non-triviasults for
m = 0 case withk, = 0 andk, = k.

¥ TMy=TEM mode has no cuto! frequency and it is non-dispersive. It

6



has all the properties of the unguided TEM waves we are familiith.

¥ Finally, regarding dispersive TEand TM,, modes withm ( 1, all the
equations derived above can also be used when the guiditgspdae
embedded in dielectric media (instead of air) by simply egnhg

1 1
C= }y— with v, = }—
Ho& P H&

in the dispersion equations.

¥ There is a straightforward geometrical interpretationwgfobtained for
guided TE and TM modes.

b Clearly the component TEM waves which constitute the guided
modes (TE and TM) propagate at angles' with a velocity c
in air-blled waveguides. The projection aloagof the velocity
vectors pointing int " directions are

* #
. —;2,'— k%_ fc2
csin' =c 1# cos' =cC 1#P_C 1#f—2,

which is of course the group velocity of the guided modes as we
have seen before.

This makes sense: in the component TEM waves N which are non-
dispersive N of the guided modes, the phase fronts as wellmys a
imposed modulations move with the same velocity, nantely

v



b While the progress of modulation on the component wavesgalon
+' occurs at a velocitg, the modulation covers a shorter distance
alongz than the corresponding slant distance aloa{), and thus
Vg measuring the progress of the modulation alangs smaller
than ¢ measuring the same progress alang



29 Parallel-plate waveguides: example problems

Summarizing the properties of guided modes of propagahqgrarallel-plate R

waveguides:
¥ TE,, and TE,, modes with the transverse babdasors
E = 2j 9E.€ *?Zsinkyx) and H = 29H e ?%cosk,x),

respectively, where

m! b f2 #2
k= — and k, = k2! k2=— 1! -£=—- 1! —,
* a ‘ ¢ fz2 ¢ #2
with cuto! frequencies andwavelengths
mc 2a
fe= — and #.= —
Cc 2a C m1

respectively, satisfy the zero tangenttlboundary conditions o = 0
and x = a plates of the guide.

b TE, mode does not exist but TMTEM does and it is disper-

sionless.

b All TE ,, and TM,, modes are dispersive for" 1, and propagate

only if f > f , or, equivalently# < # .

b Non-propagating modes are evanescent and have an attemuati

constant|k,]|.



¥ Also TEy, and TE, mode Pelds have guide impedances

on

E f
= 7 = - = 1!
Sre = 112 and $rw = 7 = % f

N

relating the transverse beld components of the guided modes

All the results summarized above are for air-blled waveggiidut they can
be readily modibed, by replacirgand $, with ¢/n and $, respectively, in
the case of dielectric-Plled waveguides.

Example 1: Consider a dielectric-blled parallel-plate waveguidewa& =2 cm. The
permeability of the dielectric Plling igl, and its refractive index isn = 1.5.

1. Which TE,, and TM,, modes can propagate a 12 GHz signal in the wav
uide?

2. What would be the associated cuto! wavelengths in each case?

3. What would be the associated group velocities in each case?iassume
a modulated 12 GHz carrier with a narrow modulation bandwidt

D
<

Solution: Unguided propagation velocity for the dielectric bllingehwaveguide is

V= C_ 3#1_0%=2# 1089_
n 1.5 S
Using v in place ofc in the cuto! frequency formula for Tk, and TM,, modes
we bnd
mv  m# 2# 10°°cm/s
fe= 52 = 5% 5o = m5# 10°Hz=5m GHz

2



1. f =12 GHz exceeds the cuto! frequencies of JEand TM,, form =1 and 2,

but not 3. Therefore, the propagating (i.e., non-evanedgenodes atf = 12
GHz are TMy, TEq, TM4, TE>, and TM,.
. Cuto! wavelength are given by the equation

2a
#C: m

and do not depend on the dielectric Plling. They are, wih= 2 cm,
#.=4cm forTE;=TM 1 and #.=2 cm forTE,=TM ».

The cuto! wavelength is$ for TEM mode (which does not have a cuto! condi
tion).

. Group velocities are given by the equation

—
o

Vg=v 1!

—
N

wherev = c/n. For the non-dispersive TEM mode with, = 0 the group velocity
isvg=2# 10° m/s. For TE; and TM; modes

= | — = H m
For TE, and TM, modes
102
= | — = H m




Example 2: Consider an air-blled parallel-plate waveguide wdh= 3 cm. Calculate
the guide wavelength#y or the attenuation rate in dB/cm of the TR mode in
the guide N whichever appropriate N if the operating wavelgth of the mode

is(a)#=3 cm, and (b)# =12 cm.

Solution: The cuto! wavelength of TR mode in the guide is

4 _2a _ 2# 3cm
" m 1

=6 Ccm.

(@) For # = 3 cm, # < #., and, therefore, the TE mode is propagating. The
propagation constant, that ik,, is

#2 2 #2
k,=k 1! =211 "
‘ #H2  # #2
and the guide wavelength is
2! # 3cm 3cm cm %
#y= — = # = # = # = M5 5em,
K, 11 12 11 & 11 1 3
12 C® g 2

(b) For # = 12 cm, # > #., and, therefore, the TE mode is evanescent. Th

attenuation constant igk;|, where
n n $

2 I 2 I 1 % I
k, =k 1! o2 1! o2 1! gzg I 3=+j % rad/cm.

w-# T #1276

N
w

Therefore, the attenuation rate is

|
20log,€*! = |k,|20log,e = 50,%# 8.686& 7.88dB/cm.




Solution:

Example 3: A parallel-plate waveguide witta = 3 cm is air Plled forz < 0 but it is
Plled with a dielectric forz > 0 which hasu = Y, and a refractive indexn = 1..5.
If a TE; mode wave beld with = 3 cm is incident from the air-blled region o
the interface atz = 0, what fraction of the time-averaged incident power will b

transmitted into the z > 0 region of the guide?

The cuto! wavelength of TR mode in the guide is

-

e

2 2#
#C: _a: ﬂ:6cm
m 1

For # = 3 cm, the intrinsic impedance of the TEmode Pelds is therefore

$TE1=# $0'2:#120 :]%gg:goic_l—l
I - 3 3
12 62 4

in the air Plled section.

Within the dielectric region the operation wavelength #& = #/n = 3/1.5 =2 cm,
and, therefore the intrinsic impedance is

LBN 120/ 15_ 80 _ 240
s 8

$rea= 4 , —
11 | T

|mr\>

ON)

Thus, using a transmission line analogy, the rel3ection coght at the interface is
. . %_ %_

w_ Sre2! Srex _ %! % _ 03! o8 _ 0.24

$reat $rer 9‘%+9‘% 3+ 8

which is the transverse electric beld amplitude of the raBdcwave in the air
Plled region divided by the incident electric beld amplitld

5



Consequently, the fraction of the incident time-averagedvwer rel3ected back fron
the interface is the rel3ectance

|"|? & 0.058

and
11| "|? & 0.942

represents the transmittance, the fraction of the incidetine-averaged power
transmitted into the dielectric Plled region.




30 Exciting and detecting waveguide modes

¥ Propagating guided-EM waves of any type that can be repmteskas
some weighted superposition of J&nd TM,, mode Pelds can be Ogen-
eratedO in practice within waveguides by using dipole qr fotennas
inserted within the waveguide, say, at = O location, utilized in a
OtransmissionO mode.

¥ The same waves can also be OdetectedO within the wavegsideea
new locationz > 0, by employing simple dipole or loop antennas in
OreceptionO modes.

¥ The detecting or receiving antenna should be oriented t@be-polarizedO
with the mode Peld and placed preferentially at some locatdere
the mode beld to be detected has the largest amplitude N ey
polarized dipole located at = a/ 2to optimally detect an incident Tk
mode Peld.

¥ By the antenna reciprocity theoremapplied to antennas within waveg-
uides, we can infer that the optimal position and orientatiof an an-
tenna on thez = 0 plane to OexciteO some particular waveguide mode
such as Tk mode propagating in the-direction would be same ex-
act orientation and position of a receiving antenna in tky-plane to
optimally detect the very same mode beld N e.gy-polarized dipole
located atx = a/2 on z = 0 plane to optimally excite a propagating
TE,; mode beld away from the= 0 plane!

1



Example 1: Will a dipole antenna placed on the = 0 plane, oriented in they-
direction atx = a/ 2 location in order tooptimally generate the TE mode belds,
also be able to generate the TEand TE; mode belds in the same waveguide

NJ

Solution: The optimal dipole to excite the TE mode is also optimal to excite the
TE3; mode beld but it cannot excite the TEmode beld at all. The reason i,
for the TEz mode also maximizes a& = a/ 2, just as for the TR mode, but it
is zero for the TR mode. More specibcally, a dipole orientedyirdirection at
X = al 2 location cannot excite the TEmode at all! An optimal location for a
y-polarized dipole to excite the TEmode would bex = a/4 (why?) N such a
dipole would also excite the TEmode, but not optimally (why, again?).

A\)”4

Example 2: LetOs consider exciting T Emodes in a parallel plate waveguide with ja
current sheet antenna with a surface current density phagge= Syon thez =0
plane. Which TE,, modes will be excited and which ones will not be excited?

Solution: AIll TE ,, modes with oddn =1, 3, 5,... will be excited with Pnite amplitudes
while no excitation is to be expected for modes with evan= 2,4,6 ... The
reason for this is, for even valuet the mode electric belds x'bsin(%x) will
be 50-50 aligned and anti-aligned withy = Sy, causing the cancellation of T&

modes Pelds caused by the aligned and anti-aligned portafiis = Sy. See the
next example if this answer sounds ambiguous.




Example 3: Consider once more placing a surface current dendify= Jso% on the
z = 0 plane to excite Tk, modes in a parallel plate waveguide. Let

. |
E," YE me#‘kzzsin(m?'x)

denote the electric Peld phasors of the JEnodes withE,, amplitudes. Deter-
mine the amplitude<sE, for all m whether the mode is propagating or cut-o!.

Solution: We have from Lecture 27

Fm=# 2E—'me#jkzz{rz'jk 2 Sin(kyXx) + @k, coskyx)}

o

accompanyingg,, wherek, = % Accordingly the totalHy on z = 0 plane
needing to match half they-directed surface current densitg is the inbPnite sum

2 !1°

(0]

Hy(z=0)= # E ks Sin(kyX).

m=1

Therefore the unknown mode amplitudds;,, N electively Fourier series ampli-

tudes of totalE, launched by the surface curredt, N can be deduced from the

boundary condition equation
1$ —_—

) ml . m‘ J “. 0\]30

Em kZ2# (—)2sin(—x) = :

n K2# (S )2sin(—x) =

m=1

To extract the E,Os from this equation multiply both sides wiin(%-) and
integrate inx from O to a to obtain

13 ——r " a | ! a !
£ k2# (M2 dxsin(™)sin(Moxy = LR odso “giin™y.
m=1 a " 40 h& ' 4 0 g
a 2a .
Q#nm o if n odd, Oelse




Hence
(J IJ O‘]SO

m — oo
mi - KZ# ()2

for odd m and zero for evem.

Notice that E,, ! # for large m, indicating that the excitation ampli-
tudes of lower order modes (smath) will be larger than the amplitudes of
higher order modes.

Also notice that evanescent modes (large so that k? # (%)2<0) can
also have non-zero amplitudds,, but they will be unable to transfer energy
down the waveguide (unless the waveguide is of a Pnite leraytd energy
tunneling becomes possible).

~

¥ The fact that the" vsk dispersion curve for a plasma is the same as the
" vsk, dispersion curve for a waveguide is interesting and comeveni
We may examine plasmas to infer waveguide phenomena or &rsa,v
infer plasma phenomena from waveguide solutions.



¥ Take the problem of the excitation of evanescent modesiwitlaveg-
uides of Pnite length and the associated tunneling phenam#ve can
get a grip on this phenomenon by modeling radiation from apniie
current sheet antenna operating in a Pnite width plasma staimd-
wiched between a PEC reRector and vacuum (extending to igPNi
we examine this situation in the next example.

Example 4: An inbnite current sheet antenna with current densitls = Jso® is posi-

tioned onz = S surface a distanc& above a PEC rel3ector and is at a distance

W # S below the plasma to air interface as shown in the margin. Weslwio
model the outgoing wave electric Peld amplitudein terms of the source cur-
rent strength Jg, as well asf/f , . We will do so by appropriately matching the
tangential E and H at the boundariesz = S andz = W, as well as requiring
that tangential E vanishes atz = 0.

¥ In Region 1,0<z < S, we have

_ _ jkz +jkz
E.(z) = &(P &% + Qe"%?) andH 1(z) = (gvpé¢ ZQG :

)

wherek = kon and $ = F with ko, " % and n = 1# #(##—#fj$) in terms

of the plasma frequency, and electron collision frequency SinceE;(0) =
B(P + Q) =0 we needQ = #P and consequently

: ' ' . P , .
El(Z) = &P (e#sz # e+JkZ) andl—‘-tl(z) — @,g(e#sz + e+sz).

Z .
Air
; E = gTe k@w

e k@ 5)% WBetik@ 9

wP e jkz%_’ r»I-g-)Qeﬂ'kz Plasma

3 js = Jsoh

»
| 2

PE

A plasma slab containing a cur-
rent sheet radiator N we study
the outgoing wave amplitudeT
and internal beld distributions of
the plasma as a function of/f



¥ In Region 2,S <z <W , we have
Fe#]k(z#S) # Be+]k(z#8)
$

and we requireE»(S) = E4(S) as well as andd % (F»(S) # H1(S)) = Jso¥
leading to

Ex(z) = a(Fe'1“#9) + Be'k#9)) andFi5(2) =

F#B . |
F+B=PE"# e ) and—c—# (e*“*lkS +e8) = #4

to be utilized after we us® =! 4F obtained by using B.C.Os ar= W surface
next.

¥ In Region 3,z > W, we have

E3(z) = &T &K@ W) gandH 5(z) = § $oe#1k°(2#w)

and we require that=3(W) = E,(W) as well adi3(W) = F (W) leading to
T FetkWes) g getikwes)

% $

Combining using the last two equations we get

T = Fe #ik (W#S) + Be+jk(W#S) and—

$O#$ 2k S n
B = gHAWHSIE v 1 F

§E%§’

and usingB =! 4F in # Js, expression we get

# $Jso
(1# | g)# (1+ )1+e+]2ks .

1# et 2kS




z
Air
Having expresse# in terms ofJg,, the remaining wave amplitudes can be computed é
using £ = gTe k@w

F+B - -
— — — #ik (W# S) +jk (W#S) w
B=I4FP IS % e+ij,andT Fe + Be : il A
x'éFe! jk(z!' S) — XBeﬂk(Z! S) X
% js:Jsoi) -
S x‘éPe”kZ%_. r»kpe-pjkz Plasma

PE

¥ The results from Example 4 were used in a Mathematica notdbtm produce the

plots shown in the margin. A plasma slab containing a cur-
rent sheet radiator N we study
the outgoing wave amplitude T

D The results are singular at = ", unless a small collision frequen®gis and internal beld distributions of
employed in the computation ofi. Real plasmas always have some snfallthe plasma as a function of /f ,
which can be ignored in most applications whén# " ;| & %to work in the

collisionless plasma approximation

in[93)= Plot[Abs[T] /. v -0, {f, 0, 6}, PlotRange -» AL, AxesLabel - {(f, "|T|"}]

D To be consistent with the Peld debnitions we made above, ta of complex .
n? with positive real part is used as unlessn is purely imaginary and in that “" N\
case negative imaginany is employed in computingc and$. This wayF and / / \

Q-wave aplitudes decay away from the= S source plane when the plasma
is in cuto!, thatis " <" . Plot of |T| and as a function of
_ _ _ . o _ f in MHz for f, = 1 MHz and
D The total beld in Region 2 is decaying with increasing> S when" < " p Jeo=1 A/m.

whenF and B waves are evanescent sinBeamplitude is constrained ak4F

. . . ~ P In[123):= Show[ {below, above}, AxesLabel » {z, "|E|"}]
(with |!' | = 1) when" <" ,, that is, Channel 2 is Ocut 0!O but tunnels some -
energy out to Region 3!! ﬁ\

0 50 100 150 200

Total peld amplitudes within the
plasma slab as a fucction ofz
whenf =0.5f,, S =75 m, and
W =3S.



31 TM mn modes in rectangular waveguides

When the operation frequendy in a parallel-plate waveguide exceeds tl /
cuto! frequencyf. = 5 of the TE; mode, dual- or multi-mode operation T
become unavoidable in the guide.

Single-mode operation at high frequencies can be attairyediining o! a
the guided TEM(=TMp) mode by introducing a pair of new plates on, sé X .

y = 0 andy = b planes as shown in the margin. This conbguration | y
known as the Orectangular waveguideO, which is the subjbetreext set of ~ - N
lectures. b

¥ Briel3y, the guided TEM mode is suppressed in the rectamguaeg-
uide, and propagation is only possible in terms of JMand TE,,
modes. By debnition:

1. H, = 0 for TMm, mode, for which the mode properties can |
derived from a non-zerB,(x,y, z) = f (x,y)e K

2. E; = 0 for TEn, mode, for which the mode properties can | N é
derived from a non-zerdl,(x,y, z) = f (x, y)€e IkzZ; D

where the constraints ofi(x, y) andk, are to be determined frormr =
MaxwellOs equations and the relevant boundary conditions. o

¥ Both TM,, and TE,, modes consist of the superposition of free-
propagating TEM wave Pelds ref3ecting from the guide walt satis-



fying the well-known vector wave equations
"B+ 10" E=0 and " “H + ! 2p"oH =0

derived from (see margin) MaxwellOs equations. Vector wave equation in pha-
sor form: Taking the curl of
FaradayOs law

™M s modes: b Bl A
¥ To examine the TM,, mode with and using
H,=0 and E,(x,y,2) = f (x,y)e ¥ ##i - (;("éE)!" E
a = ,
consider thez-component of the wave-equation for the electric beld,”# H = i oE,
namely it follows that
" °E;+ K°E; =0, " 2E 4 1 2" E = 0.
where 2 2 o 42 2 Likewise,
k“$ ! “u"o and $ #x2+ #y2+ proet S T )
Substituting E, into the wave-equation component we have
# H# # . |
+ + f , e! jk 2z + k2f ’ e! jkzz — 0,
from which
i ik 2 ik 2 ik
I 1k 2z ; I kK22 I kzz —
(G #yz)f (x,y)e 2=+ (1 jk)f (x,y)e 2+ kT (x,y)e *=* =0
or
# o # 5y 1.2
(o * 2! () + (K2 KD (x,y) = 0.

2



¥ We will next solve this 2D pdf using the method séparation of
variables . In this method we assume that

f(x,y) = X(x)Y(y), pu ##_;)f H(K2 KDF =0

that is, we assumiethat 2D functionf (x,y) of variablesx andy is a
product of 1D functionsX (x) and Y (y) of x andy, respectively. With
this assumption, the pdf above takes the form

X%% %% ) )
+ —+ (k! k9)=0
X Y ( Z)

Y X% XY "% (k! kKHXY =0 &

where 42y 42y
X7 Z 7 and Y?*% = _
$ #x2 $ #y2

b Since(k?! k2) is independenk andy, it follows from the above
pdf that X X as well asY”™ are constants independent @
spatial coordinates. Thus we can write

2.29 cm by 1.012 cm

X %% #2X i i
-1k & +k2X =0 Standard X-band .(8.2.
X #x2 12.4 GHz) waveguide in
wherek, is some constant. Also, by the same argument, which only Tk, mode
IS non-evanescent within
Y #Y 2y = X-band
7 - I ky & #—y2 + kyY - 0, '

N This may appear to be a restricting assumption but if it leads to acompleteset of solutions (modes)
N as it does, as we will see N to be able to express all possiblelstions as a weighted sum then the
method is fully justibed N see footnote 2.



whereky is some other constant. Furthermore, utilizing both of
these conditions within

X%% Y%%
+ 7+(k2! k?) =0

X
we get
LkZ! ki+ (k! k) =0 & kZ:! k21 k2! k2. #2—X+k§x=o
#x2
- We continue by noting that the 2nd order ODEs f&r(x) and
Y (y) above are solved by #:_\2 + kiY -0,

X (X) = Acoskyx + B sinkyx and Y (y) = C cokyy + D sinkyy.

These general solutions with constatsB, C, D simplify when
we apply the boundary conditions thaX (x)Y(y) =0 atx =0
andy = 0 as follows:

' X (0) =0 impliesA =0, and in turn X (x) = B sinkyX;
" Y(0) =0 impliesC =0, and in turn Y (y) = D sinkyy;
Furthermore,
' X(a) =0 implieskya=m$, m=1,2 3 aaa
" Y(b) =0 implieskyb=n$,n=1,23 4daa
b Combining the above results, we get

f (x,y) = X(X)Y (y) = Eosinkyx) sin(kyy)
4




and consequently

E.(X,Y,2) = Eosinfkyx) sinkyy)e' ¥22,

with
" #
m$ n$ ! kZ+ kZ 1 f2
= = = — I Y= _ | _C
x a’ky b’kZ c1 k2 cl'f’
where "

s (M, (0%
for  (52+(5)

is the pertinent cuto! frequency of the Ty, mode withm,n ( 0.

Cuto! wavelength: As usual
] ) ] we have o
D Note that neitherm = 0 nor n = 0 are permitted with non-zero % _ ]f_
~ % .
E,. Thus TMmo and TMo, modes donOt exdst ’
and hence
>The most general TM solution for the waveguide can be expressas a weighted inPnite sum, which 0%f 1
%= $ 0 -3
takes the form, forz =0, B= ()2 ()2 = M+ (L2
% %
., 0=  Emasin(Cxsin(Ey),
m=1 n=1 a b

which is a 2DFourier series representation with Fourier coelcients E,, of an arbitrary periodicf (X, y)
over the xy-plane matching the boundary conditionsf (0,y) = f(a,y) = f(x,0) = f(x,b) = 0. This
attests to the completenesof the separation of variables solution method employed irhis section since
all periodic functions can be represented in Fourier series fioras we learned in ECE 210.



Transverse Peld components:

Above, we have obtained the dispersion relation for J;Mnode in rectangu-
lar waveguides. The dispersion characteristics of thesgamare identical to
those we have discussed in connection with parallel-plateeguides except
for the generalized expression fQr

¥ GivenE,(X,Y, z) determined above as well as the fact thdf = 0 (by
assumption), transverse beld components of,sMode waves can be
inferred from FaradayOs and AmpereOs laws as shown next:

b With beld components varying witlz according toe' Xz, Fara-
dayOs law implies

"# E=&n @ !Ikz& 1 o(Hx Hy Hy),
E, E, E,
from which
HE; o HE, |, HEBy | #Ex
H, = P "-'szEy, ,= W-"‘szEx’ H, = #xy-! Ay
LM o M o LIV
b Likewise, AmpereOs law implies
Y D
"# H = % % I jkz = j!" o(Ex,Ey’ Ez),
Hy Hy H,

6



from which

#Hy o . #Hy | #H
&t IkzHy Pz + jk Hy . Hy

# #x ©#
Ex= = E, = E,= =—.

TS

¥ Now (as conbrmed in HW),

ez + ik ,E #Hz 4 ik ,H
H, = 2 ki ’ and E, = JZ 2
il o ) LR
from above imply that
PR N L il Ll
X = K21 K2 Yo k2! k2

and, likewise,

. #HZ 1
%"'JKZEX #_y+JkZHy

H, = and E, = .
Y T " i" o
imply that
H — ij##F;,Z +j!" 0% d E - sz%-kjlu 0##|_3|,Z
v = 21 ke BT e e

¥ The expressions above provide the transverse beld comisangerms

of transverse derivatives of longitudinal componeatsand H,.

b By settingH, = 0, they yield the transverse beld components for x =

TMmn modes shown in the margin.

v

TM mode Pelds:

"oz
#Hy
k21 k2’
LI ohez
k2! k2
| jk 22
k21 k2’
! jkz%
k21 k2

TE mode Pelds:

Ex

Ey =

Hy =

! le- 0##|_>|,Z
k21 k2
J'Il 0##|_)|(Z
k21 k2’
| k2T
k21 k2°
! ij##F;,Z

k2! k2



Also,

b By settingE, = 0, they yield the transverse beld components for
TEmn modes also shown in the margin.



32 TEmn modes In rectangular waveguides

¥ The analysis of Tk, modes starts with the wave equation fdr,, that

S TE mode Pelds:
n 2H2+ kZHz =0. ' J|u O”IHZ
In analogy with the TMy, case, and using separation of variables, weEx = K2 k§y ,
have S
£ = IH 0w
H.(X,Y,z) = (A coskex + B sinkex)(C coskyy + D sinkyy)e' 122, y K21 Eg :
I z
Pertinent boundary conditions need to be applied in termsEgfand ~ Hx = 'kak!z i'(xg ,
Ex on waveguide walls at = 0 anda, andy = 0 and b, respectively: !k,
ires- : Hy = 12 yz '
1. E, = 0 at x = 0 and a requires—2 = 0 at the same locations, kel kg

implying B = 0 and kya = m#.

2.Ex=0aty=0andb requires".'.*TZ = 0 at the same locations
implying D = 0 andkyb= n#.

Hence, |
H.(X,Y,z) = Hocoskyx) coskyy)e *?,
with
!
m# n# ' kZ2+ k2 | f2
ke = —, ky= —, k,= = 1! Y= 11 ¢
*a'? bt ¢ k2 C f2’




where !
fe= ( )2 ( )2

is the pertinent cuto! frequency of the T,En mode.

P Note thatm = 0 or n = 0 N but not both zero N are permitted
since these choices do not lead to triviidy.

b However,m = n = 0 is not permitted, because in that cas¢,

becomes independentxfindy, and leads to zero transverse belds

(see Example 1 for the full reason).

Example 1: Determine the transverse bPeld components for theEnode explicitly
by dilerentiating

HZ(X1 y! Z) = HoCOSQ(XX) COSG(yy)e' jk 2z

and using the relations in the margin. Show that the Pelds dEqg are trivial
while the belds Tk are Pnite.

Solution: We have,

L ikt jkHoky sin(kex) coskyy) € %2

= ek 2+ k2 |

Ljk2'NE ko Hoky coskyx) sin(kyy)e ka2
k2! k2 Kz + k2 !

Hy =

L jln

TE mode Pelds:

0y
k21 K2
e ot
k2| k2’
k2' k2’
k2' k2



L0 ot i oH ok Sin(keX) cos(k,y)€ Kz2

=y = e k2 k2 + k2 !
o _ i o'ty _ J'1 oHoky coskyx) sin(kyy)e 2
k2! k2 kZ + k2 '

For TEmo we havek, = % = 0 and, therefore,

_ JkzHosin(kx)e 1=z _ 1 jlu oHosin(kyx)e' k=2
- Ky , Hy=0, Ey= < ,

Now, we obtain the Tk Peld from these by setting, = 0 using LOHospitalOs law,
leading to

HX EX 0

Hy = jszoXe! jk 2z and Ey = J'H OHoxe! jk 2z

with non-periodic (OsecularO) variatighs N these violate the boundary condition of
zeroEy at x = a unlessH, = 0, which is of course the trivial solution.




Detecting and exciting waveguide modes within rectangular waveg-

uides:
¥ Guided EM waves of any type that can be represented as soigatee
superposition of Tk, and TMy, mode Pelds can be OgeneratedO in
practice within rectangular waveguides by using simpleotipor loop
antennas inserted within the waveguide, sayzat O location, utilized
in a OtransmissionO mode.

¥ The same waves can also be OdetectedO within the wavegsideea
new locationz > 0, by employing simple dipole or loop antennas in
OreceptionO modes.

¥ Thedetectingor receivingantenna should be oriented to be Oco-polarizedO

with the mode Peld and placed preferentially at some locatdere

the mode Peld to beetectedhas the largest amplitude N e.g., @
polarized dipole located at = a/2 to optimally detect an incident

TE 10 mode beld.

¥ By antenna reciprocity the transmitting antenna should also be ori-
ented to be Oco-polarizedO with the mode beld and placeceptiaily
at some location where the mode Peld to deited has the largest
amplitude N e.g., ay-polarized dipole located at = a/2 to optimally

excite and launch a Tl mode beld.

¥ In general orient and position thdipole to be used for OexcitingO the
waveguide N usually such dipoles are called OprobesO N iricufz

4



TEmnn and TMy,, mode so that it lies parallel to the strongeBtpeld
vector on thexy-plane of the mode.

b The application of this rule requires the knowledge of tnaarse
E-Peld component&, and Ey, which can be inferred from the
transverse beld equations derived in Lecture 31.

b Alternatively, use the TE and TM mode transverse-plane beld
plots from/Lee et al. [1985N see HW!

¥ Loop antennas armagneticdipole antennas!

D A loop centered about the origin, with the current Rowing aie
wise around thez-axis (in the xy-plane) when looking in the-
direction, is az-polarized magnetic dipole.

When usingloop antennas, orient and position the loop within a
waveguide so thaas a magnetic dipolé lies parallel to the strongest
H -beld vector of the desired T and TM,,, mode on thexy-plane.

b The application of this rule requires the knowledge of tnaarse
H-Peld componentsi, and Hy, which can be inferred from the
transverse beld equations derived in Lecture 31.

b Alternatively, use the TE and TM mode transverse-plane beld
plots fromLee et al. [1985}-)


http://courses.engr.illinois.edu/ece350/LeeETAL85.pdf
http://courses.engr.illinois.edu/ece350/LeeETAL85.pdf

Waveguide design and application examples:

Example 2: Design a rectangular air-blled wave guide for single-modagmission
of the frequency band 3.75 GHz b 4.25 GHz inJEnode. That is, select
the dimensionsa and b $ a of the waveguide so that only the Tig mode is
propagating in the guide within the specibed frequency bavidle cross sectional
areaabis as large as possible for purposes of the power transnmsspacity of
the guide.

Solution: First, to make sure that TRy mode is propagating in the band fdr> 3.75

GHz, we need |

mcC nc C
fo= (M2, (NG = © < 375%10°H
= (FPH (G I m= 1 =55 < 375%10Hz
n= 0

from which we get
3%10%m/s

a>
2%3.75%1®/s
With a =4 cm, the cuto! frequency of Tkg mode will be 7.5 GHz, which is safely
outside our band of interest. Of course with> 4 cm TE,q cuto! frequency will

be less than 7.5 GHz, and we can alord reducing it to as smaldds GHz by
selecting

=4 cm.

4= _Me 3%10°%2 _ 30

= - = = =7.06cm.
2f0m0|m 27 209425%10°  4.25

To ensure single mode operation in 3.75 GHz b 4.25 GHz bandseenaed for
TEo1 mode a cut(I)! frequency

mcC nc C
= (ID3)24 ()2 = —_ > 4.25%10°H
fe= (R (FHTm=0 =3 e
n= 1




yielding
g 3%10"%cm/s
2%4.25%1®/s

=3.53cm.

Hence, a design with maximum possilkaé for the specibed band works out tp
havea=7.06 cm andb= a/2 =3.53cm.

Example 3: Re-design the waveguide in Example 2 for the frequency baii® &Hz b
4.25 GHz to include some safety margins as follows: Selextimensions of the
wave guide such that the lowest frequency of the band is ast€#0% above the
cuto! frequency of the fundamental mode (Tf), and the highest frequency of
the band is at least 20% lower than the cuto! frequency of thext higher-order
mode. This provision is for preventing the upper sideband frequencies
of a modulated TE10 carrier at 4.25 GHz frequency from launch ing
undesired TE20 and TEO1 propagation!

Solution: We already have the lowest frequency of the banNd, 3.75 GHzrentbhan
20% above the Tk cuto! frequencyc/2a = 2.125GHz N therefore at prst it
appears thata = 7.06 cm can remain as is.

But b clearly has to change. To seledt let 4.25 GHz be 0.8 times the
cuto! frequency of the Tk; mode. Hence

nc 0.8%3%10°cm/s
4.25%10° = 0.8~ =
5%10° = 0 82b|n:1 & B S 6425%10/s

But then we realize that witha = 7.06 cm, 4.25 GHz is still the cuto! frequency
the of the TE,o mode, which is no longer permissible because a safety masgjin

U

=2.82cm.




needed N TEy cuto! frequency also needs to be moved up by the same mar
as TEy;. Thus we also want 4.25 GHz to be 0.8 times the spEEuto! frequency,
I.e.,

=2 %2.82=5.64cm.

mc 0.8%3%10%cm/s
4.25%10°=0.8—— & a=
° 2am= O 4.25%10°/s

The corresponding Tk cuto! frequency is

mc| _c_ c_30%1?
2a™ T 2a” 4b 4%282

and 3.75 GHz is still more than 20% above this.

fe= =2.65GHz

In conclusion, witha = 5.64 cm andb = 2.82 cm we have the required
modibed dimensions and safety margins.

gin




Example 4: The waveguide of Example 3 is to be used as an attenuator fer tiext
(non-propagating) higher-order mode. What is the minimumtexiuation rate
for the mode in dB/cm over the band 3.75 GHz D 4.25 GHz?

Solution: The next higher-order modes are fEand TE,g having equal cuto! fre-
guencies because= 2h.
The attenuation of these modes will be less severé at4.25 GHz than at 3.75
GHz. We have, for these modes, fait=4.25 GHz,

fo ' 1 ' 5 3
= | )2 = | )2 = | N2 =1 _
=k 10 (2= k 10 (92=k 11 (2= kS,
Since, atf =4.25 GHz,
3%10° 30 2% 425
$= 4510 225" & k=g = g5 radem,

we have
| = 3k_ 34.25#  4.25%# Np
747 4 15 0 20 om’

Consequently, the attenuation rate is

20log,€*! = 4 .25¢#log,,e = 5.7986dB/cm.

The attenuation rate will be larger at frequencies smalléran 4.25 GHz within
the band.




Example 5: In the examples above we considered the propagation of sigmwithin the 3.75 GHz b
4.25 GHz frequency band in Tk mode. In this example we focus on a 4 GHz signal at th
band center and contrast its properties within the rectangiar waveguide designed in Example
2 and inside a parallel plate waveguide (a transmission line elect) of equal dimensions,
a=7.06cm andb= w = a/2, and later with suitably modiPed dimensions.

D

Discussion: The cuto! frequency of TE; and TM; modes in the parallel plate waveguide will be

the same as Tk, mode cuto! frequency in the designed rectangular waveguideamely - =
3! 100 cm/s

Sr=oeem- — 2-125GHz and therefore at 4 GHz frequency the parallel plate waveigle will be
operating with all of TMy, TM; and TE; in propagating state, causing symbol ambiguity with
modulated input.

The ambiguity can be eliminated by adjustinga so that 5> > 4 GHz and hencea < % =3.75
cm, which is about half the size for the rectangular waveguddesigned for Tk mode. But
now we have a two-wire transmission line with a wire separat of a = 3.75 cm which is
exactly $/ 2 at 4 GHz. With equal and opposite currents on two wire$/ 2 apart, the system

will radiate rather than guide at 4 GHz and is really to be usedt frequencies 4 GHz.

To avoid radiation at 4 GHz you can reducea of the parallel plate TL to* 3.75cm, but then the
power transported will be reduced than the power transported by the Tk, mode waveguide

with a=7.06 cm. This is because power transported is proportional tal the cross-sectional
area of the guide.

To avoid radiation at 4 GHz a better solution is to convert you parallel plate TL with a = 3.75
cm size into a coax with an outer radius of the same scale, j.b.= 3.75 cm outer radius, to
transport about the same power as the Tk mode waveguide witha = 7.06 cm. But then the
coax will be more lossy than the waveguide because of the si@makurface area, hence largef

resistance, of the inner conductor of the coax (outer condiac and waveguide wall losses will
be comparable).

If/when the loss-causing inner conductor of the coax is remed to reduce the losses the coax becomes
a cylindrical waveguide! The dominant mode bandwidth of thevaveguide can subsequently
be inreased by reshaping the waveguide as a 2:1 rectanglejolvhis a nice conbguration.

Overall, the larger thef the better is the waveguide solution in a microwave circuitigen EMI/EMC
as well as power loss concerns.
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33 Guide impedance and TL analogies

TE mode belds: TM mode belds:
N o Moy
k2!"kz2 k21 k§
g, = ¥ ot oy = L 0t
k2! k2 k2! k2
. "HZ . "EZ
H, = ! sz--x £, = I szT
k21 "kg k21 "k§
Hy = ! ij"Hyz. E, = ! jkz"iyz.
k21 K2 k2! k2

The above relations between the trans@érse components chndETM
mode belds imply that

TE case:
Ex _ By _ Mo
Hy  !Hx ks
LS
IR N

TM case:
Hy ! Hy %,
|
' 2
k 1! 5 2
— = 1! _Cll




The guide impedances debned above can be used to set up tsaiem
line models for waveguide circuits in which the parametgrs and $ry
for each mode play the same role as the characteristic impasid, in TL

theory.
¥ For example, two waveguides in cascade with dilerent valoi$r g can

be quarter-wave matched by inserting a quarter-wave sadtiaving a
guide impedance equal to the geometric means of the two guide

¥ For dielectric-peld guides replaggby the appropriate$, and also in
calculating the length of the quarter-wave section Gge= %‘ appro-

priate for that section (see HW).

Note that, using the cuto! wavelength, we have

# 1

TE case: TM case.:
$ $ f2 %
$re = ! = = = $tm = % 1!f—02:$0 1 —.
1 1 ,, %
$




Example 2: Consider an air-blled rectangular waveguide wigh= 3 cm andb =1
cm. Determine the Tko mode Pelds for the guide from the results of Examf
1 of Lect 29 assuming that at the operation frequency the fspace wavelength

Is %= 3 cm.
I .
Solution: By settingk, =0, ky = %: =, andk; = k 1! (-)2= £ inthe results
of Example 1 (in Lect 29) we Pnd for T mode
F(x,y,z) = o[m: sin(kyX) + & coskyx)]e k22
X |
% 1! ()2 o & ik T
_ .. c . .. Lik 11 (&)2
= Hy[® % sm(%x)+(:azcos(%x)]eJ el
and
: _ JIM o e
E(X,y,z) = ! Hyp ” sin(kyx)e

A
% 1! ()2
% #
L% o2& T T
I Ho$— sin(>-x)e & 1 )2,
oP% % (% )

1 (&= )22

. 2& -
= | Ho¥$re sm(vx)e! Ik

With a=3 cm andb=1 cm, the cuto! wavelength for Ty, mode is

Thus, with %= 3 cm

e



Then, for TE;o mode we have

#_ o #
Ay, 2)= Holii 3sin(3x) + acosCle 12 3

and & o #_
E(x,y,z)=! Ho¢$oj25in(§x)e! 2l 3,

The real part of these phasors would yield the beld vectoide the waveguide
attime t =0, as depicted below.

| TEINNAN
‘ e S M, My

2 . ]
‘ ‘M""WWW » *
‘ ]

T

/

‘ /
7

¥ In the 3D plots shown above we depig(x,y, z,0) vectors from Example 2 on the
left, and H (X, y, z, 0) on the right; the horizontal axis ix, vertical isz, andy axis
is into the page (all labelled in cm units) Nnote that

D there is no beld variation iry-direction because this is the T mode,
D E $ H is predominantly in direction.
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Example 3: Repeat Example 2 for the case of J&mode and%= 2 cm.

Solution: For the TE,g mode we have
|

% 11 ()2
%

1 (7)%z

B (X,y,z) = H® sin(%x) + & cos(%iLx)]e! Ik
and
. _ % . 2& o T
E(x,y,z) = ! Hoy)ﬂaoo—/o sm(%x)e J ()2,
With a=3 cm andb=1 cm, the cuto! wavelength for Ty mode is

% = §:3cm.
m

Thus, with %= 2 cm

# % i 4 #5 %% 0% 3
0 e 9

1! (—)2= 1! — ,— =1.5, = H—.

(% 9 3 % % 5

Then, for TE;o mode we have

5 #

and 3 28 y
E(x,y,z)= ! Hojz')$oj§sin(?x)e! Iz 53

The real part of these phasors would yield the beld vectosde the waveguide
at timet =0, as depicted below.




\\\ Il
i
// )

Z =
L /—

1‘“

7

¥ In the 3D plots shown above we deplE(x,y, z,0) vectors from Ex-
ample 3 on the left, andH (x, y, z,0) on the right; the horizontal axis
Is X, vertical isz, andy axis is into the page (all labelled in cm units).

¥ Imagine the vector patterns depicted above sliding upwardthe z-
axis direction at the speeu,, = ll—z with each feature of the pattern
passing by a stationary observer who experiences a monoehimos-
cillation.

b that would be the proper way of visualizing the propagatidran
unmodulatedTE,, mode.



Example 4: For the TE, mode we have the wave belds
|

i9 I ()2
H(x,y,z) = Ho[lf'<'>J " 1% ) sin(ViLxHCzcos(%Lx)]e! jk#mz
and
E(x ) hge % o 28 T
Y, 2Z) I Hopd %Sln(%x)e 2’2,
Express the time-averaged power transmitted by the mode@idirection in terms
of
Eo" Ho ot

%
representing the amplitude of the electric beld wave.

Solution: We start with the time-averaged Poynting vector
1 : g
% $ H& = éRe{E$ H }
#_
|Hol*$ %, , %, ., 2& ..
2, 0—/0) 1! (%)Zsm (%x)m
|Eof? |Eol®
2%, 2%rE

Now, integrating% $ H &# across the guide cross section we get the time-aver
power

%, .,,2& . .5, 2& ..
1! (%)Zsmz(%x): smz(%x).

P = % $ H& &dxdy
x=0 y$0

[Eol2,” 2 5 2& |Eof?ab

b sinf(—x)dx = —

251 o (% ) 2% 2

age




since the integral of

2& 1 4& 1
inf(—=x)= Z(1! = (11
sm(%x) 2(1. COS(Zajm X)) 2(1. cos(Zmx/a))

yields1/ 2. It can be shown that in the case of Tk modes with non-zera, the
above result forP is still valid providedab/2 is replaced byab/4 (see HW).




Example 5: A rectangular waveguide witta = 2 cm andb = 1 cm is air blled for
z < 0, but is is blled with a dielectric irz > 0 region with a refractive index

n=15andy, =1. Forf =12.5 GHz and TE, mode operation design %/4
transformer to match the two sections of the waveguide. Usansmission-line

analogy to solve this problem (as in Lecture 24).
Solution: To solve this problem using a transmission-line analogy wst imeed the
impedancesre for the two sections of the guide. Since

$re =

-

2
1!
we need to bPnd. and $ in the two sections of the guide.

The cuto! frequency is
0
mc _ 3$ 10°cm/s _ 7 5GHz in air

fo= 2a 2% 2cm
and
fe= mein _ 7.5GHz _ 7'SGHZ:SGHZ in dielectric
2a n 1.5
Hence $ 1208
$rg = | = L———=150&! in air,
1 11 (£2)2
and
$reg = | $ = = ! 120&/15 = %OE&! in dielectric.
1! 5 1! ($22)?

Since$re air € $re diel, We will certainly have ref3ections at the interface at= 0

unless a matching section is inserted.

9



Consider a%/4 long section of a waveguide with identical dimensions asvabbut
Plled with some dielectric having a refractive index. Then, transmission-line

analogy would indicate that an impedance match can be acheeif
$TE,air$TE,dieI = $12'E,x
Dve

where $re «is the impedance of the matching segment. In view of the abt

*

relations, this can be written as
%

+
12
(1508)( % = gﬂ ®nx 1
21 | \ 75/nx) 2’
1! 125
which yields - e 1202#2_1
2y = = = == 2=1.4
' 125 ~ s0ga400 ) M 1AM
To determine the actual length of th&o/4 long section we need to Pnd ot which
is really the guide wavelengtbg for the TE;o mode, i.e.,
= == 2E - g o 40
k f2 ( )2 ( )2
© e 1 10 IR gomn, 11 2L
= 30 =2.28cm.

~ ' (125n,)2! 75
Thus, the matching section has a physical length of

%
d= Z@ =0.572cm.
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34 TE modes in dielectric slab waveguides

¥ As frequency increases well beyond the microwave range, the cuto!
wavelength . = ZT"J‘ = ¢ of the TEo of mode will dip towardgim scales.
Guiding structures withum scales can be more naturally implemented
as dielectric slabs as opposed to hollow waveguides. Qpitegrated
circuits contain many such channels dilectric slab waveguides .

b In this lecture we will examine brie3y the guidance condisio

and dispersion characteristics encountered in dielestab waveg-
uides.

'x

nz
d -

| ny>nj

¥ Consider a slab of dielectric material of refractive index= "~ ™ | e
of a V\{idth d embedded in a dielectric with a smaller refractive inde; n.

n, = ~ "5. Propagating modes of frequen€ycan be trapped and

N2

guided in the slab with the refractive indax, > n », Guidance requites 1 > 1 o= sin 2

1

b so long as the mode can be represented as a superposition of un
guided TEM waves ref3ected from plane boundaries of regidhs w
indexn, and n, with an incidence anglé larger that#.,, where

1N2
ni
is the critical angle for total internal ref3ection (TIR).

b Recall that when TIR occurs, the rel3ected wave has the same
amplitude as the incident wave, while an evanescent tratisohi

# = sin

1



wave is found in the second region#lK #. no guidance can occur
since the transmitted Pelds in that case would be propagatin
rather than evanescent.

¥ Guided modes not only require

n2 $p = " kid,
# > sin : $g = $p+ !,
Ny g
$m = $g K d,
but also $ = Sn+!!
kidcos =! 1+ m%, m=0,12 aaa where

where! denotes the rel3ection coe"cient at the interfaces between  kix = kicos#.
the regions of; and n,. This guidance condition ensures the selfs,
consistency of free TEM components of the guided modes tefiec
from the planar interfaces separated by distarice .

Nz

¥ For the TE mode case where the incident and ref3ected béekds tas _

= onen jk1(" costix+sin #2) and Er = §E,! TEe" jK 1(cos# x+sin #2z)

Guidance requires Ii>1.= sin' 1N2

the rel3ection coe"cient is given as M

=11 0, = 4
. _ &cCosh " &cosh _ nicosh " npcosh kydcost = | 1+ m%, m=0,1,2,444
'TE — =
& Cosh + & cosh  nycosh + nycosh

since |

n

ro

o _ & _ &

2



¥ Above, ”

- 2
cogb= 1" sif#h= 1" n—;smz#q
2
since according to SnellOs law |
. _ . . k uo 1 N1
kisin# = ko sin# and sint = sm#l —l—s in# = —sm#l
ks Ho 2 n,
Clearly, for 5
n2
1< Uit # > # -
n% SI #I #I C n]_
we have #

C Mo
COSH = | Fs| #

and (using the root that causes the decay of the b@ldg”dk2cos#x
above and below the slab)

| Ny COK + j, NIsSir# " n3

Guidance conditions:

N2
> sin' t
# e
and
kidcos# = ! I+ m%, m=0,1,2,aaa

Another way to obtain the
guidance conditions:

Since

E‘_ — QE e! jk1(! cos!ix+sin !{z)
i = o}

and
E- _ @E | TEe! jk 1(cos!ix+sin !;z)
r— o: !

and E, gets reRected atx = d
(once again) to becomeE;, it is
then necessary that

(! TEe! jklcos!id)! T = eiklcos!ide! j2"m
for integersm. This is possible i!

|| TE| =1, e,

N2
# > sin' !

ny’

and

* TE = : .
nicos# " j nisirf#" n3
with " —
'+ =2tan"1 SmZ#i nz/nl.
COSH
Now, substituting! ! ¢ in the guidance condition shown in the margin,qcoss = 1 1 ;c+m%. m=0,12 444
we obtain |
kyd % ., SiIf#" n3n? s
——cos% " m= =tan , m=0,1,23 aaa
2 S 2 CO



which is only valid for4 satisfying

#&sin 12 @
ni

Since ,
1 C
ki= —, wherev; = +——= —,
Vi Ho1 M :

the guidance condition can also be cast as

mn 0.3l

d m 1 ., Sif#" nin? -
" — 1 2 1 _ sz 7 02L | /
——COS% " — = —tan , m=0,1,234adaa /
vq/f 2 % COH, ol |
which is known as theharacteristic equation for TE modes. I T S R

Graphical solution of the char-
: : : acteristic equation for TE modes
¥ The above equations constrain the number of propagatingesat a - 0.12.3in propagation and

given frequency and the associated anghe for each TE moden.  modem =4 in evanescence. The
blue curve depicts

b Each propagating mode for a givehis associated with a cuto! 1.1 SIPA" nging

frequencyf., and propagation is possible onlyfif> f . for the % cos#

given mode. as a function ofcos# for n, = 1
and n; = 1.5 while the straight

b At f = f. we havet; = #. for the given mode, in which case  lines depict

., m
it 0% 5
= g tan 0,

Yo COS# with -9~ = 2.5 and m increasing
from left to right in steps of one.

COH. "

m_1 ., Sif&" nin? _
vilf ¢ 2 -
from which we obtain the cuto! frequencies

fo= mvi
¢ 2dcost.’

4

m=0,123444a



Since 4

C ) PETEPRTITY . N5
vi= — and cos,= 1" sif#h= 1" —
it follows that
mC 7 V4 V4
fe - m=0,123aaa

= N2 12
2d n{" ns

for TE modes.

Example 1: Consider a dielectric slab waveguide with= 3 mm, n, = 1.5, and
n, = 1. (a) Determine the cuto! frequency for the TEmode in the guide. (b)

Determine the frequency of a TEy mode signal in the waveguide # = 60¢.
(c) Determine the phase velocity of the mode described intgaj.

Solution: (a) The cuto! frequency for TR mode is

0 0
,me__ _8) 10Pemis  _5) 10° L ic0GHS

foz —t = L
“ 2d n2" nZ 2) 03cm 15" 1 1.25

(b) Evaluating the characteristic equation

d m_ 1 _ ., sif#" n3n3 C 4
—— COS# " — = —tan , m=0,1223aaa
vq/f S 2 % COSH;
I _
with m=0,n,/n1=2/3,sin# = 3/2, andcos# =1/2, we bnd

fd 1. ., 3/4" (2372 _ B Vi
Vo e 7 =0.266 + f =0.266) 2) .




Since 3) 109cm
_C_ cm/s _ 0
Vi = - F 2) 10%m/s,

we Pnd

2) 101%cm/s
0.3cm

f =0.266) 2) %:0.266) 2) =3.54) 10°°Hz=35.4GHz

(c) The phase velocity of the mode is given by

"t vi _ 2) 10¥cmis

= = = =L =2.31) 10®cml/s.
2T, T kasing  sin# 32 31) 10%cmis




35 TM modes in dielectric waveguides '

Nz

¥ Last lecture we examined tlabharacteristic equation and thecuto!
frequencies of TE mode of propagation in dielectric slab waveguides,, >, f:..:;

________________________

N2

Guided TE,, mode Pelds consisting of the superposition of transverse
p0|arlzed e|eCtr|C pe|dS Guidance requires !i>!c:Sin!1&

Ny

Ei — @Eoe’ jk1(! cos!ix+sin!;z) and Er — yEo! TEe! jk 1(cos!ix+sin !;2)

where |
i 2 o} 2
o= nicod;+j, nisinfl;! n3

nicodi! j nZsirf!;! nZ
have

1. propagation angles

4N .
1, >1 . =sin 1n—2, (critical angle)
1

2. satisfying a characteristic equation
|

d m 1 ,, siffl;! n2n?
—cod;! —=—tan'! i MNi 1 =0,1,23 444
V4/f 2 cod;

3. for frequencies exceeding the cuto! frequency
fo= L °  m=0,123444
2d n?! n3

1



¥ For agiverf = % the characteristic equation can be solved (typically
by using graphical techniques) for, from which we can calculate the
propagation constant

k, = kqsin!;
where . - #n
1_V1_ C 1

Is the wavenumber in the core region of the guide at the opemnat
frequency# = 2"f . It follows that the

guide wavelengtt$y = i—
Z

1
and 4 Vi

hase veloci = —= . = —
P BWpz k, kisin!'; sin!;

can be obtained onceg is calculated from the characteristic equation.

¥ Given thek, in the core regionk, andk, outside the core region (with
indexn,) can be obtained by using the fact th&t, is identical in both
regions (why?).

¥ In this lecture we will continue our study of dielectric Islavaveguides
by examining the TM modes.

!Note that group velocity vy = vysin!; (in analogy with parallel plate waveguides) if and only if
#" #.=2"f . because of the elect of the cladding region that contains a bstatial fraction on the wave
energy unlesst " #¢ N in fact for TE o modevy # v, at frequencies much less than the cuto! frequency
of TE; mode.



TM modes
¥ For the TM mode where the incident and rel3ected belds arentals
F:ri — §'1Hoe’ jk1(! cos!ijx+sin!;z) and F;rr — @HORG! jk 1(cos!ix+sin !;2z)

the rel3ection coe"cient is given as

_ %ecod;! %cod, nycod;! nicod;
%cod;+ %cod, n,cod;+ nicod,

This leads to "

. n2 . Graphical solution of the charac-
n,cod; + jniq n—% SII’\2 i1 teristic equations for TE and TM
R = w2 modesm = 0,1, 2,3 in propaga-
- > tion and modem = 4 in evanes-
nzco§ i ! jn 1 ﬂ% Sil‘?! i I 1 cence. The blue and red curves
na depict
: !
with ! —— 1ot sin?!; 1 n3/n3
' n ' and
5 C0d; !
: : . o o Lol sin”!; ! n3/n?
Hence, in this case the guidance condition leads to the dberatic =" "7 cosl,
equation S
| as a function ofcos!; for n, = 1
: - and n; = 1.5, while the straight
d m 1 sirf!; ! n/n? L -
—_cod;! —=tan'? 21 m=0,12344a4 'mesderc
V1/f 2 na ,
5 cod; cogl 1 M
1 V]_/f e 2
Note that this result for the TM mode leads to the sarhgexpression it 4 =2 5andm increasing
as in TE modes. from left to right in steps of one.



Mode structures:

Examples of profiles for the transverse electric field of TE modes.

TM modes have similar profiles for the magnetic field.

f just above
cnt-off

T attenuation

4 attenuation

1 attenuation

> > [

T attanuation

{ attenuation

1 attenuation

4 attenuation

J attenuation

S just above

g > 15> [




Acceptance cone and numerical aperture:

Guidance requires

.14 N . &>
1. >1.=sin 12 =gin'? &2

ni @
and therefore Oacceptance anglesO from air (see the dizejoam)

, , _-!1# 2 2_-!1$|—
Io<!om=sSINn n{! ns=sin &l &

sinfom=n%! n3= & ! &, is callednumerical aperture

The maximum acceptance
angle !, debPnes the so-called
Oacceptance coneO that in-
cludes all the external sig-
nals incident on the dielec-
tric waveguide that can cou-
ple to the waveguide at
the air/core interface on a

constant- z plane.



Er2 &g

0;=0,

The critical angle at the core/cladding
interface is reached when the angle in air is
the maximum angle permitting guidance.

8, > 07V ExliEp

0; <0,

When the angle in air exceeds the maximum
value necessary for guidance, transmission
(leakage) into the cladding takes place.

€r2 &y

At the air-core interface

ErpirEn - 1 .
—T8T0 ging, =, |—sindg,

£r1é, én
O; +0,=90° = cosfy=sinf; <

sin aat =

At the critical angle

. . £
sinf; =sind, = (-1

€r1

B sin’ Bom

. . .
sin’ Optm =1— cos’ Optm =1— sin2 6,=1- 8": £r1
r r

= sinf,, = Ja,l — &, = numerical aperture

gam = n_l Vérl — €2



36 Rectangular cavities /_

¥ Consider a rectangular waveguide propagating someg, feode having
a longitudinal magnetic beld component

HS | coskyx)coskyy)e 2,

a
where | N R
m! n! ' x 2z
k= —= ky= - and k= k2" k2" K2 1 f
In principle, the same guide can also propagate a,]Bhode beld with 1« - >

H, ! coskyx)coskyy)e 'k

in reverse direction, and if both waves were present in thiglguwe

would have a total peld TE mode pbelds:
n o . H z
H: = coskyx) coskyy)(Fe ¥z + Re*lkz?) HE = #1Kz
X k2 n k22 '
whereF andR denote the amplitudes of the forward and reverse waves "
depending on sources and/or boundariegin Hy = K2 K2
. "H 7
b Of courseE,; = 0 for TE,,, modes, while E: — JHU oy
y 2" 2
b transverse beld components can be obtained using the emsati "k_ k..ZHZ
shown in the margin (derived in Lecture 29) where the sign OfEi — J#H o Y
#ijk , is taken in accordance with the order implied @=? for k2" kZ

forward and reverse propagating waves.

1




¥ For arectangular cavity formed by introducing conducting walls
at z = 0 and z = d within a rectangular waveguide, the pertinent

boundary conditions to be imposed ét,; become

HZt(X1 Y, O) =0 and HZt(X1 Y, d) =0

sinceH cannot be perpendicular to a conducting plate. Accordingly

1. H,(X,y,0) = 0 requiresR = " F, in which case we can write /

(taking F =1 for simplicity)

H,i = coskyx)coskyy)(e 22" eflkz)

= " ] 2 coskyx) coskyy) sin(k,z).
2. H(X,y,d) =0, in turn, requires
kd=1!, | =1,2 3aaa

excludingl = 0 for non-zeraH ;.

¥ H,(x,y,z) now describes a standing wave pattern within the

gular cavity, having a periodicity irz where

IHzi(X,y, 2)| ] sink;2)|
repeats oveer by integer multiples ofs,/ 2, where

2! I
$z—k—Z and kZ_E’

2

| =1,2,3a44

A

rectan-




¥ These standing waves are termed,JJEmodes and oscillate with char-
acteristic frequencies

# mc C .m n I
f = o T (5)2 ( )2 ( )2 > (§)2+(—b)2+(a)2$ f
that follow from
m! n! |!
T T ety
implying
#2 m! n! I
2_ T _ 12 2 22 2 2
k—C2 ki + kg + k7 (a)+(b)+(d)-

Characteristic frequenciefs,, are also known asesonance frequencies
of the cavity, since they represent a discrete set of freqiesnfor which
source-free beld variations are possible within the cautyanalogy with

1. having source-free voltage variations in an ide@l circuit at its reso-

nance frequency = LC, and also in analogy with

2. TL resonators studied in ECE 329 (short or open circuited Jeg-
ments).



¥ Transverse beld components of JJEresonances can be obtained by

superposing the transverse derivatives of

HI = + coskyx) coskyy)e?/k?
as specibed in the margin. We that bnd
jk zKx Sin(kyX) coskyy)e* k22

i = k2" k2

. Jkzky coskx) sin(kyy)e? k=2
HE = eesd

£: — # j#1 oky Sin(kyX) coskyy)e# k22
y 2" K2

EX = + J#U oky coskyX) Sil’](kyy)e?hfjkzZ
X K2 kg

which in turn lead to
Hy = HS +H,

" ] 2 coskyX) coskyy) sin(k;z)
J 2k-Kx sin(kyxx) coskyy) cosk,z)

Hy = Hy +H, =

| k2" k2
Hy = HI +H) = 12 COSkxkﬁ)HSIEgkyy) cosk;2)
Eq = Ef+E| = " 2ok sind<kx2x“) CE)ZSkyy)sin(kzz)
En = EX+E. = 2H 1 oKy cosklié?lsisz(liyy)sinkzz).
:

4

TE mode Pelds:

# jk ;2
HE = 12,,2 X,
k2" K2
. "H,
L ik
y k2" k%
Ei — J'#Ho!-_)'(Z
Yy k2|| k%’
. "H,
— J#Uo--y
AWl
v J




¥ Standing waves formed with superposed JJiVmode belds having- 7

Components . / :
¥ = sin(kex) sin(kyy)e* =2

will likewise produce TM, mode resonances in rectangular cavities

dimensions > b and d having identical resonant frequencies asyhE
a
modes.

X .
¥ For TMyy modes withH, = 0, a longitudinal standing wave peld ‘.‘/

<

o | | Wy
E, = EJ + E, = sin(kyx) sinkyy)(e 2 + g*lkz?) » S

leads to transverse beld components satisfying the boynztarditions
at z=0 andz = d provided that

I
k, = IE | =0,1,2 3aaa
P | =0 is allowed in this case sinég = 0 does not lead to Oincom-
patibleO boundary conditions (nornta} and tangentialHy, are
allowed on conducting walls a= 0 and d)

b on the other hand, it is required thain and n are both non-zero,
a property inherited from propagating T, modes.




_ TM mode belds:
¥ TMu, transverse beld components accompanying

£ : #ik 12 . 1%
E., = sin(kyx) sinkyy)e”’*2 H, = 2" k2
can be found from the relations given in the margin. They l¢éad N " HY 2
- Hy = —ov 2
He j#%k, Sin(kyx) coskyy)e*ikz2 K ;
X k2" K2 . #jkz..—yZ
z _ Er = ’
HE o= j# %Ky cOSkyX) sin(kyy)e* k22 Y k2" "k§
y k2" k2 - #jkz..ixZ
— # K -k, sinfkyx) coskyy)e?ikzz X k2" K2
Y k2" k2 /
£t = # jk ;ky coskyX) sin(kyy)e* k2 2
X k2" k2
from which ¢
E,x = EJ + E, = 2sin(kx) sin(kyy) cosk,z) Wy
. e ]2#%K, sin(kyX) cosk,Y) cosk,z) T
th - HX + HX = y )lizll kzz y a
N « "] 28%K, coskyX) sin cosk,z
Hy = HY +H) = J 8Kx E;(") = kyy) K.2)
z
N « " 2K ky sin(kyX) cos sin(k,z
Ey = EJ+E) = zKy a(>|<(2)“ kz((yY) kz2)
p4
Eq = Ef +E. = 2Kk Ky cosklz>2<?|3|knz(kyy) sm(kzz).
A

6



b Notice thatE, = 0 andEy; = 0 at bothz = 0 andz = d provided
that k,d = I , as claimed earlier on.

b Furthermorel = 0 does not lead to a trivial beld since in that case
Ezt, Hx, and Hy; are non vanishing!

¥ Summarizing the results from above, in a rectangular gagitdimen-
sionsa > b and d and conducting walls, resonant Peld oscillations at
distinct set of frequencies

o = 5 (D24 (D24 ()2

are possible, so long as at least two of the indites, and| are non
Zero.

b For TEnn resonancem =0 or n =0 are permitted,
b For TMpn resonances only= 0 is permitted,

b A resonance of frequendy, is is said to benon-degeneratd it
is allowed for a single mode and itdegeneratetherwise.



¥ Practical uses of cavities:

1. Cavities with small apertures on their walls will intetagtrongly
with external signals (suck them in) having oscillationdtencies
matching one of the resonant frequencies, and, convensebkly
at ol-resonant external frequencies. This leads to the @sa{
cavities as Ofrequency metersO.

2. Dielectric blled cavities will have resonant frequesicie

_Vp M n I 1
fon = > (§)2+(_b)2+(a)2 where vy, = %H_%

Measuring the resonant frequencig/s of a dielectric-bhwitycis a
. .70
very accurate means of determiningi%

3. Cauvities blled with active media or devices are a commonafa
conbguring practical signal sources N e.g., lasers.

4. Microwave ovens are essentially resonant cavities exdy (cou-
pled to) a source operating near some of the resonant fremeen
of the cavity that establishes a reasonably smooth peldcstme
where the food is to be placed.

¥ Our analysis of cavities and waveguides have been basetieoast
sumption of perfectly conducting walls, so far. Waveguide aavity
walls will in practice be very good but imperfect conductofdie im-
plications of this are:

INPUT

N [




1. Propagating waveguide modes will be weakly attenuatedhas
Peld energy is lost into the walls to drive ohmic currentshivita
few skin-depths of the metallic surface. Recall from ECE 329, Lec-

In our idealization of the walls as Operfect conductors@eferto " °*

the depth integral of these volumetric current densitiesCasirface’ower loss per unit area of a
conductor with an equivalent

current densitiesO. In general, an equivalent surfac@oui, on surface current 3. is

a wall will deliver an average power of Suw = LR
loss — HFMs|Js
nn 2

_1 3 2_1 !f“ 3 2W where
Sloss— éRsl\Tsl - é lesl ﬁ " Y
Rs = % = Re{l cond}
to be dissipated per unit area of the wall (see margin and tR&E
is the surface resistor of the
329 nOteS)- conductor in terms of con-

| - . . ductivity &, bility 41,
2. Cavity mode oscillations at frequencis, will be damped as apg frequency &

function of time if not OreplenishedO. The rate of energPlgs
can be calculated by integrating

1 If
Sloss — - mnl K

2 &

.o W
132

over the 6 cavity walls where at each wall we {54 = |H tangential |*-
Decay time-constant of the stored mode-enéégythe volume in-
tegral of 204 E|? + ZHo|H |* within the cavity, is then given by the

ratio
W

I:)Ioss

(mnt =



3.

Given the energy dissipation rafg,, and the resonant frequency
#mni, the product

Q $ #mnl (mnl

is known agquality factor . Highly damped modes have sm@l|
while a high€Q is an indicator of a low-loss cavity.

Review the concept & from your ECE 210 notes (see Chpt 12).

In cavities with lossy walls ithermal equilibrium (i.e., at a
steady temperature) it is observed that the average stoneergy
does not change with time despite the losses in the walls. tWha
that means is that the lossy walls must be radiating as much as
they absorb on the average.

The phenomenon of cavity radiation from lossy walls in tharm
equilibrium N related to blackbody radiation as well as tmeal
resistor noise N will explored in the next lecture.

Example 1:

cm in TE19; mode.

Solution:

Determinef ,y and Q = (i #mni fOr an air-plled rectangular cavity witha= b= d=2

For TEmo modesk, = 0 and the beld expressions derived earlier simplify as

H,: = " ]2coskgx)coskyy)sin(k,z) &" j2coskyx)sin(k,z)
J 2k ky sin(kyx) coskyy) cosk,z) _ | 2K, sin(k«x) cosk,z)
th = " &
k2" K2 Ky
Hy = J2kzkycoskxljz)"swll(zkyy)cos(kzz) & 0
Z

10



" 2# 0Ky sin(kyXx) coskyy) sin(k,z) & " 2#U, sin(kgx) sin(k;z)

Ep = k2" K2 K,
_ 2#pok, coskyx) sin(kyy) sin(k,z)
Exx = 2" 12 & 0.

Therefore, we have

=12 2112 cin2 in2
X

and
112 2 ain?
X
Volume integrals of these in a cavity witha = b = c replace each trigonometric product in
above expressions witla®/ 4 and thus we obtain
a® kMo

_ & %G Ko =
W= 77K +u°[1+k_§]]_ 2K

after using k? = #2u,%. Also with a = b= c we havek? = k? = k?/ 2 for TE ;o1 mode, and
hence

W = a®o.
For surface currents on cavity walls we have, on top and botto walls (x =0 and x = a),
135|% = |H,)? + |Hy|* = 4sin®(k,2) + O
on left and right walls (y =0 andy = b= a),

4k?2 sin®(kyx) cog(k,z)
kg

135|2 = |H, |2+ |Hy|? = 4 cos(Kyx) sin?(k,z) +

and on front and back walls ¢=0 andz = d = a),
4k sin®(KyX) N
k:

Integrating these three expressions over their surfacesultiplying by 2 (two walls per each
expression), and Pnally scaling biRs/ 2, we obtain power loss in the walls as

312 = [Hl? + [Hy|? = 0.

2

k2 2k2
Ploss = Rsa?[2 + 1 + k_g + k_zz] = Raa[2+1+1+2]=6 Rsa°
X X

11




Finally

(= W o _ ato _ A

a
- Ploss B 6Rsa2 B 6RS - 6 Tg"_o é #

where# is the resonance frequency for Tf; mode satisfying

#2 ! %_c!
kz_?:ki‘k k3+ k§=2(a)2 ) # = 2E$ #101.
Substituting for # above, we bnd that
at —— a _Yo_cl 1
#( = G 2H &, = 6 2 ZE&UO: 6 2 2cla&y,

which yields for a cavity with copper walls & =6 * 10’ S/m)

#_o,é:
2 2%
Q=#( = 3* 10B* | * 2* 10 2* 6* 100* 41 * 10 7
2 2% 2 2
= 144 2* 1P = 120 * 10° + 1056* 10°, 10%

Also, the resonant frequency of the mode is

# 2¢ * 1
froaz s 25 g8 _ g3 10 0 o 10GHL
2 2 2a 22* 102 2 2

¥ TheresultQ = (# , 10*from Example 1 indicates that the mode oscillates through
10% 2! > 10° cycles over a time period in which the mode energy decays by on
e-fold.

12



37 Resonant modes and beld Suctuations

¥ Since in a rectangular cavity the resonant frequencies
| |

T (D (D2 (2

fmnlzg (2)2"'(%)2"'('8)2 !

we can conside2f myi/c to be the OlengthO of a Ove¢®ré 1) point-
ing away from the origin of a O3D Cartesian spaceO wheréataeh
point, e.g.,(Z, %, %) = (4,2, 1), is associated with two resonant modes
(TE and TM) of the cauvity.

D In this space, OvolumeO per lattice poinftis and thusvolume

.. 12
per resonant modeés 2bd"

b Also, all the resonant modes with resonance frequerigigsless
than a given frequency can be associated with lattice points
residing within one eight (an octant) of a sphere of Orad2¥s0
centered about the origin of the same space N only an octant is
involved since the indice®, n, | employed are all non-negative.

Thus, the number of resonant modes with frequencies less thao
be denoted as the cumulative distributidd(f ), is found to be

1n . 1n 4 2f 3 3
_ 5" (sphere of radiugf/ic) g" F(%)° _ 8f
)= i =z T g Y
abd abd



whereV = abdis the physical volume of the cavity. Consequently, the
number densityN (f ) of the available resonant modes in a cavity of
volumeV is obtained as

dC _ 8If 2
N(F) = = = —5-v Toges

which grows quadratically with frequendy As illustrated later in this
lecture, the distributionN (f ) has deep theoretical implications.

Example 1: Consider a rectangular cavity with dimensiors = b= d = 0.3 m.
DetermineN (f ) for f =50 GHz and the number of resonant modes to be foupd
within a bandwidth of! f =1 GHz centered about =50 GHz.

Solution: Using the density function derived above, we bnd that

8l (50" 10°)2
(3" 18)3

Thus, the number of resonant modes in a bandwidth!of = 1 GHz centered
aboutf =50 GHz is

10°5 modes

" h3=g1 " " T=21"
(3" 10°H)3=81" 25" 10°7 = 2! o

N (50" 10°) =

Number of modes within bang (2! " 10*° mlc_)lzlei,, 10°Hz = 200000 $ 60000




Energy spectrum of radiation in enclosed cavities:

¥ Consider an air-blled rectangular cavity with slightlys&y walls sitting
on a table top in some lab where the room temperature is 300 K.
Assume that the cavity has been in the room for a long time aad h
reached thermal equilibrium with the rest of the room N i.¢he walls
of the cavity also havd = 300K.

It turns out that such a cavity will be Plled with electromagtic belds
consisting of (i.e., a superposition of) the ;& and TM,, modes
distributed across the frequency space with a density fiomct

gIf 2

3 Vv

N(f)=
derived above.

b The resonant modes with the distribution function just qect are
the result of radiation by random currents 3owing on the ¢tavi
walls caused by random thermal agitations of the chargeieesr
located within the walls.

b As soon as it is (randomly) established, a resonant modestalt
decaying because of ohmic losses in cavity walls (seeredidie
cussions), returning back the radiated energy of the watikoto
the wall.

b In thermal equilibrium the temperature of the wall as well the
expectediotal energy of cavity radiation summed over all of its
modes will remain constant.

3



¥ The energy density spectrum of the radiation within the itgvE (f ),
measured in units of J/ffHz, should be product oiN (f )/V with
%V (f )&representing the expected value (statistical averagehefdn-
ergy W (f ) of each mode at resonant frequerfcyHence,

gif 2
c3

¥ What might be the expected mode enefiy (f )&

E(f)= v (f )&

¥ Each resonant mode such aspEor TM11» can be interpreted as two
degrees of freedoifone degree fde and one foH) of the electromag-
netic beld variations in a closed cavity, just as velocitynpmnentsvy,
vy, Vz of any one ofN molecules contained within a volume of gas are
each considered a Odegree of freedomO fr ithalecule system.

b In physical models each degree of freedom in a gas in thermal
equilibrium is assignédan expected energy of

1 1
0% mv?2 KT
% Vi & K

whereK ' 1.38" 10/23J/K is BoltzmannOs constaahd T is the
equilibrium temperature in K.

1In thermal equilibrium all particles have by debnition equbaverage energies. Denoting this energy as
%KT is just a matter of dePningthe equilibrium temperature  of the gas in terms theaverage kinetic

energy of its individual molecules N at a fundamental level thatis what temperature is! Including the
Boltzmann constantK in this assignment is just a matter of setting the scale usediftemperature (Kelvin
scale by convention). At room temperature (298 K)KT works out to be 0.0256 eV.
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¥ If we naively make a similar assignment (see margin not@¥dgf )& ikT per quadratic term:
Assigning an expected energy of

€.g., take KT per quadratic term in a to-

%V (f )&= KT tal energy expression of a large
system of elements in thermal

(on account of the fact that Tk, and TMy,, modes have energieguilibrium is a standard pro-
. . ) - cedure used in classical statisti-
which are the sum of two quadratic terms proportional {i&|~ and cal mechanics. This is a conse-
|ET1?), we then immediately run into a dilculty in that E(f) blows auence of well known experimen-
tal results such as: in a gas con-

up to inPnity in the high frequency end becau## (f )&has no high- sisting of a mixture of light and
heavy atoms,%mV,2&of the light

frequency cuto™. atoms match%Mv 2&of the heavy
- atoms in thermal equilibrium N

¥ The dilculty just mentioned N known as Oultraviolet catasipheO N ail quadratic energy terms get the
was well recognized at the beginning of the 20th century, aag re- S3me:KT (classically)!
solved by Max PlanckOs recognition that electromagnetitenemergies
W (f mn) have to bequantizedin chunks of sizdf ., and

is acceptable only if an Oenergy quanturhéy ( KT .

If hf . ) KT for a given mode, then the mode is very seldom excited
(to an energy level of ond ), and thus the expected value of energy
W (f mni) In the mode is an exponentially reduced fraction of an energy

guantumhf ., given by
MV (f mni )&= hf mnj g Mmn KT

This e"ective Ocuto"O ¥V (f )& function eliminates the ultraviolet
catastrophe.



. ) . Shape independence:
b Using thelst and 2nd laws of thermodynamics together with g(f) obtained for the rectangu-

; ; : : lar cavity is actually independent
the quantization rule that he introduced, Planck derivédthe & cavity shape. This can be jus.

relation tibed by considering two cavities,
o _ hf mnl one rectangular, one not, joined
W(f mnl)&— N KT # 1 by a small aperture. If the two

cavities have the same temper-

for the expected mode energies having the limiting cases for atre T, then by debnition (of
T) there cannot be any net en-
ergy exchange between the cavi-
hf nml ( KT and hf nml ) KT ties at any f (a detailed balance
per frequency is required because

the aperture may have anf de-

pendent transmittivity) N hence

. . b TP a commonE (f ) for the two cavi-

b With this result, the energy spectrum within a cavity in theal .o i o commonT even if the

equilibrium takes the form shapes are dilerent!
E(f) is also independent of the

2 3 lossiness of the walls (even though
N (f )0 _oif hf J/m Q of the cavity depends on it)
)(N(f )&_ 3 KT # 1 Hz and therefore applicable toall

lossy cavities at thermal equilib-

just discussed.

E(f)=
This derived spectral shape was successfully adjusted ety e eren atsorersi o back.
observed energy spectra of cavity radiation by varying tlaegm- bodies.
eterh, which is now known aBlanckOs constaiand has the bxed
value 0f6.626" 10734Js.

2SeeOliver, B. M., OThermal and Quantum NoiseO, Proc IEEE3, 436 (1965) for a simpliped version
of PlanckOs derivation.

3PlanckOs constarih is one of the three fundamental constants of physics, alongtiw ¢ and G, the
gravitational constant, from which absolute unitsfor all physical variables can be derived in suitable
combinations: e.g., length unit= hG/c3, time unit=" hG/c?, etc.
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38 Cavity radiation and thermal noise

i ~ ] Cavity radiance: Energy den-
¥ In a 1D cavity of some length N e.g. a TL with shortsat both ends sity

as discussed in ECE 329 notes N the resonant frequencies are ey = NE) e
C C C o (f) = —~'W()

fm=—= oL = 2|_m, wherem =1,2,3, aaa _8f?2  h Im®

m m T @ KT #1 Hz

which indicates that the mode density inis in a 3D cavity in thermal equi-

2L librium resides by equal amounts

N (f ) = mOde$ in the traveling wave components

C Hz of the cavity modes arriving with

PR R ili speedc from the boundaries of
Therefore the energy density in a 1D cavity in thermal edprilim the cavity subtending 4! sterads.

(assume vanishingly lossy wires with temperattrewill be Multiplying E(f) by c/4! we ob-

E(f) = @!W(f)": 2 hf  Jm

— 22 nf W/m ?/ster
fIKT _ 4

n analc_)gy with the energy de_nS|ty of 3D cavities. This eryeugnsity | .+ is calledradiance and rep-
will reside by equal amounts in the traveling wave compogasftthe resents thepower density per unit

.. . . solid angleof the waves traveling
1D resonant modes arriving with speedrom the opposite ends of th€iin the cavity.

1D resonator. Power spectral conteRf{(f ) of each of these travelin

%adianceL (f) also represents the

wave components can thus be calculateccBatimes' E(f), i.e., spectrum of powerradiated per

hf W unit solid angle by a unit area of

p(f ) - ablackbody surface at temper-
/KT # 1 Hz ature T (since non-reBective walls

of a cavity will produce the same
!Note that per TEM plane wave, E (f) as partial-re3ecting walls as
L . mentioned earlier).
1,2, Ly E B _ [E]
o(ZHIEL + JHolA) = o+ S = oo,

which conbrms that the time-averaged stored energy densitynes c is indeed the time-averaged power
transported per unit area.



Unmatched termination case:
If R & Z, then a portion
. . P(f)|! |? of the incident power
¥ Now replace the shorts at the ends of the resonator wittstes R at )"\ e regected from R

temperatureT matchingthe characteristic impedancg, of the line. (rather than being fully ab-
sorbed). In that caseR emits

Since there cannot be any net power exchange between elemeher- only a reduced level of power
cer . ~ : P(f)@#|!|?. This is a simple
mal equilibrium (oveany frequency band N otherwise a net broadbangampie of howp (f ) can be emit-
exchange can be arranged for by using blters with suitalggufency ted in its entirety only by perfect
. . . . absorbers debned to be black-
responses in violation of the 2nd law of thermodynamicsXollows bodies. In 1D, theblackbodyra-
that matched resistor® will be both absorbing (a full absorption bed'ance at temperatureT is
cause of impedance matching) and injecting (to a matched again p(fy= MW

) ] ghf/KT H>
because of the same fact) the same power defgity identiPed above. Fhe

while in 3D it is
¥ The upshotis, we need to conclude that any resi®at a temperature Ly 27 bt wim 2Ister
T must have aravailablepower density of ¢ e #1  Hz
Visible
hf W spectrum
P(f) = JTKT # 1 Hz = sb Infrarecliﬂ\llJltraviolet
') 00K
fueled by thermal agitation of its internal charge carriefghe resistor g
is then capable of outputting an average power of %
hf ly2" 2
P f = I f % —— 5
) gKT %1 4R z
1012 1013 1014 1015 1016
over a bandwidth! f, where!v?" is the mean squaredpen-circuit Frequency (Hz)
voltageat the resistor terminals over the same bandwidth. " 105 104 1000 100 10

Wavelength (nm)



¥ |t follows that

ly2" hf ! f _ ly2"
= - = |
AR - KT # 1 reducing to R KT! f for hf & KT,

a result known adyquist noise theorem . The theorem can also be
cast as
j2" hf ! f 2"

G- R 1 reducing toz = KT!f for hf & KT

in terms of mean squareshort-circuit current!i®" of the same resistor
over the same bandwidth and conductarGe= 1/R . Note that if the
element has an impedanZe= R+ jX = 1/Y only the real part ofZ
should be utilized in connection with power transferred tonatched
loadZ .

¥ Nyquist noise theorem outlined above has a very powerfméggiza-
tion known as the3uctuation-dissipation theorem

b according to this theorem, any linear and dissipative syst@
thermodynamic equilibrium will exhibit thermally drivenugtua-
tions of its dynamic parameters (e.g., electron density laspha
at bPnite temperature), and

b the frequency spectrum of the Buctuations can be obtainedby
plying the Nyquist noise theorem to an appropriately counsted
equivalent circuit model of the system.

3



¥ The unavoidable fact of Ructuations and noise encounteratissipa- (@ 'nitial value problem:

tive systems and circuits constitutes both a challenge andoppor-
tunity for the engineer. Consider taking ECE 453 to developedter
understanding of noise issues in communication circuits.

Example: Consider the RC circuit shown in the margin. Assuming thatelcapacitor
holds 10 V prior the switch is closed at= 0, the capacitor voltage fot > 0 can

be expressed as
ve(t) = 10€*VRC

using ECE 210 knowledge. This solution implies the dissipatof the initial

stored energy within the resistor. But as we have seen in thidture, dissipative
elements such as resistors also produce random thermahgelt and currents
We therefore expect aon-zerov,(t) in the circuit shown in the margin as$ (

) , assuming that the resistor has some non-zero steady-staiteperature T

measured in Kelvins. Given that the resistor produces an pmécuit voltage
v(t) with a mean-squared value of

Iv®" = 4RKT " f (Nyquist noise formula)

over any bandwidth" f , let us calculate the mean-squared capacitor voltagg'
in the circuit over all frequencies.

Calculation: The Thevenin equivalent circuit modeling the noisy resisio the phasor
domain is shown in the margin. The model includes a sourceags phasorV .
A capacitor C with impedanceZ; = J,% connected across the terminals of th
equivalent model circuit will develop a phasor voltage

Zo _ g 1

V.=V =V—
¢ R+ Z, 1+ j%RC

4

e

t=0

R ::_ Ve(t)

(b) Frequency domain Thevenin
model of a noisy resistor:




Now, the mean-squared voltage output

as dictated by voltage division. The mean-squared value @basinusoidal oscily
lation v(t) = Re{ V€' } with the phasorV, would then be

1
|1+ j%RC|2

1., 1., oL ,
NG = 2|V % 51 FlIH (1))

where%|\'}’|2 is the mean-squared value of open circuit voltage) of the resistor
and 1 1

IL+j2IfRC 2 1+ (2HRC )2
is a frequency dependent scaling factor N the magnitude sguaf the frequency
response function of the circuit N between the two mean-sggiguantities.

IH(F)| =

Iv?" = 4RKT " f (Nyquist noise formula)

of the noisy resistor over a small but bnite bandwidthf can be scaled likewis

to obtain
ARKT " f

1+ (21fRC )2’
the mean-squared voltage output across the capacitor over $ame bandwidth

provided that |H (f )|? is fairly constant over the band. For wider bands whe

the constancy condition is violated, use

|
o 2 ARKT i

¢ 4, 1+(21fRC )27

2" = Iv2"|H (f)]* =

v

whereas the broadband value ovall frequencies (withf; ( Oandf, () )is
|
")
V2" = ARKT g = KT’
o 1+(21fRC )2 C

a value independent dR.

D

[e




For a 1 pF capacitolK =1.38* 1023 J/K and T = 300 K gives an rms (root mear

squared) voltage of

ly2nl2 = % + 0.65mV,

easily detected in the lab.




39 Antenna noise

. . . " 2 "o
Thermodynamic derivation of A(!, :%G(!, ):

¥ Consider az-polarized half-wave dipole antenna with a transmission
impedance oZ, = 73! embedded within a large cavity in thermal

equilibrium at some thermodynamic temperatufe A 73! resistor,
also at the same equilibrium temperatufeas the rest of the cavity, is
connected between the terminals of the dipole as shown imtaegin.

b As we will learn in Lecture 38, a hot resistor will deliver areeage
power ofKT df over a bandwidth off to any matched load, which
in this case is the dipole antenna.

¥ The dipole will radiate its average power inpgt= KT d with a gain
G(!," ) to maintain a radiated power density (Ponting 3ux) of

KTd W
")y —
4$r2 GC. m?
at a distancer within the cavity, amounting to a radiated power of
KT dfd!
———G(L," )W
4% &)

over an inbnitesimal area dS = r2d! spanning an inbnitesimal solid
angle increment! . The corresponding outgoing radiated power den-




sity of the dipole
KT, w

4% G") ster/Hz

is carried byQ-polarized belds as we know from our studies of dipole
radiation.

¥ The same dipole with its matched termination is also exdasein-
coming cavity radiation with a radiance of

Lt )= 2KT W/m?
DT g2 ster/HZ

coming from directionl," as we will learn in Lecture 38, of which half

the amount ,
_ KT Wim

1
_ I mn -
2L(" ) #2 ster/Hz

is contained in@polarized (i.e., co-polarized) incoming waves incident
on the dipole.

b Let the product

KT pgmy W
#2 V7 Tster/Hz

%L(!,",f JA(L") =

of the elective areaA(!," ) of the dipole with the co-polarized
radiance%L(!, ", ) incident on the dipole represent theverage
power per steread per Helivered by the dipole to its impedance

2



matched73! load, balancing the outgoing power loss of the resis-
tor so that it remains at a constant temperature as demandgd b
the 2nd Law of Thermodynamics for a system in thermal equilib

rium.
I In that case
%A(!’" )sté\/rgHz - %G(!’ " )sté\:rgHz
leading to 2
A(l,") = EG(!," ).

¥ While this result for the antenna e!ective area was obtair®y consid-
ering a half-wave dipole antenna, the same conclusion doand been
reached using any type of antenna with a conjugate matchedpbex
load impedanc&, = Z_,, connected between its terminals, providing,
in thermal equilibrium, both the source of the radiated poved the
antenna into the cavity and the sink of the received powerracted
from cavity radiation.

b As such, we conclude th#t = %G relation holds true for all types
of antennas and can be usedfn = Sj,cA equation to calculate
the power delivered by any antenna into its conjugate matche
load in terms of the co-polarized incident &y,

b Furthermore, from the universality oA = %G we directly infer
the independence &,/P . ratio from the choice of transmission

3




and reception roles assigned to a pair of coupled antenres (s
Lecture 20) and thus infer the reciprocal two-port networlodel

leading toP, = 841@1} formula (see Lecture 20 again), to provide

us, in turn, with a means to calculatp/;| = |Vr|, the magnitude
of the open circuit voltage of a receiving antenna.

I Also the phase of the antenna open circuit voltagecan be
deduced to match the phase #fdl 4E in the gap region of
the receiving antenna for any incoming bé&ld

I Even the most general
|

Vo= #  dl 4E(r). I(r)
L 0]

formula for an antenna open circuit voltage can be Oreverse
: . 2 .
engineeredO to match tRe = % = SincA(!," ) require-

ment (as we have done in Lecture 20) whh = V..

¥ All these lead to a simplibed description of antenna rexipgy and
reception much used by RF engineers N mainly the methods ek
in Lecture 20 N without going through the details of the Renigity
Theorem based derivations covered in Lecture 21.



¥ We have seen that thantenna elective areaA(!," ) can be used to
covert The relation

b the power density5;,c of only the co-polarizedcomponent of the A(L") = #ZG(!, ")

incident peld into! 4%
D the power delivere®; into a resistive termination conjugatatch-applies to all anten-
ing the antenna input impedancg ;. nas universally.

¥ Consider an arbitrary antenna located at the origin with

b some terminatiorR,
b a gain functionG(!," )

which is exposed to apectrumof incident plane TEM waves witkeo-

polarized peld components; at a frequencyf = 2°—{§ arriving from

directions(!;, ") with power densities5. |
¥ Each co-polarized bef; could deliver an average power of up to
Pr = SA(',")

to R one-at-a-time N wheréA(!," ) is the appropriate elective area of
the antenna for reception N and, furthermore, the expectadue of

1The component of the incident beld that is noto-polarized - calledcross-polarized - is not detected
at all by the receiving antenna.



P, extracted from the full spectrum dt; would be

¥:%  SA(i,")
i
when phasor&; haverandom phase o!setslistributed independently
between0 and 2% radians (see the margin for an explanation).

b This sum generalizes to an integral Incoherent power addition
|1 Consider a voltage
P, %= das(, ", f )A(") V()= Vicosft)+ Vacosft +*)

applied across a 1! resistor where
[ random phase shift param-

. . . . "is
in case of a continuum of random incident waves over a ban@eodfsquaring v(t) and taking its

time-average it can be shown that

frequencie$ , which in turn takes a specibc form the time average-power
1 !
1 P = I 2
$Dr(y(F _L(!’"!f )A(!," )dl d:v I ) 1
2 = zvf + EVZZ + ViV, cos(').
with 1 KT Notice the third term in P. With
d " Id b ble t
dS(I, u, f ) — éL (|’ ll, f )d| = ?dl Cf L?]r:)v\?rg, bu\tlvgtilvlvic'z;j efp:(?tZd ?/a|cl),le
IS
: : . . - - v 1y2 4 Ly2
in case of co-polarized radiance of cavity radiation at anildz} NP
rium temperatureT. {me-average power due 10 Signals.

1 and 2 one-at-a-time .

¥ In a practical application an antenna will be used to detacspecibc
plane-wave signal of interest, of, say, power denSityin the presence
of a random continuumdS(!,",f ) corresponding an somelective



temperatureT,. In that case, we obtain over a bnite frequency band

" f containingSs, an average received power of We will routinely use the ap-
I I proximation
Pr%= SA(ls,"s) + ds(h, " f )AC") L(f) = 22 hf
I f C2 ehf/KT # 1
& 2KT
= SsA(I S " S) + KT a" f, #2
) in this lecture since we are
since concerned with radio fre-
' ! ! ! 1 quencies f within narrow
dS(!’",f )A(!," ) - _L(!’Il,f )A(!," )dl d bands ! f over which
I f ! f! 2 hf ' KT.
KTa
- 1] I [} I - [}
f A(" )d' KTg" 1. Recall that radiance  L(f)

#2
is measured in units of

¥ The second term &P, %above is called noise power, or simply Onoig@z/Hzster.
while the Prst term represents the signal power, or simply @signalO.

¥ Since we want the Osignal-to-noise ratioO SNR as largssisieove
should select f as small as allowed, but regrettablyf = 0 is not
an option in practical communication applications becaagée Pnite
bandwidth of the signal of interest (with f = 0 we would lose the
signal together with the noise!).

The elective temperaturel, introduced above deserves some further expla-
nation:

2A suitable ! f isimposed by using an appropriate band-pass blter in caseadith the matched antenna
termination.



¥ Since in normal usage an antenna will not be placed in a gawmit
thermal equilibrium, our usage of

2KT,
#2
above is just a convention that helps us to parametrize thesa@ower

collected by a receiving antenna in terms of an equivalenigerature
T, referred to as Oantenna temperatureO.

L " f )=L({)=

Antenna temperaturel; may or may not be the physical (thermodynamic

temperature of a noise source in the sky:

¥ When the antenna beam is fully intercepted (at some largstadiice)
by a perfect absorber (a blackbody) of an equilibrium tengtere T,
then then the antenna temperature will be

Ta: Tb

and measure the thermodynamic temperature of the absorbody. In

radio astronomy this fact is used to measure the surface tatpres of
planets such as Venus (using a geometrical correction fagtaccount
for the fact that the planet will not fully intercept the antena beam).

108

Antenna temperature curve
from Kraus, ORadio Astron-
omyO (1966): Note that T,
is dominated by atmospheric
noise (lightning, man-made
noise) at low frequencies and
by thermal emission from ab-
sorbing gases in the atmo-
sphere past about a GHz.
So-called cosmic noise from
radio galaxies (including our
own) dominates in VHF and
UHF band.

¥ The universe can be regarded asawvity sparsely Plled with objects

(galaxies, stars, planets, living thingapt in thermal equilibrium with
the cavity walls.
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The OwallsO of the cavity N at about 13.7 billion light-yearay N are
known to have an equilibrium temperature of about 3 K (disexmd in
1964 and taken to be the strongest evidence for Big Bang) phatluces
a blackbody radiance curve

22 hi
2 KT o # 1

that peaks within the microwave frequency band.

Lu(f) =

However, galaxies and intergalactic gases radiate by a&tyaof non-
thermal processes (e.g., synchrotron radiation) so that ¢giverall radi-
ance spectruni.(!,",f ) (the sum of all contributions) is non-thermal,

giving rise to a frequency dependen(!,",f ) curve shown in the
margin.

The noise power collected by an antenna can be conveniealtylated by
multiplying this OequivalentO antenna temperatTligé,",f ) with K" f.



Visible
spectrum

t Infrared  Ultraviolet

Intensity (arbitrary units)

A | W -
012 1013 1014 1015 {016
Frequency (Hz)

1 l ! |

|
105 104 1000 10 10
YWavelength (nm)

Example 1: A typical GSM cell tower will radiate 10 W of average power atarrier
frequency of 750 MHz. Assuming a 1 km direct path between ta# tower and
a GSM hand held receiver we computed the received power of

#G.G, . 04( 15
asnz - g1

Pr = P )2 & 2.28( 108w =22.8nW
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in Example 3 in Lecture 38 assuming that both the tower and treceiver make
use of small antennas of directivitid3 = 3/ 2.

To calculate SNR, signal-to-noise ratio for the hand-heladit) we look up
the antenna temperaturel, for f = 750 MHz from the chart on page 4 N we
see thatT, ) 100K. With a GSM channel bandwidth of f = 200 kHz, and
Boltzmann constant =1.38( 10*23J/K, we deduce a noise power of

KTa! f =1.38( 10°23( 100( 2( 10°=2.76( 10°'°w.
If we were to us€l,om = 300 K instead of T, = 100 K, we would have
KT f =1.38( 10¢23( 300( 2( 10°) 10°®w =10*®nw.

Clearly, the SNR of the hand held unit 1 and the system should work succes
fully.

11
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