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Schedule

* Wed 10/16: Co-energy via line integrals
» Friday 10/18: Review + Quiz 6 (Elec. force)

Linear x-varying inductors

Inductance +

N?
A, x) = L(x)i, L(z)=
) =L@ 10 =py R
Voltage of mechanical origin +

dz Ly
v= L) @S T Ve
Force of electric origin Energy & Co-energy
(direction of increasing x) (This week)

e~ + 9 (Coeneray] (v Lo o
I +3:c [Co-energy] Co-energy = 51}(1:)2

9
=-5 [Energy] Energy = %L(I)_lAQ

Conservative electromagnetic systems

Flux & current relations
A=A(G,z), i=i(\2)
Voltage of mechanical origin L(X)
ox di  oXdx
V= — — + = V
_T

\_E\)j_/ dt M speed
I,(:{:) Uspeed

Force of electric origin
(direction of increasing x)

Energy & Co-energy (Today)
i

fe= +5_x [Co-energy]  Co-energy = [ A(i',z)di’

)
T T or [Energy] Energy = i\, o) dN

;\?’:k»"“‘\

Today

* (Review) Line integral definition of energy
« Line integral definition of co-energy

» Example: Forces from co-energy

» Example: Co-energy from flux

» Example: Co-energy from multi-port flux

Conservative electromechanical system

I(t force output in
+ gap = x(t) direction of
§ |ncreasmg x(t)
~ :
vit) (¢S :
: i ; f(t)
Input | —— 1 ouput dx

P, =wvt ¥ > P = n
dFE d)\ dx
Storage —— — -

a w T Tw ) Energy

over At
AE =iAN — fAz
Closed system = Conservative
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Line integral view of stored energy

X

AE =iAXN — Az F
= (i,—f)- (AN Az) f -
=F-Ar

AX AI
Position r= (A, X) A/
Force E=(i, -f)
i am A

Flux as spatial dim.  Current as force.

Conservatism implies path independence
‘ﬂux displacement

Integrate along

e any path
-> same energy

Energy (A1, z1) — Energy(Ao, o)

o (Aos Xo) =[F7'~dr=f-i)\‘x d)\+]—f)\.;u dz
etymology for “mmf’ .(r_(_) L o ( ) . ( )‘
7 8
Line integral definition of energy Computing energy from current
Energy (A1, 1) — Energy (Ao, o) Energy(A, ) — Ener by
:[E(t).dg=fi()\‘z)d)\+f—f()\.r)dr =f‘ )N + [ f_”‘““
Jo C C
E X B
Energy Energy =
Erom Erom : ()\’X) Draw magnetic circuit
Electrical Mechanical A compute reluctance & flux,
. C compute flux linkage
Path independent
(via conservation) A Path dependent \ solve for current
Special i ion path (na) = (252
Energy(0,z) =0 (Can be any constant) pecial integration pat i(Ax) = T,
avoids the need to know 0
the force
9 10

:/ Liz) "W\ = L(z) l{ﬁ]
Jo 2

Computing energy from current

0
Energy(\, x) — Enerey(0,0) by def

i(\x) = L(x) "\
:f l:(/\’..'l")(l)\"f’f —f(\, 2"y da’
e} c
no change no flux X B
in flux no force 0
Mv/ f}l]l r= ()\'X)
E=(i-f)
no change A=0
in x E(0.X) =
+ f{,\”d,\+jm ©x

Path A: Move x into position
with no flux

Path B: Charge the inductor
with fixed x

:% L(x)~tA%

Energy in a conservative magnetic
system
Theorem. If L = dNdi > 0, then

A
Erlex'gy()\,$)2f PN, z)dN 9]
0

Corollary. If A = L(x)i and L(x)>0, then
Energy(\, z) = %L(r)*l)\‘z [J

Proof. .
(Graphical) ner
o i By definition,
energy is the area
A = L(X)i of the triangle

! 0.
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Force of electric origin in a conservative Today
magnetic system
Theorem. If energy conserving, then
force in the direction of increasing x is « Line integral definition of co-energy
foo 2 (Enerey] « Example: Forces from co-energy
oz * Example: Co-energy from flux
and the current into the dot is » Example: Co-energy from multi-port flux

By viewing
current as force

7]
i=3 [Energy]

Proof. By the gradient theorem
F(r) = (i, f) = VEnergy(r)

— (A a) . }

13 14
Main issue with energy computations Definition of co-energy
Energy(\, x) — Enerey(0, 0) Sy def X B |(t force output in
— gap = x(t) direction of
=/{vi(/\'~a")d)\’+’[{jf( fal)da! r=(Ax) § ncreasmg X(t)
no change no flux A E = (i!-f) V(t) $
in flux 0 no force 0 \ f(t

no change

Co-energy (i, r) = /\2 Energy (A, z)

‘ inx \,\,_IV\[
+ BF{A 2')dN +]M s dE., di  dn dE Swaps the positive
—— [} = ,\ + —— _ —— rolesofcurrent  force
3 dt dt dt
«»—'v»

An

Unnatural to express : and flux
current as function of flux Ad.: /L
o . ) . + - 1 + f
Can require inverting a nonlinear function (t
15 16
Line integral view of co-energy Co-energy inherits conserv. of energy
dEeo Ad’i n dx current displacement
dt At T . F mm e ————— (iy, X,)
- I
AFEq = M\i + fAz "
= (\f)- (A A7) As ; f
=F-Ar I /" Integrate along
Tl‘ »/  any path
Position r= (i, x) . N ~ same co-energy
i I
Force E=(\1) A I ()4 ,/, Co-energy (i1, x1) — Co-energy (ig, zo)
) ) (igy Xo) :/E-dzz//\(i,z)di—i-/f(i,l‘)dm
Current as spatial dim. Flux as force. o ¢ c c 1
17 18
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Line integral definition of co-energy

Co-energy(iy, x1) — Co-energy(ig, o)
/F d?—//\2£dl+/flld$

Path independent A Path dependent
(via conservation)

A Not necessarily physical
Co-energy (0,z) =0  (Can be any constant)

Co-energy(i,z) = M — Energy(\, 1)

Computing co-energy from flux

O by def
Co-energy(i, x) — CM[J) e

= / Al ") di’ + / f(i'.a")da' )\((l’ .’B) = L(I)l
JC JC

no change no current X B
in current no force 0 [
- ( [ aanal M) 1= (%
JA A A E= ()\’f)
no change i=0

in x 0 E.,(0,x) =0
+ (/B A, 2"y di’ +MJ') ©x .

|
Path A: Move x into position

i 21t ;
_ PREE with no current
7_/'-,‘ Liz)i'di [.r( ) } Path B: Charge the inductor
1 with fixed x
2
==L(z)
SL()
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Co-energy in a conservative magnetic

system
Theorem. If L = dNdi > 0, then

Co-energy(i,z) = / i’ z)di’ [J]
Jo
Corollary. If A = L(x)i and L(x)>0, then

1 .
Co-energy(i, z) = 515(:1:)3'2 [9]

Proof.
(Graphical) By definition,
co-energy is the

area of the triangle

A= L

Graphical relationship

A
Energy (A, z) = / i(N,2)dN
Jo

Co-energy (i, z) = / M z)di’
Jo
= Xi — Energy(\, )
A Energy A =L Energy = co-energy

if and only if

Co-energy . X .
. linear A-i relation

A A vsi (space-force)

Co-energy ! D ,

not A vs x (space-space).
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Force of electric origin in a conservative
magnetic system

Theorem. If energy conserving, then
force in the direction of increasing x is
d
¢ = +— [Co-energ
f +8:1: [ &y]
and the current into the dot is

0
A= +§ [Co-energy]
)
Again, by viewing
flux as force

Today

» Example: Forces from co-energy
» Example: Co-energy from flux
+ Example: Co-energy from multi-port flux
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Warm-up: Forces from co-energy
W! (i,0) =log(1 + i) cos§

3]
Recall A= +& [Co-energy]

fe= —|—g [Co-energy]

T— Treat0 as x

fe=7 IN]
A doa(l pivgin g
B) —log(l+i)siné
08
— tortt=r—rrstre

=Ty ~]

T+

cos 08
L d sy oo cos § loall o\ oin o
T+ ’ T

Today

+ Example: Co-energy from flux
» Example: Co-energy from multi-port flux
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Realistic inductor (without hysteresis)

Magnetic steel )\

it) FI x>0 =1
|

X(t)

111111

exp(i/x) — 1
exp(i/x) + 1

What is i(\, z)?

Ai,x) =

How does saturation affect force?

Computing co-energy from flux

_ o exp(ifz) -1
A7) = exp(i/z) + 1
X C

by def

" no change
texp(if/fx) -1 , inx

=% = [0 exp(i’/z) + 1 &
=2zrlog (M) -1

2

Path C: Charge the inductor |

with fixed x P
/i i o= +£[C0-energy]
/i finite I i 1
— e . Mmaxforce +2log (%)
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Computing co-energy from flux

by def
- exp(ifr)—1  Co-energy(i, =) — Co-energy(0, )
M0 et/ 1 0
. = [ Ai',2")di’ + [ fll2de

— . _ fexp(i'fz) -1 , inx
L= (%) __/ﬂ exp(¢/z) + 1 di

E=(\
E=AD (cxp(i/$)+l) .
- ; =2zlog | ———— | —i
Path C: Charge the inductor | 2
with fixed x
7] exp(i/x) 1
2 (Co-enerev] = 21 - . . 221
ﬂ-i[ o-energy| = 21 expli/z) + 1 5 -

_ 2exp(i/z) o
= ot/ F1 - T M)

Partial derivative wrt current recovers flux, as expected. 2

E and co-E in arealistic inductor

A
Encrgy(/\,.’lr):/o i\, z)dN Energy

x=1

Co-energy (i, z) = / A’ x) di’
Jo
Co-energy

A\ n general, Energy # Co-energy

30
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Co-energy(i, =) — W )

0
= [ A@',2")di’ + / fli 25da’
JREESEEY WITRes:
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Today

» Example: Co-energy from multi-port flux

Computing co-energy from multiport flux
- V() +

Stator Rotor

/\1 = Llil + M(9)22

Ao = M(9)21 + Loio
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Integration path in two-port system

F=(A\,,f) A1 = Lyiy + M(0)iz
= (i1, i2,7) A2 = M(0)i1 + Lais
B C (iy, ip, X) Co-energy(iy, ia,0)
X (i, 0,%) . = [ ' Au(i,0,8) di + / Agliy, ih, 8) dif
©,0,%) o -

Charge coil 1 Charge coil 2
i with coil 1 charged

,/ (Lad) + M(0)0) di
0

12
- 2 f [M(0)iy + Laib) dif
B: Charge coil 1 with fixed x 0
and de-energized coil 2
C: Charge coil 2 with fixed x
and energized coil 1

N
=L, 0} + M(8)iyia + LZE

C1[a)" [ B M®)] i
T9 |ia] (MB) Ly | i

Co-energy in a conservative magnetic
system with multiple ports

always fixed
Theorem. If L = V;A > 0, then
i
Co-energy(iy, o, ig, ..., r) = / A1(44,0,0,...,z)di}
JO
“Charge one +/ - M (i1,5,0,...,x) diy
coil at a time” 9

i3

+ / Al(il.ig.if‘......l')(ll’:’;
JO

+ e

Corollary. If A = L(x)i and L(x) > 0, then

Coenergy(i,z) = i L(x)i  [J]
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Schedule

» Friday 10/18: Review + Quiz 6 (Elec. force)

Do homework 6
For example answers, look at Problems 1 & 2 from
previous Exam 2
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