
ECE 330 (Spring 2016) Instructors: A. Flifet and S. Bose
Midterm 2

Duration: 90 minutes Total points: 100

Name: .

Section (Tick one): C (Mon/Wed/Fri) F (Tue/Thu) .

Scores (For official use only):

Problem 1: /25, Problem 2: /25,
Problem 3: /25, Problem 4: /25. Total score: /100.

Relevant formulae

i1(t)

N turns
+

-

F = Ni

⌘

λ = Li(if linear) v = dλ
dt

Wm(λ, x) =
∫ λ
0 i(λ̂, x)dλ̂ W ′m(i, x) =

∫ i
0 λ(̂i, x)dî λ = ∂W ′

m(i,x)
∂i i = ∂Wm(λ,x)

∂λ

fe(λ, x) = −∂Wm(λ,x)
∂x fe(i, x) = ∂W ′

m(i,x)
∂x T e(λ, θ) = −∂Wm(λ,θ)

∂θ T e(i, θ) = ∂W ′
m(i,θ)
∂θ

Wm +W ′m = λi EFEa→b =
∫ b
a idλ EFMa→b = −

∫ b
a f

edx EFMa→b = −
∫ b
a T

edθ

EFEa→b + EFMa→b = Wm|b −Wm|a

ẋ = f(x, u)→ x(t+ ∆t) ≈ x(t) + ∆tf(x(t), u(t)) and 0 = f(xe, ue)

X = (x1, . . . , xn)>,

ẋi = fi(x1, . . . , xn) for i = 1, . . . , n
=⇒ ∆ẋi =

∑n
k=1

∂fi
∂xk

∣∣∣
Xe

∆xi for i = 1, . . . , n.

Ẋ = AX,

eigs(A) = {λ1, . . . , λn}
=⇒


Re{λi} < 0 ∀ i =⇒ stable
Re{λi} > 0 for any i =⇒ unstable
Re{λi} ≤ 0 ∀ i, and Re{λi} = 0 for some i =⇒ marginally stable.
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Problem 1 [25 points]

The flux linkages in an energy-conservative electromechanical system are given by

λa = Laia + (M cos θ)ib + (M sin θ)ic,

λb = Lbib + (M cos θ)ia,

λc = Lcic + (M sin θ)ia,

where La, Lb, Lc and M are positive constants, and ia, ib, ic are currents into the system.

(a) Is the system electrically linear? [1 point]

(b) How many electrical and mechanical ports does the system have? [2 + 2 points]

(c) Find the co-energy W ′m(ia, ib, ic, θ) for this system. [12 points]

(d) Compute the torque of electric origin Te(ia, ib, ic, θ). [3 points]

(e) Compute the maximum absolute value of Te(ia = I, ib = I, ic = I, θ) over θ ∈ [0, 2π], where I is a
positive constant. Also, report all values of θ ∈ [0, 2π], where this maximum is attained. [5 points]
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Problem 2 [25 points]

The flux linkage in an energy-conservative electromechanical system is given by

λ(i, x) =
γi

x− x0
,

where i denotes the current into the system and x defines the geometry of the mechanical subsystem. Also,
x0 = 1 m, and γ = 4 Wb-turns-m. The system is being operated on the closed cycle a - b - c - d - a as
indicated in the figure below.

Figure 1: Cycle over which the electromechanical system is operated

(a) Compute the co-energy W ′m(i, x) in terms of γ and x0. [3 points]

(b) Compute the force of electrical origin fe(i, x) in terms of γ and x0. [3 points]

(c) Compute the numerical values of the energy stored in the coupling field Wm at points a and c as indi-
cated in the above figure. [6 points]

(d) Compute the “energy from mechanical” over the cycle shown in the figure, i.e., EFM|cycle. [12 points]

(e) Based on your answer in part (d), state whether the electromechanical system is operating as a motor or
a generator over the cycle. [ 1 points]
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Problem 3 [25 points]

A dynamical system is described by the following differential equation:

ẍ+ ẋ+ x = x2.

(a) What is the state space model for the above dynamical system? [3 points]

(b) Find all the equilibrium points of the system in its state space form. [4 points]

(c) Linearize the state space model (you derived in part (a)) around each equilibrium point (you derived in
part (b)). Your linearized systems should be given in state space form. [8 points]

(d) Find whether the linearized dynamical systems (that you derived in part (c)) are stable, unstable, or
marginally stable at the origin. [10 points]
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Problem 4 [25 points]

The state space model of a dynamical system is described by

ẋ1 = x2,

ẋ2 = 3− x21.

(a) What is the order of the dynamical system in the above state space representation? [1 point]

(b) Is the dynamical system linear? [1 point]

(c) Find all its equilibrium points. [4 points]

(d) Given the initial conditions x1(0) = 1 and x2(0) = 0 at t = 0, fill in the missing entries in Table 1
using Euler’s method for numerical integration with a time step of ∆t = 0.1. [12 points]

t xEuler
1 (t) xEuler

2 (t)

0 1 0
0.1
0.2
0.3

Table 1: Euler’s method with ∆t = 0.1

(e) For the above dynamical system with the initial conditions x1(0) = 1 and x2(0) = 0 at t = 0, the
exact solution for x1(t) is given in Table 2 for t = 0, 0.1, 0.2, and 0.3. Compute the absolute value of
the percentage error of x1(t) from Euler’s method (you derived in part (d)) against the exact solution to
populate the missing entries in Table 2.

t xexact
1 (t) xEuler

1 (t)
|xEuler

1 (t)−xexact
1 (t)|

xexact
1 (t)

× 100%

0 1 1 0
0.1 1.01
0.2 1.04
0.3 1.09

Table 2: Comparing Euler’s method to the exact solution

Based on your calculations, state whether the percentage error of the solution from Euler’s method is
increasing or decreasing with t? [4 + 1 points]

(f) Recall that you used ∆t = 0.1 to calculate xEuler
1 (t). Do you expect the absolute value of the percentage

error in Table 2 to increase or decrease if we change ∆t to 0.01, instead of 0.1? State your reason. [1 +
1 points]
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