
ECE329: Tutorial 
Session 13
December 3rd, 2024



Resonance

What if 𝑍𝑍𝐿𝐿 = 0?

What if 𝑍𝑍𝐿𝐿 = ∞?



Resonance
Type Input Output T.L. Length

Series Short Short 𝑛𝑛𝑛𝑛
2

, n integer

Series Short Open 𝑛𝑛𝑛𝑛
4

, n odd integer

Parallel Open Short 𝑛𝑛𝑛𝑛
4

, n odd integer

Parallel Open Open 𝑛𝑛𝑛𝑛
2

, n integer



Problem 1: Resonance
Length of TL: 3m. 𝑣𝑣 = 𝑐𝑐.
Load is shorted.

What input frequencies make 𝑍𝑍𝑖𝑖𝑛𝑛 equivalent to a short circuit?
What input frequencies make 𝑍𝑍𝑖𝑖𝑛𝑛 equivalent to an open circuit?



Problem 2: Resonance
𝑣𝑣 = 𝑐𝑐. 𝑓𝑓 = 3 ∗ 108 Hz.
Load is open circuit.

What lengths of TL make 𝑍𝑍𝑖𝑖𝑛𝑛 equivalent to a short circuit?
What lengths of TL make 𝑍𝑍𝑖𝑖𝑛𝑛 equivalent to an open circuit?



Last Week: Half -Wave Transformer

Allows you to ‘crawl’ up (or down) a TL in 𝑛𝑛
2
 steps.

𝑉𝑉𝑖𝑖𝑛𝑛 = −𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜
𝐼𝐼𝑖𝑖𝑛𝑛 = −𝐼𝐼𝑜𝑜𝑜𝑜𝑜𝑜
𝑍𝑍𝑖𝑖𝑛𝑛 = 𝑍𝑍𝑜𝑜𝑜𝑜𝑜𝑜



Last Week: Quarter -Wave Transformer

Allows you to ‘crawl’ up (or down) a TL in 𝑛𝑛
4
 steps.

𝑉𝑉𝑖𝑖𝑛𝑛 = 𝑗𝑗𝐼𝐼𝑜𝑜𝑜𝑜𝑜𝑜𝑍𝑍0
𝐼𝐼𝑖𝑖𝑛𝑛 =

𝑗𝑗𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜
𝑍𝑍0

𝑍𝑍𝑖𝑖𝑛𝑛 =
𝑍𝑍02

𝑍𝑍𝑜𝑜𝑜𝑜𝑜𝑜



This Week: Smith Charts!

Allows you to ‘crawl’ up (or down) any TL of any length!



Smith Charts: Intro



Smith Charts: Intro



Smith Charts: Intro



Smith Charts: Intro



Problem 3
Eric protests - ”I thought the ratio between the voltage and current on 
the transmission line was always the characteristic impedance of the 
transmission line, namely 𝑍𝑍0!”
Is Eric wrong?



Smith Charts: Intro



Smith Charts: Intro



Problem 4: Pivotal Point 1
What does the origin of the Smith Chart correspond to in terms of Γ? 
What does the origin of the Smith Chart correspond to in terms of z? 
What does the origin of the Smith Chart correspond to as a load?



Problem 4: Pivotal Point 2
What does the leftmost point of the Smith Chart correspond to in terms of Γ?
What does the leftmost point of the Smith Chart correspond to in terms of z?
What does the leftmost point of the Smith Chart correspond to as a load?



Problem 4: Pivotal Point 3
What does the rightmost point of the Smith Chart correspond to in terms of Γ?
What does the rightmost point of the Smith Chart correspond to in terms of z?
What does the rightmost point of the Smith Chart correspond to as a load?



Problem 5: Devious Details 1
Evan tells you that at the load end of the transmission line he’s at angle 0 on the 
Smith Chart. He then walks 3 meters toward the input and asks what angle we’re 
at now.
What information are you missing to solve this problem?
Why is it important?



Problem 5: Devious Details 2
Evan starts at the load and walks λ/2 distance towards the input. How many 
degrees did he walkthrough on the Smith Chart? Why?



Problem 5: Devious Details 3
Sasha receives a transmission line problem with some load impedance and some 
intrinsic impedance. She first normalizes the load impedance, enters it on the 
Smith Chart, and then draws a constant Γ circle that passes through the origin and 
the point she drew.
Why did she do each of these three steps?



Problem 5: Devious Details 4
Eric finds the input impedance of some transmission line setup. He enters it on 
the Smith Chart and finds the phase and magnitude of Γ at that point. What is the 
significance of this Γ?



Problem 5: Devious Details 5
When travelling towards the source Sasha always rotates clockwise along the 
Smith Chart. Why?
If Sasha instead travels towards the load, then which direction should she rotate?



Problem 5: Devious Details 6
Does the Smith Chart yield steady state solutions, transient solutions, or both?



Problem 4: Example Smith Chart
TL length = 5m. 
𝑣𝑣 = 𝑐𝑐, 𝑓𝑓 = 100MHz.
𝑍𝑍𝐿𝐿 = 150 + j150Ω, 𝑍𝑍0 = 50Ω, 𝑅𝑅𝑔𝑔 = 25Ω.

𝑉𝑉𝑔𝑔 = 10𝑒𝑒
𝑗𝑗𝑗𝑗
4  V

Find Γ𝐿𝐿, 𝑍𝑍𝑖𝑖𝑛𝑛, 𝑉𝑉𝑖𝑖𝑛𝑛, 𝐼𝐼𝑖𝑖𝑛𝑛. How would you find 𝑉𝑉(0)?



Midterm 1 equations, in one place
�⃗�𝐹 =

𝑞𝑞1𝑞𝑞2
4𝜋𝜋𝜖𝜖0𝑟𝑟2

�̂�𝑟

𝐸𝐸 =
𝑞𝑞2

4𝜋𝜋𝜖𝜖0𝑟𝑟2
�̂�𝑟

𝜖𝜖∯ 𝐸𝐸 ⋅ 𝑑𝑑𝑆𝑆 = 𝑄𝑄enclosed

∯𝐵𝐵 ⋅ 𝑑𝑑𝑆𝑆 = 0
�⃗�𝐹 = 𝑞𝑞1𝐸𝐸 + 𝑞𝑞1(�⃗�𝑣1 × 𝐵𝐵)

∯𝐷𝐷 ⋅ 𝑑𝑑𝑆𝑆 = 𝑄𝑄enclosed

𝐼𝐼 = ∯ 𝐽𝐽 ⋅ 𝑑𝑑𝑆𝑆 = −
𝜕𝜕𝑄𝑄enclosed

𝜕𝜕𝜕𝜕

∭𝜌𝜌𝑑𝑑𝑉𝑉 = 𝑄𝑄enclosed

�𝑛𝑛 ⋅ 𝐷𝐷1 − 𝐷𝐷2 = 𝜌𝜌𝑠𝑠

�𝑛𝑛 × 𝐸𝐸1 − 𝐸𝐸2 = 0

𝐸𝐸 = −𝛻𝛻𝑉𝑉

∮ 𝐸𝐸 ⋅ 𝑑𝑑𝑙𝑙 = ∬ 𝛻𝛻 × 𝐸𝐸 ⋅ 𝑑𝑑𝑆𝑆

∯𝐷𝐷 ⋅ 𝑑𝑑𝑆𝑆 = ∭𝛻𝛻 ⋅ 𝐷𝐷𝑑𝑑𝑉𝑉

∇ × 𝐸𝐸 = 0

∮ 𝐸𝐸 ⋅ 𝑑𝑑𝑙𝑙 = 0

𝑉𝑉𝑎𝑎𝑎𝑎 = 𝑉𝑉 𝑏𝑏 − 𝑉𝑉(𝑎𝑎) = −�
𝑎𝑎

𝑎𝑎
𝐸𝐸 ⋅ 𝑑𝑑𝑙𝑙

∇ ⋅ 𝐷𝐷 = 𝜌𝜌
∇ ⋅ 𝐽𝐽 = −

𝜕𝜕𝜌𝜌
𝜕𝜕𝜕𝜕

�
𝑎𝑎

𝑎𝑎
∇𝑉𝑉 ⋅ 𝑑𝑑𝑙𝑙 = 𝑉𝑉 𝑏𝑏 − 𝑉𝑉(𝑎𝑎)𝐽𝐽 = 𝜎𝜎𝐸𝐸 

�⃗�𝑃 = 𝜖𝜖0𝜒𝜒𝑒𝑒𝐸𝐸 
𝐷𝐷 = 𝜖𝜖0𝐸𝐸 + �⃗�𝑃 = 𝜖𝜖𝐸𝐸

𝜖𝜖 = 𝜖𝜖0(1 + 𝜒𝜒𝑒𝑒)

−∇2𝑉𝑉 =
𝜌𝜌
𝜖𝜖𝜌𝜌𝑎𝑎 = −∇ ⋅ �⃗�𝑃

∇ ⋅ 𝜖𝜖0𝐸𝐸 = 𝜌𝜌𝑓𝑓 + 𝜌𝜌𝑎𝑎

�𝑛𝑛 ⋅ �⃗�𝑃1 − �⃗�𝑃2 = −𝜌𝜌𝑎𝑎,𝑠𝑠



Midterm 2 equations, in one place
𝑄𝑄 = 𝐶𝐶𝑉𝑉

𝐺𝐺 =
𝜎𝜎
𝜖𝜖
𝐶𝐶 𝑅𝑅 =

1
𝐺𝐺

𝐵𝐵 =
𝜇𝜇𝐼𝐼
2𝜋𝜋𝑟𝑟

�𝜙𝜙

𝑑𝑑𝐵𝐵 =
𝜇𝜇𝐼𝐼𝑑𝑑ℓ × �̂�𝑟
4𝜋𝜋𝑟𝑟2

�
𝐶𝐶
𝐵𝐵 ⋅ 𝑑𝑑ℓ = 𝜇𝜇𝐼𝐼encl

𝛻𝛻 × 𝐻𝐻 = 𝐽𝐽 +
𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕

∇ ⋅ 𝐵𝐵 = 0

�
𝐶𝐶
𝐻𝐻 ⋅ 𝑑𝑑ℓ = �

𝑆𝑆
𝐽𝐽 ⋅ 𝑑𝑑𝑆𝑆

Ψ = �
𝑠𝑠
𝐵𝐵 ⋅ 𝑑𝑑𝑆𝑆

−
𝑑𝑑
𝑑𝑑𝜕𝜕�𝑠𝑠

𝐵𝐵 ⋅ 𝑑𝑑𝑆𝑆 = �
𝑐𝑐
𝐸𝐸 ⋅ 𝑑𝑑𝑙𝑙

�
𝑐𝑐
𝐸𝐸 ⋅ 𝑑𝑑𝑙𝑙 = 𝜀𝜀

𝜀𝜀 =
𝑊𝑊
𝑞𝑞 = �

𝐶𝐶

�⃗�𝐹
𝑞𝑞 ⋅ 𝑑𝑑𝑙𝑙

𝜀𝜀 = 𝐼𝐼𝑅𝑅

∇ × 𝐸𝐸 = −
𝜕𝜕𝐵𝐵
𝜕𝜕𝜕𝜕

Ψ = 𝐿𝐿𝐼𝐼

𝐽𝐽𝑎𝑎 =
𝜕𝜕�⃗�𝑃
𝜕𝜕𝜕𝜕 + ∇ × 𝑀𝑀

𝐻𝐻 =
𝐵𝐵
𝜇𝜇0
− 𝑀𝑀

𝑀𝑀 = 𝜒𝜒𝑚𝑚𝐻𝐻
𝐵𝐵 = 𝜇𝜇0𝜇𝜇𝑟𝑟𝐻𝐻 = 𝜇𝜇𝐻𝐻

�𝑛𝑛 × 𝐻𝐻1 − 𝐻𝐻2 = 𝐽𝐽𝑠𝑠
�𝑛𝑛 × 𝑀𝑀1 −𝑀𝑀2 = 𝐽𝐽𝑎𝑎,𝑠𝑠

𝜔𝜔 = 2𝜋𝜋𝑓𝑓 =
2𝜋𝜋
𝑇𝑇

𝑣𝑣 =
𝜔𝜔
𝛽𝛽

= 𝜆𝜆𝑓𝑓 =
1
𝜇𝜇𝜖𝜖

𝜂𝜂 =
𝜇𝜇
𝜖𝜖

𝛽𝛽 = 𝜔𝜔 𝜇𝜇𝜖𝜖

∇2𝐸𝐸 = 𝜇𝜇𝜖𝜖
𝜕𝜕2𝐸𝐸
𝜕𝜕𝜕𝜕2

�𝑛𝑛 ⋅ 𝐵𝐵1 − 𝐵𝐵2 = 0

𝜕𝜕
𝜕𝜕𝜕𝜕

1
2 𝜖𝜖𝐸𝐸 ⋅ 𝐸𝐸 +

1
2𝜇𝜇𝐻𝐻 ⋅ 𝐻𝐻 + ∇ ⋅ 𝑆𝑆 + 𝐽𝐽 ⋅ 𝐸𝐸 = 0

𝑆𝑆 = 𝐸𝐸 × 𝐻𝐻 𝐴𝐴cos 𝜔𝜔𝜕𝜕 − 𝛽𝛽𝛽𝛽 �̂�𝑧 ⟷ 𝐴𝐴𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗�̂�𝑧

< 𝑆𝑆 > =
1
2 Re{ �𝐸𝐸 × �𝐻𝐻∗}

�̃�𝑆 = �𝐸𝐸 × �𝐻𝐻∗



Midterm 3 equations, in one place

𝑣𝑣 =
𝜔𝜔
𝛽𝛽 = 𝜆𝜆𝑓𝑓

∇2 �𝐸𝐸 = 𝑗𝑗𝜔𝜔𝜇𝜇 𝜎𝜎 + 𝑗𝑗𝜔𝜔𝜖𝜖 �𝐸𝐸

Γ =
𝜂𝜂2 − 𝜂𝜂1
𝜂𝜂2 + 𝜂𝜂1

𝜏𝜏 =
2𝜂𝜂2

𝜂𝜂2 + 𝜂𝜂1
= 1 + Γ

Waves:

𝜏𝜏𝑔𝑔 =
𝑍𝑍0

𝑅𝑅𝑔𝑔 + 𝑍𝑍0

Γ𝐿𝐿 =
𝑍𝑍𝐿𝐿 − 𝑍𝑍0
𝑍𝑍𝐿𝐿 + 𝑍𝑍0

Γ𝑔𝑔 =
𝑅𝑅𝑔𝑔 − 𝑍𝑍0
𝑅𝑅𝑔𝑔 + 𝑍𝑍0

TLs:

𝜏𝜏𝑗𝑗𝑗𝑗 = 1 + Γ𝑗𝑗𝑗𝑗

Γ𝑗𝑗𝑗𝑗 =
𝑍𝑍𝑗𝑗 − 𝑍𝑍𝑗𝑗
𝑍𝑍𝑗𝑗 + 𝑍𝑍𝑗𝑗

Half-wave:
𝑉𝑉𝑖𝑖𝑛𝑛 = −𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜
𝐼𝐼𝑖𝑖𝑛𝑛 = −𝐼𝐼𝑜𝑜𝑜𝑜𝑜𝑜
𝑍𝑍𝑖𝑖𝑛𝑛 = 𝑍𝑍𝑜𝑜𝑜𝑜𝑜𝑜

Quarter-wave:
𝑉𝑉𝑖𝑖𝑛𝑛 = 𝑗𝑗𝐼𝐼𝑜𝑜𝑜𝑜𝑜𝑜𝑍𝑍0
𝐼𝐼𝑖𝑖𝑛𝑛 =

𝑗𝑗𝑉𝑉𝑜𝑜𝑜𝑜𝑜𝑜
𝑍𝑍0

𝑍𝑍𝑖𝑖𝑛𝑛 =
𝑍𝑍02

𝑍𝑍𝑜𝑜𝑜𝑜𝑜𝑜

cos 𝜃𝜃 =
𝑒𝑒𝑗𝑗𝑗𝑗 + 𝑒𝑒−𝑗𝑗𝑗𝑗

2

sin 𝜃𝜃 =
𝑒𝑒𝑗𝑗𝑗𝑗 − 𝑒𝑒−𝑗𝑗𝑗𝑗

2𝑗𝑗



Final exam equations, in one place

𝑉𝑉 𝑑𝑑 = 𝑉𝑉+𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗(1 + Γ𝐿𝐿𝑒𝑒−𝑗𝑗2𝑗𝑗𝑗𝑗)

𝑧𝑧 𝑑𝑑 =
1 + Γ(d)
1 − Γ(d)

𝑦𝑦 𝑑𝑑 =
1

𝑧𝑧 𝑑𝑑

Γ 𝑑𝑑 = Γ𝐿𝐿𝑒𝑒−𝑗𝑗2𝑗𝑗𝑗𝑗

𝑧𝑧 𝑑𝑑 =
𝑍𝑍(𝑑𝑑)
𝑍𝑍0

Type Input Output T.L. Length

Series Short Short 𝑛𝑛𝑛𝑛
2

, n 
integer

Series Short Open 𝑛𝑛𝑛𝑛
4

, n odd 
integer

Parallel Open Short 𝑛𝑛𝑛𝑛
4

, n odd 
integer

Parallel Open Open 𝑛𝑛𝑛𝑛
2

, n 
integer

Resonance:



Units
Charge 𝑄𝑄: C
Current 𝐼𝐼: A
Electric field strength 𝐸𝐸: N/C or V/m
Electric flux density 𝐷𝐷: C/m2

Polarization field 𝑃𝑃: C/m2

Electric potential 𝑉𝑉: V
Capacitance 𝐶𝐶: F
Magnetic flux density 𝐵𝐵: T or Wb/m2

Magnetic field strength 𝐻𝐻: A/m
Magnetic flux Ψ: Wb
Electromotive force 𝜀𝜀: V
Inductance 𝐿𝐿: H

Electric permittivity 𝜖𝜖: F/m
Magnetic permeability 𝜇𝜇: H/m
Conductivity 𝜎𝜎: Si/m

Charge density 𝜌𝜌: C/m3

Surface charge density 𝜌𝜌𝑠𝑠: C/m2

Current density 𝐽𝐽: A/m2

Intrinsic impedance 𝜂𝜂: Ohm
Wave number 𝛽𝛽: rad/m

Characteristic impedance 𝑍𝑍: Ohm



Office Hours
Any questions?
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