
ECE 329 SPRING 2023 Homework 7 Solution

1. (10 points) Verifying vector identity

H · ∇ × E− E · ∇ ×H = ∇ · (E×H)

for E = 5ẑe−αy and H = 10x̂e−αy. The left-hand side of the identity gives

H · ∇ × E− E · ∇ ×H =
(
10x̂e−αy

)
·

∣∣∣∣∣∣
x̂ ŷ ẑ
∂
∂x

∂
∂y

∂
∂z

0 0 5e−αy

∣∣∣∣∣∣− (
5ẑe−αy

)
·

∣∣∣∣∣∣
x̂ ŷ ẑ
∂
∂x

∂
∂y

∂
∂z

10e−αy 0 0

∣∣∣∣∣∣
=

(
10x̂e−αy

)
·
(
−5αx̂e−αy

)
−
(
5ẑe−αy

)
·
(
10αẑe−αy

)
= −50αe−2αy − 50αe−2αy

= −100αe−2αy,

and the right-hand side gives

∇ · (E×H) = ∇ ·
(
5ẑe−αy × 10x̂e−αy

)
= ∇ ·

(
50ŷe−2αy

)
=

∂

∂y

(
50e−2αy

)
= −100αe−2αy.

Thus, the identity is verified.

2. (a) (6 points) The closed surface S can be decomposed into 6 surfaces:

S = S1 + S2 + S3 + S4 + S5 + S6,

where

S1 : x = −1.5

S2 : x = 1.5

S3 : y = −1.5

S4 : y = 1.5

S5 : z = −1.5

S6 : z = 1.5

Therefore, ∮
S

J · dS =

∫
S1+S2+S3+S4+S5+S6

J · dS,

where ∫
S1+S2

J · dS =

∫ 1.5

−1.5

∫ 1.5

−1.5

[
4x(y − 1)2x̂+ 6yŷ + 8x2y2ẑ

]
|x=−1.5 · (−x̂) dydz

+

∫ 1.5

−1.5

∫ 1.5

−1.5

[
4x(y − 1)2x̂+ 6yŷ + 8x2y2ẑ

]
|x=1.5 ·x̂dydz

=

∫ 1.5

−1.5

∫ 1.5

−1.5

6(y − 1)2dydz +

∫ 1.5

−1.5

∫ 1.5

−1.5

6(y − 1)2dydz

= 189 [A] .
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S3+S4

J · dS =

∫ 1.5

−1.5

∫ 1.5

−1.5

[
4x(y − 1)2x̂+ 6yŷ + 8x2y2ẑ

]
|y=−1.5 · (−ŷ) dxdz

+

∫ 1.5

−1.5

∫ 1.5

−1.5

[
4x(y − 1)2x̂+ 6yŷ + 8x2y2ẑ

]
|y=1.5 ·ŷdxdz

=

∫ 1.5

−1.5

∫ 1.5

−1.5

9dxdz +

∫ 1.5

−1.5

∫ 1.5

−1.5

9dxdz

= 162 [A] .

∫
S5+S6

J · dS =

∫ 1.5

−1.5

∫ 1.5

−1.5

[
4x(y − 1)2x̂+ 6yŷ + 8x2y2ẑ

]
|z=−1.5 · (−ẑ) dxdy

+

∫ 1.5

−1.5

∫ 1.5

−1.5

[
4x(y − 1)2x̂+ 6yŷ + 8x2y2ẑ

]
|z=1.5 ·ẑdxdy

=

∫ 1.5

−1.5

∫ 1.5

−1.5

(−8x2y2)dxdy +

∫ 1.5

−1.5

∫ 1.5

−1.5

(8x2y2)dxdy

= 0 [A] .

Therefore,
∮
S
J · dS = 351 [A].

(b) (3 points) We know that the unit of Jx, Jy, Jz is [A/m2], and x, y, z has unit [m], thus

[Jx] = [4x(y − 1)2] = [A/m2] → [5] = [A/m5],

[Jy] = [6y] = [A/m2] → [6] = [A/m3],

[Jz] = [8x2y2] = [A/m2] → [8] = [A/m6].

(c) (2 points) Based on the integral form of charge conservation

dQ

dt
=

d

dt

∫
V

ρdV = −
∮
S

J · dS = −351 [A] ,

which means the total charge contained in the cube is decreasing.

(d) (4 points) Taking the divergence of J = 4x(y − 1)2x̂+ 6yŷ + 8x2y2ẑ [A/m2], we get

∇ · J =
∂

∂x

(
4x(y − 1)2

)
+

∂

∂y
(6y) +

∂

∂z

(
8xy2

)
= 4(y − 1)2 + 6.

According to the continuity equation ∂ρ
∂t

+∇ · J = 0, we have

ρ (0, 0, 0, t)−ρ (0, 0, 0, 0) =

∫ t

0

∂ρ

∂t′
|(0,0,0) dt′ = −

∫ t

0

∇·J |(0,0,0) dt′ = −
∫ t

0

10dt′ = −10t [C/m3] .

Since ρ (0, 0, 0, 0) = 0, we have

ρ (0, 0, 0, t) = −10t [C/m3] .
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3. (a) (2 points)

∵ ∇ · J = ∇ · (σE) = σ∇ · E = σ∇ ·
(
D

ϵ0

)
=

σ

ϵ0
ρ, Gauss′ Law

and
∂ρ

∂t
+∇ · J = 0, Continuity Equation

∴
∂ρ

∂t
+

σ

ϵ0
ρ = 0.

(b) (3 points) From ∂ρ
∂t

+ σ
ϵ0
ρ = 0 we have dρ

ρ
= − σ

ϵ0
dt, or

d (lnρ) = − σ

ϵ0
dt.

By integrating both sides, we obtain lnρ |t0= − σ
ϵ0
t, or

ln
ρ (x , y , z , t)

ρ (x, y, z, 0)
= − σ

ϵ0
t.

Therefore,

ρ (x , y , z , t) = ρ (x , y , z , 0)e
− σ

ϵ0
t
= 2ρ0sin (100z) e

− σ
ϵ0

t
(C/m3) .

(c) (2 points) From 2ρ0sin (100z) e
− σ

ϵ0
t
= 2ρ0

e
sin (100z), we obtain

e
− σ

ϵ0
t
=

1

e
,

or

t =
ϵ0
σ

=
8.854× 10−12

24π × 105
≈ 1.18× 10−18 (s) .

(d) (3 points) Because ρ is a function of z and t only, we have

∇ · E =
∂Ez

∂z
=

ρ

ϵ0
=

2ρ0
ϵ0

sin (100z) e
− σ

ϵ0
t
.

Therefore,

Ez = − ρ0
50ϵ0

cos (100z) e
− σ

ϵ0
t
.

Furthermore, we get

J (x, y, z, t) = σE = −ẑ
σρ0
50ϵ0

cos (100z) e
− σ

ϵ0
t
.
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4. (a) (1 point) Gauss’ Law: ∇ · D = ρ (= 0 for this problem). Since E = x̂Ex (z, t), which is
independent of x and y coordinates, we have

∇ ·D = ∇ · (ϵ0E) = ϵ0∇ · E = ϵ0

(
∂Ex

∂x
+

∂Ey

∂y
+

∂Ez

∂z

)
= 0.

(b) (2 points) From Faraday’s Law (Equation (2) in the problem), we have

∂B

∂t
= −∇× E = −

∣∣∣∣∣∣
x̂ ŷ ẑ
∂
∂x

∂
∂y

∂
∂z

Ex 0 0

∣∣∣∣∣∣ = −
(
x̂ · 0 + ŷ

∂Ex

∂z
+ ẑ · 0

)
= −ŷ

∂Ex

∂z
.

(c) (2 points) Take one more curl of the result of Part (b)

∇× (∇× E) = −∇× ∂B

∂t
=

∣∣∣∣∣∣
x̂ ŷ ẑ
∂
∂x

∂
∂y

∂
∂z

0 ∂Ex

∂z
0

∣∣∣∣∣∣ = −x̂
∂2Ex

∂z2
+ ŷ · 0 + ẑ · 0 = −x̂

∂2Ex

∂z2
.

(d) (3 points) Again, from Faraday’s Law (Equation (2) in the problem), after taking curl of
both sides, we have

∇× (∇× E) = ∇×
(
−∂B

∂t

)
= − ∂

∂t
(∇×B) .

By plugging in Ampere’s Law (Equation (4) in the problem), we obtain

∇× (∇× E) = − ∂

∂t

(
µ0ϵ0

∂E

∂t

)
= −µ0ϵ0

∂2E

∂t2
= −x̂µ0ϵ0

∂2Ex

∂t2
.

Combing the above equation with the result of Part (c) yields

−x̂
∂2Ex

∂z2
= −x̂µ0ϵ0

∂2Ex

∂t2
, or

∂2Ex

∂z2
− µ0ϵ0

∂2Ex

∂t2
= 0.

(e) (2 points) The solution to the 1D scalar wave equation (propagating in the ẑ direction)
can be written as

Ex(z, t) = cos [ω (t−√
µ0ϵ0z)] = cos

[
ω
(
t− z

v

)]
.

Thus, the propagation speed is

v =
1

√
µ0ϵ0

.
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5. (a) (2 points)

∂2Ex

∂z2
= − (∓β)2E0cos (ωt∓ βz + ϕ) = −β2E0cos (ωt∓ βz + ϕ) .

Since β = ω
√
µ0ϵ0, the above equation becomes

∂2Ex

∂z2
= −ω2µ0ϵ0E0cos (ωt∓ βz + ϕ) .

On the other hand,

µ0ϵ0
∂2Ex

∂t2
= µ0ϵ0 ·

(
−ω2

)
E0cos (ωt∓ βz + ϕ) = −ω2µ0ϵ0E0cos (ωt∓ βz + ϕ) .

Therefore,
∂2Ex

∂z2
− µ0ϵ0

∂2Ex

∂t2
= 0.

(b) (6 points) Integrating

∇× E = −∂B

∂t
from 0 to t, we have

B (z, t)−B (z, 0) = ±E0β

ω
ŷ [cos (ωt∓ βz + ϕ)− cos (±βz + ϕ)]

= ±ŷ

[
Ex

c
− E0

c
cos (±βz + ϕ)

]
= ±ŷ

[
Ex (z, t)

c
− Ex (z, 0)

c

]
.

If evaluated at z = 0, the above equation becomes

B (0, t)−B (0, 0) = ±ŷ

[
Ex (0, t)

c
− Ex (0, 0)

c

]
.

Therefore,

B (0, t) = ±Ex (0, t)

c
ŷ ∓ Ex (0, 0)

c
ŷ +B (0, 0)

= ±Ex (0, t)

c
ŷ,

which means B and E line up at z = 0 for all time t. If consider arbitrary z, we obtain

B (z, t) = f

(
t∓ z

vp

)
= B

(
0, t∓ z

vp

)

= ±
Ex

(
0, t∓ z

vp

)
c

ŷ = ±Ex (z, t)

c
ŷ,

which means B and E line up for all z and t. As the phase shift, ϕ could be arbitrary
value.
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(c) (2 points) By comparing B = ±Ex

c
ŷ and B = µ0H, we obtain

H = ± Ex

µ0c
ŷ = ±Ex

µ0

√
µ0ϵ0ŷ = ± Ex√

µ0/ϵ0
ŷ.

If we define η0 =
√

µ0/ϵ0, then

H = ±Ex

η0
ŷ.
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6. (5 points) Please refer to the above picture:
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