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Lecture 23 
1 Maxwell’s equations in time harmonic form 

When the fields and the sources in Maxwell’s equations are all monochromatic functions of time 
expressed in terms of their phasors, Maxwell’s equations can be transformed into the phasor 
domain by using !

!"
→ 𝑗𝜔

Time domain Frequency domain 

Gauss’s law ∇ ⋅ 𝐷))⃑ = 𝜌 

𝑑
𝑑𝑡 ⟷ 𝑗𝜔 

∇ ⋅ 𝐷))⃑0 = 𝜌1

∇ ⋅ 𝐵)⃑ = 0 ∇ ⋅ 𝐵)⃑4 = 0

Faraday’s law ∇ × 𝐸)⃑ = −
𝜕𝐵)⃑
𝜕𝑡

∇ × 𝐸)⃑4 = −𝑗𝜔𝐵)⃑4

Ampere’s law ∇ × 𝐻))⃑ = 𝐽 +
𝜕𝐷))⃑
𝜕𝑡

∇ × 𝐻))⃑0 = 𝐽< + 𝑗𝜔𝐷))⃑0

Also we have 𝐷))⃑0 = 𝜖𝐸)⃑4 , 𝐵)⃑4 = 𝜇𝐻))⃑0, and 𝐽< = 𝜎𝐸)⃑4.

2 Wave equation in phasor form 

In a source-free lossless medium, we have 𝜌1 = 𝐽< = 0. 

We take the Faraday’s law and take its curl on both side of the equation, 	
∇ × B∇ × 𝐸)⃑4C = −𝑗𝜔∇ × 𝐵)⃑4 = −𝑗𝜔𝜇∇ × 𝐻))⃑0

On the left side, we use vector identity and Gauss’s law ∇ × ∇ × 𝐸)⃑4 = ∇ B∇ ⋅ 𝐸)⃑4C − ∇D𝐸)⃑4 = −∇D𝐸)⃑4

On the right side, we substitute Faraday’s law ∇ × 𝐻))⃑0 = 𝑗𝜔𝜖𝐸)⃑4  and get −𝑗𝜔𝜇∇ × 𝐻))⃑0 =
−𝑗𝜔𝜇 × 𝑗𝜔𝜖𝐸)⃑4 = 𝜔D𝜇𝜖𝐸)⃑4

So we get the wave equation in phasor form as ∇D𝐸)⃑4 + 𝜔D𝜇𝜖𝐸)⃑4 = 0

3 Wave solution in phasor form 

In the source-free lossless media, we want to find a simple solution to the wave solution. 

Assume the electric field is x-polarized monochromatic wave with phasors 𝐸)⃑4 = 𝑥F𝐸4G(𝑧), which is
only a function of z position. 
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The vector wave solution can be simplified into K
L

!ML
𝐸4G + 𝜔D𝜇𝜖𝐸4G = 0

Its solution is of the type 𝐸4G(𝑧) = 𝑒OPM or 𝑒PM, where 𝛾D = −𝜔D𝜇𝜖 

So we get 𝛾 = ∓𝑗𝛽, with 𝛽 = 𝜔√𝜇𝜖 

And the electric field phasor and magnetic field phasor are 

𝐸4G(𝑧) = 𝑒∓UVM and 𝐻0W(𝑧) =
±Y∓Z[\

]
, with intrinsic impedance 𝜂 = _`	

a

Note: How do we derive the 𝐻0 from 𝐸4  for TEM waves? 

4 Wave solution in lossy media 

In a lossy media, we have 𝜎 ≠ 0, thus only Faraday’s law is changed from lossless case, now it 
still contains the 𝐽< term: ∇ × 𝐻))⃑0 = 𝐽< + 𝑗𝜔𝐷))⃑0

Since 𝐽< = 𝜎𝐸)⃑4 , Faraday’s law becomes ∇ × 𝐻))⃑0 = 𝜎𝐸)⃑4 + 𝑗𝜔𝜖𝐸)⃑4 = (𝜎 + 𝑗𝜔𝜖)𝐸)⃑4

The Maxwell’s equation in lossy media is the same as the ones in lossless media, except that 𝑗𝜔𝜀 
has been replaced by 𝜎	 + 	𝑗𝜔𝜀. 

à The solutions in lossy media also are similar with the ones in lossless media, except we need
to replace 𝑗𝜔𝜀 by 𝜎	 + 	𝑗𝜔𝜀.

Lossless media Lossy media 

𝛾D = −𝜔D𝜇𝜖 𝜎 ≠ 0 𝛾 = d(𝑗𝜔𝜇)(𝜎 + 𝑗𝜔𝜖) 

𝜂 = _
𝜇	
𝜖

𝜎 ≠ 0 𝜂 = e
𝑗𝜔𝜇	

𝜎 + 𝑗𝜔𝜖

5 Plane waves propagating in lossy media 

For example, in the lossy media, we can have 𝑥-polarized plane wave propagating in 𝑧 direction 
in terms of phasors as 

𝐸)⃑4(𝑧) = 𝑥F𝐸f𝑒OPM and 𝐻))⃑0(𝑧) = 𝑦F hi
]
𝑒OUVM 
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When we translate the 𝐸)⃑4(𝑧) into its time varying form, we get

𝐸)⃑ (𝑧, 𝑡) = 𝑅𝑒 l𝐸)⃑4(𝑧)𝑒Um"n = 𝑅𝑒o𝑥F𝐸f𝑒O(pqUV)M𝑒Um"r = 𝑒OpMcos	(𝜔𝑡 − 𝛽𝑧)

So it’s a damped wave. We plot its snapshot at 𝑡 =
0 together with exponential envelope as a function 
of position 𝑧 

𝑒OpM cos(𝜔𝑡 − 𝛽𝑧) |"wx = 𝑒OpM cos(𝛽𝑧) 


