ECE 329 FALL 2023 Homework 7 Solution

1. (10 points) Verifying vector identity
H VXE-E-VxH=V-(ExH)
for E =52 and H = 10ze?Y. The left-hand side of the identity gives

H-VxE-E-VxH = (10ie®)-| Z & £ |-z ™) | £ & &
0 0 be 10 0 0

= (103%6"”’) . (—50492’6’0‘1/) - (526’“3’) . (100426"“"‘)

= —50ae?Y — 50aqe 2w

= —100ce 2,
and the right-hand side gives
V- (ExH) = V- (52 % x 10ze” )
= V. (50?)6_20‘3”)
= %@%*@
= —100ce .

Thus, the identity is verified.

2. (a) (6 points) The closed surface S can be decomposed into 6 surfaces:

S =S+ Sy + Sy + Sy + S5+ Se,

where

Sy r=-1.5

Sy : r=1.5

Sy:  y=-1.5

Syt y=15

Ss: z=-1.5

Se z=15
Therefore,

J(I{J -dS :/ J - ds,
s S1+S2+S3+S54+55+S6

where

15 L5
/ J-dS = / / [4z(y — 1)2 + 6yg + 82°Y°2] |s——15 - (—2) dydz
S1+8Ss —1.5 —1 5

+/ / y—1) x—|—6yy—|—8xyz} lo=1.5 -Tdydz
15 15
= / / —1)%dydz + / / 6(y — 1)%dydz
_1 5 —-1.5J-1.5
= 189 |

© Yang Zhao - Copying, publishing or distributing without written permission is prohibited.
1



ECE 329 FALL 2023 Homework 7 Solution

/ J.dS = / / y — 1)%2 + 6yg + 82°y*2] |y——15 - (—9) dadz
S3+S4 — —15

+ / / [4z(y — 1)%2 + 6yg + 82°y*2] |y—15 -Gdadz
~15J-15

' 1.5 pl.5
= / / 9dxdz +/ / 9dzxdz
~15J-15

= 162 |

1.5 1.5
/ J-dS = / / [4z(y — 1)°% + 6yg + 82%y*2] |.—_15 - (—2) dzdy
S5+S6 — —1 5

/ / — 1)%% + 6y + 82°y°2] |.—15 -2dxdy

_ / / y2)d:cdy—|—/ / y?)dwdy

Therefore, ¢, J - dS = 351 [A].
(b) (3 points) We know that the unit of J,, J,, J, is [A/m?], and z, y, z has unit [m], thus

(L] = [dz(y—1)°] = [A/m?] — [5] = [A/m?],
[y] = [6y] = [A/m?] - [6] = [A/m?],
L= [Ba*=[A/m’] - 8] = [A/m°].

(c) (2 points) Based on the integral form of charge conservation

dQ d
AV =— ¢ J-dS=—351 [A
= dt/p fg [A],

which means the total charge contained in the cube is decreasing.

(d) (4 points) Taking the divergence of J = 4z(y — 1)2% + 6y + 8x2y?*2 [A/m?], we get

0 0 0
= (da(y — 1)°) + - — %) =4(y —1)* +6.
v-J ax(x(y ))+ay(6y)+az (8zy*) =4(y —1)>+6

According to the continuity equation g—f + V -J =0, we have

t a t t
p (Oa 07 O,t)—,O (07 07 07 O) = 8_75 ’(0,0,0) dt' = _/ v-J ’(0,0,0) dt' = _/ 10dt" = —10¢ [C/mg] :
0 0 0

Since p (0,0,0,0) = 0, we have

p(0,0,0,t) = —10t [C/m?].
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ECE 329 FALL 2023 Homework 7 Solution

3. (a) (2 points)

D
V-J=V-(6E)=0V-E=0V"- (—) = Zp, Gauss’ Law
€0 €0
dp . .
and T +V-J =0, Continuity Equation
dp o
E -+ %p =0

By integrating both sides, we obtain Inp [j= —2Z¢, or

G )
P(%%%O) €0

Therefore,
p(z,y,z,t)=p(x,vy,z, O)efét = 2ppsin (100z2) e (C/m?).

(c) (2 points) From 2pgsin (100z) e w0l = 20in (100z), we obtain

or
o 8.854x 107"

o 241 x 10°

~1.18 x 107*® ().

(d) (3 points) Because p is a function of z and t only, we have

OF, 92 .
V- -E= :ﬁzﬂsin(looz)e €ot.

aZ €0 €0

Therefore,
E, = _%COS(IOOZ) e w0t
Furthermore, we get
J(2,y,2,t) = oE = — 5750 g (100z) e w0’
5060
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ECE 329 FALL 2023
(a) (1 point) Gauss’ Law: V -D = p (= 0 for this problem). Since E = 2F, (z,t), which is

4.
independent of x and y coordinates, we have

oE, O0FE, OF
-D=V-(¢E) = -E = a B ) =0.
\V4 \V4 (60 ) GQV €0 ( 827 + 8y + 82 ) 0

(b) (2 points) From Faraday’s Law (Equation (2) in the problem), we have
(¢) (2 points) Take one more curl of the result of Part (b)
V X (VXE):—VX%—]?: % 63% %; :—i’a;im —|—g.0—|—2.0:—558;ix.
9z

(d) (3 points) Again, from Faraday’s Law (Equation (2) in the problem), after taking curl of

both sides, we have

Vx(VxE):Vx(—%—?>:—%(VxB).

By plugging in Ampere’s Law (Equation (4) in the problem), we obtain
0*E,

0 OE O’E .
V X (V X E) = —a (/LOGOE) = —,LL()EUW = —XTMp€p 92

0*E, 0*E,

Combing the above equation with the result of Part (c) yields
0PE,
g2 M gm =0

or

O0°E, R
—Z = —ZT g€
022 Ho€o 92

t-2)].

(e) (2 points) The solution to the 1D scalar wave equation (propagating in the 2 direction)
can be written as
E.(z,t) = cos|w (t — \/o€02)] = cos [w (

v

Thus, the propagation speed is

1
v = .
v/ Ho€o
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5. (a) (2 points)

2
8855 = — (F8)? Egcos (wt F Bz + ¢) = —B2Egcos (wt F Bz + ¢).

Since 8 = w/o€o, the above equation becomes

0?E,

5 = —w? e Eycos (wt F Bz + ).
On the other hand,
82Ex 2 2
/LOEOW = Lg€p - (—w ) Eycos (wt F 5z + ¢) = —w ppeg Eycos (wt F 5z + ¢) .
Therefore,
0*FE, 0*E,

= 0.

I
(b) (6 points) Integrating
0B

E=_——
VX ot

from 0 to ¢, we have

B(z,t) —B(z,0) = i%@ [cos (wt F Bz + ¢) — cos (82 + ¢)]

= 44 {% - %COS (82 + ¢)}

sy [Ble)_BGO]

If evaluated at z = 0, the above equation becomes

) [E (CO,t) E (o,oq |

B (0,) — B(0,0) = +7

c
Therefore,
E,(0,t) . E.(0,0) .
B(0,t) = &+ (C )y¢ (C )y+B(0,0)
E.(0,t) .
= gl )y7
c

which means B and E line up at z = 0 for all time ¢. If consider arbitrary z, we obtain

B(z,t) = f(wvi) :B(O,tzpvi)

EI(O’t:Fvi) E, (zt
ATy BB,
c c

= =+
which means B and E line up for all z and ¢. As the phase shift, ¢ could be arbitrary

value.
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(¢) (2 points) By comparing B = ££2§ and B = yyH, we obtain

E E E
H=+—j=+—"\/eyj = £——=1.
HoC Ho vV to/ €0

If we define ny = / o/ €0, then

E, .
H=+4+—7.
Mo
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Homework 7 Solution

‘(D and A scalar and vector potential

Integral
t B il | |5=—vo-
polarization B=Vx4 T _E displacement
(m.atcrial response) electric field flug dcn_sity
P P=g,y.E E D=¢E=gE+P D
— > — < - —~ o g _. | magnetic field
M gz*[#‘%} B| Bewf=u(f+m) {
L - il _ L J B =
magnctlzanon 0 magnchp VxH=J 5_9
(material response) flux density — ot
= V ‘D = p\‘o}'
Proportional - H-H,)) =J xa,
p ‘DIN_DEN:JOSD (_. : 2)P_‘ 54
v szs[}A or Q::o!’o}V J.‘;:'EIJ'J)'((‘{_‘{I_-"’_-‘(2)r
Derivative

Goddard/Cunningham
ECE329 Lectures 15-17

charge Q

current | J

0= medS or 0= jp,.-o,dV P | charge density

I=Jg-L or [=J-4 j current density
I= IJS(x)dx or [ = _Uj-dg 70
s

6. (5 points) Please refer to the above picture:

7. (10 points) (a) (2 points) The solution is (ii) from the continuity equation.

(b) (4 points) The solution is (iii), (iv).
(¢) (4 points) The solution is (i), (i), (v).
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