ECE 329 Lecture Notes — Summer 06/09/26, Erhan Kudeki

Fields and waves 1in nature and
engineering — the big picture:

Fundamental building blocks of matter — electrons and protons at atomic
scales — interact with one another gravitationally and via “electromagnetic”
forces. These interactions are most conveniently described in terms of suit-
ably defined “vector fields” that permeate space and time, or simply the
spacetime (x,y, z,t) = (r,t). Interactions attributed to particle masses can
be formulated by gravitational fields g(r,t) specified in reference frames!
where spatial coordinates r = (z,y, z) are defined. Far stronger interactions
attributed to particle charges, on the other hand, are formulated in terms of
a pair of vector fields, E(r,t) and B(r,t), known as electric and magnetic

fields, respectively.

Electric and magnetic fields:

A particle with charge ¢ and mass m as well as position and velocity vectors
r and v = % specified at an instant ¢ within a measurement frame (or “lab”

1., having a set of mutually orthogonal z—, y—, z—axes (taken to be right-handed by convention) used
for locating objects or field positions relative to an origin O assigned (z,y, z) = (0,0, 0) coordinates.
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frame) will be accelerated in accordance with

dv

m = q(E(r,t) +v x B(r, 1)), (1)

which is Newton’s 2nd law of motion? for a particle under the influence of
Lorentz force

F=¢E+v xB). (2)

In view of (1), the operational definitions of fields E(r,t) and B(r,t) arise
from particle acceleration a = ‘Cll—;’ that can be measured in the lab frame:
the electric field E is evidently force per unit stationary charge (i.e., v.=0)
whereas field B describes an additional force per charge in transport (i.e.,
qv) that acts in a direction perpendicular to v.

There are important differences between gravitational and electromag-
netic interactions: Gravitational interactions are always attractive indicating
that particle masses m that generate the gravitational field g(r, ) must all
have the same algebraic sign (taken to be positive by convention). Electro-
magnetic interactions, on the other hand, are attractive or repulsive depend-
ing on particle charges ¢ which can be positive or negative. By convention
a positive charge ¢ = e ~ 1.6 x 107! C is attributed to the fundamental
particle know as proton, while, again by convention, ¢ = —e for an electron,

the sole companion of the proton within a hydrogen atom?®. Protons and

2Valid so long as |v| < ¢ where c is the speed of light in vacuum.

3Hydrogen atom exists as a consequence of mutual attraction between proton and electron counterbal-
anced by quantum mechanical constraints on allowed energy states.



electrons are charged elementary building blocks? of all atoms (hydrogen as
well as atoms of heavier elements) that constitute the matter around us. In a
collection of fundamental particles the total mass is always a monotonically
increasing function of the number of particles. However, that is not the case
with total charge since individual particle charges can be positive or nega-
tive. In fact, the net charge density p(r,t) found in macroscopic amounts of
matter is typically close to zero as a result of having nearly equal numbers of
protons and electrons in ordinary matter composed of charge-neutral atoms
and molecules’.

4Atoms can also contain in their nuclei varying numbers of uncharged neutrons which are responsible
for different isotopes of chemical elements (e.g., the hydrogen isotope known as deuterium contains a
neutron in addition to a proton and an electron). While neutrons have no net charge, they consist of
charged sub-nuclear particles known as up (3¢) and down (—3e) quarks (with nearly equal masses) whose
motions within the neutron establish currents and a magnetic moment. While a neutron is composed of
1 up and 2 down quarks to have zero net charge a proton contains 2 up and 1 down quarks to have a net
charge of e.

°The reason why intrinsically weaker gravity becomes dominant in the macro world.
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Fields are relative:

Physical laws that we use to describe our surroundings have been developed
to have identical forms in all reference frames in uniform motion with respect
to one another. For instance, Lorentz force law on a charge g is

F=¢gE+vxB) and F' =¢E +v' x B (3)

in terms of unprimed and primed variables measured in two such reference
frames. Moreover, particle charge ¢ and the speed of light ¢ are assigned
invariant® values in reference frames in relative motion (thus ¢’ and ¢ are
unnecessary to invoke in physical models).

e These concepts of the special theory of relativity (first described
by Einstein in 1905 and covered at UIUC in PHYS 225) are in full
accord with experimental measurements. They are also well matched
by Newtonian relations (approximate but more intuitive laws of dy-
namics covered in PHYS 211) if and when the relative speed |v/ — V|
of primed and unprimed frames is negligible compared to the speed of
light c.

Since in Newtonian descriptions mass m and acceleration % have invariant
values in all reference frames, it follows that ' = F if and when |v' —v| < ¢,

60ther “relativistic invariants” between different reference frames include particle (rest) masses and the
so-called “spacetime interval” /12 — L2/c? = /t> — /2 /c? between two events occurring at two locations
and two times separated by a distance L and time-delay ¢, respectively. Relativistic invariants are the
most prized physical quantities to focus on in relativistic models (simply because they remain fixed in all
reference frames). Note that distances L # L’ and time-delays t # t’ are not relativistic invariants!
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in which case (3) implies
E'+v xB' =E+v xB. (4)

Accordingly, a charge g which is stationary in the primed frame will have a
primed frame velocity v/ = 0 and therefore see an electric field

E=E+vxB (5)

in terms of unprimed frame fields E and B and velocity v of the primed
frame seen within the unprimed frame.

Thus, electric and magnetic fields needed in the formulation of charged
particle interactions are not unrelated to one another — rather, they intermix
in a manner that depends on the reference frame’ being used for analysis
purposes. Note that charges ¢ which are stationary in one reference frame
(and therefore carry no electrical current) will appear to be in motion in
another frame and thus carry electrical currents I. It must therefore be
evident that the equations for EE and B in any reference frame must be cross-
coupled and depend on both charge and current densities that are measured
in the same frame.

"Given E and B measured in the lab, E' and B’ measured by an observer moving through the lab
with a constant velocity v are well approximated by E' ~ E+ v x B and B’ ~ B — "CX2E so long as
[v|] < ¢ =3 x 10® m/s, the speed of light in free space (shown by relativistic analysis discussed in PHYS

225 — exact transformation formulae are Ej = E, B| = B, E, =v(E. +vxB,), B =7(B. - xR,

where y = ).
2
(&




Maxwell’s field equations:

The required set of coupled equations governing E and B was “discovered” in
1864 by James Clerk Maxwell to be (first introduced in PHYS 212 in integral
form and discussed throughout this course)

V-E=2£ | Divergence eqn’s V-B=0

VxE=-28 Curl eqn’s V X B = p,J + ,uoeo at

where

1 1 F
=47 x107"—= and ¢, = —~ ———
m ,LLOCQ 36m x 10° m

in mksA units and

~ 3% 1082
N S

is the speed of light in free space. Furthermore p = p(r,t) refers to the net

CcC =

charge density and J = J(r,t) to the current density in the measurement
frame, whereas V - E and V X E refer to the divergence and curl of vector
field E generated by partial differentiation of the orthogonal components of
E (concepts introduced in MATH 241 and reviewed in Lecture 4).



Solutions of Maxwell’s equations — waves and static fields (AC/DC):

Maxwell’s partial differential equations shown above, describing the coupled
dynamics of electric and magnetic fields E and B in response to space and
time varying source fields p and J, require an extended study to appreciate
their full ramifications and predictions. All predictions of these equations
have been experimentally verified and it has been found out that everything
that is known and observed about electricity and magnetism can be explained
in terms of these equations and their quantized forms.

One of their predictions, derived specifically in Lecture 18, is that they
support traveling wave solutions of the form

E(r,t) o« B(r,t) o< cos(2m f(t — E) + ¢) (6)

in regions where J = p = 0. These are co-sinusoidal field perturbations
having oscillation frequencies f, oscillation periods T = %, wavelengths X\ =
%, phase shifts ¢ and they travel in 3D space with the speed of light ¢ for free
space. Since Maxwell’s equations are linear, superpositions of co-sinusoidal
waves with different wavelengths provide additional solutions — these can
have arbitrary spatial variations and still travel at a fixed speed ¢. Any such
field perturbation will travel across a region of size L during a time interval
L/c as illustrated in the margin.

Another prediction of Maxwell’s equations is that fields established by
static — i.e., non-time-varying — charge and current densities p = p(r) and
J = J(r) satisfy two separate sets of decoupled equations

(a)

(b)

(c)
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Electrostatics Magnetostatics

V-E=£% | Divergence eqn’s V-B=0

0

VXE=0 Curl eqn’s V xB=pu,J

shown in the left and right columns above — these were obtained by sim-
ply setting the terms OE /0t and 0B /0t in the curl equations to zero. In-
dependent “curl-free” static electric fields E(r) and “divergence-free” static
magnetic fields B(r) satisfying these simplified equations are naturally far
casier to determine than the coupled dynamic fields E(r,¢) and B(r, t) to be
encountered in response to time-varying sources p(r,t) and J(r,t).

Quasi-static fields:

Even though in practical cases of interest (in physics and engineering) time-
varying sources are the “rule” and static sources an “exception”, learning to
solve the simplified set of electrostatics and magnetostatics equations turns
out to be invaluable. The reason is, static solutions often provide accurate
approximations — known as quasi-static approximation — for time-varying
field problems involving slowly-varying sources p(r,t) and J(r, ).

More specifically, if the source variation period 7' is much longer than the
travel time L /c of field perturbations across a region of size L, that is, if

L
T> -, (7)
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then field calculations for the entire region can be done statically using the
instantaneous (as opposed to retarded or previous) values of field sources
p and J. This is true because under the given condition source strengths
will remain nearly constant over time intervals needed to communicate the
new fields to the most distant corners of the region of interest. We can also
re-state the same inequality (7) as

L<cl=5=) (8)
f
using the definition of wavelength A\ introduced earlier. The indication is
then, any system with a physical size L that is small in terms of wavelength
A of the applied field variations can be analyzed quasi-statically by starting
from Maxwell’s static equations.

Fields and circuits:

Lumped circuit analysis techniques introduced in ECE 110 and 210 constitute
practical applications of the quasi-static approach suitable for “electrically
small circuits” consisting of capacitors, inductors, and resistors and slowly
varying AC sources. By contrast, the analysis of “electrically large circuits”
with physical dimensions L approaching or exceeding A\ requires taking a
proper account of propagation time delays L/c in the system by developing
a distributed circuit approach based on the full set of Maxwell’s equations.
One practical application area where this need is most acute nowadays
is in chip (integrated circuit) design and packaging suitable for high-speed



computing®. While the physical dimensions of electronic chips and micro-
circuits are generally very small, such elements can still be electrically large
in the sense that L ~ X\ because of reduced wavelengths A at high clock
speeds f = 1/T. Thus, even the computer engineers (CompE’s) amongst us
need to understand and learn how to mitigate (and take advantage of) the
ramifications of Maxwell’s equations.

Details and study plan:

So much for the big picture about fields and waves encountered in nature
and engineering systems and circuits. Working details of how fields and wave
effects can be computed and characterized will be provided in the remaining
parts of these notes.

Over the course of 39 lectures we will develop and study, in succession,
the equations and applications of electrostatics (Lectures 1-11), magnetism
(Lectures 12-15), and electromagnetics (Lectures 16-39) with a focus on time
varying (quasi-static as well as wave-like) phenomena.

ECE 329:

We start by finding out how the equations of electrostatics arise from the
familiar Coulomb’s law (like charges repel, unlike charges attract) and the

8E.g., Taflove, “Why study electromagnetics”, IEEE APM, 44, 132, 2002.
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idea of field superpositions. We learn to solve electrostatic problems using the
notion of electrostatic potential (voltage) and develop the notions of polariza-
tion, conduction, charge continuity, and capacitance in quasi-static settings
of practical importance.

Next we learn how magnetic fields arise from charges in motion (a relative
concept depending on the reference frame of the observer) and develop the
governing laws of magnetostatics (also an extension of Coulomb’s law seen
from different reference frames). The vector potential is introduced for mag-
netic field calculations from prescribed current configurations, and notions
of magnetization and inductance are subsequently developed and applied in
quasi-static settings.

Just like time-varying electric fields imply time-varying charge densities
(or wice versa) in electro-quasi-statics (EQS), time-varying currents imply
time-varying magnetic flux in magneto-quasi-statics (MQS). We also learn
that time-varying magnetic-flux is accompanied by time varying electric fields
— a key finding of Faraday’s called induced field with paradigm shifting
ramifications and applications — and requires the modification of curl-free
electric field condition into a dynamic equation known as Faraday’s law.

Finally, the full set of Maxwell’s equations is reached after adding a
time-varying electric field term to the curl equation of magnetostatics. This
change, first introduced by Maxwell in order to make sure that the govern-
ing equations of electricity and magnetism are consistent with conservation
of charge, acknowledges the two-way coupling and feedback between electric
and magnetic fields: time-varying magnetic fields induce time-varying elec-
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tric fields — Faraday effect — and time-varying electric fields in turn induce
time-varying magnetic fields (call it the “Maxwell effect”) in order to sustain
electromagnetic field variations in regions far away from charges and current
loops — that is the way nature seems to work (and here we are to observe
all that thanks to Maxwell effect allowing us to be here).

A study of wave solutions of Maxwell’s equations follows, including plane
TEM waves in free space, linear and circular polarized waves, waves in con-
ducting media, normal incidence of waves on planar interfaces of homoge-
neous regions, energy and momentum transfer, gquided waves in two-wire
transmission-line (TL) systems, transient response on TL circuits, resonant
oscillations in TL cavities, sinusoidal steady-state analysis of TL’s and dis-
tributed circuits, Smith Chart applications, and finally losses in TL systems.

That is the full scope of the 39 lectures of ECE 329 — the course ends
with an intensive study of distributed circuit concepts based on transmission
lines, a study that complements the lumped circuit techniques examined and
mastered in earlier courses.

ECE 329 is only the first half of our first-pass study of the fields and waves
topics essential in electrical engineering education. Important topics such as
radiation and antennas (generation details of electromagnetic waves by time-
varying currents) and dispersion (frequency dependence of wave propagation
speeds in material media) are barely mentioned or not at all in ECE 329.
These constitute the main topics of the follow-on course, ECE 350.
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ECE 350:

ECE 350 starts with the discussion of electromagnetic radiation theory and
transmaission antennas, continues with propagation and wave guidance ef-
fects (including dispersion, phase and group velocities, Doppler shifts, oblique
incidence, evanescence and tunneling effects, guided modes in parallel-plate,
rectangular, and dielectric slab waveguides), treats cavity fluctuations (in-
cluding resonant modes, blackbody radiation in 3D cavities, thermal noise),
and concludes with a discussion of antenna reception (including effective area,
available power, link equations).

Beyond ECE 329 and 350:

Students having gone through ECE 329 and 350 will find themselves ready to
encounter higher level courses in our curriculum focusing on different applica-
tion areas and frequency regimes of the implications of Maxwell’s equations.
[t is a life-long endeavor to master these relationships which have precipitated
the scientific upheavals of the 20th century (relativity and quantum mechan-
ics) and have remained intact and essential despite the upheavals unlike most
aspects of classical physics. Our high speed electronics and communication
networks and devices are intrinsically and fundamentally based on fields and
wave concepts. Progress and innovation in these areas will require a deep
understanding of fields and waves and how they interact with novel materials
and structures.
Learn the basics and then go and invent the next thing!
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ECE 329 Lecture Notes — Summer 06/02/25, Erhan Kudeki

1 Vector fields and Lorentz force

e Interactions between charged particles can be described and modeled?
in terms of electric and magnetic fields just like gravity can be
formulated in terms of grawvitational fields of massive bodies.

— In general, charge carrier dynamics and electromagnetic field vari-

10

ations™ account for all electric and magnetic phenomena observed

in nature and engineering applications.

e Electric and magnetic fields EE and B generated by charge carriers —
electrons and protons at microscopic scales — permeate all space with
proper time delays, and combine additively.

— Consequently we associate with each location of space having Carte-
sian coordinates

(z,y,2) =t
a pair of time-dependent wvectors

E(r,t) = (B,(r,1), B, (r.1), E.(r,1)

9Interactions can also be formulated in terms of past locations (i.e., trajectories) of charge carriers.
Unless the charge carriers are stationary — i.e., their past and present locations are the same — this
formulation becomes impractically complicated compared to field based descriptions.

0T ime-varying fields can exist even in the absence of charge carriers as we will find out in this course
— light propagation in vacuum is a familiar example of this.
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and
B(r,t) = (B,(r,t), By(r,t), B.(r,t))

that we refer to as E and B for brevity (dependence on position
r and time ¢ is implied).

e Field vectors E and B and electric charge and current densities p and
J — describing the distribution and motions of charge carriers — are
related by (i.e., satisfy) a coupled set of linear constraints known as
Maxwell’s equations, shown in the margin.

— Maxwell’s equations are expressed in terms of divergence and curl
of field vectors — recall MATH 241 — or, equivalently, in terms
of closed surface and line integrals of the fields enclosing arbitrary

volumes V' and surfaces S in 3D space, as you have first seen in
PHYS 212.

o Maxwell’s equations were “discovered” as a consequence of ex-
perimental and theoretical studies led by 19th century scien-
tists including Gauss, Ampere, Faraday, and Maxwell.

They remain intact and essential despite the scientific upheavals
(paradigm shifts) of 20th century: relativity and quantum physics!!.

"Fields are are utilized in different ways in classical and quantum electrodynamics, but Maxwell’s field
equations remain the same under both paradigms. Relativity theory is an updated model of space and
time relations developed to achieve consistency with the implications of Maxwell’s equations.
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Maxwell’s equations:

vE =
€o
vV-B = 0
0B
VxE = ——
. a1
oE
VxB = pu,J 0€o—-
X Hod + pio€ ot
such that

F =¢(E+v x B),
with
H
fho = 4w x 1077 =,
m

and

1 1 F
€o = ~ )
Hoc® 36w x 109 m

in mksA units, where

is the speed of light in free space.

(In Gaussian-cgs units % is used

in place of B above, while ¢, = ﬁ
_ 1 _ 4rx
and p, = oz =



Given the charge and current densities p and J, Maxwell’s equations can be

solved for the fields E and B.

e Field solutions E and B in turn determine how a “test charge” ¢ with
mass m, position r, and velocity v =1 = % accelerates in accordance
with Lorentz force
F=qE+v xB)

imv

and Newton’s 2nd law F = Tl

(in classical electrodynamics). As
such

— electric field E at any location r is the vector force per stationary
(i.e., v.=0) unit charge (i.e., ¢ =1 C),

— magnetic field B describes an additional force per unit charge
which is experienced by charges in motion (v # 0) in the reference
frame — typically called the “lab frame” — where E and v are
measured.

Since Lorentz force equation has the same algebraic form in all inertial ref-

1

erence frames'? — like all laws of physics including Maxwell’s equations —

while the charge velocity v is clearly frame-of-reference dependent, it follows
that the values of fields E and B must also be dependent on the reference

framels.

12 . in which particles not subjected to any force F (i.e., “free particles”) appear to be stationary or in
uniform unaccelerated motion in compliance with Newton’s 2nd Law F = ma.

13Given E and B measured in the lab, E’ and B’ measured by an observer moving through the lab
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Lorentz
force

Units in mksA sys-
tem:

— q[=]C=sA,
— E[=|N/C=V/m,
— B[=|V.s/m*=Wb/m?=T,
— pl=]C/m?,
— J[=]A/m?,
where
C,N,V, Wb, and T
are abbreviations for
Coulombs, Newtons, Volts, We-

bers, and Teslas,
respectively.

Charge q is quantized in units of
e = 1.602 x 107 C, a relativistic
invariant.



F
m’

as forces F, fields E and B, and current density J are all described, in

e Charge carrier positions r, velocities r, and accelerations ¥ = =, as well

general, in terms of 3D vectors.

e In Cartesian coordinates such vectors and vector functions (of posi-
tion r and/or time t) can be expressed in terms of mutually orthog-
onal unit vectors z, ¢, and Z as in

r=(z,y,2) =za+yy+2z and E=(L,,E, E.)=E,2+E,y+E.2 etc.,

where

— |r| = /22 +y2 + 22 and |E| = \/E§ + B2 + B2 etc., are vector
magnitudes,

— 7= ﬁ and F = % etc., are associated unit vectors,

— with dot products

>

A

oxT - Y=r-2=

N
N>
I
-

— and cross products

o & X {=2
o yYXz=uz,
0 ZXT =1,
with a constant velocity v are well approximated by E' ~ E+ v x B and B’ = B — VCXQE so long as

|v] < ¢ =3 x 10% m/s, the speed of light in free space.
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r=(x,y,2)
=ax +yy+ 22

Y

UNIT VECTORS AND A POSITION
VECTOR IN RIGHT-HANDED
CARETESIAN COORDINATES



adopting a right-handed convention (see the margin note in
the next page).

e Recall that Right handed con-

vention: cross product vec-

B . . . . tor points in the direction indi-
Dot product A - B is defined as |A[ times [B| times the cosine of angle 6 . ° by the thumb of your right
between A and B. hand when you rotate your fin-
gers from vector A toward vector

o Thus dot product is zero when angle 6 is 90°, as in the case of £ and §, g through angle 6 you decide to

etc. use.
— Cross product A x B is defined as a vector with a magnitude |A| times |B|
times the sine of angle # between A and B and a direction orthogonal to both B = _|_B|_Z) _______ 3
A and B in a right-handed sense (see margin note) . /B sing -7 ]
o Thus cross product is zero when the vectors cross multiplied are collinear 7\ 0 Tn . /g;
(0 = 0°) or anti-linear (# = 180°). IB| cos A=|Ala

A -B = |A||B|cosf

DOT PRODUCT:product of
projected vector lengths

Example 1: Given the vectors v = (5,10,0) and B = (0,0, 2) compute the cross and
dot products v x B and v - B. A x B = |A||B|sinfa x n

CROSS PRODUCT: right-handed
perpendicular area vector of

Solution: Since we can also write v = 52 + 10y and B = 22, it follows that the parallelogran formed
v x B= (bt +109) x 22 =102 x 2+ 20y x 2 = —10y + 20z.

Alternatively, using the well known determinant method for cross products,

r=(x,y,2)
=aT +yy + 22

Y

Ty Z

vxB=|5 10 0| =2(10-2—0-0)—y(5-2—0-0)+2(5-0—10-0) = 202 —10g.

0 0 2

UNIT VECTORS AND A POSITION
VECTOR IN RIGHT-HANDED
18 CARETESIAN COORDINATES



Also, v-B = (5,10,0)- (0,0,2) =5-0+10-0+0-2 = 0.

Example 2: A particle with charge ¢ = 1 C passing through the origin r = (x,y, z) =

0 of the lab frame is observed to accelerate with forces
F,=22, Fo=22—-6z2, F3=22+9yN

when the velocity of the particle is

N . 1
vi =0, vo=2y, v3=232—,
S

in turns. Use the Lorentz force equation
F =¢(E+ v x B)

to determine the fields E and B at the origin.

Solution: Using the Lorentz force formula first with F = F; and v =v;, we note that

2i = (1)(E+ 0 x B),

which implies that

N \Y
E=2r—-=21—.
xC xm
Next, we use
F F
vxB=——-E=—-22
q q

with Fy = 22 — 62 and vy = 29, as well as E = 22 V/m, to obtain

2x B=—6; = §xB=-3%
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Having three non-colinear
force measurements F; cor-
responding to three distinct
test particle velocities v; is
sufficient to determine the
fields E and B at any location
in space produced by distant
sources as illustrated by this
example.

zZ
A
Y
V] = 0
> N >
F1 =27
zZ
A
Y
Vo = 2?;
> T
F, =22 - 62
T
Y
V3 =432 Fs =27 + 99
> T




likewise, with Fg = 22 4+ 9y and vy = 32, “
3:xB=9) = 2xB=23j. Y
Substitute B = B,z + B,y + B.Z in above relations to obtain vy =|() . -
§ % (Byd + Byj + B.2) = —By5 + B.i = —32 Fy =22
and T
Z x (B2 + B,y + B.2) = B,y — B, = 3y.
Matching the coefficients of Z, ¢, and 2 in each of these relations we find that Yy
Bx:?)%, and B, = B, = 0. Vo = 2y .
Hence, vector Wh Fo=21—-62
2z
B =3z oy t
Y
V3 =432 Fs =23 +97
e In your first homework you will be asked to do a sequence of vector "

exercises, including problems on volume, surface, and line integrals of
vector or scalar functions of space (i.e., “fields”). These problems should

be worked out with the help of your PHYS 212 and/or MATH 241 texts
and notes.

— This course assumes a background of PHYS 212 and MATH
241 (on electromagnetic fields and vector calculus) as well
as ECE 210 (lumped circuits and linear systems con-
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cepts including time- and frequency-domain approaches
and phasors).

e The main objective of the course is to build up a firm understand-

ing of electromagnetic field concepts introduced in PHYS 212,

and to learn how to use Maxwell’s equations under static and

time-varying conditions associated with unguided (i.e., wireless) and

guided (mainly transmission lines) electromagnetic waves. The study

of guided waves is the key to extend the familiar lumped-circuit

concepts into the realm of distributed circuits. This is the first half

of a sequence of core electromagnetics courses in our curriculum, the
second course being the 3-of-5 elective ECE 350.

— Topical outline:

L.

AR

Static electric fields, potential, polarization, quasi-
static applications (10 lectures)

Static currents and magnetic fields (3 lectures)
Time-varying fields and Maxwell’s eqns (4 lectures)
Plane wave solutions of Maxwell’s eqns (9 lectures)

Guided waves in transmission lines and distributed
circuits (13 lectures)
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Prerequisites:
MATH 241
PHYS 212
ECE 210

Follow-on:
ECE 350



2 Static electric fields — Coulomb’s and Gauss’s
laws

Static electric fields E(r) are produced by static (non-time-varying) distri-
bution of charges and obey and the electrostatic laws shown in the margin
where p(r) denotes the net charge density in 3D volume. Over the next few
lectures we will find out how these laws emerge from Coulomb’s law.

At the most elementary level, each stationary point charge (electron or
proton) @ is surrounded by its radially directed electrostatic field E given
by Coulomb’s law, and in the presence of multiple charges the field vectors
of all the charges are added vectorially (linear superposition holds) to obtain
a superposition field E.

e Coulomb’s law specifies the electric field of a stationary charge @) at
the origin as

E(r) = ¢ T
(r) Amre, r?
as a function of position vector r = (x,y, ), where €, & ——= F/m

is a scaling constant known as permittivity of free space,

r=|r| = a2+ y?+ 22

is radial distance from the charge, and 7 =  radial unit vector pointing
away from the charge.

— This Coulomb field E(r) will exert a force F = ¢E(r) on any

1
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Laws of
electrostatics:

V°:E:p/€0
VxE=0

Force exerted by Q on qg:

F =qE
with electric field
=
dre,|r|?

With multiple Q’s superpose
multiple E’s



stationary “test charge” ¢ brought within distance r of @ (see
figure in the margin). If gqQQ > 0, force F is

repulsive (directed along
The existence of a Coulomb field accompanying each charge carrier initsrest #) if ¢QQ < 0 it is at-

frame! is taken to be a fundamental property of charge carriers established tractive — [like charges
by measurements. repel, unlike charges at-
tract.

e When multiple static charges (), are present in a region, the force
on a stationary test charge g can be described as gE in terms of a
superposition field

E(I‘) _ Z Qn r—r,

dre,lr — 1|2 v — 1|

n

where r and r,,’s denote the locations of ¢ and @),,’s with respect to a

common origin and the last term represents the unit vector pointing
from @), to ¢ — this form is applicable for the static electric field Position vectors of gg:;ggi
E computed at arbitrary locations r (independent of the test charge  to a common origin o

notion).

L. in a flat spacetime, that is in the absence of gravity. In curved spacetime, in the presence of gravity,
the Coulomb field lines will “sag” in the direction of gravitational pull by an order of rg/c? as compared
to the undistorted Coulomb field expressed in terms radial distance r, speed of light ¢, and gravitational
acceleration g (=9.8 m/s? on Earth’s surface). See in Boyer, Am. J. Phys., 47, 129 (1979) a discussion of
this effect which is undetectably small in Earth-based labs as well as its derivation using the equivalence

principle (of gravity and acceleration) from the field of a charge accelerating with —g.

2



Example 1: Charges ()1 = 4me, and Qo = —2(); are located at coordinates r; =
(1,0,0) = 2 and ro = (0, 1,0) = g, respectively. What is the expression for E(r)
and what is the explicit value of vector E(0)?

Solution: Field E due to ()1 and () at an arbitrary point r can be obtained as

Qi(r—11) | Qa(r—r)
E(r) =
(x) 4me,|r — 1y )3 * 4me,|r — rof3
— 1 2(r—1yg —1 2 —1
_(r fl_(rA@::Ct ,%@3_ (z,y ﬂLVML
r—zP  [r—gP |(e-1Ly 2 |[(z,y-12)

At the origin where r = (0,0, 0), this result gives

(—1,0,0) 2(0,—1,0) ) .
- — —%+2)V/m.
CLo.0fF o —Lop L HWV/m

E(0,0,0) =

SUOSONONNN \2. /////W

R ////it\

e The vector map shown in the margin depicts samples of unit vec- :

tors B(r) = % for the field E(r) obtained in Example 1 on a suit-
able grid established on xy-plane — such plots are useful or visualiza-
tion purposes. Note that arrows emanate out of the positive charge at

(z,y) = (1,0) and converge upon the negative charge at (z,y) = (0, 1).

— Electrostatic fields can be alternatively visualized in terms of so-
called field lines or flux lines, continuous curves which are drawn

3
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tangential to unit vectors E(r) at every position r. Iry tracing
out the flux lines over the vector map shown in the margin!

e According to Coulomb’s law, electrostatic field of a charge () placed at
the origin points out in the radial direction 7 away from the origin and

Q

Amre, r?

has a magnitude

E, =

that depends on radial distance r, but it does not depend on direction
r. The product of E, with €, and the surface area of a sphere at radius
r, namely, S = 47r?, yields

e, B.S =0
independent of the radius of the sphere. Let’s re-write the same result
as
€0 7{ E-dS=0Q,
S
where

— the “closed surface integral” fﬁs E - dS is called the flux of E over
surface S bounding the volume V = 4?? s,

— which in turn denotes the limiting value of the sum of dot products
E;-AS; computed over all surface elements of .S having incremen-
tal areas |AS;| and unit vectors AS;/|AS;| pointing away from

volume V' — the limiting value is obtained as all |AS;| approach

4

E. dS
v fE-ds =Y
(b) g s’
(s =Y
€
(c) S//
m/, o
(d)
. S///
Q

Surface integral depends
only on the net amount of
charge contained within
the surface --- charges
outside the surface don't

matter; surface shape doesn’t

matter; also charge motion
within the surface does not
matter.



zero (i.e., with increasingly finer subdivision of S into |AS;| ele-
ments).

Although we obtained the equality €, 555 E-dS = () above only for a spherical
surface S centered about charge (), we can easily convince ourselves — see the
sketches on the right — that the equality should hold even when we distort
the shape of surface S and/or displace () away from the center so long as
we do not move () outside of S. All such variations are permitted because
of inverse r-square dependence of the Coulomb’s law and additive nature of
fields, and if @ is moved outside the surface then the surface integral (flux)
simply goes to zero.

e Hence, given an arbitrary shaped volume V enclosed by an arbitrary
shaped surface S and including a net electrical charge (Qy, and defining

a displacement field
D = ¢, E,

we obtain

jl{D -dS = Qy, Gauss’s law
S

a constraint known as Gauss’s law. At this stage, the introduction of
D is simply a notational convenience.

Gauss’s law offers an alternative to implementing an explicit sum of Coulomb
fields for calculating static field distributions E or D = ¢,E — the alternative
method can be used when charge distributions have simplifying symmetry
properties as will be illustrated in the next set of examples.

5
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Also, later on we will learn that Gauss’s law is valid even when charges
(v within volume V" are non-static (i.e., in motion), a condition under which

Coulomb’s law is no longer valid.

Example 2: Charged particles () are located uniformly along the z-axis with an
average line density of A C/m extending from z = —oo to +00. We will compute
the electrostatic field E of this charge distribution at a distance r from z-axis.

Having an average charge density of A C/m implies that individual charges @
are spaced from one another by a distance Az = 3 along the z-axis. Assuming
that charge locations are z = nAz, where n is any integer, and using Coulomb’s
law, we find that

- Q r — ZnAz Q(r — ZnAz)
B(r) = Z A7e, | Z

r — inAz|?|r — 2nAz| /_Ameo|r — ZnAzfP

R
which, for position r = (& cos¢ + gsin¢) on :z:y-plane, at a distance r to the
z-axis, reduces to

r Q

=, (&coso -I— gsing)r
Z 4re, (1?2 + n2Az2)3/2 e

(microscopic field) (1)

because the z component of E proportional to nAz cancels out (as a result
of summation) due to symmetry in n. This “purely radial” field in 7 direction
perpendicular to z-axis can be “evaluated” for r > Az as an integral (remember
that sums of infinitesimals are in effect definite integrals)

) /OO A1 g AT /OO dz A )
7 2 = 7 =7 .
oo dme (12 + 22)3/2 dre, [ oo (12 + 22)3/2 2Te,T

2 /1 (macroscopic field)

= 1(ZT cos ¢ + ysin¢)

> T
() point charge in C

A charge density in C/m



e The result \ \
= D=r—0=
2TE,T T27T?“

E—7

obtained above, valid for r > Az, and labelled as macroscopic
field, also represents at any r (and z) the space average of the ma-
croscopic field taken over small volumes having dimensions of many
AZz’s (inter-particle separations).

— In such a spatial average the rapidly varying structure of micro-
scopic field (in particular at small 7, caused by the discrete nature
of charge distribution) is smoothed out as if electrical charge were
smeared out continuously along z-axis? with an actual density of

A C/m.

— In realistic applications involving colossal numbers of charge car-
riers (of the order of 10%* in macroscopic chunks of solids) it is
practical (and desirable) to focus our attention on macroscopic
rather than microscopic fields.

?Note that the sum in (1) is identical to 7 [ 42" i’;:(;‘;‘fz(;)ggm

(2) upon replacing in the integrand the shifted impulses d(z — nAz) denoting the locations of discrete
charges on the z-axis with Az-wide unit-area rectangle functions ﬁrect(%ﬁz) denoting the locations of
smeared out charges — this is the full detail of the math involved in going from microscopic to macroscopic

field representation (in essence with no approximation but with a change of “perspective”).

) which in turn becomes identical to




We next illustrate how to obtain the macroscopic field E = f%ior
directly by using Gauss’s law.

Solution using Gauss’s law: We first notice that macroscopic electric field of a
charge distribution along the z-axis having an average charge density of A C/m
should be pointing in radial direction 7 away from the z-axis (why?).

Also its magnitude F, should be independent of azimuth angle ¢ by symmetry.

As a consequence, we can apply Gauss’s law over the surface S of a cylindrical volume

V' of some length L and radius r centered about the z-axis (as shown in the
margin) as

0 0 also D, 2mrk

. & .
7 l

fD-dS:QV N / D-dS+/ D-dS+/ D-dS = Xk
S Bot.Cap TopCap Cylinder

leading to (as obtained before, using a line integral)

D2tr =)\ = D,,zi = k.= A and E = A
27r 2TeE,T 2me,r

T

Notice that our “clever” choice of surface S in this problem resulted in the evaluation
of the flux integral in Gauss’s law without doing any calculus.

N
Vo>~

AT T —— N
\

4

4

N



3 Gauss’s law and static charge densities

We continue with examples illustrating the use of Gauss’s law in macroscopic
field calculations:

Example 1: Point chargeQ are distributed overx = 0 plane with an average surfac
charge density of s C/m?2. Determine the macroscopic electric beid of this
charge distribution using GaussOs law.

Solution:  First, invoking CoulombOs law, we convince ourselves thatield producec
by surface charge density, C/m? onx = 0 plane will be of the fornE = &E «(x)
whereE(x) is an odd function ok because/- andz-components of the beld wil
cancel out due to the symmetry of the charge distribution. that case we can
apply GaussOs law over a cylindrical integration surfadeving circular caps of
areaA parallel tox = 0, and obtain

"oExA "oExA also 0
! % HE % % HE % B #% %
D &dS= Qy ! D &dS+ D &dS+ D &dS=14A
S Capl Cap2 Cylinder

which leads to

Ex(X) = = for x> 0.

2%
In view of the odd symmetry oE,(x) we have
|
[0}

where sg(x) is the signum function, equal ta 1 for x ! 0.

This result is discontinuous ox = 0 plane containing the surface charde and
points away from the charged surface on both sides.

Copyright (©)2025 Reserved — no parts of this
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Example 2: Point chargesQ are distributed throughout an inbnite slab of widthV
located over' % <x< % with an average charge density bfC/m3. Determine

the macroscopic electric beldl of the charged slab inside and outside.

Solution: Symmetry arguments based on CoulombOs law once again ieslittaat we
expect a solution of the fornkt = &E,(x) whereE,(x) is an odd function ofx.

In that case, applying GaussOs law with a cylindrical swef&chaving circular caps
of areaA parallel tox = 0 extending betweeri x andx < ¥, we obtain

HOEX!A "OEX!A O
| b HE % L HE % b #E %
D &S = Qy ! D &dS+ D &dS+ D &dS = ! 2xA
S Capl Cap2 Cylinder

which leads to I W
Ex(X)= -~ for 0<x< —.
o 2

Forx> %, |
DadS= Qy ! 2.E((X)A= AW,
s

leading to
W W
Ex(x) = > for x> -

In view of odd symmetry oE,(x) we can write

o for " Wex< W

AN AN 7N
\ B4

NN

0

E=6E(X)= &
x(X) 0%5-sgn(x), otherwise

2




Note that the Peld solution depicted in the margin in terms Bf(x) plot is a con-
tinuous function ofx as opposed to the discontinuols,(x) solution obtained in
Example 1 for the macroscopic beld of a surface charge.

e In future calculations of electrostatic fields, we can use our previous
results, namely

b Coulomb field

E = 64#"0r2 of a point charge Q,
b Field
E = 62#"0r of constant line density $,
b Field
E=& 2!,,Sosgn(x) of constant surface density !,
b Field

IX

E=& of constant volume density !

o

as building blocks — that is, the above field equations can be super-
posed to determine the field structure of charge distributions ! (X, Y, z)
that can be expressed as superpositions of simpler charge distributions
with known field structures. Some examples...

3



Example 3: Consider a pair of surface charges> 0 and" ! ¢ C/m? of equal mag-

nitudes placed orx = " = andx = % surfaces. Determine the electric beld jof

this charge distribution depicted in the margin.

Solution: The beld of charge density; C/m2 onx = " = plane should be

|
S sgr(x + W),
2",

Es =@
2

pointing away from the discontinuity surface at = " = on both sides. Likewise
the beld of charge density! s C/m? onx = % plane should be
!

W
E. =" p-—> w2
m2uosgr()( 2)’

pointing toward x = % surface from both sides. Superposing the two belds,
Pnd that
|
b=, for" Wax< W ! X
E=E,+E. = o 2 2" = §>rect(—
* 0, otherwise, "o t(W)

as depicted in the margin.

Note that the Peld lines of our solution point from positivéa@rges on one surface t
the negative charges resting on the other surface N this Pleés the structure
of belds encountered in parallel plate capacitors that wd e studying soon.

_ S
we E=. B
A z
y
1s>0 Il
0
“EZL'(I.)I
"
W w
2 2



Example 4: An inbnite charged slab of widtlW, located over' W; < x < 0, has
a negative volumetric charge density 6f!; C/m3, 1, > 0. A second slab of
width W, and positive charge density, is located ovel0 < x < W , as shown
in the margin. Compute the electric beld of this static chargonbguration if
Wil 1 = Wa! 5, implying that the entire system is charge neutral (i.e., @charge
of zero).

Solution: Field of slab with widthW; can be written as (shiftEga, to left by Wi/ 2
and negate)

1 (x+ 1)

B—-—2", for " Wy<x< O
nogl :]_W]_O Wl 1
mz.—.osgr(x + 5t), otherwise

E]_:

as depicted in the margin. Likewise, the Peld of slab with thidV, is (with shift
to right by Wy,/ 2)

mZ(X ) forO<x<W ,

E2 =
W n W 1
®- ;..Ozsgr(x ), otherwise.

Note that peld strengthc‘lwl and - 2W2 showing up in the expressmns fér, and E,
are equal because of the charge neutrality conditdi! ; = W)! ».

Consequently, when we superpdsSe and E», the belds cancel out outside the region
"Wy <x<W ,, so that the total Peld becomes (as depicted in the margin)

(
y " '71(”"\’1), for " Wi<x< O
E=E.+E,= )8 M for0<x<W »
0, otherwise

;<0

p1W1
2 o

I Wy
“sz(l’)
p2W>
260
W>
E,(r)
' 2




GaussO Lawin terms of

e Charge density formalism which we find convenient to use for macro- charge density:

scopic field calculations can also be “adjusted” to describe the distri-
butions of isolated point charges via the use of impulses or delta ! &

functionsin space. D ads = Idv
S Vv

b For example

L(X,y,2) = QUX" X)Wy " Yo)%z" Z,)

can be regarded as a 3D volumetric charge density function rep- 1(x y, z) = Q"(x)"(y)"(2)
resenting a point charge Q located at a coordinate

r=(x,Y,2z) = (Xo, Yo, Zo) # ro.

$ This is justified because we can regard %X " Xo) to be zero
everywhere except at X = Xo. By extension, the product

%X " Xo)WY " Yo)%Z" zo)

3D impulse here

is zero everywhere except at r = ro = (Xo, Yo, Zo) — therefore where point charge
) ) Q is localized over
the density function ! (X, Y, z) defined above behaves correctly a region of zero

to indicate the absence of charges everywhere with the ex- volume

ception of ro. Furthermore, the area property of the impulse
implies that the volume integral of the charge density yields
& & & &

ldV = QUX " X))y " Yo)%z" Zo)dxdydz= Q

as it should.



$ Notice that the shifted impulses %X " Xg), etc., must have

Ill

m - units in order to maintain dimensional consistency in the

above expression.
D Another example is
! (X, y! Z) - I S(y’ Z)%X ! XO)

representing a surface charge density of !'s(y,z) C/m? on X = X
plane.

Example 5: Figure in the margin depicts (for thed = 1) the E-beld of a pair of
chargest Q located at(0, 0, + 9) derived from

_ Q" 59 " Q(r+ 59
== G 953 4 r + 953
Q (xyz" 9 ., (xyz+9

= [

Vim.
4#"0 I(X, Y, Z " §)|3 ]

I(x,y,z+ D)3

Determine the electric Rux Xy E adS across the entirexy-plane usingdS =
" pdxdy.

Solution: Because of linearity, the Rux we want to calculate equals sien of the 3ux
due to chargeQ at (0, 0, g) abovexy-plane and the RBux due to chargeQ at
(0,0," 3) abovexy-plane.
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Since by GaussOs Ié\g/E ads = 9 for any S surroundingQ, we can, by symmetry,
infer that & Q

E a(" pdxdy) = o
Xy 0
when only charge) is considered N the logic here is, half of Buy E adS = 9
emanating from charg® should go up and the remaining _half should go down
crossing thexy-plane in downward direction. Likewise, sincg E adS = —Q for
any S surrounding" Q, aga(igP by symmetry, we can infer
E a(" pdxdy) = 23
Xy 0
due to g:hargé' Q only,N the logic in this case is, half of Bu% OenteringO charge
" Q is Ocoming fromO above crossingxghglane in downward direction.

Thus, by superposition, v(\ée Pnd total

E a(" pdxdy) = 22 + 23 =
(0] (0]

iPe

Xy

The above result can beonbPrmed directlyby evaluating the integral
& &

o COAR I ) B
E(cy, 08¢ dixy) = 2 [ V2 2 140" pdxdy)
Xy xy % o (X, Y, " )] (X, Y, §)|&
-9 d dxdy = Qd ™~ * ' dr
s 00y, DR T 2 o (124 (9732

Q

(0]

Just before the last step we have replaceddy by rdrd&, wherer # X2+ y2, and
carried out the& integration before completing the integration as a last step (which
you should verify).
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Expressing the total charg®, contained in a volume/ as a 3D volume
integral of charge density(r), we can writeGaussOs lasxamined during
the last few lectures in the general form

! (1]

D&S= IdV.
S \%
This equation asserts that the Bux of displacemént ",E over any closed
surfaceS equals the net electrical charge contained in the enclosdaime
V N only the charges included withi/ alect the Rux of D over surface
S, with %harges outside surfa& making no net contribution to the surface
integral D adS.

¥ GaussOs law stated above holds true everywhere in spacal ae-
facesS and their enclosed volumas, large and small.

¥ Application of GaussOs law to a small volumé = ! x! y! z sur-
rounded by a cubic surfadeS of six faces, leads, in the limit of vant
ishing! x,! vy, and! z, to the dilerential form of GaussOs law expresse
in terms of adivergence operation to be reviewed next: g

b Given a su'ciently small volumé V =1 x! y! z, we can assume
that "

dv ! 1T xIy! z,
IV



b Again under the same assumption
|

D&S! (Dyy" Dyr)! Y! z+(Dyjs" Dya)! X! z+(Dye" Dys)! X!y
S

with reference to displacement vector components kg shown
on cubic surfaces depicted in the margin. GaussOs law demand

the equality of the two expressions above, namely (afterdiing
both sides by x! y! z)

I:)x|2 "’ I:)x|l + I:)y|4 ! I:)y|3 " I:)z|6 ! Dz|5I I
I X Iy | z C
in the limit of vanishing! x,! y, and! z. In that limit, we obtain

#Dy N #Dy N #D, . .
#X #y H#z

which is known aslilerential form of GaussOs law .

A

A more compact way of writing this result is

#4aD = |, X

where the operator
# # #

#$ (#x’#y’#z)’
known asdel is applied on the displacement vector

D =(Dy,Dy,D;)
2



following the usual dot product rules, except that the pradwf j—x and Dy,
for instance, is treated as a partial derivati\?gf. In the left side above

#Dx  #Dy #D

#ab =
#X #y #z

2 (divergence ob)

is known agdivergence of D.

Example 1: Find the divergence ob = &5x + §12 C/m?
Solution: In this case

Dy =5%x, Dy=12, and D, =0.

Therefore, divergence @ is

#X #y #z
i Fid #
- + —(12)+ —
&) 512+ ()

= 5+0+0=5 =
m

#aD =

charge density in space as a consequence of GaussOs later@mtdil form).

Note that the divergence of vectdd is a scalar quantity which is the volumetric
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Example 2: Find the divergencet a E of electric beld vector
"W for W <x< 0
E= e Wo) forO<x<W

20 o ' _
0, otherwise

from Example 4, last lecture (see margin bgures).
Solution: In this caseE, = E, = 0, and therefore the divergence &f is

$ $
G LETW) g L for Wy <x< 0
#Ex # Fo(x" V\?Z) ’

A = __ 2 = __ = 2
#ak #X  #xP% o % "o’ for0<.x<W2 ’
0, 0, otherwise

which provides us with! (r)/* , of Example 4 from last lecture (in accordange
with GaussOs law).

¥ Summarizing the results so far, GaussOs law can be exjiresgegral
as well adlilerential forms given by
! nn
DadS= Idv % #abD-=1.
S \%
b The equivalence of integral and di'erential forms implidgt (af-
ter integrating the di'erential form of the equation on thaght

4

' W,
‘EZX(X)
1 oW,
2'
W5
Ex(x
!Wl i X( ) WZ




over volumeV on both sides)
! (1]

D&a&aS= #aDdV
S Vv
which you may recall as thdivergence theorem from MATH
241. Divergence thm.

D Note that according to divergence theorem, we can interpliet
vergence as [Bux per unit volume .

D We can also think of divergence as a special type of a devevati
applied to vector functions which produces non-zero saasults
(at each point in space) when the vector function has comptme
which change in the direction they point.

& A second type of vector derivative known @sl which we re-
view next complements the divergence in the sense that these
two types of vector derivatives collectively contain masim
information about vector belds that they operate on:

Given their curl and divergences, vector belds can be uljgeeon-
structed in regionsV of 3D space provided they are known at the
bounding surfacé& of regionV, however large (even inPnit& andV
may be N this is known afHelmholtz theorem (proof outlined in
Lecture 7).

¥ Thecurl of a vector belE = E(X,Y, z) is debPned, in terms of the del

5



operator# , like a cross product

# # # 0 9 D
#' ES$ (o) EERE)= (% # = (curl of E)
#X #Y #Z
Ex Ey E;
. #E, #E, . _#E, #E,. . #E, #E,
= &( )" W )+ a2 ).
#y #z #X #z #X #y
Example 3: Find the curl of the vector beld
E =da&cosy+§l
Solution: The curl is “
¥ VY D 7
#' OB =k iy 2 e o e e
coy 1 0 | RS ES AR IS AR IS IS s (LSS
L H L H L H L # L H L H# -
= a(ﬁlo #21) y)(#XO prs cosy) + a(#xl 7y cosy)
= &0" 90+ &0 +siny)=asiny
which is another vector peld.

The diagram in the margin depictE = & cosy + §1 as a vector map
superposed upon a density plotjgf E| = |Bsiny| = | siny| indicating the
strength of the curl vecto#' E (light color corresponds large magnitude).

6



It is apparent that curl#' E is stronger in those regions whetes rapidly
varying in directions orthogonal to the direction &f itself.

¥ As the above example demonstrates the curl of a vector Beld i
general another vector beld.

D The only exception is if the curl is identicall§ at all positions
r=(xYy,z)!
& In that case, i.e., ift' E = 0, vector beldE is said to be
curl-free .

IMPORTANT FACT: All static electric belds E, obtained from

CoulombOs law, and satisfying GaussOs law# &D = | with static
charge densities ! = !(r), are also found to be curl-free without
exception.

¥ The proof of curl-free nature of static electric belds cangoven by
prst showing that Coulomb Peld of a static charge is cug;feand then
making use of the superposition principle along with the that the
curl of a sum must be the sum of curls N like dilerentiation,a®ing

curlO is a linear operation.

b You should try to show that#' E = 0 with the Coulomb beld
of a point charge) located at the origin.



& The calculation is slightly more complicated than the fallag 42

example (although similar in many ways) where we show that #
the static electric Peld of an inPnite line charge is cugefr S |1

\
<
1
1
1
L:
1
1
e

{

-
.

\

Example 4: Recall that the static beld of a line chardgedistributed on thez-axisis | |4~ ‘

.09
E(x,y,2) = mzo—o,ér,

where Xy
r2=x%+y? and B= & cos&+ § sin&= (F’F’O)'

Show that beldE satisbes the conditiok' E =0.

Solution: Clearly, we can express vecté&r as

A A

Since the component$, and % of the vector are independent o, the corre-
sponding curl can be expanded as

Y D )4 D
R S8 35 IR 18 8 RE SRR Y
#X #HY #Hz oLt | #X # #z AL 2 )
Ex E, E, 2% % r)_i, ot 2% #xr?  #yr
But,
#y, #x _#1, #1 "X "2y

— =" ——=zy——=" X
#xr2 #yr? Yaxre #yr2
so#' E =0 as requested.
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¥ Mathematically, we can generate a curl-free vector PEIX, Yy, z) as
AVARRAVARRAY/
Ix "ly "1z

by taking the gradient of any scalar functionV(r) = V(X,y,z). The gradient of
V(X,Y, z) is debned to be the vector

AVARRAVARRAY/
"V # (—,
Ix " ly 1z
pointing in the direction of increasiny ; in abbreviated notation, curl-free pelds
can be indicated as

E=1(

),

),

E=1" V.

P Veribcation: Curl of vector" V is

! !
BN
v 1w |
"Xy 1z
P If E=1!" V represents arlectrostatic Peld , thenV is called theelectro-

static potential

% Simple dimensional analysis indicates that units of elestiatic potential
must be volts (V).

P The prescriptionE = "V, including the minus sign (optional, but taken
by convention in electrostatics), ensures that electrastabeld E points from
regions of Ohigh potentialO to Olow potentialO as ilessirathe next example. Electrostatic Pelds E
point from regions of
OhighVO to Olow O



Example 1: Given an electrostatic potential

V(x,y,z)= x2! 6yV

in a certain region of space, determine the correspondiregtebstatic beldE =
"V in the same region.

Solution: The electrostatic beld is

| |
E=1" (x?! 6y)= (i’ﬁ’i)(le By) = (! 2x,6,0)= ! ¥2x + §6V/m.

Note that this Peld is directed from regions of high potem‘lia low potentia}l. Also note
that electric beld vectors are perpendicular everywheredequipotentialO contours.

14 12 0 2

Given an electrostatic potentiaV/ (x, y, z), Pnding the corresponding electrostatic beleight colors indicate Ohigh VO

E(x,y,z) is a straightforward procedure (taking the negative gradigas already illus- 92k colors Olow VO

trated in Example 1.

¥ Finding a potentialV (x, Y, z) from a givenE(X, y, z) satisfyingE = !" V is almost
equally easy since, givedi # ®¥dx + §dy+ @dz and E # ¥E + §E, + GE,, computeE adl

total dilerential ofV
"'V 'V#$ v % &

dv # — dx+ 'l—dy+ — dz=1 Exdx! E,dy! E,dz = ! E &dl
é%u# $y/0"# g%u#

getV from
‘B PR TR dv = ! E &dl
and inferringV fromdV = ! E &dl is just a matter of Oanti-dilerentiating@V or
integrating it over a suitable path in 3D space as shown in optng examples. (similar to Pnding

anti-derivative)




P When the beldE is electrostatic, the dilerential! E adl is said to beexact
because it matches the total di'erentiadV of a scalar functior\Y and therefore
the existenceV of is assuret Eadl =! dV

P Conversely for non-electrostatic beltsE &l is not exact and there there will  is anexactdilerential
not be a scalar potential/ to be deduced fronh E adl that can describee as

whenE = 1" V
some!" V!
¥ V(x,v, z) is readily determinedfromdV = ! E adl: GetV from! E adl
b Say,V(x,y,z) = ! xy, so thatE = !" V = &y + §Xx;

b to recoverv = ! xy from E = &y + §x we brst calculate
E adl = (&y + §x) a(®dx + §dy + @dz) = ydx + xdy.
D therefore
dv=1Ea&d ="! ydx! xdy="!d(xy) & V(x,y,z)=1! xy+ C.

%ConstaptC can,be adjusted to place the zero-potential point (the so-
called OgroundO) at any position of preference.

¥ By contrast for anon-curl-free electric beldE = &y ! ¥x, the dilerential E &dl =
ydx ! xdy is not exact and therefore there is no potential functiovi (x, y, z) that
can be used to express the badg! ¥x as somé" V.

LA diterential Adx + Bdy + Cdz is exact if it is the total dilerential of some f(x,y,z), i.e., if A= If/lx ,B = If/ly
C = If/'z  for somef = f (x,y,2).

The dilerential E adl = Exdx + Eydy + E,dz (work done per unit charge displaced bydl) is exact whenE is curl-free
because then its coe"cientsEy = ! '!V Ey = ! ',L E, = ! i are partial derivatives of f = 1 V.

2Finding V from its total dilerential dV is the inverse operatlon of going fromV to dV N just re-arrange the dilerential
odx+ - - ay+ 7o V_dzin compactdV form using the product rule for dilerentials. The rule is d(xy) = ydx+ xdy, obtained from
the product rule for dilerentiation dOy) = ydx 4 x D Jeading to d(xy) = (Y& + x¥)dt = ydx+ xdy. Also d(%) = M
d(cos(@x)) = ! asin(ax)dx and so on

3In the sense that there is no functionV(x,y,z) with partial derivatives % =!lyand 'V = x! Try it:  brst integrate
l = !l ytoobtain V = ! yx+ f(y,z) as a candidate solution with a yet to be determmed functlonf (y, 2); it follows that
% =1 x+ ',7 but this is inconsistent with /- = x no matter what we choose as (y, ).

E adl = ydx! xdy is aninexact dilerential!



The exact dilerential nature ofE adl satisbed by electrostatic pelds= !" V is also is z‘
the reason whyvector path integrals
& (0}
E adl
P
of beldsE = I" V in 3D space are Opath independentO and depend only on theiatsdp

P = (Xp Yp Zp) and o = (Xo, Yo, Zo) Of integration pathsC as illustrated in the margin.

These integrals are in general path dependent wikeis not curl free.

P = (Xp, Yp: Zp)

y

0= (X01 yOJ ZO)

¥ The vector path integral &

[0}
E adl
p
over an integration pathC extending from a pointp = ( Xy, Yp, Zp) in 3D space to

some other poinb = ( Xo, Yo, Zo) IS debPned to be

D the limiting value of the sum of dot productg&; & |; computed over all sub-
elements of patiC having incremental lengthf ;| and unit vectors! [;/[! 1;]
directed fromp towardso N the limiting value is obtained as al|! |;| approach
zero (i.e., with increasingly Pner subdivision Gfinto |! |;| elements).

¥ Computation of the integral involves the use of inPnitesihtiisplacement vectors
dl = &dx + §dy + @dz = (dx, dy, dz)
and vector dot product
E adl = (Ex, Ey, E;) &(dx,dy,dz) = Exdx + Eydy + E,dz
over the integration path as illustrated in Example 2.

¥ Recovery of potentiaV (x, y, z) from a curl-freeE(x, y, z) can also be accomplished
using vector path integrals pOE adl as illustrated in Example 3.

4



Example 2: The beldE = &y £ ¥x is curl-free with the+ sign, but not with !

Solution:

as

veribped below by computing$ E. Calculate the line integral oE (for both
signs,t) from a pointo = (0,0, 0) to point p = (1, 1, 0) for two dilerent paths
C going through pointsu = (0, 1,0) andl = (1,0, 0), respectively (see margin)

First we note that

P

S

"
!
Ix

by +x

"$ (By £ ¥x) = 1! 1)

r
O H
which conbrms that = &y + ¥x is curl-free with with+ sign, but not with ! .

In either case, the integral to be performed is
p

&,

(ydx £ xdy).

(o]

p
E adl = (Exdx+ Eydy + E,dz) =
[0} [0}
For the brst pathC, going throughu = (0, 1, 0), we have
&, & 4 & 4
(ydxx xdy) = (£ x) dyjx=0 + ydxy-; =0+1=1.
0 y=0 x=0
Cy
For the second patlC, going throughl = (1,0, 0), we have
&, & 4 & 4
(ydxx xdy) = y dXpy=0 * Xdyx=1 =0+ 1==%1
0 x=0 y=0
C
Clearly, the result shows that the line integralopE adl is path independenfor
E = ay + §x which is curl-free, and path dependent f& = &y ! ¥x in which

case"$ E =0.

Curl-free: path-independent

line integrals
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¥ The mathematical reason why curl-free belds have path-independent line inte-
grals is because in those occasions the integrals can beaewrih terms ofexact
dilerentials E adl = ! dV as we have already discussed.

D In such cases integral
[0}

&, &

Ead =" dv = dv = V!V,

P P 0
is independent of integration path and only depends \gnandV, correspond- <
ing to V(X,y, z) values at position® and p in 3D space; thus, if we cad the
OgroundO, and 3&t= 0, then 2
[0}
Vp = E adl
p

denotes the potential drop from (any) poinp to ground o.

A

. .. . . As | Ei I-free, li
¥ The physical reason why this integral formula for potentialV,, works with any inegral s path-independent and

produces the voltage drop from

integration path is the principle ofenergy conservation : point p to "ground” o.

b integral pOE adl, namely the Ovoltage dropO frorto o, represents thevork
done per unit charge by the beld& in moving charges from locatiop to
locationo?, so if the line integral were path-dependent (in reachingrfrp to o)
there would be ways of creating net energy by making a chayf@low special
closed paths within the electrostatic bels], in violation of the general principle
of energy conservation (that permits energy conversion Imat creation or
destruction).

4To increase the kinetic energy of charges when charge transpis unimpeded (as for a test charge

accelerating between a pair of capacitor plates) or othersé to push the charges against frictional forces

(as through a resistive wire to heat it up), both at the expers of the energy stored in the Peld. Note that
if and when chargeg) > 0 are moved against the beld (awithin a battery) work done by the Peld becomes

negative and there will be a positive voltage OriseO (as oo OdropO) in the direction of charge motion

representing a gain for the energy stored in the beld per umtoving charge.

6



¥ Potential drop
probe contacts poinp and its black probe contacts poirt, independent of the path
debned by the wires connecting it to its red and black probedang askE is curl
free. WhenE is not curl free, the ideal voltmeter will still measure’ E &dl but in
a manner that depends on the integration path debned by itsermconnections N
more on this when we learn FaradayOs law describing AC bétisnan-zero curls.

Solution:

Example 3: Given thatV,= V(0,0,0) =0 and
E=2x9+3zp+3(y+1)a %
determine the electrostatic potentidV, = V(X,Y,Z) at point p=(X,Y,Z) in

volts.

Assuming that the Peld is curl-free (it is), so that any integgion path can
be used, we Pnd that
& 0 &

o p
Ead = Ead =" (2xdx +3zdy+3(y+1) dz)
p&x &Y ° &Z

= ! 3(y+1) dz=xy=v

Vo

(0]

2XdX|y,Z:0 ! 3z dy|X: X,z=0 !

0
I X21 0! 3(Y +1)Z.

This implies

0

V(X y,x)= ! x21 3(y+1)zV.

Note that

" (I x?! 3(y+1)2) " (x2+3(y+1)2)
G2x + §3z+ @3(y + 1)

yields the original beldE, which is an indication thatE is indeed curl-free.

p° E adl is also what an ideal voltmeter would measure when its réd

Vp=" PEad
i
: y
Z:
"””’Y »
X .
An ideal voltmeter with

its (+/red) probe contact-
ing point p and its (-/black)
probe contacting point
would display (by analog or
digital means) the numerical
value of

0]

&

[0}
E adl
P

Vo

with the integration path
consisting of the path debned
by the probe wires. The volt-
meter reading would be inde-
pendent of the path conbg-
uration when the beld E is
electrostatic.

Practical voltmeters provide
high impedance measure-
ment paths between points
p and o to avoid perturbing
the belds E probed so as to
mimic ideal voltmeter results
to the extent possible.



Exact Dilerential Method: Note that

el

Alternate Solution

Eadl = (2x¥+3z9+ 3(y+1)d) &®dx + §dy+ @adz)
= 2xdx +3zdy+ 3(y +1)dz=2xdx + 3(ydz+ zdy) + 3dz
= d(x?+3yz+3z)=1! dV.
Therefore

V(x,y,z)= ! x?! 3yz! 3z+ C,

where the integration constant should chosen so that (0, 0,0) = 0. The result
IS
V(x,y,z)=! x?! 3(y+1)z

as before.

Example 5: According to CoulombOs law electrostatic Peld of a prototh wharge
Q = e (where! eis electronic charge) located at the origin is given as

e

c .
TR

where

(x,y,2)

—
Determine the electrostatic potential Peld established by charg® = e with
the provision thatV ( Oasr () (i.e., ground at inPnity).

r= x2+y2+z2 and B=

Or else (exact di'erential

method):
= =1
Edal = (4# ;)i = or L dv
leading to
e
VD= ey

(using an integration con-
stant of zero).



Solution: Field E and its potential V. will exhibit spherical symmetry in this problem.
Therefore, with no loss of generality, we can calculate tivelintegral from a

point p at a distancer from the origin to a pointo at ) (the specibed ground)

along, say, thez-axis. Approaching the problem that way, the potential dro
fromr to) is

&,
V() = papdz
( ) . 4||#022
= | € |) = €
S Az 4'#or

O

¥ To convert electrostatic potential, (in volts) at any pointp to poten-
tial energy of a chargg brought to the same point, it is su"“cient to

multiply V, with q (or just the sign ofg, depending on which energy

units we want to use N see the next example).

Example 6: In view of Example 5, what are the potential energies of a ot and

an electron! e placed at distanca = a away from the proton at the origin,
where distance
4y 12 10
— =0.529% 10 °m
e Me

stands forBohr radius N it is the mean distance of the ground state electron in

a hydrogen atom from the center of the atom. Recall that 1.602$ 10 *° C
and# * 10 936" F/m.

a#




Solution: LetOs Pbrst evaluate the potentMkr) at r = a:

e , (16%$10%936"$10° _ 9% 16
4"#.a 4" $053%$ 1010 ~ 053

V(a) = =27.2V.

For the proton, potential energy in Joules is calculated bywltiplying V(a) = 27.2
V with g = e = 1.602$ 10 *° C. However, by referring td.602$ 10 ° J of

energy as 1 eV (electron-volt), it is more convenient to refie potential energy
eV(a) of the proton atr = a as

eV(a) = 27.2eV.

Likewise, for a particle with chargg=! e, i.e., an electron, potential energy at the
same location is

leV(a)="! 27.2eV.

Factoid: The -13.6 eVground state energyf the hydrogen atom, corresponding to

one half of itspotential energyof -27.2 eV, also includes the sum of theerage

kinetic energiesof the electron and proton within the atom amounting to 13.6

eV!

D
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6 Circulation and boundary conditions

Since curl-free static electric bPelds have path-indepenhtiee integrals, it
follows that over closed pathS (when pointsp and o coincide)
|

E adl =0,
C

where the . E adl is called thecirculation of PeldE over closed patiC
bounding a surfac& (see margin).

Example 1: Consider the static electric beld variation

|
E(X,y,2) = &

(0]

that will be encountered within a uniformly charged slab ofi @anPnite extent in
y and z directions and a Pnite width ink direction centered abouk = 0. Show
that this Peld E satisPes the condition E adl = 0 for a rectangular closed
path C with vertices at(x,y,z) = (! 3,0,0), (3,0,0), (3,4,0), and (! 3,4,0)
traversed in the order of the vertices given.

the Pgure we expand the circulation. E adl as

! # 3 # 4
! (1
o—> apdy + X Ix + (-I 3) p

X
Ead = ¥-— axdx + - - :
Cc x=13 0 y=0 0 X=3 0 y=4 0

Solution: Integration path C is shown in.the Pgure in the margin. With the help of

Copyright ©2026 Reserved N no parts of this
set pf lecture notes (Lects. 1-39) may be re-
produced without permission from the author.
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X

Closed loop integral over path
C enclosing surface S.

Note that the area increment
dS of surface S is taken by
convention to point in the
right-hand-rule direction

with respect to "circulation"
direction C.

(-3,4,0) / /0)

(-3,0,0) 5(3,0,0) X




Note that in expanding . E adl above for the given pattC, we tookdl as&dx
and wdy in turns (along horizontal and vertical edges &, respectively) and 4

ordered the integration limits inx and y to traverseC in a counter-clockwise £
direction as indicated in the diagram. y
dS
A
P .
,_/‘5“%55? £33

¥ Vector beld€ having zero circulations over all closed pat@isare ”
known asconservative belds (for obvious reasons having to do with =

their use in modeling static Pelds compatible with consiovatheo-

STOKEOS THM:

rems). Circulation of E around close
path C equals the flux over
enclosed surface S of the curl

D The concepts ofurl-free and conservativebelds overlap, that is ©f Et@kenin direction of dS.
|

dS points in right-hand-rule
direction with respect to

E é_d| =0 " # $ E=0 "circulation" direction C.
C S is *any* enclosed surface
bounded by the circulation
over all closed path€ and at eachr. path C.

¥ The above relationship between circulation and curl ioasconse-
quence ofStokeOs theorem (discussed in MATH 241) which asserts
that ! # StokeOs thm.

Eadl= #$ E adS,
C S

where

b the integration surfaceS on the right is any enclosed surface
bounded by the closed integration contodrof the left side, and

2

\



P the incremental area elemed8 on the right points across aréa |
in the direction indicated by aight-hand rule as follows: y
Point your right thumb in chosen circulation directio@; then your dAS:
right bngers point through surfac® in the direction that should be C ‘;ﬁt
adopted fordS. i % d )
" = .
P Given StokeOs theorem, E adl = 0 follows immediately for all ) X
C,if#3% E =0 is true over allr. Circulation of E around close

path C equals the flux over
enclosed surface S of the curl

¥ StokeOs theorem clearly implies tlat! is circulation per unit of E taken in direction of dS.
area, just as the divergence theorem showed tdatergence is [3ux  dS points in right-hand-rule

direction with respect to

per Unit VOlume . "circulation" direction C.

S is *any* enclosed surface
bounded by the circulation

b The only dilerence is, curl also has a direction, which is tleemal Path ¢
unit of the plane that contains the maximal value of circutat
per unit area found at that location (over all possible oteions

A /I C
of dS). z 4/,’?2
Xy, z+! 2) o dS=1!y! 7k
¥ We will verify StokeOs thm after explaining ttieculation per unit Yl Sy +! y,2)
area notion in steps: °

(x,y,2)

b Let us brst calculate the circulation of a vector bEldaken about
an arbitrary point (X, y, z) on a constanix plane around a square
contour with small edge dimensiohsy and! z parallel toy and
z axes as shown in the margin.

\
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P For a small rectangular contourdO on a constant plane with 1
su“ciently small ! y and! z dimensions parallel tg¢ and z axes

(see bgure in the margin), we have
!

Eadl % E ol 2! Eygl y! Egnl z+Eyg y

Cx
= (EZ|2| EZ|1)| ya (Ey|4| Ey|3)| Y.

It follows that

AC
4t
S o2 ..
(X,y,Z+! Z) . dS=1 yl ZX

Y/l S xy+!y,2)
3

[(x,y.2)

(. E adl %(Ezlz! Ez|1 | Eyl4! Ey|3)
Lylz ¢ 'y ' I Z
and '
: ' , #E #E . .
lim E&ad = (== NN=wa#$ E,
tyrzaol yl z o #y #Hz

meaning that thex component o# $ E is the circulation ofE
per unit area on a constarx surface.

b Likewise,y andz components off $ E are circulations oE per

unit area on constany and z surfaces, and in general
| | |
: 1 , 1 , 1
#$ E= Ilim Eall, Eall,

Eall).
Ixlylz&ao !l yl z Cy I x! z Cy I x!'y C,

b Furthermore, based on the above result, we can recognizeséta
tors#$ E point everywhere in directions perpendicular to planes
of maximum circulations per unit area in thE Peld and have

4

\



magnitudes corresponding to the maximum values of cirqorest - C
per unit area at every point. // /§
¥ Now, to conbrntokeOs theorem /
! # \
Eadl = #$ EadS /i
C S E

pertinent for a closed patlC and its enclosed surfac we will make sum of circulations over small

squares cancel in the interior

use of the diagram shown in the margin. edges and only survive around the

exterior path C. This way,
circulation around C matches
the sum of the fluxes of curl E

b The circulations over small squares shown in the diagramagre calculated over the small squares.
proximately equal to the products of their areas and the nalnm_aws of
components off $ E calculated at the center points (based oslectrostatics:
what we learned above).

b When ag,lD such circulations covering surfaSeare added up, the

: e . . . E =
resultis (#$ E &S in the limit of vanishing size for the squares, ) 0
" #a"oE = !

b as well as . E adl because in the grand sum of the circulations

- : : They also apply Oquasi-staticallyO
over all the squares, all the contributions mutually caneet (like =7 * region of dimensionL

the overlapping edges of red and blue squares) except f@etloen a time-varying beld source
. I (r,t) has atime-constant$ much
calculated along the pe”phe@! longer than the propagation time
delay L/c of E(r,t) Peld varia-
. . . . tions across the region ¢ is the
We can now summarize the general constraints governingesegctric Peldsg,.c ot jign).

as
_ p _ o In electro-quasistatics (EQS)
#$ E(r) - 0’ #a D(r) =1 (r)’ whereD (r) - OE(r)- E(r,t) will be accompanied by
a slowly varying magnetic peld
B(r,t) (to be studied starting in
5 Lecture 12).



¥ Vector beld€(r) andD (r) governed by these equations will in general
be continuous functions of position coordinates (X, Yy, z) exceptat
boundary surfaces where charge density functi@r) requires a repre-
sentation in terms of a surface charge densiffr).

b For instance, according to our earlier results, static gledeld
of a charge density (see sketch at the margin)

I (r) =1 S%Z) E\\\ o
would be SN
I | “ of -
E(r) - Q|—|Ssgr(2) ' D(I’) - Qissgr(Z) s v ¥
0 i

( Consider a superposition of these belds with PElgs) and |
Do(r) = "oEq(r) produced by arbitrary continuous sources, 7
namely (macroscopic) belds

| |
E(r) = @--sgr(z)+ Eo(r) and D(r) = dfsgr(ZH "oEo(r).
(0]
Since beld&(r) and D 4(r) vary continuously, these beld expressions
must satisfy
paD*! D')=1g and B$ (E*! E')=0

where
E*) E(x,y,0") and E' ) E(x,y,0)

6



refer to limiting values ofE at z = 0 plane fromaboveand below I /
res . . . — D ~_—7
pectively, and likewise for z=0 =

D*) D(x,y,0") and D' ) D(x,y,0).

¥ The above Oboundary condition equationsO can be writtanriore
general form (see margin for justibcation) as

pabD*! D')=1!s and B8$ (E*! E')=0

where denotes a unit vector normal to any surface of an arbitra
orientation carrying a surface charge dendity while beld vectors with

superscripts+ and! indicate limiting values of Pelds measured gipnstraint
either side of the charged surface (wihpointing from! to +).  Ead =0
C
b The equations can be further simplibPed as around the dotted path yields
E/ = E
* =N N !
Dot Dy =1!s and B = E inw & 0 limit.
whereD,, and E; refer to normal component & and tangential
cpmponent ofE, respectively. Clearly, theseoundary condi- GaussBs law
tions say that at any surfacs, !
_ _ _ D &adS= Q
( tangential component of electric beliflneeds to be continu- s !
ous, but applied over the dotted volume (seen ip
proble) yields
( normal component oD can change by an amount equal 1o I
the charge density s carried by the surface. o
inw & O limit.

v



D=0forx< 0.

!s::?C/mz lsp ="
Example 2: Measurements indicate thad = 0 in the regionx < O. Z4 HHE
Also,x =0 andx =5 m planes contain surface charge densitie$ o 2 C/m? and
I s0, respectively.
Determine! (o and D for!* < x< * if there are no other charge distributions. ¥
Solution: Since the normal component dd must increase byl s = 2 C/m? when
we cross the charged surfage= 0, we must haveD = &2 C/m? in the region
O0<x< 5m. X=5m
s -

Having D = 0 in the regionx < O requires that the Peld due to surface charbg
onx =5 m plane must cancel the Peld dig =2 C/m? onx =0 plane N this
requires that! s, be! 2 C/m?2.

In that caseD = 0 in the regionx > 5 m, becausd® must increase by o = ! 2
C/m? when we cross the charged surfacexat 5 m.




D =3¢ forx< O

Example 3: In the regionx < 0 measurements indicate a constant displacement b
D =3¢ C/m?2. Also,x =0 andx =5 m planes contain surface charge densiti
ofls =2 C/m?and!s =1 6 C/m? respectively. Determin® for x > 0if D is
known to be uniform in the interval® <x < 5mandx> 5m.

Solution: First we note thatE = = = ty, V/m is tangential to x =0 andx =5 m
surfaces. Since the tangentlal componentl:‘ofcannot change at any boundary
we will have a uniformEy = % in all regions,!* < x < * | implying that

Dy = 3 C/m? throughout (caused by charges #f| & * ).

Second, we note that normal component Bf with respect tox =0 andx =5 m
surfaces, namelDy, is zero inz < 0. Since the normal component @ must
increase by an amourits when we cross a charged surface, we must Haye= 2
C/m?in the region0<x< 5m, andDy=2+(! 6)=! 4C/m?inx> 5m.

In summary, %
& %3, forx < 0O,
D:&)'z')2+§j3, forO0<x< Sm%.
' ¥4+ 93, forx> 5m

eld
es

ZA

s=2Cl,

m

2

ls=16C/m?

<

X=5m



7 POiSSO”éS and Laplaceés equations Copyright ©2024 Reserved N no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Summarizing the properties of electrostatic bPelds we heamked so far, they
satisfy the laws of electrostatics shown in the margin andaddition, Laws of

electrostatics:
E =#! V as aconsequenceldf E =0.

: : : ~ la E=1/"
¥ Using these relations, we can re-write GaussOs law as " E=Q °
|
laE=#4a (!l V)= —,
0]
from which it follows that
| ~
| 2V = #—, (PoissonOs eqn)
(0]
where 5 ) 5
!2V$#V+#V+#V
#x2  #y? #z2
iIs known ad_aplacian of V. PoissonOs eqn:
. . ~ . . i I
b A special case of PoissonOs equation corresponding t@ havin | 2V = #—

(0]
I'(x,y,z) =0 N
LaplaceOs eqn:
everywhere in the region of interest is

- 1 2V =0
I 2V = 0. (LaplaceOs eqgn)



Focusing our attention brst on LaplaceOs equation, we hatdhe equation

can be used in charge free-regions to determine the eléatimpotential
V (X,VY, z) by matching it to specibed potentials at boundaries as ithed

in the following examples:

Example 1: Consider a pair of parallel conducting metallic plates obmte extents
in X andy directions but separated irz direction by a Pnite distance ofl = 2
m (as shown in the margin). The conducting plates have nomezeurface charge
densities (to be determined in Example 2), which are knowrb®sresponsible for
an electrostatic beldE = @E, measured in between the plates. Each plate h
some unique and constant electrostatic potenthlsince neitherE(r) nor V(r)
can dependent the coordinatesor y given the geometry of the problem.

Using LaplaceOs equation determifg) and E(z) between the plates if the potentia
of the plate atz = 0 is O (the ground), while the potential of the plate & = d

iIS#3V.

Solution: Since the potential func}ioh/ = V(z) between the plates is only depende
on z, it follows that LaplaceOs equation simplibes as

#V O #V O #V #V
+ + =

=0.
#x2  #y?  #z2  #z72

1 2y =

This equation can be satispbed by
V(z)= Az+ B

whereA andB are constants to be determined. Now applying the given boairyd
conditions, we Prst notice that (at the lower plate)

V(0)= (AZ + B)j,o = B = 0.

F:

A
21 HV(d) =13V

i
nnnnn

nnnnnn

111111

3V (0) =0
=2 i
Vi) 2=0
, X
ZA
z=d=2m
as V(z)= Az+ B
> V(2)

t

—




Applying the second boundary condition (at the top plate) wend

3V
A=#_— —.
2m

V(2)=(Az +O)|Z=2 =2A=#3V %
The upshot is, potential function
V(z) = #gz, for0<z< 2m.

Finally, we determine the electric beld between the platss a

3 # 3 3V
= #l = #Hl 2\=ag—(-72)= g— —
E=# V=4# (#22) a#z(zz) a2m.

Example 2: In Example 1 what are the surface charge densities of the diietplates
located atz = 0 andz = 2 m surfaces?

Solution: Since the electric beld
E = d3 v
- T2m
in between the plates, comparing this beld with the peld
|
E=a;
0
of a pair of parallel surfaces carrying surface charge derssl ¢ and #! 4 (at
z=0 andz =2 m), we bnd that

= S
=S = 2 (0]
on the surface az = 0. The surface az =2 m has!s= # go

3

gV (d) =1 3V
V() =0
V(z) =7 & S
Preicis , X
A Z
z=d=2m
e g
P3NV = ]! 521
3 3
=" (1 Z2)=>p
( 2) 2
‘ > V(@)




Notice that our solution with equal and opposite charge d#les on the parallel
surfaces implies that electrostatic Pelds are zehin the conducting plates
where the Pelds due to two charged surfaces are cancelingTdus conclusion is
consistent with having constant electrostatic potentialgthin conducting regions
as will be discussed in the next lecture.

Example 3: A pair of copper blocks separated by a distande= 3 m in x direction
hold surface charge densities laf = + 2 C/m? on surfaces facing one another ¢
shown in the margin. The blocks are assigned constant pasdstv/, = 0 andV,
(see bgure). What is the potential di'erencé,?

Solution: LetD™ = &",E, denote the displacement vector in between the blocks, g
let D¥ = 0 denote the displacement vectavithin the block with a surface at
X = 0. Then the boundary condition equation used &t= 0 implies that
) C 2
aD* # D*)= "E, =2 = % Ey= —.

(0]

In that case, potential dilerence between the blocks is

V=Ed= 23=2

[0} [0}
Since the block on the left is at a higher potential (electteld vectors point
from high to low potential) assigned a%, = 0, we must have
Vp = # 9

0

Ir++++ >N




PoissonOs equation |

| 2V = #

o

is used in regions where the charge dens{ty) is nhon-zero. The following

example illustrates a possible use of PoissonOs equation.

Example 4: An inbnite charged slab of widtiW,, located over# W, < x < 0, has a
negative volumetric charge density &f! 1 C/m3, 1, > 0. A second slab of width
W, and positive charge density, is located ovel0 < x < W 5, as shown in the
margin. The electric Peld of this static charge conbguratimder the constraint
Wl = Wy! 5, was computed in an earlier section as
|

- W) for # Wy <x< 0
b!zo‘"ﬂ, forO<x<W

(o]

and is depicted in the margin. Determine the electrostatiotpntial in the re-

equation.

Solution: This is a one dimensional geometry whdfeand potentialV depend only on
coordinatex. Therefore, PoissonOs equatloAV = #!/" , takes the simplibed
form Y |

- 40
dx? "o
Integral of this equation ovek yields in the Ieft‘é—\; = # Ey, which implies, given

the electric bPeld result from above,
|

dv _ B&EWY o for g W <x< 0
dx o 2XEW)  for < x < W 5

Fy<0of!

gion and the potential dilerencéVo, $ V(W>) # V (# W) satisfying PoissonQs

' Wy
“EZX(X)
1,W,
2,
W
Ex(X)
! Wl i 2




Integrating %—\){ once more (i.e., bnding suitable anti-derivatives with egration

constants), we bnd
|

_'!1(X;—.W1)2+V1, for # Wy <x< 0
V(x) = #!2(;#W2)2 + V. f
B e b, forO<x<W 5

where the integration constants includezh each linehave been selected so tha
Vo = V(Wy), Vi = V(#W,).

At

Requiring a unique potential value at = 0 (we can only associate a single potential X
energy level with each position in space) compatible withstkexpression fov (x),
we obtain (04 W2 (0 Wo2
I,(0+ !
1( : 1) V= 2( " 2) Vo,
2 0 2 0 >
from which
W2+ TW2 TLOWo(We+ W Wi (W + W
V= Vot vy = (22T WL o 2( g 2) _ 1aWiy( g 2)' »
2% 2" 2" s
Note that the equation above can be solved féf, W,, and W, + W in terms of
Vi, !9, and! 1, providing useful formulas for diode design (see ECE 440 W V() v
can also get useful specibc formulae Yarand V, by imposingV (0) = 0, i.e., 2
choosingx = 0 to be the reference point. W
W, f
\%1

¥ The solution of PoissonOs equation




with an arbitrary ! existing over abnite sizedregion in space can be z
obtained as "

1(r9
V(r)= dré
(r) 48" |r # r§
whered®r&$ dx&y%z&and the 3D integral on the right over the primed

coordinates is performed over the entire region where tlaegehdensity
is non-zeré

A

b Veribcation: The solution above can be veribed by combining a
number of results we have seen earlier on:

1. In Lecture 5 we learned that the electric potentM(r) of a
point chargee at the origin is
e

48"o|r|

Clearly, this singular result is a solution of PoissonOs-equ
tion above (and the stated boundary condition) for a charge
density input of

V(r) =

L(r) = e%a).

2. Using ECE 210-like terminology and notation, the above re

lFor charged regions of inPnite extent the volume integral ma y not be convergent. In such cases it may be possible to determ ine V(r) by

re-normalizing the non-convergent integral as explained in a bonus HW probl em. Very brieRy, calculate a potential assuming a Pnite volu me,

re-adjust it by adding some constant potential (the re-norm alization step) so that the adjusted potential will have a co nvergent limit as the
integration volume grows to yield V(r).




sult can be represented as

1
45" o|r|
identifying the output on the right as 3D Oimpulse responseO

of the linear and shift-invariant (LSI) system represented
by PoissonOs equation.

. Because of shift-invariance, we have

%r)' [PoissonOs Efn

1
48" o|r # r§’

meaning that a shifted impulse causes a shifted impulse re-
sponse.

The shifted impulse response is usually called OGreenOs
functionOG(r, r% in EM theory.

. Because of linearity, we are allowed to use superposition
arguments like

%r # r9"' [PoissonOs Efn

1
48" |r # r8

which concludes our veribcation. Note how we made use of
the sifting property of the impulse (from ECE 210) in above
calculation.

L(r9%r#r9d3 &= 1(r)" [PoissonOs Efgn ! (r$ d3ré= Vv(r),




¥ As an application of the general solution of PoissonOs émuatamely
! I (r$
L2V =#_- % V()= —————dr
IIO 0 ( ) 4$||0|r. # rq
we next provide an outline of the proof ofelmholtz theorem (see Lecture
ﬁ) which states that any vector beldF(x,y,z) that vanishes in the limitr =
X2+ y2+ z2'( can be reconstructed uniquelyfrom its divergence and curl:

D First, we claim that any vector beldF = F(x,y, z) in 3D can be expressed as
a sum Helmholtz

curl-free part ofF Decomposition
$.%&
F=4# V+ %:.$£9/0

divergence-free part ¢t

in terms of some scalar be\d(x, y, z) and some vector beld (x,y, z) N this
is known asHelmholtz decomposition of F and can be justibed as follows:

) Given any vector belds = G(x,y,z), a well known vector identity

$ V
S %R

g B! (12 G ELg Gy
$ A $ F

implies the above statetHelmholtz decomposition of another vector
peldF $#! 2G as adilerence of somg' A (e.g.,, Wit A $!" G)
and somd V (with V $!'4 G). QED

2Additional boundary condition information would be needed for Pelds conbned to Pnite volumes with non-vanishing magni tudes on the

bounding surface.

3It is possible to add gradient ! ! of any scalar ! and constant C to these choices of A and V, respectively. This makes Helmholtz
decomposition not unique, even though curl-free (or irrotational ) "I V and divergence-free (or solenoidal) !# A parts of F will always be
unique!



P Second, taking the divergence of

F=# V+1" A
and using'a!" A =0, we bnd that
1 &
LA F=# 2V % | 2V =#lggh, % V()= %ﬁqu&
like!/" o

in analogy with PoissonOs equation (witttaF (r replacing! (r§/" , where
I &js OdelO (x4 y& z9-space).
D Likewise, the curl of
F=# V+1" A

with !V =0, leads us to, using a divergence-frae to

| nyn 2 2 " ! & F(rs 3, &
" F= v | (RAgAMH! 2A %I PA=#" F % A()= S gy

4$|r # r§
=0

once again in analogy with PoissonOs equétion

Helmholtz

¥ These results validate the Helmholtz theorem since theywlibat V and A needed Theorem

to reconstructF are obtained froma F and!" F, respectively.

Divergence-free A identibed above can be modiped asA $ A + ! ! withoutimpacting F =" V +!# A since!#! !=0 forany! . It
is possible to select! sothat A' %A + ! | is not divergence free. Such an A' would be a OdivergentO solution of the 3D pde!#!# A=1# F
but still leading to the same F as the divergence-free A since!# A'=1# A whenA'= A+ 111
The additive term ! ! in A'! is analogous to allowing a constant number to be added to V! The freedom to specify ! , and thus '4 A', at will
is known as gauge freedom and any choice of | making !4 A'! =0 is known as CoulombOs gauge
To conbrm that A given by the integral formula above is divergence free we brs t note that
. | ] I ] ] I ] ] ' ] |
taa=1a AP g LERO) g0 1 e DAERO) 4 T o gt BR0)
4 Ir" r!| 41 [rm r 41 [r™ rl 4 Ir " rl

after using the |dent|ty 14 ("G)= "14 G+ G a!" brst, using the symmetry relation | r" r'|"1 =" !Jr"

r'|" 1 (which is easy to conbrm)
econd, and Pnally using the fact that divergence of a curl is always zero. The volume integral on the very right is equival ent to the surface integral
P
' s! %‘T &ds' by virtue of divergence theorem and vanishes since surface S' needs to be taken outside the region where !# F is non zero.

10



P The'a F and!" F dependent integral formulas fov and A needed for
F=# V+!" A reconstruction will converge in case of belds vanishing at
inPnity.

P Re-normalization methods (see footnote 1) can be used with-oonvergent
integrals (in case of non-vanishing belds) to obtAihand A consistent with
la F and!" F in order to reconstruct having specibed normal or tangential

boundary components at inbnities (or on bounding surfacésbaite sized
reconstruction volumes wherea F and!" F are known).

) for example: E Peld of an inPnite charge slab of a Pnite width does
not vanish at inPnity, but we know that it can be representeql the form
E=# V+I" A with A =0 (since the staticE is curl-free) and
V * I *13a E within the slab (see Example 4)! A uniquE solution
can then be obtained to match a specibed boundary valueEdar away
from the slab.

11



8 CondUCtorS, dieleCtriCS, and pOIarization Copyright ©2024 Reserved N no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

So far in this course we have examined static Peld conbgasabf charge
distributions assumed to be Pxed in free space in dhsenceof nearby
materials (solid, liquid, or gas) composed of neutral atand molecules.
In the presenceof material bodies composed of large number of charge- ---- - - - - I 1
neutral atoms (in RBuid or solid states) static charge distriions giving rise |
to electrostatic Pelds can be typicdilfound: Eo=a,

1. On exterior surfaces @bnductorsin Osteady-stateO,

+ 4+ ++ o+ !S

2. In crystal lattices occupied bynizedatoms, as in depletion regions of
semiconductor junctions in diodes and transistors.

by - -------- I'lg
‘e,
In this lecture we will examine these conbgurations andwoasp of materials'sy
to applied electric belds. %/// %
I
TS AE,
+ + + + + + 4+ + + + !S

Conductivity and static charges on conductor surfaces:

¥ Conductivity ! is anemergent propertyf material bodies containing A conducting stab inserted into a

region with field E_o (as shown
in b)develops surface charge which

free charge carriers (e.g., unbound electrons, ionizemgtmr molecules) canceis out .o within the slab.
which relates the appliedlectric beldE (V/m) to the electrical current E_oreiates to surface charge

as dictated by GaussOs law and

densityJ (A/m ?) conducted in the material via a linear relatién superposition principle.

J=1E. (OhmOs Law)

More generally, materials containing charge carriers exifing divergence free Rows will also exhibit
static charge distributions.
2Linear behavior is possible provided charge carriers sul@ccasional collisions within the medium.

1



¥ Simple physics-based models!fowill be discussed later in Lecture 11 P s

For now it is sulcient to note that: £ gl
P! 1" corresponds to @erfect electrical conductdr(PEC) for
which it is necessary that = O (in analogy withV =0 acrossa “**" """ **" 's
short circuit element) independent df
b ! I 0Ocorresponds to @erfect insulatorfor which it is necessary ® ------ - - - - s
that J = O (in analogy withl = 0 through an open circuit element) S% °
independent of. %// 9
rr. )
: : : ~ .. LS AE,
¥ While (macroscopidt = 0 in PECOsanconditionally a conductor with — + + + + + + + + + « s

a bnite ! (e.g., copper or sea water) will also haze= 0 in Osteady- | | |
stateO after the decay of transient curredtdhat may be initiated regenwin teid . o s shown

in b)develops surface charge which

within the conductor after applying an external electricltbd, (See cancels out E_o within the slab.

i E_o relates to surface charge
margln) ' as dictated by GaussOs law and

superposition principle.

b The reason is, mobile free charges (e.g., electrons in letah-
ductors) within the conductor will be pulled or pushed by the
applied beldE, to pile up on exterior surfaces of the conductor
until a surface charge density that is generated produces a sec-
ondary beld# E, that exactly cancels out the applieH, within
the interior of the conductor.

SPEC is an OidealizationO that has no real counterpart, evérough it is convenient to treat high
conductivity materials such as copper as PEC in certain apprimate models and calculations. For Osu-
perconducting materials® !'"  only in the low frequency limit.



P E = 0in the interior at steady-state implies that potentid =const.¥ =~~~

aswellas' = $aD =$a#E =0.

b Surface charge densitys and the exterior beld on a conductor

surface will satisfy the boundary condition equations
naD = "5 and B%E =0,

with B denoting the outward unit normal.

hencek, as claimed above) in a homogeneoasnductor (constant )
can be obtained using theontinuity equation
%ll
%t
representing the mathematical statementabfarge conservation (de-
rived in Lecture 16). Using = ' E and$aE = "/#,, we have
|

+%$4J=0

$4J=1%$4E=_"
#
above, from which it follows that
2", L 20 with a damped solutior () = * (0)¢* %!
%t # P - '

4See Fisher and VarneyAm. J. Phys., 44, 464 (1976), for a discussion of contact potential between
dilerent metals.

+ 4+ ++ o+

' S

+ 4+ ++ o+

A conducting slab inserted into a
region with field E_o (as shown

in b)develops surface charge which
cancels out E_o within the slab.

E_o relates to surface charge
as dictated by GaussOs law and
superposition principle.

be,



The decay time-constant

i

is typically very short & 1078 s) in metallic conductors, which is why
such conductors are usually considered to be in steadyg&td have
zero interior belds).

¥ As a consequence: in electrostatic problems conducting volumes
of materials (e.g., chunks of copper) can be treatece@sipotentials
having zero internal belds and Pnite surface charge dessi= @ ab
expressed in terms of external Pelshormal to the surface.

SAlso applicablequasi-staticallywhen externally applied bPeld€,(t) change slowly with time-constants
much longer than#,/! . The way conductors are treated in high frequencglectromagneticproblems will
be described later on.

4



Dielectric materials and polarization:

or molecules andleally contain no mobile charge carriers (i.e.= 0). te=g,

¥ Electric belds produced by charges located outside olimldielectric YE B,
material will polarize the dielectric N meaning that its constituent $E=Eo
atoms or molecules will be Ostretched outO to expose ttlegmahor *+**+*+*++++
OboundO charges, electrons and protons N which will in BuBecthe fegon it an ol feid £ o
electric Peld inside the dielectric to becomeakerthan (but not zero, " *eeomePoeized
as in conductors) what the beld would have been in the absehc}ir:eslhdfvitllfgepevlggﬁgﬁjtﬂfrteét_rgthe

outside, but not reduced to zero

polarization e"ect. as in a conductor.

We will next examine this polarization process and see howsS@s law can
be re-stated to facilitate Peld calculations in dielectm@aterials containing
bound charge carriers, i.e., atomic/molecular electrons and protonsalih
are not free to drift away from one another indebnitely (re@ging possible
jonization events).

¥ Consider a statidree-charge density" (z) = "¢ that would produce a
macroscopic bel, satisfying" = #$4E, in some region of free space.
The same density (z) = "¢+ will produce some other beld = @E,
within the same region of space when occupied by a dieletiedium
composed of an array of neutral atoms or molecules.

Our objective is to relate the beld E to E, and "¢, and bnd a way
of calculating E when "¢ is given.

5



s
¥ Inthe presence of an electric P&ld= @E, in the dielectric each neutral,
atom of the medium will be in a distorted (but not ripped apasdtate
forming a b oriented electric dipole , which can be visualized as a's

11

proton-electron pair with a small proton displacemenhin z direction - s
with respect to the electron.

l's

b Consider a regular array of such dipoles

p' edd, o

S

with ! x, ! y, and! z spacings between the dipoles (see margin),
so that the volumetric dipole density is

1
NdI _— m#3,
I'xl yl z
within the array, and, furthermore,
. _ e C
ST xly m?

iIs the magnitude of charge density of the adjacent proton and
electron layers (see margin again) formed by arrays of adiac
dipoles displaced iz by intervals! z.

b Assuming that the array is inPnite in extent i andy directions,
the proton and electron layers with surface charge derssitieg
will produce interior electric pelds

" el#
Ei=#D_=#D——
! # I X!y

6

+ 4+ + + + + +

+++Id

1 z
+¥+ + + + + + + + +

+ 4+ + +++ 4+ ++ o+




(pointing in opposite direction t& = @E,), and exterior belds ' T v z# Es
E2:0 | +4!-+Z+++++++ OTEZ
| .IS .......... \ | Df
in between the dipole layers. Space averaged macroscegitiel ° .
Peld within the array (with a spatial weighting proportioh&do ,_.......... e
the size of regions with the belds, and E,) produced by the1 - M
polarized dipoles will then be 0
| + 4+ H o+ ++ !
S S
d | z# d . edl#, Ngedd P k)L - M
E,b=E,—+E —H#D——— = # =#—,
PT Lz T, I x! y! z # #, e 0
s x!y
where
P' Ngedd= Ngp
IS, by debnition, macroscoppolarization beld of the dielectric,
measured in units of C/rh(same units as a surface charge density).
b The total macroscopic bell in the dielectric is then the sum bE-E

of beldE, produced by the free charge density in the region
and the macroscopic polarization pelt}, = #% produced by
bound charge carriers of the neutral atoms and/or molecules t E=Eo
the dielectric, i.e., rrrmrEam s

P A dielectric slab inserted into a
E=zE.# — region with an initial field E_o
(0] #t-)’ will become polarized.

Inside the polarized dielectric the

a result that shows a Oreduced Peld strengttfi€mpared toE ) field wil be weaker than E o

outside, but not reduced to zero

inside the dielectric sincB and E, are collinear. as in a conductor.



¥ LetOs re-arrange the expressiorEfdrom above as
#E + P = #Eo

after multiplying it with # and movingP to the left. Now, the term on

the right is#E, = D, representing the displacement vector outside the
dielectric slaB, and if we were to OadoptO the left hand side expression
as the Odisplacement vectorO for the interior, i.e, take

D=#E+P

In regions with non-zer®, then we would see that

bD =D, i.e., the displacement is the same inside and outside the }E = Eo
slab, while electric Pelds and E, inside and outside di"er by a « « « « + + + + + «
non-zero# P/#O: and, furthermore, A dielectric slab inserted into a

region with an initial field E_o
will become polarized.

b this generalized debnition of electric displacement (anysmpic
. . . . ) ] ... Inside the polarized dielectric the
Peld sincé? is macroscopic) is consistent with (by now familiaffieid wil be weaker than E_o

outside, but not reduced to zero

D = #E for free space since in free sp#te O. as in a conductor.

¥ To express GaussOs B (#E) = " in a form applicable with our
new revised = #E + P, we brst note that GaussOs law (derived from

This is true for the inbnite dielectric slabgeometry we are considering here where the external peld
E, is not inBuenced by the polarized slab.

Outside a dielectricsphere on the other hand, the external Peld will di'ler from the appied PeldE,
(seePurcell, Electricity and magnetism, 1965, Chapter 9) because of exnhal fringing belds of Pnite sized
bound charge layers of the dielectric sphere (giving rise onon-zero externak, in regions whereP =0,
and E, = # 3F!’—0 within the sphere, which in turn leads toD = #E + P = #E, + %P within the sphere,
di'ering from unperturbed displacementD, = #E, to be seen far away from the sphere).

8



CoulombOs law via superposition over all microscopic esashould
hold in any type of medium so long dsis understood to be the total
charge density = "¢+", a sum of charge densities and" , associated
with free and boundcharge carriers that could exist in the region. As
such:

P outside dielectrics, GaussOs la# &(#E) = "¢, since", =0 in
that case, and this can be expressedba@D = ";, with D = #E
as usual for free space whdte= 0;

( using$ & (#E) = "; outside the dielectric provides us with
the charge densitie% of positive and negative charge sheets
on the bottom and on the top sincE, jumps fromO to E,
and then back td as we move from bottom to top across the
two charge sheets.

b evaluating$a D = "¢ with the macroscopic displacement peld
D = #E + P within a dielectric, we obtailfa(#E) = " #$a P,
implying, in view of GaussO &% (#,E) = "¢ + " in macroscopic
form, a macroscopic bound charge density= #$4a P expressed
in terms ofP.

¥ In conclusion, the macroscopic form of GaussOs law canittesior

’Note that if P is a constant inside a dielectric and zero outside, theh, = #$ & P will be a surface
charge density conPned to the surface of the dielectric. Al%; = 0 within and outside the dielectric slab
in the region in between the charge sheets producirkg,.



any type of medium as

$4D ="y, fe s

with the understanding thatD ' #E + P, OincludingO the e"ects of,
bound charge density, = #$ & P that may exist within or on the ~
boundaries of the medium.

TEZE0
+ + + + + 4+ + + + +

A dielectric slab inserted into a

P Typically subscriptf of"; is dropped in GaussOs law, with the ufe.ﬁig” with an intl fed E_o
derstanding that" refers to"; because any non-zetg= #$4a P IW' .dec:me 'Cl’of"‘r'zedjl -
" N - _nSI e_t € polarize lelectric the
e"ects have already been OlumpedO Inte #E + P (as men- field will be weaker than E_o

outside, but not reduced to zero

tioned abOve), as in a conductor.

¥ The di"erential form of GaussOs law that we will now writéttfaut
the subscriptf on";) as

$a4D =", [GaussOs law inside material medium]

appears in integral form (after applying Divergence theort® volume

integral of the di"erential form) as
! nn

DadS= "dV,
S v

where the right side denotes the nie¢e charge inside volum¥ .

¥ In a large class of dielectric materials macroscopic paaon P and
electric bPeldcE turn out to be linearly related (see Lecture 11) as

P = #&kE,
10



where&e ) 0is a dimensionless quantity call@dectric susceptibil-
ity . For such materials

D = #E + P = #(L + &)E = #E,

where
#= (l+ &) " #
iIs known as thepermittivity  of the dielectric, and
=1+ &

its relative permittivity  or dielectric constant .

b Dielectric constant of free space is 1,

( forair# * 1.0006

( for glassA# 10

( dry-to-wet earth5# 10 silicon11# 12 distilled water81
In certain materials&. and # are found to be tensors N mean-
ing that P and D are no longer aligned witk. Such materials
are said to beanisotropic , but they will not be studied in this

course. Also, there is an exception to the condit&n) 0 N in
collisionlesplasmas&. < 0, as discussed in ECE 350.

¥ In GaussOs la#va D = " applicable in material medi& denotes the 0 D
free charge carrier density only (after the revisions weehagreed to D!
make).

11



P Considering the integral form of GaussO law applied to &xa
where the right hand side is the total free charge to founddes
pillbox, the boundary condition equation relavant fbr = #£ + P
N see bgure in the margin N can be shown to be

pabD* # D¥) =",

(as we have seen before) in general, wherédenotes a surface
charge density consisting only of free charge carriers.

b However, in perfect dielectrics there are no mobile freegehaar-
riers and GaussOs law typically reduce$ toD = 0, while the
correspondingpoundary condition equation for surfaces sepa- D'
rating perfect dielectrics becomes

vpaD*# D*)=0 + D! =D?,

which says that normal component of displacemBnis continu-
ous on such surfaces. This is accompanied by

D%(E*#E")=0 + E/=E/ D*

stating the continuity of tangential components &, which is D'
universally true as we have seen eatrlier.

12
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set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Summarizing important results from last lecture:

b within a dielectric medium, displacement
D=IE=1!E+P,

and if the permittivity ! = !, is known,D and E can be calcu-
lated from free surface charde or volume chargé in the region
without resorting toP.

P on surfaces separating perfect dielectrisgs{D*! D' ) =0 typ- ) D*
ically, whilebaD* = "5 on a conductor-dielectric interface (with/w
0 pointing from the conductor toward the dielectric).

P GaussOs ldié D = " (and its integral counterpart) includes only
the free charge density on its right side, which is typicabro in
many practical problems.

b onceD andE have been calculated (typically using the boundary
condition equations), polarizatioR can be obtained as

P=D! I,E
If needed.

These rules will be used in the examples in this section.



Example 1: A perfect dielectric slab having a Pnite thickne¥¥ in the x direction
iIs surrounded by free space and has a constant electric Bekd 18% V/m in
its exterior. Induced polarization of bound charges insidielectric reduces the
electric beld strength inside the slab fro&®oV/m to E = 3& V/m. What are
the displacement beldd and polarizationP outside and inside the slab, and
what are the dielectric constant, and electric susceptibility#, of the slab?

Solution: Displacement beld outside the slab, whéere !,, must be

D=1E= &18!0%.
The outside polarizatiorP is of course zero. Boundary conditions at the interface
of the slab with free space require the continuity of normalneponent ofD and
tangential component oE N both of these conditions would be satisped if we
were to takeD = &18 , C/m? also within the dielectric slab. Thus, withe = 3
V/m inside the slab, the conditiorD = !,E within the slab requires that

l'siab = 6!0.
Consequently, the dielectric constant of the slab is

|
!r:1+#e:.T|ab:6
-0

and its electric susceptibility is
#o=1,1 1=5,
Finally, sinceD = I,E + P in general, polarizatiorP inside the slab is

. L C
P=D! lE=&l8lo! 1o36= &1, .




¥ Our revised debnition of displacemént= !E, where! = !,!,, implies,

when combined witle = I" V and"&a D = ", a revised form of
PoissonOs equation )
A=

b provided that dielectric constant, is independent of position so
that"a D ="a (IE) = !"& E is a valid intermediate step in the
derivation of PoissonOs equation.

P Under the same condition LaplaceOs equatid = 0 also re-
mains valid.

b Dielectrics whereé, is independent of position are said to he-
mogeneous.

# In inhomogeneous dielectrics wheré varies with position
neither equation is valid, and one has to resort to the full
form of GaussOs law in beld and potential calculations.

In other words, donOt use LaplaceOs/PoissonOs equations
in inhomogeneous media.
In the next example we have two homogeneous slabs sidelby-si

making up an inhomogeneous conbguration. In that case we can

use Laplace/Poisson within the slabs one at a time and thetchha
the results at the boundary using boundary condition eqaa$
as shown.



Example 2: A pair of inbnite conducting plates at = 0 andz = 2 m carry equal
and opposite surface charge densitied & , C/m? and 2!, C/m?, respectively.
DetermineV(2) if V(0) =0 and regionsD <z < 1mandl<z < 2m are
occupied by perfect dielectrics with permittivities ¢f and 2!,, respectively.

Solution: Given that V(0) = 0, we assumé/(z) = Az, for some constanf in the
homogeneous regio < z < 1 m, sinceV(z) = Az satisbes the Laplace(
equation as well as the boundary condition at= 0.

This givesV(1) = A at z = 1 m, which then implies that we can tak&/(z) =
A+ B(z! 1) for the second homogeneous regibs z < 2 m having a dilerent
permittivity than the region below.

To determine the constant®\ and B, we will make use of boundary conditions @
z=0 andz =1 m interfaces:

¥ In the region0 < z < 1 m, the electric belds = " (Az) = ! Ap, and,
therefore displacemerid = ! 1E = ! | ,AB. Hence, the pertinent boundary
condition®aD (0) = " yields

paD(0)=11A=12, $ A=2.

¥ Just belowz = 1 m the displacement iD(1') = ! ,AD = 2!,p as we
found out above. Above =1 m, the electric beld i€ =" (A+ B(z!
1)) = ! Bp, and, thereforeD(1") = ! 2!,Bb just abovez = 1 m. Hence,

the pertinent boundary conditior®&(D (1*)! D(1') =0 yields

Ba(l 20,BB! (1 A8)="!12,B+21,=0 $ B=1.

4
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Based on above calculations of consta{sand B, the potential solution for the
region is |
2zV, O<z< 1

V(z) =
2+(z! 1)V, 1<z< 2

It follows that V(2) =3 V.

Note that electric beldd 25 V/m and ! ® V/m in the bottom and top layers point
from high to low potential regions. Electric Pelfl is discontinuous at the bound;
ary at z = 1 m while displacemenb is continuous N the continuity of normally
directedD is demanded by boundary condition equations in the absenicsuo-
face charge.

Y

!sd:?

Example 3: A pair of inPnite conducting plates az = 0 and z = d are grounded
and have equal potentials, sayf = 0. The region0 < z < d is occupied by
free space (i.el, = 1) except that an inPnite charge sheet with a static surfa

dy

E=?
ce

! 0 — ?
charge density's is located atz = d; < d. Determine (a) the electrostatic beld 0~ s
E(z) in regions(s) <z<djandd; < 1z <d, and (b) the surface charge densities %
_

"soand"sg at z=0 and z = d on conductor surfaces d; = d/ 2.

Solution: (a) LaplaceOs equation for the given geometry requireseatitin z) poten-
tial solution inregion <z <d;andd; <z <d. Since electrostati&€ = I" V,
we can therefore represent the electric beld in these reggam

!
I PVp/dq, O0<z<d;
+aV,y/d,, di<z<d

If "s in Example 3 is a slowly-
varying function of time, then

slowly varying E, " 50, and " ¢4 cal-

culated with instantaneous values
of "5 would constitute quasi-static

solutions which are valid so long
asd % c/f , with f the highest

frequency in" s(t).




whereV, & V(d;) andd, & d! d;. Hence,
!
I PloV/dy, O0<z<d;

D =1.E= . :
+@!',\Vo/dy, di<z<d

and MaxwellOs boundary condition equation appliedzon d; surface is

#
s + | " 1 1
BAD(d])! D(A)="s $ loVo —+— ="s
d d
Thus " .
Vo = "_S 1 + 1 — “S d1d2 _ "s%

b dp di  lodi+dy 1o d
Substituting V, back into the expression fdE, we have
!

! D'—%Z 0<z<d;

+@=2, dy <z <d.

E =

(b) The surface charge at = 0 can be found by evaluatingaD = @ & E at z = 0.

Hence,
"o=aa E(O):'%" (!j:d/Z ! —5
sO - 0 . d s U1 : 2.
Likewise,
" =1 pHal E(d)=lﬁ" (!j =d/2 | _5
sd . 0 - s Uz : 2.




Example 4: Between a pair of inbnite conducting plates at= 0 andz = 2 m, the
medium is a perfect dielectric with amhomogeneous permittivity of

(2) = 44!402_

Determine the electric potentiaV (2) on the top plate ifV(0) = 0 and the
surface charge density 15 = 2!, C/m? on the bottom plate atz = 0. Note
that LaplaceOs equation cannot be used in this problem stheemedium is

inhomogeneous.

Solution: Consider GaussOs law
"a(le)="
with " = 0 in the region0< z < 2 m. Assuming thatE = @E,(z), because the
geometry is invariant inx and y, we have

"a(lE)=0 % %(!Ez):o $ 'E, = constant

Thus the product!E ; is invariant with respect to coordinatez, which implies
that

1(0) z
1(2)Ez(2) = 1(0)EL(0) $ E.(2)= @Ez(o): E.(0)(1! Zr)

after substituting for !(z). To identify E,(0), we apply the bottom boundary
condition®aD (0) = "5, and obtain

2!,

D-(0)= HOE0) =20 $ Ex0)= [} =2¥.

.S_
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|||||
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To determineV (2), we integrateE = @2(1! Z) V/m from top to bottom plate
(grounded), obtaining

$o $, ]
V(2) = E &dl = 21! S)dz
z=2 z=2 4
z2 4 3
= I Zy19= I Y= 1 29—
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Parallel-plate capacitor: Consider a pair of conducting plates with surface
areasA separated by some distandan free space (see margin). 21 A

The plates are initially charge neutral, but then some amboielectrons

are transferred from one plate to the other so that the plasesjuire equal

and opposite charged and! Q, distributed with surface densities &f% on Q /¥ 8,
plate surfaces facing one another (as shown in the margin).

\

¥ That way, in steady state and fait * i A, a beld conbguration cons:7. . .
Pned mainly to the region between the plates is acquiredsfyatg the
condition that static Peld inside a cgnductor should be zefoweak
Ofringing PeldO can be ignoratl'if A and thus the geometry well
approximates the case with inbnite plates.

b A constant displacement peld

. Q
D =8—
A

satispes the normal boundary condition at the left plate bdary
as well as GaussOs B&D = 0 in the region between the plates.
The corresponding electrostatic Peld is

D Q

E=—=&—,

[P

and the voltage drop from (positive charged) left plate t@{ative

1



charged) right plate is |

' (@00) a o i A
V = E adl = ——dx = —Q
(0,0,0) x=0 ' oA
The last result can be expressed dsaar charge-voltage relation Q 9
Q=CV
with A 7d
C%!y—
0 Od
representing theapacitance of the parallel conducting plate ar- Y
rangement that we calparallel plate capacitor . I = CE ‘
¥ By dilerentiating Q = CV we obtain the charging rate of the capacitor ‘
as dQ C + V(t)
| = —<=C—
dt dt

which is only possible, for ideal capacitors, if the caparcplates are
externally connected to a circuit supplying a current as\whoon the
right where the direction of = 92 is in the direction of voltage drol/

acrossthe capacitor, from the posmvely charged plate to the nipggly
charged plate as shown.

b In lossy capacitors when the medium between the plates is con
ducting, the charging rate of the capacitor plate will be dimaas



O
O

given by

dQ .
=c™- ey, A
dt ~ T dt -

whereG stands for the conductance of the capacitor (derived later
in this lecture) andl the external current Rowing into the non- /%
ideal capacitor. é

W
m
X

b Therefore, for non-ideal capacitors the external current d

| = CC;—V + GV, + V-(|t) av

t | = GV + C%—\t/ cl T

meaning that part ofl goes into changing stored char@e = — —

CV of capacitor plates and the rest to conductGY amount of —/\V\/ ey

leakage current of the capacitor plates, and the equivatarduit R=
of the non-ideal capacitor then contains a Oshunt resis@®e £

accompanyindgC as shown in the margin.

¥ Returning to thelV -relation

| = R
c dt
of the ideal capacitor, thidV -relation was; obtained from thQV -
relation abovegquasi-staticallyassuming that A" " = c/f , wheref
is the highest frequency &(t). The power absorbed by the capacitor

IS then calculated as
dVv 1
P=VI=VC— = —(ZCV?,
dt t(2 )

3



implying a stored energy of
1 1
W = écv2 = é!0|EX|2Ao|

when the capacitor is in a charged state.

¥ Notice that stored energy is

1 1
é!OEXZ = SloE &E

times the volumeAd occupied by the bel@E between the capacitor
plates. That suggests that

1
W = Q!OE aE

can be interpreted as stored electrostatic energy per unlume in
general.

b Also both capacitanc€ and stored energidd/ andw would have
I replacing!, in dielectric media.

A capacitor with a perfect dielectric between its platesivibld its charge
and stored energy indebnitely. However, if the dielectsiamperfect and
has a bniteconductivity #, charge will be transported from the positive to
negative plate by a volumetric current density

J = #E,
4



which will result in aquasi-staticdischarge of the capacitor and the loss of Q

e

the stored energyV to Ohmic dissipation in the imperfect dielectric. Z . Z
Just ascapacitance C characterizes the energy and charge storage O_J/i . ;Z
pacityO of the capacitor, we can debneoaductance G that relates the Z . Z/ X
guasi-static discharge curremtin between the plates of a capacitor to po- % IZ
tential drop V: %‘d%
¥ Discharge current is the product of current density ve)
= " | cdv
Jx = #Ex I—GV+CO(|j—V cl T
. 2 . . _ V . . -
iIn A/m < units and th_e plate ared. Sinceky = 5, we obtain alinear AN/
current-voltage relation _1
| = GV G
System above behaves like a resis-
with conductance A tor R =1/G for
G %#— .G _ 1 _#
d ¥ CTReTT
for the parallel plate capacitor. and like a capacitorC in the com-

plementary frequency band. To

B Notice thatG = %C, a relation that will hold true for other types?>@n capacitor behavior at low
! requencies make sure thatt is

of capacitors that we will be examining. sulciently small.
b Also, Alternatively, with large # the
1 d system becomes a good electri-
R%W—-=— cal connector, a resistorR with
G A# a small resistanceR & 1/# .

is the correspondingesistance that scales inversely with con-
ductivity # of the material N large# materials will have small

5



resistance, but for a give#, R increases with lengthl and de-
creases with increasing cross-sectional &re&imple conductivity
models and) will be discussed next lecture.

Coaxial Cable: When we study guided wave propagation later in the cours
we will learn about coaxial cables.

¥ A coax cable consists of two conducting regions N a centylhdrical
conductor with a cross-sectional radias enclosed by a conducting
pipe of a radiush > a (see margin), with some dielectricplling in
the space. We will next calculate the capacitance and cotahoe of
a coax segment of some length

¥ For%' b, PeldE can be assumed to point out radially away from
the inner conductor with radiua to the outer conductor with radius.
In that case GaussOs law in integral form can be utilized terchne
the radial Pelde,. Considering a cylindrical integration surface with a
radiusr > a centered about the inner conductor, we re-write GaussOs
law "
! E adS = QV

S
as

IE,2&r%= Q

whereQ is the total charge distributed over the inner conductor and
the permittivity of the dielectric separating the two condiors.

ﬁ‘ﬁy

Ny



b It follows that

_ Q
S = %%
and voltage drop from inner to outer conductor is
| | |
b © b © b
dr b
V = E.dr = Q dr = Q — = an—.
r=a r=q 2&!1%r 28%! ., r 2&%! a
Clearly, once agai@ = CV, with
2&
In3

representing the capacitance of the coax segment of lelngth

¥ Thecapacitance of the coaxper unit length is

c= &,
In3
b Conductance of the coaxper unit length can likewise be shown

to be
2&
G= —#
InZ
This result is a consequence of the general relaGon !EC men-
tioned earlier.

b Per length parameter€ and G of the coax will play an important
role when we study guided wave propagation in coaxial traesm
sion lines with lengths for which quasi-static approxincatimay
be violated.



Diode junctions: In Example 4 in Lecture 7 we derived the expression
for potential dropV across a charged region of a total width\&f + W5,
such that in region 1 wheré W; < x < 0Othe charge density = ! ' is
negative, while in region 2 whef@< x < W , the charge density = ',

IS positive, with the additional constraint that the entireegion is charge
neutral, meaning that ;W; = ' ,W.,.
By solving PoissonOs equatidar this charge density conbguration (see

margin) encountered ijunction regions of semiconductor diodes (described ! W: £ (X) W,
in detail ECE 440) we had established that the voltage drapirx = W, W, W, -
to x = ! W, across the junction is given by X
V = oWa(Wi + W) _ 1 Wa(Wi + W)
2 2l /W,
The above equation implies that %
#
2! oV 2! oV ' 1+ ' 2
W, = — and W, = , Wi+W,= 21,V——, V (x
FT(Wit W)y 2T (Wit W), ( L P ) Vs
Using the expressions above for junction voltAgand width W, + W, |
we will next derive an expression femall signal capacitance of the diode - W >
junction: Wa
Vi

¥ In region 2 where > 0, the junction holds a total positive charge of
Q ="' >W-,A per cross-sectional aresa

¥ Therefore, substitutin§ for ' ,W, in the expression fo¥ above, and

8




#_
also using thaV; + W, & V expression derived above, we obtain

$
—
oo W Wit Wy) R ZeV
2, 21 A ’
which can be re-arranged as
#
2o 1 2
=A V
Q 1 1 + 1 2

representing anon-linear charge-voltage relation (for a given charge
probles satisfying,W; = ' ;W>).

b In a linear charge-voltage relatio = CV, the capacitance pa-

/ Wi
rameterC represents the slop@ of aQ vsV curve. Y
The slope ofany Q vs 'V curve is given by the derivativ%, whether or \
not the curve is linear. The sIop% of a non-linear charge-voltage curve Vx) Vs
can be interpreted as amall signal capacitanc€. For a diode junction,
dilerentiating the above equation, we Pnd that W,
# g
dQ o 12 W
C=—=A ; —- V.
dVv 2V( 1+ 2) 1

Small changedV in junction voltage will accompany small changi3 =
CdV in stored chargeQ of the junction, but the amountCdV will itself
depend orV because€C & V' V2.
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In this lecture we will describe simple microscopic modai<bnductivity !
and electric susceptibility ¢ of material media composed of free and boundg -
charge carriers. The models were prst developed by LoreatDaude prior
to the establishment of quantum mechanics. In these models tharge q>0

In the absence of an applied electric

carriers motions are described using Newtonian dynamiab &0mS are feid«, ree charge g exnivits a

"random walk" between collisions such

represented as electric dipolps= ! er (r is electron displacement fromny s averagevelociyvis zero

atomic nucleus) behaving like damped 2nd order systems. of e mean microscopc e
Conductivity: Conducting materials such as copper, sea water, ionized
gases (plasmas) contain a Pnite densityof mobile and free charge carrierg
at the microscopic level (in addition to neutral atoms andlewules sharing
the same macroscopic space) N these elementary mobileecsirdan be
electrons, positive or negative ions, or positive Oholas§krti-conductor

materials). q>0

In the presence of an applied electric
field E, the mean position of free charge

¥ Each elementary charge carrier with a chagggnd massn and subject &0 nie drectonoffied

. Vvelocity v.
to a macroscopic electrical forgf= will be modeled by a dynamic,,, dﬁﬂvelocityv,eperesemsa
balance between acceleration force due

to E and an opposing friction force
eq u atlo n produced by collisions of g with the
dV V lattice at random intervals with
— qE | m— some mean value . !

which is electively NewtonOs second law N Oforce equalstimess
accelerationO N in which denotes the macroscopic veloéityf charge

1Think of microscopicvelocity of each charge carrier ag + $v, where$v is an independent zero-mean

1



carriers and my denotes a macroscopic friction force proportional to
I v. Friction is a consequence of OcollisionsO of chargescaiitie
other particles at a frequency 6b= % collisions per unit time, which
causes the exponential decaywhs

v(t) = v(0)e ¥

. ] Q Ctrj]be of unity volume ﬁontains
in the absence of Pel. Therefore, wherk = 0, the carriers settle J i s ane veoaty o

v=1 m/s towards the shaded surface

dOWh tO a Steady State W|th/ = 0 (|n t " # I|m|t), meaning that of the cube of a unity surface area.
no macroscopic current densify will be found in steady state in thein 1 second ail N charges in the

volume cross the shaded surface,

absence o in regions with homogeneous charge carrier densities. ransporting Nq Coulombs of charge

per second per unit area.

By contrast, charge transport rate

¥ With a constant but non-zerdc, steady-state solution of the abovecross the same surface is

equation is Nqv C/s/m? = Nqv A/Im?
# # . - if the average charge velocity
vV = %E, where|%| is known agmobility . is an arbitrary v.

Thus, in vector notation, we can
define the current density in the

P AssumingN charge carriers per unit volume each moving (on tf&"
average) with this steady-state velocity in a given matenige can J = Nav
calculate the average Rux density of charge through theore@s such that current  (in A) across

any surface S having area elements
N 2 C/S dS is given by
J=Nqv= g o
m% m? | = JJa&dS
which is commonly referred to asirrent density (see margin).
If a given material contains several species of carrierl eharge,

random variable for each charge carrier whereamacroscopicvelocity v corresponds to the statistical
average of allv + $v.



mass, collision frequency, and number densitygofms, %, and
Ns, respectively, then current density can be expressed as  OhmOs Law

and
J=1E, DC
: conductivity
with - | o Nsosz
M - M S M S_ ms%

S
denoting the medium and species conductivities, respelgtivin-
der DC conditions.

¥ With a time varying beldE the corresponding current density will also
be time varying, in which case conductivity should be debned in the
frequency domain using phasor techniques (remember ECE 210

P BrieRy, using phasorg and J such that
E(t) = REJ¥} and J(t) = Re J4}, etc,,

we have a phasor transformed NewtonOs force balance equatio

dv Y , . s
- = | — = | —
mdt gE ! m# # mj&wv = gE! m#,

from which it follows that



with | No?
= Igand!g= =
s AT % &)
> AC
P Note that the AC conductivity just derived can be approxineat conductivity
by the DC conductivity derived earlier for all AC frequensi&
much smaller than species collision frequenéies

$ In many cases of practical interest, this condition can bsilga
met, and we are often well justibed to ignore the frequency
dependence and complex character of conductivitgvealed
in above derivation.

b More advanced quantum mechanical derivations! gfgive the
same results except witk!ective massesspecibed by quantum
theory replacing the particle masses used in classical models.

¥ Typical DC conductivities:

P For silver, copper, gold, % several 10 S/m
b For seawatet ' 4 S/m

P For intrinsic silicon! =1.6& 10 * S/m

P For dry earth! %10 ° S/m

P For glassl %10 %1 10 4 S/m

Superconductivityoccurs in certain materials at low temperatures

4



when the DC conductivity vanishes as a consequence of atadel
charge carrier motions which are ignored in the Lorentz<i¥u

model.
Susceptibility: In perfect dielectrics there are no free charge carrierssand E
I = 0. However, in general such materials are polarizable ancetbee they *
have a non-zero susceptibility. and a dielectric constant, =1+ "> 1. j { peel g

¥ In Lorentz-Drude model, each polarized atom or molecut®mnsidered ; e,
to be a dipolep = ! er, with r representing the displacement vectar h& TR e
of an atomic electron from atomic nucleus when the atom isupoed i '
because of an applied electric beld.

¥ If the polarizing force on the atom is removed, observaiordicate
that the dipole Peld of the atork, ( p ( r will decay as a damped

co-sinusoid with a decay time consta#i = (1 and a characteristic

damped frequency &2! (2' &, satisfying a conditior& " ( = %
(strongly underdamped).

b Possible values &, for a given atom can be obtained from the en-
ergy levels of bound states of the atom (calculated usingdsed
quantun? models like in PHYS 214) and time constars = (1
(which are bnite because enerdiég radiated away are also bnite)
are related to observed line width&(() in the emission spectra of
excited atoms.

2For a quantum mechanical derivation of susceptibility, seee.g., Mott, OElements of Wave MechanicsO,
Chapt 4, Sect 10 (1958)Miller, OQuantum Mechanics for Scientists and EngineersO, S&:(2008).
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Electron displacement having the inferred damped co-siitliform

r(t) = roe ¥acos( &1 (2t)' rqe "dcosBet)

is Ozero-input responseO (remember ECE 210) of a linead-seder *
ODE that can be constructed using NewtonOs second law csfoellaq 1 el op
mechanics:

b If we assume that mass times acceleratiorﬁ—fg of a displaced | Leee
electron equals the sum of a ’
$ force! eE exerted by an applied macroscopic electric Held

$ a spring-like restoring fordem&2r responsible for the binding
of the electron to the nucleus, and

$ a friction-like dissipative forcé m2( &,

we get ,
dr _ 2 dr
Mz = leE! m&r! m2( TS
for whichr (t) given above is the zero-input solution in the absence
of E.

¥ To bPnd the DC susceptibility of a dielectric composed ofoths con-
strained by the above equation, we note that steady-statieitgm of
the equation with a non-zero constant bpdldis

- m&2



Consequently, dipole moment of a single polarized atom is

4
=le = E,
P m&g + E >
and polarization beld in a dielectric with a dipole densifyiNy is : T
+ Lo e
Nq€? N
P=N = E. + y «r_. _____________
P mag ; e )
This result can also be written as "
P ="4"eE,
where ' DC
") Nae?/m’ susceptibility
° &S

is DC susceptibility. AC susceptibility can be derived ugiphasor
techniques, but at frequencie&s * &, AC susceptibility is well ap-
proximated by the DC susceptibility derived above.

Polarization current.  Consider the case of a time varying electric beld
E(t) in a dielectric medium at a frequen&* &, such that the relations

e

r=1 5
M&S

E and P="'.".E

from above are accurate.



¥ Time variation ofE will imply the time variation of electron displace-
mentr, so that there will bein elect a non-zero electron velocity

_d_, e dE
~dt  m&2dt

capable of producing a current.

\'

b With N4 such electrons per unit volume, each carrying a charge
I e, we will have a net Bux density of charge in the region given
by

Nge?’dE _ dP

m&2 dt  dt’

This Bux is electively an AC current density carried by bound

charges found in a dielectric medium. Even though, a DC cur-

rent is not possible in a perfect dielectric containing oblyund

charges, evidently AC currents Polarization
P current
Jp= rry Polarization current density density

are possible N we call this type of AC current alarization
current density .

¥ In our studies of time-varying electromagnetic belds weimalude the

elects of polarization current§£ along with the elects of conduction
currents! E.
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Pairs of wires carrying currents running in the same (opposite) direction
are known to attract (repel) one another. In this lecture wélwxplain the
mechanism N the phenomenon is a relativistimonsequence of electrostatic
charge interactions, but it is more commonly described mmg of magnetic
Pelds. This will be our introduction to magnetic beld e!eatsthis course. O — | O

vF
4r

b the wire has a stationary lattice of positive ions, () —_— ()

¥ Consider a current carrying stationary wire in the lab fram

1Brief summary of special relativity: Observations indicate that light (EM waves) can be Ocounte@ like particles
(photons) and yet travel at one and the same speed = 3 ! 10° m/s in all reference frames in relative motion. As brst
recognized by Albert Einstein, these facts preclude the (coomonsense) possibility that a particle velocity u measured in a
Olab frameO could appear as

u'=u" v (Newtonian)

to an observer approaching the particle with a velocityv within the same frame; instead,u must transform into the observer®s OThings should be made as simple

frame as " as possible B but no simpler.O
u" v R N i i
u'= = (relativistic) N Albert Einstein
1" =

so that if u = ¢, then u' = c also. This OrelativisticO velocity transformation formwa in turn requires that positions x and
times t of physical events transform (between lab and observer frams) as

x'= 1(x" vt) and t' = I (t" ;/—zx), (relativistic)

where! # $—1___ rather than as
1" v2/c 2
x'=x" vt and t' = t, (Newtonian)

so that ‘(’,—1‘ = uand % = u' are related by the relativistic formula for u' given above.

Relativistic transformations imply a number of Ocounter-ntuitiveO elects ordinarily not noticed unless|v| is very close to
c. One of them is Lorentz contraction, x' = x/! , obtained from x' = ! (x " vt) for t' = I (t" %x) =0: since! > 1, x' < x,
indicating that a ruler stationary in the lab frame with a len gth x appears as moving and having a shorter lengthx' < x
(measured at time t' = 0) in the moving frame. A second one is time dilation,t' = t/! , obtained fromt' = ! (t" 2z X) for
x'=1(x" vt)=0: since! > 1,t'<t, indicating that a clock stationary in the moving frame at x' = 0 will run slower than
the stationary clocks of the lab frame all displaying identical clock timest >t ‘. In short, moving rulers shrink and moving
clocks tick slower compared with stationary duplicates (ard these are (of course) reciprocal elects since all clocks drrulers
are stationary in their own reference frames and are in motia in other frames).
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b electrons are moving to the left through the lattice with avesiage
speedv, and

b a currentl > 0is Bowing to the right as shown in the bPgure.

%If the wire is electrically uncharged N which will be true ifa) Neutral wire carrying current |
electron and ion charge densities in the wite, < 0 and

I, > 0, respectively, have equal magnitudes N then the wire | - | I, —

will produce no electrostatic Peld, and any stationary charge( )+« ~ .+« ()

q placed near the wire will not be subject to any fofce ¥ v
%The current carried by the wire i = v|! - | = vl 1 in terms

of the magnitudes of electron velocity and charge density.

(b) In the "electron frame" the wire
appears positively charged:

¥ An uncharged wire in the lab frame appears as Ocharged® riefén-
ence frame of the electrons carrying the current: !

y — ' 1=,
D this is arelativistic e'ect due to OLorentz contractionO of the d@f-fff o )
tances between the charges in the wire. i " be=ho

b In the electron frame the wire is found to have a positive dear lE": 245"
density! ¢ and thus it has a radial electrostatic beld

| & .
B '# 1, — = — = lvu,"
2'#or ¢ > P

implying an electrostatic forcé %= gE%on a stationary charge.

E¢=

2This is true for zero-resistivity wires. Current carrying wires with Pnite resistivity will however support surface charge
densities with axial gradients to produce the static Peld wihin the wire needed to drive the current N e.g., in Am. J. Phys.:
JebPmenko,30, 19 (1962); Parker,38, 720 (1970); Preyer,68, 1002 (2000).
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b Relativistic calculation show that

e $lav? V2

2 =$(IV)§:$|V#0H0 - pas SV, SV

2" #or 2'r
wherep, = 4" ! 10 ' H/m is permeabilityof free space.

B

P Now, the forceF¢= gE%on a stationary chargg in the electron
frame transforms to forc& = F¥$ on the same charge in the
lab framé¢ whereE = 0, the ions are stationary, but charggis
moving.

(a) Neutral wire carrying current |
in the "lab frame":

%Expressing= asgqv ! B in terms of velocityv of the moving

charge and a bel®, and equating it toF¥$ = gE¥$, we L=, —
3(i) Electron spacings dx' measured in the electron reference frame will appear as Lonez contacted to <>+<_—+ —j_—+<—_+ —:_—+ ;t— - < >
I
' v2 o Ly v
dx = 1" —dx
c
spacin_gs in the lab frame where the electrons are in motion. # a consequence the electron charge density seen in the lab
frame is "l (b) In the "electron frame" the wire
P appears positively charged:
1" v2/c?
and exceeds the density ! seen in the electron frame. Furthermore,'- =" ", in order to maintain a charge neutral wire in
the lab frame. (ii) Once again because of Lorentz contractio, the charge density of positive ions will appear in the eleton
frame as ! " _n
wl " "y \Vi —_— | | + = | +
e > > > > > > > > >
1" v?/c? <)A+++++++++ >
and exceed the lab frame density' . . (iii) Thus, the total charge density of the wire in the electron frame is r_ _____ 1" =,
[
" " I " W 20A2 E 2 |
R TR L Y N S = *2/ S 1T Ve s e = +2/_2 "ty 1M vie2=t 71”/ /(2:/ > = ;V : lE" =B
v</C ve/C ve/C T
2'#or
a positive charge density N e.g., articles in Am. J. Phys.: Webster, 29, 262, 1961; Matzek and Russel36, 905, 1968; Arista
and Lopez, 43, 525, 1975; Zapolsky56, 1137, 1988.
“Note F = F'/! ( F'if |v]) c which is typically true by a large margin for electron speed in current carrying ;" | V2 _ v _ "
conducting metals N see HW. b # +? - ? - |V|J-O 0



: (a) In the "electron frame" the wire
ObtaJ n appears positively charged and
repelsa_test charge g with

force FO=qEO

! B=q o=t Holg o gy tlg

| n
1] —_ | ! ="!+
);FA+++++++++ >

whereis the unit vector in the direction given by theght-

r ! '!| =1 I /"
hand-rule(see margin) and i

|
B # "o ¢
2'r . V2 v .
S . . Z ) !#!“'_ZZEZIVUOO
Is the Omagnetic RBux densityO of current blarheatta dis- ) the Iabf:mefome oo
tancer. e e sty
% We attribute the force charge in F=quXB combination.
F=qv! B
| | I T O
on the moving charge to the magnetic beld® produced by
currentl (rather than to the electrostatic beld of the wire seen_I g = Mol
by qin its own reference frame). F=qus$ B Z

Magnetic field B curls around

. . . tl ht handed
While we assumed to be stationary in the reference frame of the electrolﬁ:e:{%zo&;é:ei.g%tec? by azimuthal
in the above discussion (for the sake of simplicity), theulssobtained above

. . - . ic field li |
are found to be valid for all particle velocitias measured in the lab frame. thamselves uniiks elecric eld

lines which start and stop on

Also, if there are multiple current Plamentg, each generating its own pelcpeint charges.

B, forceF on g can be calculated using a superposition method as vﬁéﬁt hand rule - point your

] thumb in the direction
electrostatic belds. of current Bow; your Pngers

will point in direction %



Magnetic PeldB of the inPnite current Plament obtained above can
also be obtained by superposing the magnetic Peld incresnent

Uoldl! ©
4'r 2

of directed current incrementisl |, wherer = rbis a position vector extend-

ing from the location of the current increment to the beld pios wheredB <>

is being specibed N this formula, known as Biot-Savart lasvonly valid
when used in terms of inPnitesimal segmdrtk of time-unvarying current D

loops. Id)

dB # (Biot-Savart law)

. o s . r%DB -l
¥ Magnetic beldB of the inPnite line current OderivedO above satisbe 2
a circulation relation # Q
B édl - uol C»
C
with lc=1.

This integral for the circulation of static magnetic Pdtdis found to be
valid (experimentally) for all closed circulation patls, and is known
asAmpereOs law (for static magnetic belds). In AmpereOs law

b | ¢ stands for the net sum of all Plament curremtscrossing any
surfaceS bounded by pathC,

% Rowing in the direction given by the Oright-hand-ruleO:

when the right thumb is pointed in the direction ol along path
C, the direction of blament currerit, is specibPed as the direction
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of the Pngers of your right hand through surfaSebounded by
contourC.

%Filament currents not crossing N i.e., current Plaments not
OlinkedO to pa@ N should not be included on the right hand
side of AmpereOs law.

¥ AmpereOs law can also be expressed as
# $

Had = JadS,
C S

where

b we have debned

_ o
B-Z#r@

03000

H# p,'B f

for the sake of convenience, and

P J is the volumetric current density measured in Afmnits (e.g.,
&E in a conducting region as discussed in last lecture) having a
total RBux $
IC = J adS
S
across any surfac® bounded by a patiC,

%with dS pointing acrossS in the direction compatible with
right-hand-rule as inStokeOs theorefrecall Lecture 6).



¥ StokeOs theorem re-stated for % vector Beklb
#

Had = *! HadS
C S

implies that the dilerential form of AmpereQOs law should be
*IH=J.

This di'erential relation is accompanied by
*aB =0,

satisbped by static magnetic beld of the line currastwell asby any
other magnetic beld N static as well as non-static, as defeed ex-
perimentally and described in more detail later on.

Laws of

magnetostatics:
*I'’' H = J
*aB =0

They also apply Oquasi-staticallyO
over a region of dimensionL
when a time-varying Peld source
J(r,t) has a time-constant '
much longer than the propagation
time delay L/c of beld variations
oss the region ¢ is the speed

¥ Current density vector beld invoked above in AmpereQOs law exprg: gho).

sions, measured nominally in units of Afincan also be adjusted to

describe the distributions of surface or line currents in §iace.

b For example,
J(X, y! Z) - ‘JS(y! Z)((X ! XO)

can be regarded aslumetric current density  representation
of a surface current density Jg(X,y) measured in A/m units

owing onx = X, surface.

In magneto-quasistatics (MQS)
B(r,t) = WHH(r,t) will be ac-
companied by a slowly varying
electric PeldE(r,t) (derived from
FaradayOs law discussed in Lec-
ture 14).



b Likewise, )
I(xy,2) = @l @((x" X" Yo T = ayredyt A5
represents dine current | (z) measured in A units Rowing in-
direction along a blament debned by the intersectiong ef X,
andy =y, surfaces. 1

b As a most extreme case,

J(X,y¥,z,t) = Qv((X" Xo)((Y" Yo)((z" Zo)

represents thdgime-varying current density of a point charg® Xo X
at coordinategx, Yy, z) = (Xo(t), Yo(t), zo(t)) moving with velocity

v = (Mo(t), ¥a(t), Ze(t)).

A 7 y

Example 1: Consider a surface current density of
Js = a@yrect(y" 0.5)A/m

Rowing onx = 0 plane (as shown in the margin). What is the total curremt
Rowing on the same plane measured in A units?

Solution: To go from a surface current densitys in A/m to a total current | in A,
we need to perform an appropriate integration operation dretsurface werdg
iIs debned. For the specibdd in this problem we Pnd that

$ . $ . ,

y 1
| = Js andy = ydy= —|;= A
y:"+ y:O 2 2
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A7

In the following examples we will calculate the magneticded = p,H s
established by some simple current conbgurations by us$iagrtegral form Jom B

>

A
A
A

of static AmpereOs law. 2

Example 1. Consider a unifornsurface current density Js = Jsp A/m [3owing on iaici
X = 0 plane (see bgure in the margin) N the current sheet extendenitely in %L L e
y and z directions. DetermineB andH . W s

Solution: Since the current sheet extends inPnitely ynand z directions we expecB
to depend only on coordinate. Also, the beld should be the superposition of thesx) = *
Pelds of an inbnite number of current blaments, which sutgyds/ right-hand-
rule,B = §By(x), whereB(x) is an odd function ok. To determineB(x), such
that By(" x) = " By(x), we apply AmpereOs law by computing the circulation| of\s shown in Example 1 mag-

B around the rectangular pattC shown in the bgure in the margin: netic Peld of a current sheet
is independent of distance |x|

OJS

B B.L 0 from the current sheet.
| b HE o B A% ok #E %
) 3 3 3 Also tangential component
B adl = polc # ~ Badl+  Bad+ B adl = poJsl of H changes discontinuously
c Sidel Side2 Therest across the current sheet by
leading to an amount J; N this fore-
llo S shadows a boundary condi-
ZB = Hods # B for x> 0. tion equation
Given the odd symmetry oB,(x) we get 61 (H* " H')= J

Uos

B = accompanying

sgrn(x) and H = ty sgr(x)
B&D*" D)=l

derived in Lecture 16.



Example 2: Consider a slab of thicknes#/ over" ¥ < x < % which extends in-
Pnitely iny and z directions and conducts a uniform current density &f= @J,
A/m 2. DetermineH if the current density is zero outside the slab.

Solution: Given the geometric similarities between this problem andafple 1, we
postulate thatB = §By(x), wherey(x) is an odd function ofx. To determine
By(x) we apply AmpereOs law by computing the circulationBofaround the
rectangular pathC shown in the bgure in the margin. For< ¥, we expand

By L B.L 0
! b HE o B H% ok #E %
Badl = polc # B adl + B adl + B adl = podo2xiL
C Side1l Side 2 Therest

leading to
2By = HoJo2X # By = HoJoX for x> 0.

Forx $ % the expansion gives

W
2Byl = poJoWL # By = quc,?.

Hence, we Pnd that

WOX, |X| < %

$JoW sgr(x), otherwise.
Note that the solution plotted in the margin shows no discamiity at x = + %
or elsewhere.

z

A /y
Job /

W X"

wW w
"2 2

“By(X) IJOJOW
2

The Pgure in the margin depicts a Pnite section of an inprotermid.
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A solenoid can be constructed in practice by winding a longewnto a

multi loop coil as depicted. A solenoid with its loop carrgia currentl gi E
. : : : e »
in 'O direction (as shown), produces electively a surface curdamnsity of ~ S
A . . . e -

Js = In'OA/m, wheren is the number density (1/m) of current loops in the: ¢ ::: >
solenoid. In Example 3 we compute the magnetic beld of theii@Bolenoid . E:EE .............. E
using AmpereOs law. W eSan=e
§asess

----- \iae?

Example 3: An inbnite solenoid having n loops per unit length is stacked iz- Infinite solencid
direction, each loop carrying a current ofA in counter-clockwise direction when O lengu coryng

viewed from the top (see margin). Determirté. B = ponl

Solution: Since the total current linking pathC, is zero, AmpereOs law indicates
|
B &l =0,
Cy
which can be satisbPed witB = 0 in the exterior of the solenoid an® = @B,
in the interior for an appropriate choice for constaf;,.

We then determineB, from AmpereQOs law applied to pa@y since
!

Bad = polc # B,L=pyonlL # B, = ponl
C

with B =0 in the exterior. Hence
B =dap,nl and H = anl

for the belds within the solenoid if the bPelds are zero in théeaor.




However(C B adl = 0 would also be satisped with any constaBt in the exterior,
caused by some additional exterior current system, in whoese the interior Rux
density of the solenoid would also be raised By(and would be a component
unrelated tol ).

-

Finally, the belds at thecenter of a bPnite length solenoiccaused by the solenoic
current | would match theinbnite solenoidpelds, i.e.H = @nl (and, as it can
be shown, dropping tdH = d%nl at the two ends, continued as wedkinging
exterior Pelds, looping back to the interior Peld lines snmagnetic beld lines
always form closed loops).

¥ Static electric belds: Curl-free and governed by
%! E=0, %aD =! whereD = #
with #= ##.
¥ Static magnetic belds: Divergence-freeand governed by
%aB =0, %! H=J whereB = pH

with = WMo N relative permeabilitiesy, other than unity (for free
space) will be explained later on.

Mathematically, we can generatedvergence-free vector peldB (X,Y, z)
as
=%! A

4



by taking the curl of any vector beld = A (X, Y, z) (just like we can generate
a curl-freeE by taking the gradient of any scalar peldV (x, Y, z)).
Veribcation: Notice that

%av%!A = ! A)x +—(%I A)y +—(%I A=) & o
A Ay A,
$ ($AZ . $Ay) . $ ($AZ ) $Ax) $ ($Ay . $Ax) 0

$x* By $z Py $x $z $z° $x

¥IfB = %! A represents a magnetostatic beld, th&nis called mag-
netostatic potential orvector potential .

b Vector potential A can be used in magnetostatics in similar ways
to how electrostatic potentiaV/ is used in electrostatics.

& In electrostatics we can assigh = 0 to any point in space
that is convenient in a given problem.

& In magnetostatics we can assi@haA to any scalarthat is
convenient in a given problem.

P For example, if we make the assignment

% 8A =0,

'With this assignment N known as Coulomb gaugeN A acquires the physical meaning of Opotential
momentum per unit chargeO, just as scalar potentMlis Opotential energy per unit chargeO (see Konopinski,
Am. J. Phys., 46, 499, 1978).



then we bnd that

%! B=%!%! A =%%aA)"% %A = "% °A.

This is anice and convenienbutcome, because, when combined with

%! H=J # %! B =,

it produces
%PA =" Hod,
which is the magnetostatic version of PoissonOs equation
I
%2V = " —.
#o
b In analogy with solution
“
V(r) = ' —d°r
(r) A%Hr " r| z4 LA
of PoissonOs equation, it has a solution ;
Hod(r) 3
A(r)= ———=-d°r.
(r) A4%r " |

Given any static’> current densityJ(r), the above equation can be used to
obtain the corresponding vector potentiél that simultaneously satisbes

2Also, in quasi-statics we usd(r’,t) to obtain A(r,t) andB = %! A over regions small compared to
&= c/f , with f the highest frequency inJ(r’,t).



%aA =0 and %! A = B.

OnceA is available, obtainindd = %! A is then just a matter of taking a
curl.

¥ Magnetic RBux densityd of a single current loopl can be calculated
after determining its vector potential as follows:

D For aloop of radiusaonz = 0 plane, we can express the corresponding current
density as

W)= 1 @) ( Ty g0 — "

- — a
X'2+ y'2 X

where the ratio on the right is the unit vectof.

D Inserting this into the general solution for vector poteafi and performing s 2L 2
the integration overz', we obtain J = 1"(2)"( x=+ys! &
& % C
Mol ,, —5——. ("y,x,0)
A r - - X 2 4+ 2 a * *
R T S AR k.
— E |(r.'n a)* I( y’X’O)I I
4% (X" x)2+(y" y)2+ zr
& o :
Mol (" asin" ,acos" ,0)

A% »,  (x" acos')2+(y" asin")?+ z2

dx dy

rdrd"

d"' ( BAL(r) + §A(r).

P Given that A, =0, it can be shown thatB = %! A leads to

5= SA o U SAC o BA), SA
” $z' 7 $z' T $x Sy’

D From the expected azimuthal symmetry & about the z-axis, it is sulcient
to evaluate these on, say,= 0 plane N after some algebra, and dropping the

v



primes, we bnd, oy =0 plane,

& ' Ul
B. = Hoal -~ ZCos N
T 4% ., (x2+ a2+ z2" 2axcos")32
& .
g = Moal ! zsin" "
Y7 4% ., (x2+ a2+ z2" 2axcos')¥2 '
and & " "
5. - Moal —~ a" xcos |
£ 4% ., (x2+ a2+ z2" 2axcos')¥?2

D We note that By = 0 since theB, integrand above is odd if' and the
integration limits are centered about the origin. Hence,eleld ony = 0
plane is given as

B = &By + @B,

with By and B, debPned above.

P There are no closed form expressions for Biyeand B, integrals above for an
arbitrary (x, z).

0

& However, it can be easily seen thatif= 0 (i.e., along thez-axis), By
(as symmetry would dictate) and

&, 2
B = Hoal a " Hola ‘
z 4% ., (a2 + z2)32 2(@2+ z2)3/2 3
For|z|) a, f
. Mola? !
YA 2|Z|3 ’

=)
T

which is positive and varies with the inverse third power astance|z|.

[

b Also, By and B integrals can be performed numerically. Figure

in the margin depicts the pattern d® ony = 0 plane for a loop

[ //'/"/

of radiusa = 1 computed usindMathematica

8
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the current loop) equals a bPxed valuegd N this dictates that the

loop further out. As a resultB| can be shown to vary as 3 for large
r.

¥ It can be shown that the equations for magndteld linesof a current
loop on, sayy = 0 plane, can be expressed as

r = L sirf(

in terms of radial distance r from the origin andzenith angle (
measured from the axis. Clearly, parametekL in this formula is the

radial distance of the beld line oph = 90° plane, and the beld line

4001

average beld strengt | of a current loop is stronger on shorter beld,
lines closer to the current loop than on longer beld linekitig the -

=)
T

=3

formula is accurate only for ) a. The EarthOs magnetic beld had

such amagnetic dipole topology as shown.

¥ Lorentz force due to the magnetic belds of a pair of curreop$ N also

known asmagnetic dipolefl turns out to be OattractiveO when the cur-

rent directions agree (see margin). Bar magnets carryingiGsentO

current loops of atomic origins interact with one anotherexactly the
same way N i.e., as governed by the second term of Lorentzforc

1 200+
! 400+

1 600

qv #

¥ Note that circulation(C B adl around each closed beld line (Olinking<3\\\\

\ ‘\ f / / /(///v
e~ NN S
L NN //',,»\\
T N e T
S
/('/ /4 //(ﬂ\ V“\T\\\)\ \]\‘ ]
A A
NN NN TINE S )
A=A ANy
BS$I

another

Loops with parallel
currents attract one

Qv # B



14 Farad a.yés IaW an d i n d u Ce d e mf Copyright ©2024 Reserved N no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Michael Faraday discovered (in 1831, less than 200 yearsthgba chang-

ing current in a wire loopinducescurrent Bows in nearby wires N today

we describe this phenomenon @lectromagnetic induction : the current

change in the brst loop causes the magnetic beld producekiebgurrent to

change, and magnetic Peld change, in turn, is saithtluce (i.e., produce)

electric Peldsvhich drive the currents in nearby wires. Debnitions of E and

¥ While static electric Pelds produced by static chargertistions are B have not changed
unconditionally curl-freetime-varying electric beldproduced by cur-€V€n When  gener-
rent distributions with time-varying components are fouta have, in &t€d by time-varying
accordance with FaradayOs observations, non-zero cedibgpl by S04

B ~
' E=# ITH FaradayOs law ¥ E is stil force per
o . | ~ unit stationary charge
at all positionsr in all reference frames of measurement. USihgkeOs in the measurement

theorem the same constraint can also be expresseuitiegral form as frame
' ¥ B still gives an addi-

, B , ~ ;
Eadl=# —a&adS FaradayOs law tional force v ! B per
C g It unit charge in motion
. . with velocity v in the
for all surfacesS bounded by all closed andirected paths C (with measurement frame.

the direction ofC, indicated by an arrow, and direction of vectd6
related by right hand rule).

Relativistic derivation of static B given in Lecture 12 can be extended to show that Coulomb intesictions of charges
in time-varying motions require a description in terms of time-varying B and E N see, e.g.,Am. J. Phys.: Tessman, 34,
1048 (1966); Tessman and Finnel35, 523 (1967); Kobe,54, 631 (1986). Thus, the cause of induced E is not really the
time-varying B, but rather the time-varying current J that is also producing the variation in B.

1



¥ The right hand side of the integral form equation above udgs the
Rux of rate of change of magnetic Bux density B over surface ©¢!
S. If contour C boundingS is ObxedO (unchanging) in the measuremen
frame, then the equalltion can also be expressed as

dl

E adl = #Et B adS, "0)= B(r,0)4ds, and

C dt s "0 )= (B(r,! ))adS+ B(r,! 1) 4dS.
where the right hand side is now expressed in terms ofdbteof change
of magnetic Bux " :

B, t)! B(r,0)

' $ B adS ° '

S Hence in limit!'t" 0O

linking contour C over any surfac& bounded byC.

Thus,in(! t)'! "(0) =

. : .dS
ads+ B(r,!t) aﬁ.

d" ! "B !
—__ = _— 4 | A
o st ads! _v# Badl,

¥ This modipbcation (the exchange of the order of integratton time
derivative on the right side) wouldiot be permissible if patlC were |~ . g
moving within the measurement frame or being deformed inetifh %" V%¢™ B Va
but in such cases we could still express FaradayOs integrakfjuation =t v B)ad

because
with # 2 on the right side, provided that we also modify the left side, av dy= dAB" V),

as In I both representing the volume of
d a parallelepiped formed by the vectors

(E+v! B)ad = #_t B a&dS dl, v, andB.

d
c . ] S ; Note that velocityw does not have to be
wherev denotes the velocity of motion or deformation of path constant around contolg.

D This is equivalent to the original equation, silnce, as showmrthe margin,
I'B , d , ' )
I—adS:— BadS+ v! B adl

whenC is changing continuously with velocities.

2



¥ A physical interpretation of the Pnal equation

d n
(E+v! B)ddl=#— B adS Integral form FaradayOs Law
c PR Y- )

l ~
E=# C;—t FaradayOs eqn.

Is as follows: Magnetic Peld lines con-

. . . ) N . tributing to I form links
b the circulation integral on the left is the Ovoltage dropO one

i ] mﬁ path C (bounding S)
around thedirected closed patlC, representing thevork done
per unit charge (by the Lorentz forceo E + v! B) takena , = _ o
] ] ] . chain N hence, ! is said to
full circle aroundC, which was denoted by Michael Faraday with a .
. . be the Rux linking path C.
symbolE and called theemf (short forelectro-motive forcewhich

Is a bad name sincE is work, and notforce, per unit charge) for °
the closed path, equaling the decay ra(;té]'oi—t of its linked mag- y
netic Bux ! (due to all sources of magnetic Rux dendiyin the
region). 1dS
b iffwhen path C is occupied by a conducting wire loop of som 2 e
total conductanceG = 2, and a resistanc&k = 2, a current ¢
| = GE = 7 will Bow around the loop in the circulation directiéon

2Derivation of | = GE: Note that | = A" |E+ v! B| for a homogeneous wire loop with a conductivity
" and cross sectional areA usingE' = E + v! B. If the loop length isL, then the loop conductance is
G= % and therefore we Pnd that = GE, as claimed, sincgE+v! B|L istheemfE= _(E+v! B)adl
around a homogeneous loop.

like the links in an ordinary

3



driven by the non-zero beld+ v! B within the wire accounting
for the non-zerdce if/when # = d IS non-zero.

b in equivalent circuit models of conducting wire loops, RagOs
equation, re-written aRl = # &, is electively Kirchho!Os volt-
age law (KVL) applied to the loop, witlRl on the left denoting
the (sum of all)voltage drop in circulation directionC, while# %t
on the right denoting avoltage risealso in directionC.

& note that emfE refers to both thevoltage dropRl and the
voltage risef = d' encountered in cwcwt models of conducting
wire loops smcE RI andE = # are both true.

& however a non-zero erif= # = d can be associated with any
closed path with a time- varylng linked 3uUx, whether or not
the path is conducting some electrical current; as such, the
term emf and symboE came to mean in Omodern parlanceO
(since Maxwell)sources of energye.g., a battery voltage or
magnetic Bux rate# - dt , heeded in driving currents in resistive
circuits’.

¥ If path C is bxedin the measurement frame, then= 0, and KVL for
such a stationary loop reads as
|

Eadl = #—;
c dt
3see SaslowAm. J. Phys., 58, 22 (2021), for a discussion of MaxwellOs interpretation eff and

electrical energy :production in batteries. Also see Scanlet al., Am. J. Phys., 37, 689 (1969) for a
discussion oE= _(E+v! B)adl vsE= #%

4



b otherwise, that is ifC is in motion, then B
! , d!
(E+v! B)adl = #— v
C dt 1

because in that case force per unit chaegksectedwith path C S ®

will be E+ v! B according to Lorentz force (note: any additional -—C"
velocity v of a moving chargalongC does not contribute because

(vq! B)adl =0 if d andvq are parallel).

b In either case, IifC is a physical conducting path with a total
resistanceR, then the emf# %t drives a current

d!
= #_d_t S
R
, : , L : -
around C in the circulation direction (determined bdl and dS C 1=z
directions used in accordance with the right-hand-rule). Think of EMF 25 the sum of al the *voltage

rises" around the loop traversed in the
direction of loop current | that needs to
match the total "voltage drop" RI around
the same loop traversed in the same

¥ The minus sign present in FaradayOs equation, # %t assures that decton
. . . That way, KVL which states that
induced current produces an induced magnetic Peld togIPOSEsSNe g, ryorageises = sum ot vtage rops
Bux change producing the emf N this fact is known B8nzOs rule st

and is in full accord with observatiofis

“FaradayOs law not having the minus sign (or in conRict with heOs rule) would be non-physical, as it
would lead to unbounded growth of induced currents and Peldby aiding rather than opposing the 3ux
change producing the emf).



¥ According to FaradayOs law magnetic Rux variatwol%@ will produce
a non-zero emf independent of how the variations are causeithé\

possibilities are:

1. FixedC, but time-varyingB,

2. B =const. (in space and time), but time-varyin@ (rotating or
changing size),

3. An inhomogeneous stati8 = B(r) in the measurement frame
and C in motion.

¥ Note that even in the absence of any electric Beid the measurement
frame, a non-zero emf
! , d!
(v! B)adl = # —
C dt
can exist because of the motion ©fthrough aninhomogeneoumag- -
netic beld (if the beld is homogeneous tlﬂ%nwill be zero, implying
zeroE), which will of course appear as an emf

|
. g
E adl = # —
c dt
for a second observer moving wi@ who sees a time varying electric

peldE = v! B in her own frame (in addition to the inhomogeneous



but constant magnetic pPel& of the brst frame appearing as a time-
varying magnetic pel )>.

b Thus, having non-zero electric beld circulations
!
E adl
C
under time-varying magnetic beld conditions appears to bigeq
comprehensiblafter all!

P Magnetic bPeld8 in one frame will morph into electric belds in
other frames because of (near) invariance of Lorentz foeteden
reference frames.

P Moreover a morphe@’ can even be non-conservative N i.e., non
curl-free N whenB is inhomogeneous in space (or time) as we
have just seen.

>See Scanlon et. alAm. J. Phys., 37, 698 (1969), for a discussion df = % for rigid C with resistance
R observed from di'erent reference frames.



Example 1: |If
B = B,e'" B,

what is the emfE taken over a stationary circular loo of radiusr = 10 m on
z = 0 plane in counter-clockwise direction (looking down b= O plane)? What
is current! if the loop resistance iIR?

Solution: Since counter-clockwise circulation is requested we tdkepointing in B
direction to be consistent with the right hand rule. We therakie

= BadS= (B B) &#10PH) = #10°Be""'
S

over the circular surfac&. Thus, the emf

d! B
E=#— = #100-2&"" .
dt $
The loop current will bel = % in counter-clockwise direction of the computed ci
culation E, which will be positive and counteract (i.e., strengther)é weakening
B,.




Example 2: Consider the magnetic Bux density

“0| .
B = &
24
produced by curreni Bowing along thex axis. What is the emfE of a square
loop C of area 4 M moving onxy-plane with edges parallel ta- and y-axes, if
its center is located ay = 2t m as a function of time? Compute the erff brst
as# %Lt and then as (v! B) adl to verify that the same values are obtained

Solution: Given the described geometry, we have

1 2t+1
Mol Mol 2t+1

I( t) = dx d = In
(0 #1 2t# 1 y2#y # (Zt#l

).

Thus, the emfE is

| |
#d;:#uol(Zt# 1)._(2t+1)_ Mol 4 Ml

d #2100 28 1Y # (u+1)Qt# L) #H2# L)

Alternatively, sincev = 2§ m/s, andv! B = 2%1@, we bnd, usingdl = * %dx
and £ ydy in turns,
!

. Hol Hol Hol
E= I B =2 ——— —2# 2 2=
LV B A = 2 i 2 T Huew I

in consistency with the above result.

2m




Example 3: A conducting loop of a radius = 0.1 m (see bgure in the margin) i
being rotated about thex axis with frequency of = fT = 60 Hz in a region
with a DC magnetic beld oB = 10% T. Determine the induced current in the
loop if the loop resistance i$2" .

Solution: The maximum value of the magnetic [3ux linking the loop sholdd
| 5= #(0.1)?10 = 0.1# Wh.
The time-varying Bux linking the rotating loop is therefore
I( t) =! scos&t) =0.1# cos(12@t).

The corresponding emf is
|
E=# ?j_t = (120#)0.1# sin(12G#t).
Therefore, the induced current around the loop must be

_E _ 12#%sin(12a#t) .,
=R 12 = #°sin(12G#t) A.

UJ

10

B=10zT #
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Example 4: A conducting bar of resistancdR; = 1" ohms is moved in thex-direction with a velocity

v = 3& m/s on a pair of perfect conducting R = 0) stationary rails 2 m apart terminated
with a load resistanceR, at x = 0, all constituting a rectangular contour C to be taken
counterclockwise. A constant magnetic beld @& = 1§ T is linked through contour C such
that the Bux ! = #1! 2! 3t and the emfE = #d! /dt = 6 V. Hence, FaradayOs law demand

that | n ; n b

(E+v! B)adl= (E+v! B),&dl+ (E),é&l =6
C b t
where the two integrals (withbandt referring to bottom and top rail contact points) correspond
to voltage drops across resistorR; and R,, respectively. But since

t
(v! B),adl =31 1! 2=86,
b

it follows that

t b
(E)radl+  (E);adl =0 ( (Ea# Ep)! 2=0 ( En=E,;,
b t

i.e., identical static Pelds in the lab at the locations of th stationary and moving bars con-
necting the perfect conducting rails. This may be a surprisg claim/result N letOs give two
examples to illustrate how this happens:

. Let R, =2" ohms. Thenl =6/3 =2 A. It follows that voltage drops (E+ v! B),8&28=2 V
acrossR; =1" and (E), a(# 28 =4 V acrossR, = 2" , yielding (lab Pelds)E,; = E,, = #2
V/im.

. Let R, =) N open ckt load to the moving conductor. Thenl =6/) =0 A. It follows that
(E+v! B),a&20H=0 V acrossR; and (E), &# 28 = 6 V acrossR,, yielding E,; = E,» = #3
V/m. Note that in this case the entire elznf appears across thepen termination (gap in the
loop C) while across resistoR; the emf tf(E + v ! B); adl = 0 with the two terms of the
integrand canceling one another.

11

Moving bar in the presence
of a constant magnetic peld
produces an emf and electric
Pelds in the lab frame that
drive a loop current |.

Example 4 illustrates how the

E &dl part of emf (E+ v!
B) &l caused by a motion v =
3% m/s is zero (with non-zero
static E, components)!!



Example 5: An inbnite solenoid producing aonstant#%t = 8 V, passes through S
small a loop consisting of a1 resistor on the right and a 3 resistor on the a1 - S S
left, connected in series N see margin plot. What is the currdg through this G

resistor loop, and what voltages would be measured (by amelter) across the
individual resistors? 8

B = ponl

Solution: The magnetic Rux produced by the solenoid will be conbnedidanterior

. . . Transformers which operate
| — -
as long adl/dt (and henced! /dt) is constant and emE = #d! /dt iS non-time based on an inductive cou-

varying (see below). In that case, with constant erfaf= #% = 8 V of the | pling principle, and electric
. . . . . dynamos (and motors) which
encircling resistor loop in the setup, the loop curreintis the ratio of E and the pﬁoduce ngotion inducgd emfs
total loop resistance 4 , i.e,, I = £ = 3 =2 A. Consequently, 1 and 3 | (and rotating coils) are stud-
. . ) ) . . ied in depth in power courses
resistors will develop 2 and 6 V drops, respectively, in thieedtion of the 2A | starting with ECE 330.

current!! Note that:

¥ the loop has no battery to support this current Bow N it has ingead been excited
OinductivelyO.

¥ what a voltmeter measures across the resistors N whether 2 6rV N depends on
whether its probes contacting points A and B are placed to theght or to the left of
the solenoid!! ThatOs because the P&dproduced by the time-varying currentl (t) is
no longer conservative across the system and consequentig tine integral ofE is path
dependent N we have to be more careful about what we mean bltagein these new
situations! See the next example to explore this concept inare detail.

¥ with constant di/dt , there is zero magnetic Peld at the locations of the loop wire and
resistors (because thetatic E in the solenoid exterior due tostatic # %t is curl-free!)
N thus, the emf E of the loop is not being produced by a time varying local magtie
peld; E is rather a consequence of the time-varying currem(t) in the solenoid (which is
also responsible for time-varyind ), with the relation E = #d! /dt being OincidentalO]}

12



Example 6: Consider a square conducting loop of ? gross sectional area bordere
by Ry = 2" and R, = 1" resistors as shown in the margin. The loop
linked with a magnetic BuxX due to time varying magnetic beld described
B=(12# 3t)dT.

¥ Hence, =12 # 3t Wb and the emfE = #d! /dt =3 V.

1 A in the circulation directionC.

¥ Loop currentl =3V/3"
¥ Voltage dropV; = 2 V acrossR; from point A to point B.
¥ Voltage dropV, = # 1 V acrossR, from point A to point B.

¥ A voltmeter connected from A (positive lead) to B will read 2 ¥ and only if its
leads form a path identical to the path debPned R4 (from A to B).

¥ A voltmeter connected from A (positive lead) to B will read X if and only if
its leads form a path identical to the path debned IRp.

¥ A voltmeter connected from A (positive lead) to B will read ®V if its leads
form a diagonal path from A to B.

P To see this, notice that FaradayOs law applied for the trialag loop in-
cluding the voltmeter andR, would have an emf of 1.5 V equaling the su
of voltmeter readingvVg and 1 V drop across resistdr,.

1S

m

13
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In the presence of time vary-
ing magnetic Bux, voltage of
a path P, depned as ,(E +
v ! B) adl, will in general be
path dependent!

The voltage of  stationary
path P will be " E adl, still
path dependent.

A voltmeter reads and dis-
plays the voltage of its own
path P constituted by the
placement of its own probe
wires (in red to black di-
rection thru the voltmeter!)
contacting the measurement
nodes A and B.



15 Inductance N COiI, SOIenOid, Shorted CoaX Copyright ©2024 Reserved N no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Given a circular coil with some resistanReand conducting Some cur-e) A one un coil with current |

generates its own linked magnetic
LI as shown, where a non-

rent |, the magnetic Bux produced byl and OlinkingO the coil itseffiaie s e ndicance o

~ ~ the coil.
N see bgure on the right N can be expressed as
= LI g

using a non-negative proportionality constant

=]
S

e S]]

termed theself -inductance of the coil measured in units of Henries!.-~~// /L1 AN s

(H=Wb/A) .

. | . . . . (b) An equivalent circuit model
- for the coil expressed in terms of
¥ Given! LI , and its time derivative for the soi expressedn terms of
forming a loop carrying the loop

d' dl current |
_ = L_,
dt dt g
FaradayOs equation applied to the coil is b ET g
d di T
E=1 =1 L—, V(t)szl
dt dt The emf RI=-Ldl/dt of the coil t

appears as a voltage rise across
the inductor in the ckt model,

indicating aself -emf ! L% representing avoltage rise around the aswel asavoiage drop across

the resistor, both taken in the

coil in the direction of current RBow = E/R N see an equivalent circuit grecion ofeurent | votage
current direction is Ldl/dt, as

model for the colil derived from these relations shown on tgbtr we learned in our circuit courses.

1As opposed to anutual inductanceM , also measured in Henries, relating the Bux linking a ca@l to
a current |, Bowing in a second coiC,.



D The currentl and self-enffE are then the solutions of dilerential et i own inked magnetc

equations

dl dE
=1 - = | -
RI . Ldt and RE = Ldt,

respectively, and exhibit an exponential decay with a tinoastant

flux LI as shown, where a non-
negative L is the inductance of
the coil.

NN N NN

2L

of ! = L/R (just like in LR circuits seen in ckt courses, and inlf///j‘; !
analogy with time constant = RC that governs voltage decays = * ' '\ S22
in RC circuits). TN
b s AP TAAN
" Note that! = L/R implies that when the inductanceé is . ey HQ\\‘\\

large, so is time constarit, and current decay in the induc-
tor is slow N inductors with largeL will behave like slowly(

time-varying current sources (just like capacitors belmamMike

13 12 1 0 1 2 3

b) An equivalent circuit model
for the coil expressed in terms of
lumped resistor R and inductor L
forming a loop carrying the loop

time-varying voltage sources) as they release their st@md current! R

ergy (while maintaining a voltage ris!eL% determined by
other elements in their connected circuits).

¥ For an inductor consisting dfl -loops, the emE measured across all +

N -loops is naturally (sinc& emfOs add up)

d d di
= Il — Y= | —NI | _
E=N( )= | N #1 Lo

implying an inductance
N!
L # -

2also referred to adack -emf (in physics books mostly) to distinguish it from emf causedybadditional
Bux linked by external sources.

I, E=! Ld—I

, dt

Y Y Y

- dl
V=L

The emf RI=-Ldl/dt of the coil
appears as a voltage rise across
the inductor in the ckt model,
as well as a voltage drop across
the resistor, both taken in the
direction of current I. Voltage
drop V across the inductor in the
current direction is Ldl/dt, as
we learned in our circuit courses.



Example 1: An N-turn coil has a resistanc® = 1! and inductance ofLpH. If it is
conducting 3 A current att = 0, determinel (t) fort> 0.

Solution: Current Bow in the resistiven-turn coil will be driven by self-emE = ! L%
matching a voltage drofRI . Hence
dl dl R

=1 |L— ~_ 4+ 1 =0 O© — I Bt — g 10t A
RI .Ldt $ at Ll 0 % I(t)=1(0)e 3e A

¥ As illustrated by above example, currehtaround a resistive loog
will in general be obtained by solvingd#erential equationconstructed
using the emf of the loop.

b The algebraid = £ solution used last lecture assumed that self-
emf! L% produced by the induced curreh(t) is small compared
to an externally produced emf.

We continue with typical inductance calculations.



Inductance of long solenoid: Consider a long solenoid with a bnite

length ", cross-sectional are&, and a density oin loops per unit length

as examined in Example 3 of Lecture 12 (see Pbgure in the narghks
determined in Example 3, the magnetic Bux density in the ime of an
inPnite solenoid is

B = uonl B

C
-

which can also be taken as the Rux density linking the= n" turns of

the Pnite length solenoid ignoring edge elects (which areaniwhen the

solenoid is long compared to its radius). Hence, halhg n" turns, the

inductance of the long solenoid becomes

N ! n"(Lonl JA  n2u l A" A
| = I — (I‘J'(Ij ) — IJ';) — nZIJ.oA" — NZHOT-

¥ As we know from our circuit courses, an inductosuch as the solenoid

coil considered above can be used to store energy. An indeoio

nected to an external circuit with a quasi-static currehtdevelops a

voltage dropV = L across its terminafsand absorbs power at an

instantaneous rate
dl

P=VI=L—-Il = — LI
= 200,
implying a stored energy of
_1 2 _ " (nUol )? |Bz|2 w_ 1 2 Am
W =L (n HoA")I 2 Aig —— A Ay A" = SHolHz|A

8Assuming a physical size much smaller than a wavelength= c/f for the highest frequency inl (t).

4

B = @B
A

A A A

Infinite solenoid
with n loops per
unit length carrying
| amps per loop

B = uonl



in an inductor in a conducting state.

¥ Notice that the stored energy of the solenoid is
1 1 ,
é“olelz = EHOH aH

times its volumeA" occupied by the beldl inside the solenoid. That
suggests that

1
W= —HH aH
2“’0
can be interpreted as stored magnetostatic energy per uoliime in
general.

b Also both inductancd. and stored energied/ andw would have
U replacingp, in material media with permeabilities

H=(1+ $m)Ho

and magnetic susceptibilitiesy,, in analogy with the concepts of
permittivity %= (1 + $¢)% and electrical susceptibilitybe.

' Permeability and magnetic susceptibility notions will bg-e
amined in a future lecture.



Inductance of shorted coax: Consider a coaxial cable of some len§th <
which is OshortedO at one end (with a wire connecting the amueouter
conductors), so that a steady currehtcan 3ow on the inner conductor o

radius a to return on the interior surface of the outer conductor atdras
b after having circulated through the short. We will next detene the
inductanceL of such an inductor after brst computing the magnetic Bux
density B¢ that will be produced by the inner conductor curreht In Bg B
calculation we will assumg & b so that an Oinbnite coaxO approximation !

can be invoked. Shorted coax circulates
a current | linking a
magnetic flux I
confined to a region
bounded by the outer
conductor of the coax.

¥ Expanding the integral form of AmpereOs law
I

B adl = polc
C

as
Be2T = Wol

over a circular integration contou€ of a radiusr > a, we Pnd that
the magnetic Bux density in the interior of the coax cable is

Hol
Be = .
& 2r

¥ Therefore, the magnetic Bux linked by the closed currerthpa(see
pPgure in the margin) is

b
4 ||l’l0 dr IIIJ'O b
B = | —="—In-I.
] adS Z2: > na

6
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Clearly, we have a linear relation= LI , with
b
InZ,
2l
which is the inductance of a shorted coax of a bnite lerffgth

L #

uo,

b The inductance of the coax per unit length is

Int
L - 2|aIJ'07
which should be contrasted with capacitance per unit length
2[
C= —b%
In 2

of the same coax conbguration.

Notice howL and C are proportional t0% and ., respectively,
having proportionality constants which are inverses of anether.



Inductance of shorted parallel plates: If a pair of parallel plates of
areasA = W" and separatiord were shorted at one end, we would obtain
electively an inductor with a per length inductance

d
L = Wp-o
that accompanies per length capacitance
W
C=—%
g7

of the same parallel plate conbguration. This follows frogeaeralization of
our bnding above that the proportionality constantsloind Care arithmetic
inverses of one another.



16 Charge conservation, continuity eqn, displace-
ment Current, Maxwe”OS equations Copyright ©2024 Reserved N no parts of this

set of lecture notes (Lects. 1-39) may be re-
H@yateas-Ovikmuhprerhissiorafrsn the author.
a neutral atom but no net charge

¥ Total electric charge isconserved in nature in the following sense:
if a process generates (or eliminates) a positive chargawdys does v
S0 as accompanied by a negative charge of equal magnitude. (=0 oH

b Example:Photoionization of atoms and molecules can generate
free positive lons -anq fre-e negative electrons in pairs ifsaegin () ALttt volume v contains
Pgure). Photoionization is a process that converts bounar@é 3proton anda iree electron after

the ionization of the hydrogen

carriers into free charge carriers. atom. There is stil no net charge

in the volume.

b Example: Recombination when a positive ion and an electron Ve
get together to produce a charge neutral atom or molecule.

e
t=1

b Example: Annihilation of an electron (negative charge) by a
positron (positive charge of equal magnitude) and the rsgguro-
cess Obair Creation ) (c) At t=t2 volume V now contains

only a proton after the exit of
free electron through surface S.
Now V contains a net charge e.

Qv=0

As a consequence, if the total electric cha@ye contained in any Pnite
volumeV changes as a function of time, this change must be attributed (,,
to a net transport of charge, i.e., electric current, acrdss bounding ;-,| «°
surfaceS of volumeV as detailed below. Qu=e

‘-e

0y




¥ Consider two distinct surfaceS, and S, bounded by the same closed
loop C (as shown in the margin) such that a volumé is contained
between the two surfaces.

b Let . S, T
| J adS V /'dS
s
S //////////
1 A
//////////////
AN S
/////// S
//// P
an ////// S
. P //////////
,,,,,,, /////////
TS S s S S
///////// P P P P ab a g
I J'dS '/////,,//////,,/////C

S2
denote currents Rowing through surfacesand S,, respectively.

b Note that currentl, through surfaceS; enters volumeVv, while
current |, through surfaces, exits volumeV (with the directions
assigned talS; and ds,).

b If 11 E |5, thencurrent out is not matched by thecurrent in
and as a result, the net char@®, contained in volumé&/ increases
with time at a ratel," |, provided that charge i€onservedn
the sense discussed above. In that case, we have

dQV —_ I 1 I
ad ~ ' 7
This relationship can be expressed as
| | |
q' ! !
— Idv = J édSl ! J édSz
dt v S S



since, in terms of charge density charge in volumé/ is
|

QV = IdV.

Vv

The expression can also be cast as

I [}

" III

—dvV =" JadS
vt s
whereS is the union of surfaceS; and S, enclosingv, and dS
is an outward area element 8f(see margin). This relationship is
known ascontinuity equation . Its dilerential form is Continuity
"y equation
— ="#4a J,
t

which follows from thantegral form above as a consequence of

divergence theorem (recall Lecture 4).

Continuity equation is a mathematical re-statement of the
principle of conservation of charge.



¥ While FaradayOs law
(1] B
#$ E=" ?
indicates that time-varyingB induces time-varying electric belds,

AmpereQOs law written as
#$ H =,
makes no such claim about a time-varyifginducing a time-varying

B = UoH.

P This OasymmetryO was noted by James Clerk Maxwell wheerkaliz
that the form of AmpereOs law given above must be Oincofplete
under time-varying situations. Revised

P Noting the inconsistency of AmpereOs law with the contjregua- AMPereos

tion under time varying conditions, he re-wrote the Amper&iy '?‘W_ (with
as Odisplacement

currentO)

"D
#$ H:J+T

in 1861 by adding the term on the right which is now called the
Odisplacement currentO.

% Maxwell postulated that the displacement current term iseded
in AmpereOs law because only then the divergence of AmpereOs
law avoids falling into conf3ict with charge conservationder
time varying conditions).

4



Veribcation of MaxwellOs claim: Since#$ H is divergence-free
(just like the curl of vector potentialA, namelyB), it follows that
the divergence oMaxwellOsnodibed AmpereOs law N often called
Ampere-Maxwell equation N is

#a(#$ H)=#a)+ #4aD =0.

b In the absence of the second term due to displacement cyrrent
this results would be inconsistent with the continuity ediaoa

III
#+#é3 =0,

unless= = 0 (the static case).

b By, contrast, including the second term, the result aboveds-
ognized as the continuity equation per se, since by GausasOs |

~

N assuming that it applies with no change under time varying
situations N

(1] III
#aD = —.
t

"t
¥ The modiped AmpereOs law

#$ H=J+

"t
postulated by Maxwell under the assumption that GaussOddaiso
valid under time-varying conditions, leads to some spegiftedlictions
about how time-varying belds should behave.

5



¥ These predictions N concerning the propagation of eleotgnetic
waves N were validated experimentally by Heinrich Hertz and 1888.

b The experiments conbrmed that time-varying electric andgma
netic belds obey collectively (and at microscopic scales)di'er-

ential relations MaxwellOs
] N equations
#aD = ! GaussOs law
#aB =0
mn B -
#$ E = " o FaradayOs law
[} D o
#$ H = J+ e AmpereQOs law
where

D =#E and B = poH

provided that! andJ describe the distributions of all charges and
currents associated with free and bound charge carriefster-
natively, the same dilerential relations N known collecély as
MaxwellOs equations N are also valid for macroscopic baids,
vided that ! and J describe only the free charge contributions
and

D=# and B = uH

lIn the classical domain, down to scales of abolifmc, the Compton wavelength N at shorter scales
guantized and generalized versions (known a&tectroweaktheory) are needed.



in terms of suitably dePned permittivities and permealig#and
u N see next Lecture.

¥ TheunnamedMaxwell equation
#aB =0
can be viewed to be a consequence of FaradayOs law

||B
#$ E=||T

and the fact that magnetic monopoles have never been olbderve

Explanation: Since# $ E is divergence-free, taking the divergence
of FaradayOs law, we get

#4(#$ E)=" —#4B =0.

This constraint requirest a B to an invariant scalar at all locations
in space. As a consequence#i& B = 0 at some instant in time, it
should remain so at all times. Given th#a B = 0 for static belds,
this relationship must also continue to be valid whBnstarts changing
with time.

The fact that#aB remains bxed at a zero value everywhere, whettedd
varies like! , is in fact a consequence of the fact that there appears tode n
magnetic chargegmonopoles) in nature. Had there been Opoint charges for

v



magnetic PeldsO in natuséA B would have equaled the density of those

charges, and magnetic Peld lines would have started andostbpn them
(rather than looping into themselves). But no one has obsdrof any evi-

dence for such magnetic chargas/whereeven going back to the very early . D*

times in the history of the universe (accessible by makingeotmtions of
very far astronomical objects). S#,aB =0.

¥ Finally, the full set of Maxwell®sundary condition equatiorsncern-
ing any interface with a normal unit vectad are

paD*" D) = I
paB*" B ) =0
b$S (E*" E ) =0
DS H*" H ) = I

b We had already seen how the brst and third boundary condit
equations arise.

b The second boundary condition equation concerning the @br
component oB is another consequence of the absence of mag,
charges (see margin).

b A detailed justibcation of the last boundary condition cenging

Constraint
n !

Hadl= (J+ -2)ads
C S t

around the dotted path yields
B (H*" H' )= Jg

in w& O limit.

on _
Constraint

BadsS=0
M S

ﬁﬂﬁbd over the dotted volume (seen i
proble) yields

tangentialH will be given explicitly during Lecture 19. This equa

yin W& O limit.

1

tion allows a discontinuous change in the tangential congrof
H if the interface contains a non-zero surface curréqnt



17 Magnetization current, MaxwellOs equations
i n m ate ri aI m ed i a Copyright ©2024 Reserved N no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Consider the microscopic-form MaxwellOs equations

14D = | GaussOs law
l1laB =0

IIB -
1" E = #T FaradayOs law

D ~
" H = J+T’ AmpereOs law

where
D = #E
B = UH.

¥ Direct applications of these equations in material medataining a
colossal number of bound charges is impractical.

¥ Macroscopic-form MaxwellOs equations suitable for rahtaedia are
obtained by brst expressingandJ above as the macroscopic quantities

I =1;#1a P

and -
J:Jf+T+!" M

where



b subscriptd indicate charge and current density contributions due
to free charge carriers,

b the term#!a P denotes thébound charge density

b the term —tP denotes thepolarization current density due to
oscillating dipoles (already discussed in Lecture 11), and

P !" M is aOmagnetization current densityO also due to bound
charges, an elect that we will discuss and clarify later inisth
section.

Using these expressions in GaussOs and AmpereOs laws

14 #E = | GaussOs law

"H#oE ~
1" pEB = J+ ;’ . AmpereOs law

we obtain
la (KLE+P) = 1 GaussOs law
1" (WEB# M) = I+ W(;%E + P), AmpereOs law.

Now, re-debn® andH as
D=#E+ P =#

and
H=uw'B#M =pu"'B,

2



respectively, and drop the subscrigtswhich will no longer be needed.

Using these new dePnitions, the full set of MaxwellOs emsatiow
read as (the same form as before)

l1a D = | GaussOs law
l1laB =0

IIB .
1" E = #T FaradayOs law

1" H = J+ —tD AmpereOs law
with
D = #
B = uH,
where! andJ are understood to be due to free charge carriers only.

¥ We had already seen many aspects of the above proceduretéomniog
the macroscopic form Peld equations earlier on (e.g., itukes 8 and
11).

b In particular we were already familiar with the revised défem
of D = #& along with the concept omedium permittivity  #

b The new feature above that requires further discussioneeséla-
tion B = pH along with the concept omedium permeability
U. The details of this relation are connected to the concept of
Omagnetization currentO which we discuss next.

3



¥ Just like Ofree chargeO density and currents, Obound@hdegsities
and currents also have to satisfy the continuity equation

— + 14 J =0.
t

b Substituting the bound charge density
lpb=#14 P

for ! in the continuity we obtain

P

implying divergencdree

P P
" M $# o+ sothat) = -+ 1" M $ Iy

a bound current densitgxpressed in terms @blarization beldP
and auxiliary vector beld/ calledmagnetization

The meaning of this result is it is not sulcient to represent bound
currents in material media aétB, bound carriers can also conduct
divergence-free currents due to closed-loop orbits repted ad" M.

P In fact, electrons OorbitingO atomic nuclei certainly peedsuch
divergence-free current loops at microscopic scales N weust
for such currents at macroscopic scales by including a ntagne
tion current term!" M in Jy.

4



b Also, bound charge motionsithin nucleon@ N proton and neu-
trons N produce magnetization currents' M .
b Even bare electrons can produce magnetization curréhts M

because of theiintrinsic spin?.

Once!" M is included inJy, it follows from AmpereOs law that

whereM is referred to agnagnetization beld.

IPhysical models of protons and neutrons are constructed ngibound charge carriers known aguarks
which cannot be observed in a free state.

2All elementary charge carriers carry an intrinsic magneteion proportional to charge-to-mass ratio
1 and a Ospin angular momentumO having quantized values QfN.m.s in any measurement direction.
Using HeisenbergOs uncertainty principlé,p! r % '5 we can interpret the spin angular momentumof
an elementary particle as the lower bound of p! r, the product of quantum uncertainties in particle
momentum and position. There is no classical interpretatioof spin angular momentum for point particles.

5



¥ To get a physical picture about magnetizatiovi and the physical
origin of H = p?!B # M consider a solenoid wound around some
cylindrical shaped material as shown in the margin. We knhwatt
with a solenoid current,, we would haveH , = nl  d in the interior m
of a solenoid witm loops per unit length aligned with the-axis, and
a corresponding magnetic Bux densiBy, = ponl o when the solenoid
core is free space. This will be modibed to s&re B,+ u,M when a
material core of a smaller cylindrical shape is placed withe solenoid,
wherepy,M stands for the (additional) macroscopic (space averaged savene fo donaty of
magnetic Rux density produced by microscopic current 100p8lized  Bo= e AN, = ioNim = o

inside the solenoid that adds to Bo

[]

Within the core, stacks of
atomic loop currents are
effective solenoids, giving
rise to an additional

but outside the cylindrical

within the atoms constituting the core. magnetc core
P If there areN, = ﬁ atoms per unit volume in the core, with

| X separations irnx direction and so forth, loop currently of a
stack of atoms witH z separations irz would produce an elective
solenoid with an internat-directed magnetic Rux density pt)!'—'zf)
and zero exterior beld.

b Since one such atomic-stack solenoid with a loop ardg will be
found for every! x! y cross-sectional area of the core, a macro-
scopic average magnetic Bux density produced by these atomi
solenoids would be calculated as (this calculation is simib
Pnding the average polarization Peld in a dielectric asudised in
Lecture 8)—2 " o lH= PoNal | ADS$ UM, with M = N.m,

I'xl'y Iz

m $ A D.



& Herem is the magnetic dipole moment of each current loop
(analogous to electric dipole = gr), M is the magnetization
Peld vector (analogous # = N,p), which is a simple product
of m per magnetized atom and the atomic number density
in the core.

b Superposing the magnetic Bux densitiegigl andB o, we obtain
B = B,+ YoM within the core region, and8 = B, outside the
core region given b3, = ponl b

& Notice, whether the RBux densit = B, + YoM inside the
material medium is stronger or weaker in magnitude tHag
depends on the direction dfl, which, in turn, depends on
the algebraic sign of microscopic loop currehtsntroduced
above.

& Negativel, is found indiamagnetic materials whergB| <
|Bo|, while positivel| in paramagnetic and ferromagnetic
materials wherdB| > |[B,|, as discussed below.

b FromB = B, + UM we gety?'B # M = p?'B, representing
the magnetic Peld intensitil of the exterior as well as interior.
& Thus,H $ p#!B # M leads toH = p?'B, = H, in the ex-
terior region wheréM =0 andB = B, indicating that while

pPeldsB and B, of the interior and exterior are dilerentH is
the same in both regions (analogous within dielectrics).



¥ Lab measurements N e.g., inductancesmeasured for coils wound
around magnetic materiatdN show that for a large class of materials

M$ u:'B#H

varies linearly withH (which is of course possible only whBnalso
varies linearly withH).

b In that case we write

M=8%$,H,
where$,, is a dimensionless parameter calledgnetic suscep-
tibility , and obtain a relation Magnetic
susceptibility
B - Uo(1+$m)H - IJ'H1 and
where permeability
K= Ho(l+ $m)

is called thepermeability of the medium.

3Recall from Lecture 15 thatL ' p when inductors are wound around materials with permeabiijt 1.
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¥ For alarge class of materials with * H, it is observed that$.,| ( 1
In that case, the material is called

b Diamagnetic if $, < O:

& Diamagnetism occurs when an applied magnetic lreddces
electronorbital angular momentum and associatedr-
bital magnetic moment m in a collection of atoms having
no net permanent magnetizatiod N in such materials elec-
tron clouds around atomic nuclei spin up in accordance with
LenzOs law to generate magnetic belds opposing the applied
magnetic Peld so as to ke&p= pH smaller thanpH .

& This happens in materials that we ordinarily think of being
non-magnetic (wood, glass, water, etc.). Diamagnetic mate
als are in fact very weakly repulsed by permanent magnets.

b Paramagnetic if $, > O:

& Paramagnetism occurs in materials composed of atoms hav-
ing permanent magnetic dipole moments due to elecspim
angular momentum and associatedpin magnetic mo-
mentE N it turns out that electrons are not onlyelectric
monopoledut alsomagnetic dipoless if each electron were
a current loop having guantizedmnagnetic dipole momem.

4In these materials the described paramagnetism overcomés tdiamagnetic tendency of the material
caused by the orbital angular momenta of its electrons arodratomic nuclei.



Magnetic dipol&of paramagnetic atoms co-align with the ap-
plied magnetic beld due 0" B related torques, leading to
M ' m pointing in the appliedB direction.

& This paramagnetic response happens (and overcomes diamag-
netic response) for atoms withnpblledinner electron shells,
because in blled shells electron spins are opposite daattl
exclusion principleand cancel one another. UnPlled outer
shells do not give rise to paramagnetism because interastio
between adjacent atoms in that case give rise to opposite
spins of their outer shell electrons. Paramagnetic matsria
are very weakly attracted to permanent magnets (e.g., alu-
minum, lithium, tungsten).

¥ In a small class of materials known fesromagnets N iron, nickel,
and cobalt, which are metals with atoms having unblled ineéc-
tron shells, and their various alloys W can arise spontaneously
because th@ermanent magnetic dipole momemtsnearby atoms pro-
duced byelectron spins become co-aligned as a consequence of con-

°In macroscopic form Maxwell equations the source of dipoleagnetic bPelds due to unpairedound
electrons contributing to total B show up in the bound current density term!” M included in AmpereOs
law. As for free charge carriers (electric monopoles) wittandom spin directions, their dipole magnetic
Pelds will not contribute to macroscopidB because of pairwise cancellations and such contributionsea
therefore not included in macroscopic formulations. In casof spin polarized free carrier currents, an
additional !" M term could also be included in AmpereOs law, but such probkemould intrinsically be
of a quantum electrodynamics QED nature where electrons widuneed to be modeled as quanta of an
electron matter beld. Se&arraway and Stenholm (1999jor a discussion about the observability of the
guantized spin of a free electron.

10
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duction electrons moving through the lattice N a conducti@fectron
passing by an atomic electron is forced to acquire the op@@Egin as

a consequence of Pauli exclusion principle (sometimesteaiduse an
exchange forgeto subsequently force the spin of a neighboring atom
that it passes by to acquire the spin direction (or the magoetipole
moment) of the brst atom.

P This Odouble interactionO process creates small multi dtem
mains having non-zertm Os pointing in random directions across
any macroscopic sized sample of the ferromagnetic soliderWh
the sample is then exposed to a magneti@ihg peld, the multi
domainM Os co-align readily to produce a strong

B =B(H)= HoH + poM (H)

response, withtM (H) being a non-linear function afl in gen-
eral. SinceB(H) relation is non-linear and exhibits hysteresis N

®Notice that the uniform H ' |, in the interior of the solenoid causes the Omagnetizationfdao
sample placed within the solenoid, i.e., the production d¥1 within the sample B hence it makes sense
to refertol, and H ' 1, of the solenoid asmagnetizing currentand magnetizing beldrespectively, (see
Feynman Vol 2, Chapter 36) and call themagnetic 3ux densityB,+ H,M within the sample asmagnetic
Peld B for short. Notice that in general free-carriercurrents produce medium-independentnagnetizing
PeldsH which in turn produce medium-dependentmagnetic beldsB = pH. This is similar to free-
carrier charge densitiesproducing medium-independentdisplacement ©r polarizing) PeldsD which in
turn produce medium-dependentelectric beldsE = D/#. Tangential components of magnetic pel®
(but not normal component) will in general change abruptly aross medium boundaries, just like normal
component of electric Peld& (but not tangential components)! See a discussion in Chap.0 bf Purcell
why in engineering work Ocurrent controlled®agnetizing bPeldH are more OusefulO thamagnetic belds
B, while voltage (i.e., battery) controlled electric PeldsE are more useful than free-charge (engineering
charge distributions is dilcult at best) controlled dispacement PeldsD (despite D sharing with H the
property of being continuous across medium boundaries lacg free chare carriers).

11



see margin that shows the variation of magnetic PRlavith the —

magnetizing beld (in terms of their parallel components suc =

~ : ) -
asB, and H, N it is even possible to have non-zeB® in such B, / /
materials with zerdH N permanent magnets have that property [

|

|
¥ First principles modeling o$,, or the B = B(H) relation requires /
guantum mechanics (classical models turn out to be not amteuenough). ‘,"' '
Overall, the models give rise to frequency dependent resintolving el
loss as well as resonance features (also exhibited in Lof@ntde mod-
els of$, examined in Lecture 11) relevant for applications incluglin

various magnetic imaging techniques.

12
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18 Wave equation and plane TEM waves in source-
free m ed ia Copyright ©2024 Reserved N no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

With this lecture we start our study of the full set of Maxwél$ equations
shown in the margin by brst restricting our attention tsomogeneouand
non-conductingmedia with constant and 1 and zero' .

¥ Our brst objective is to show that non-trivial (i.e., noetp) time- 14 D = #
varying beld solutions of these equations can be obtained evthe 14 B = 0
absence oft and J. v = B
' S St
b We already knowstatic # and J to be thesource of static electric H = J+ $D
and magnetic pelds. ' $t

b We will come to understand that time varying and J, which
necessarily obey the continuity equation

SH# ,
—+1a J =0,
$t

constitute thesource of time-varying electromagnetibelds.

Despite these intimate connections between the soufcesd J and
the Pelds

D=I!E and B = pH,
non-trivial Peld solutions can exish source-free media as we will see
shortly.



¥ Such Peld solutions in fact represent electromagnetiewsyaa familiar
example of which ifight .

¥ Another example isadiowaves that we use when we communicate
using wireless devices such as radios, cell-phones, WGEi, e

¥ Dilerent types of electromagnetic waves are distingudsbhg their os-
cillation frequencies, and include

b radiowaves,

b microwaves,

b infrared,

b light,

b ultraviolet,

b X-rays, and gamma rays,

going across thelectromagnetic spectrum from low to high fre-
guencies.

We are well aware that these types of electromagnetic waardravel
across empty regions of space N e.g., from sun to Earth N tgzorsing
energy and heat as well as momentum.

P Next, we will discover their general properties by examininaxwellOs
equations under the restrictio# = J = 0.



¥ In source-free and homogeneous regions wierel = 0 and! and

U are constant, we can simplify MaxwellOs equations as showe i
margin.

b If there are non-trivial solutions of these equations, ndnte(r, t) $ laE =0
OandH (r,t) $ O, they evidently need to be divergence-free. lAaH =0

P They also have to be OcurlyO according to the last two eggatio 1" E = # p$H
FaradayOs and AmpereOs laws.

" H = .
¥ Next we will make use of vector identity $t

1" (1" E)=1 (14 E)#! %

which should be familiar from an earlier homework problem.

b Since the electric beH is divergence-free in the absence of sources,
this identity simplibes as

1" (" E)=# %E
where in the right side °E is the Laplacian oE.

P Using this result we can express the curl of FaradayOs law as
$H $

1" 1" E=#p—] % # *E=#p—!" H
[ u $t] 0 He: :
which combines with the AmpereOs law to produce
$°E
| °E = pl=—
"

3



which can be written explicitly as 3D vector

$°E  $°E $°E _ S wave
2 sy 52 M equation

Recall that our objective is to see whether a non-trivial &naarying solution
of MaxwellOs equations can exist in source-free media.

Our objective at this stage is not bnding a general solutibing instead
identifying a simple example of a non-trivial time-varyikgr, t), if we can.
For example, can a Peld solution
E(r,t) = &E(z,1)

that only depends oz andt and OpolarizedO xrdirection exist? If it can
exist, what would be the properties of thispolarized solution?

¥ To bnd out, we note that witle = &E «(z, t), the above Owave equationO

IS reduced to X ) 1D scalar
PE s wave
$z $t equation

an equation that is known as HD scalar wave equation , as opposed
to the 3D vector wave equation above.

P Now, by substitution, we can easily show that
&
Ex =cos@t# z)),
4



satispes the 1D wave equation and represents-polarized time-
periodic beld solution with anscillation frequency %

b 1D wave equation can also be satisbed by
Ex = cos@t + &H.Fz ).
Let us jointly refer to these solutions as
Ex = cos@qt" é)),
where 1
Vv ( &_Hr

has the dimensions of m/s (i.e., velocity) and the algebrsigns'’
distinguish between the Otravel directionsO of thessibleOwave solu-
tionsO as elaborated later on.

¥ Let us next bnd out the magnetic beld intensky that accompanies
the x-polarized electric Peld wave solution

L . Z
E = & cosPAt V))'

b Since the curl oE is

%

I I
I oo |
| % P DI
" s s ¢l JBE 2. %
| E_}ﬁ By §=—9$Zx—i¢3|n(o/((t g))v,
l'Ex O O!



FaradayOs law
1" E=#
WSt
requires thatH should satisfy

$H . Z..%
#pg—iy)sm(%(t V))V'

Finding thetime-dependenanti-derivative (and remembering =
1/ @I, we obtain

"T Z y

. z

H=x9% -—cosfdt' -)). 1

b costt’ 1))
¥ The results above, namely oxrpolarized non-trivial Peld solutions of X
MaxwellOs equations in source-free homogeneous spadee ospre- H ’—'Z
sented more compactly as E = af (t+ V)
—_— 1 ( l Z) E n H
E = &f (t —) andH—+y>7 !
where

d%t 4 e j%t

f(t) ( cospe) = Re{e™} = 5

is the pPeldwaveform ,

&( &

Is known agntrinsic impedance (and measured in units of ohms).

6



¥ Since MaxwellOs equations with constamind ! are linear and time-
invariant (LTI), the peld solutions above can be further gealized by
using their weighted and time-shifted superpositions sash

#
f(t) = Ancosht + ' n)
n
and 1 $ )
f(t)= =— F (%9€”'d%
20

having frequency dependent weighting factésand F (%9. And since
according to Fourier analysis all practical sign&l§) can be synthe-
sized in these forms, it follows that the Peld solutions a&bave valid

with arbitrary waveforms (t). dOAlembert
| wave
Solutions . solutions
EVH* f(t 2)

of the 1D scalar wave equation with arbitrafy(t) are known aslOAlembert
wave solutions .

¥ dOAlembert solution z
EVH* f(t# )

describes electromagnetic waves traveling indirection, whereas so-

lution .
E,H* f(t+ V)

v



describes electromagnetic waves traveling indirection (see margin).

In each case the travel speed is

1 ###3— 1
v= & free space&——( c, 3" 1 mr/s.
pr P l-lo-lo(

¥ H solution can be obtained frola by dividing it with & and rotating
it by 90 so that vectorE " H points in direction the waves travel.

¥ E can be obtained frond by multiplying it with & and rotating it by
90 so that vectorE " H N called Poynting vector N once again
points in direction the waves travel.

In each case the intrinsic impedance is
"
I

&= ree space &’( & , 12d ohms
0}
Transformation rules above also hold fpipolarized wave solutions
@ 2
E=gf(t' —) and H ="' (&)

Question: What about z-polarized waves
Z
E=af(t' -),
t )
can they exist?

Answer: No, z-polarized wavesf (t ' £) traveling in+ z direction cannot
exist because they would violate the divergence-free tiondia E = 0.

8

Traveling wave in +z direction with speed v=c:

Time plots at z=0 and z>0:

E

x(t, 0)|= # (1)

_ z
Ex(t,z) = # (t! E)

=t

Paosition plots at t=0 and t>0

>

z
=  [—
E0.7)=#( 9 Bdtz)=#(t )
/\
T
lz=c!
Note: ct=300 m in 1 microsec
ct=300 km in 1 millisec
Fundamental signal waveforms: REVIEW
u(t) u(t! ty)
1 1 —
Unit-step
0 t 0 to
t t!t
rect(;) rect( °
! Rectangle !
pulse
[ t 0 Tt !
2 2 2 2
t tht
#() #(—9)

Triangle
pulse

! t

tu)! u(t! ty)]

Ramp

pulse
t

to
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¥ dOAlembert wave solutions of MaxwellOs equations fogkosaus and
source-free regions obtained in the last lecture havingftines

Z
I [} _
E,HLf(E" o)

are classibed amiform plane-TEM waves

b TEM stands forT ransverseElectravl agnetic, and the reason for
this designation is:

viable solutions satisfyingg AaE = # aH = 0 conditions have theiE
andH vectorstransverse to the direction of propagationwvhich always
coincides with the direction of vect@&@ $ E %H known asPoynting
vector N more on this later on. >

Z
E=af (t+ -
&f (t V)

b dOAlembert wave solutions such as
f (t & Z)

E=6f(t& )andH § E" H

\/

are also designated amiform planewaves because: Poynting vector
E %H
these wave-pelds are constant (have the same vector valydames

of constant phase, e.g., on planes debPned by

Z
t & — = const.,

v
1



which are planes transverse to the propagation directiomefion of
vectorkE %H).

Not all waves solutions of MaxwellOs equations are uniféamepN for in-
stance non-uniform TEM waves with spherical surfaces o$t@m phase are
ubiquitous, but they will be examined later on (in ECE 450, imlg).

After the next set of examples we will examine how uniforrmplavaves
can be radiated by inPnite planes of surface currents. Byraet) spherical
waves are produced by compact antennas having Pnite dimensi

Example 1: Let
E=g (t &"y/c)

be a wave solution in free space whereé!l) Is a triangular waveform of duration
" peaking att = 0 (debned in ECE 210). We will next provide two dilerent
solutions demonstrating how the wave bdddaccompanyinge can be found.

Solution 1: We recognize the given wave bdldas a TEM uniform plane wave travelt
ing in y-direction given thet & y/c dependence of phase. Consequently, we obtain
H by dividing E with ! = I, and rotating it by 90 from %-direction to co-align
it with E %H vector. As a result,

1 (t&y/C) 1 (t&y/C)
H=g&p 1 ~=gpl—L 7
Lo Uol#o
Hence,
1 t&y/C
B = lJ,OH :&D) u_o#(;, (t&"y/C): 8B ( [ )

2



Solution 2: According to FaradayOs law,

X

:G:

E
$$_'f = RHUEZ &N $$Ex
Ex 0 0 y
., t&ylc . $ t&ylc, &1, .t&ylc
= — =
( 1 )$y n ) Cll ( n )

with the help of chain rule of dilerentiation, where @Qu) $ d—‘t (u). Finding
the time-dependent anti derivative, we directly obtain (d=efore)

v t&ylc
B=gp 1)
c

Example 2: Consider the Lorentz force
F=qE+vVv%B)

on a test charge in the lab whereE and B are the plane wave belds consider
in Example 1. Show that electrical force termE will dominate the magnetic
force termqv % B unless the particle speed= |v| is close to the speed of ligh
c (i.e., test charge is relativistic).

Solution: Since

' (t&y/c)

t&y/c) and B = &# C! |

E=& (

it follows that Lorentz force
t&ylc

F=qE+v%B)=q ( )@&v%%.

ed

—




Clearly, the brst term ofF proportional to % is dominant, unlesy = |v| is close
to C.

Example 3: Consider ank-polarized plane TEM wave beld in free space propagat
in + z direction such that

E(z,1) = &f (t & E), with f () = At rect(),

wherec = 3 % 10°m/s = 300m/u s is the speed of light in free space= 1 ps,

andA =2 \/L/l_rsn A plot of f (t) vst (labelled inps units is shown in the margin

Determine the corresponding (z,t) and make the following plots:
¥ (a) t-plots at bxedzOs: E,(0,t) and Ex(z = 600m, 1),
¥ (b) z-plots at bxedtOs: Ey(z,0) and Ex(z,2s).

Solution: (@) t-plots at PxedzOs: Since/c = 2 ps forz = 600 m, it follows that

t&ZUS)X

Ex(600m,t) = 2(t & 2us) rect( s ) m

is a shifted version of Y
EX(O, t) =2t reCt(HS) m

already plotted above. A graph showing both waveforms (ddor z = 0 and
red forz = 600 m) is in the margin.

ng

L Ez(0,¢) (V/m) E,(600,t) (V/m)

/]

t (ps)



(b) z-plots at bxedtOs: In this case we wish to depict

y4 0& zlc .V

Ex(z,0)=2(0 & (—:) rect( 1 )E
and & zlc. V
_ z H& Zic, V.
Ex(z,2pn9) =2(2p & C) rect(—lu e

The minus sign in front ok in the brst term on the right indicates that the slope
of the curves to be plotted are negative. Hence, we end up g descending
ramp waveforms (black fot = 0 and red fort = 2us) shown in the margin.

[92)

¥ Plane electromagnetic waves discussed above propagaémispace in
regions of zer@oand J (per our derivation).

b But what generates such waves?

¥ The answer must be, far awdgand J variations (linked by continuity
equation) that we have not considered in our equations so far

¥ We will next describe how plane TEM waves can be produced di-ra
ated N by time-varying inbnite current sheets by startingpfn familiar
static and quasi-static solutions:

5




¥ Consider brst a static and constant surface current dgnsit
Js = &Jx A/Im

Bowing onz = 0 surface as shown graphically in the margin. This
inPnite surface current will produce a static magnetic beld

H(z)=" x'z'f]—ZXA/mfor z! 0

also shown in the margin as we learned in Lecture 13.

D Note that the Pelds point in opposing directions above antbwe
the surface current in compliance with the right hand ruledan
obey the boundary condition equation for tangentil

b Also, H is not accompanied by an electric bdid since static
currents produce only static magnetic belds.

¥ What if the surface currenfly varies with time, i.e.,.Jx = Jx(t). In
that case we have quasi-statically

H(z,t)+" x‘z)‘]x—z(t)A/m for z! 0,

but only as an approximation for positions very closezc= 0 sur-
face where propagation time-delgy of dOAlembert solutions can be
neglected

1This solution surely cannot be an exact solution since if it @&re, it would imply instantaneous changes
in H in responsely at arbitrarily large distances, implying an inPnite speed fopropagation N we know
that is not true!

H+




¥ But the exact beld solution of MaxwellOs equations valid forzait
equally easy to obtain: just replaci(t) above withJ,(t" £2) and
replace+ with = so that

Ju(t" 2
H(z,t):"gzs%A/mforz! 0

in homogeneous and source free regiohsO0.

¥ As always, there is an accompanyigz, t) that is obtained by multi-
plying H(z, t) with | and replacing its unit vector so that vecté& %H yE I H
points in the direction of propagation, away from tkae= O in this case
N hence, as illustrated in the margin,

|
E(z,) = &1 3,(t" é)V/m for z! 0,

Since MaxwellOs eqnOs + boundary conditionsumasrge solutions in given
settings, we are assured that any solution that compliedwbioth (as in this
case) ighe solution for the given setting (surface current an= 0, in this

case) N it was surprisingly easy to solve this radiation pleh by starting
from simple static and quasi-static solutions.

2We used, (t" ¢) rather than Jy(t+ Z) forz! 0O because we assume thak(t) onz = 0 surface is the
only bPeld source N in that casecausality principle dictates that we use only the solutions propagatig
away from the source (just like when a pebble drops in a pond, rippé propagateaway).

v



Conclusion: Evidently, a time varying surface current
Js=@&f () onz=0 plane

produces plane electromagnetic waves

If (" 2 faa" 2
E* = &i{)% and H* =" 3’2’)% in regionsz! 0
propagating away from the = 0 plane.
Note that: Iz

1. Ex and Hy waveforms are proportional to delayed versions of surface e
currentJy(t) at each locatiorz above and below the current sheet, with ..
the reference directions & and Jg opposingone another.

2. beld€* are continuous oz = 0 surface in compliance with tangential
boundary condition equations.

3. beldsH* exhibit a discontinuity onz = 0 surface that matches the
current density of the same surface, once again in commiamith
tangential boundary condition equations. v

Opposinge and Js vectors ore = 0 plane indicate that the surface is acting
as a source of radiated energy (the energy that feeds thesvadtated away
from the surface) N this interpretation will be discussed inore detail in
the next lecture.



Example 4: A current sheet orz = 0 surface is described by
Js(t) = &f (t), with f(t) = At rect(ﬁ),
where" =1 usandA =2 ALII_rSn A plot of the current wavefornf (t) is plotted in

the margin. Assuming that the current sheet is embedded ieefispace, construc
the following plots:

¥ (a) RadiatedH,(z,t = 2ps) vsz,
¥ (b) RadiatedE(z,t = 2us) vs z.

Solution: (a) From the theory developed above, we have using delaygquesoof half
the surface current density,

n Z
Cc

21
1u

as plotted in the ~margin for the casA =2 Aﬁ—g] Notice tbat the propagated
Peld waveforms Nc % 2us=600 m has been covered inu@ N are re-scaled and

shifted replicas of the source functidn(t).

Hy(z, 219 = " %(2p : E) rect( )% forz! O,

(b) We have, multiplyingHy, with !, = 120&! , and adjusting the signs so thakE
and Jg are pointing in opposite directions,

2“," % V
= [
1 )mforz. 0.

Ex(z,2us) = &120&(2u " %) rect(

Plots are shown in the margin.

Ja(t) (A/m)

Hy(2,24) (A/m)

{ 300 ‘ %00 2 (m)
0.5

Ba(z,2) (V/m)
60 |

—60m
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¥ The magnitude ofPoynting vector
S=E! H

represents the amount of power transported N often calledrgy Rux
N by electromagnetic Peld§ andH over a unit area transverse to the
E! H direction.

This interpretation of the Poynting vector is obtained from conservation
law extracted from MaxwellOs equations (see margin) asvill

1. Dot multiply FaradayOs law by, dot multiply AmpereOs law iy,

||B "éB
(" E = #57)8H

g_)-
O
I

"D
(" H = J+ ) aE D

and take their dilerence:
Z n Z 1 ! D 7 ! B 7 ’
Ha"! E#wEa"! H = #,—aE# —aH#JaE.
. ! t ||# t $

~

~’

] 1., 1 ...
"a(E! H) #W(Q#EaEJrQ“H aH)

2. After re-arrangements shown above, the result can betevriais



"1 1
(GHESE + JuH &H) + & (E! H)+ J&E =0.

¥ Poynting theorem derived above is aonservation lawust like the
continuity equation-+ "& J = 0: Poynting theorem

P The brst term on the left,

n 1 1
—(Z#E &E + ZuH aH
||t (2 a 2“’ a )7

is time rate of change of total electric and magnetizergy den-
Sity.

Hence,Poynting theorem is the conservation law for electro-
magnetic energy , just like continuity equation is the conservation law
for electric charge.

P The second term
"a(E! H)

accounts for energy transport in Poynting theorem, juselila J
accounts for charge transport in the continuity equationhére-
fore

S$E!H



IS energy Bux per unit area measured in

units, just like J is charge Bux per unit area i{%’f’ = %2 units.

b Finally, the last term in Poynting theorem (repeated in theam
gin), Poynting thm:
J aE
"l A 1 -
is calledJoule heating , and it represents power absorbed pg_r,(é#E laE + sz,aHz+
unit volume (which can only be non-zero in the presencé)of a(E! H)+JaE=0

If J& is negative in any region, thehin that region is acting as a
source of electromagnetic energy, just like any circuit ponent
with negativevi is acting as an energy source in the electrical
circuit.

Note thatJ 8E had a negative value on the current sheet radiator

examined in last lecture. We return to the current sheet &tdr
in the next example.



Example 1: Onz =0 plane we have a time-harmonic surface current specibed as

Js = &f (t) = &2 costt)%
where$ is some frequency of oscillation.
(a) Determine the radiated TEM wave belds(z,t) andH (z,t) in the regionsz ! 0,
(b) The associated Poynting vectofs! H, and
(c) Js &E on the current sheet.

Solution: (a) With reference to the solution of the current sheet radoatdepicted
in the margin (from last lecture), we that arx-polarized surface current (t)
produces the wave belds

% Z 1 Z
Ex = #é? (t9%:) and Hy = %f (t%")

in the surrounding regions propagating away from the curreheet on both sides
Given that f (t) = 2 cos($t), this implies that

Ex = #%cos@t %&z) and Hy = %cos@t % &2)

where $
& = < and %= % & 120 !

since the current sheet is surrounded by vacuum. Hence inordorm we have
V
E(z,1) = #¥%cost %&2k — and H(z,1) = %cosBt % &2 f,

where the upper signs are far> 0, and lower signs foez < O.

D

4




(b) The associated Poynting vectors are
. W
S=E! H = +%og($t %&z)mﬁ.

Note that the time-average value of vectd@ points in the direction of wave
propagation on both sides of the current sheet.

(c) Since ornz = 0 surface of the current sheet the electric beld vector is
.V
E(0,t) = # %cosft)i oy
it follows that Js aE on the same surface is
, y A, .V wW
Js(t) 4E(0, 1) = (&2 cos@t) a) a(# YcosGt) B a) = # 2%cog($t) 5

¥ In the above example, a time-harmonic source current laa at
some frequenc$ produced Omonochromatic wavesO of radiated pelds
propagating away from the current sheet on both sides.

b The calculations showed time-varying Poynting vect&s H.

The time-averaged values of these time-varying vectorsoeaeas-
ily determined by making use of the trig identity

cod($t + () = %[1 + cos(St + 2()].

Since the time-average of the second term on the right is, zeeo

5



can express the time-average of this identity as

'cod($t + ()( = '%[1 + cos(Bt +2()]( = %

where the angular brackets denote the time-averaging hoee

¥ Consequently, the result

W
E! H = +%o3($t %&z)f)E
from Example 1 implies that
W W
'‘E! H(= J_rcyl"—: +60 D—
( 52 me 2

which represent the time-average power per unit area trantga by
the waves radiated by the current sheet.

¥ In Poynting theorem the Joule heating terdnak is power absorbed
per unit volume , and, accordingly# J aE is power injected per
unit volume .

b Likewise x Js& can be interpreted agower absorbed/injected
per unit area on a surface.

In Example 1 above we calculated an instantaneous injectedep
density of



. W
#Js,AE = 2%coS($t) =t

Clearly, its time-average works out as

, , W W

# JSaE( - CyOrﬁ =120 W

b Note that'# Js aE( exactly matches the sum ¢fE! H(| calcu-
lated on both sides of the current sheet, in conformity witieegy

conservation principle (Poynting theorem).
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¥ Recall that we reached the traveling-wave dOAlembertispku

Z
I [} _
EHLf(E" 0)

Period
4 cos(t) R .
. .. . . . . 1+ .
via the superposition of time-shifted and amplitude-sdalersions of /| [\T= 2N
f (t) = cos(t ),
/ t
namely themonochromatic waves \ /
1+ N/ AN
mn Z mn mn
A cosl (t Q)] = A coslt Z), f costi2) Wavelength
T Ar=Z A
with amplitudesA where MR
\‘\ ,//f \\\_ /ﬁ
can be calledvave-number in analogy withwave-frequency ! . 1t -

b As depicted in the margin, monochromatic solutioghsos(t " "z)
are periodic in position and time, with theave-numbet' being
essentially aspatial-frequencythe spatial counterpart of .

This is an important point that you should try to understand
well N it has implications for signal processing courses rel  ated
to images and vision.



Period

b In genera] monochromatic solutions ofD wave-equationgb- cosit) v
tained in various branches of science and engineering tha ep- /|| fATES
resented in the same format as above in terms of wave—frenquqh
/ wave-wavenumber pairs and" having a ratio

! \ // \\ /
vV # w -1+ ~ N
A Wavelength
recognized as theave-speed and specibdispersion relations 1_,-—\00592) ATTETA
1\ Falb = — /0
such as: [ R
1. TEM waves in perfect dielectrics:
= $ U#, P \V

Dispersion relations
2. Acoustic waves in monoatomic gases with temperatufe (K) petween

and atomic massn (kg): wave frequency !
. b and
- gK—T wavenumber "

determine the

3. TEM waves in«collisionlegsiasmas (ionized gases) with plasm#ropagation veloc-

Ne2. ity

frequencyl p= =

for all types of
wave motions.



P For any type of wave solution N TEM, acoustic, plasma wave
N once the dispersion relation is available (meaning thatis
been derived from fundamental physical laws governing fees>c
wave type), wave propagation velocity is always obtained as

|

or, equivalently, as

$
= _ = %f
V== $
where
$# 2"% Wavelength
and
T= ZIL/O# fi Waveperiod.
| cosft ! "z)

cos(t ! "Z)=0

\/
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¥ Monochromaticx-polarized waves
.V
E = Eqcoslt " "z)mm

can also be expressed in phasor form as

. non V
E=Eee'?0—
m

such that |
ReE" } = Eycos(t " "z)¥=E
in view of EulerOs identity.

Example 1: Study the following table to understand monochromatic wave
Pelds and their phasors.

Field Phasor Comment
E =cos(t +"y)D E=¢6Y D z-polarized wave propagating in %y direction
H = %%fo magnetic phasor that accompanies E above
H=sin(lt %"z)% | H = %e”? % wave propagating in +z direction
E = %&e"N? % electric beld phasor of H above
E = &sin(t %"z)® which is an x-polarized beld (see the right column)




Example 2: Given that
H=&H"* cost %"z)+ §H”sin(it + "z)

representing the sum of wave belds propagating in oppositections, the corre-

sponding phasor _ _
H = aH*e"'? %jpH "' .

The correspondind:-peld phasor is
E = %p&H" €% + jR&H"e"”
from which
E = 9%p&H" cos(t %"z) %&H”sin(it + "z).

Make sure to check that all the signs make sense, and if yomkhyou have

caught an error, let us know.

¥ In general, we transform between plane TEM wave phaBoed H
as follows:

1. To obtain H from E: divide E by & and rotate the vector direction
so that vectorS # E & H' points in the propagation direction of the
wave N more on complex vectd later on.

2. To obtain E from H: multiply H by &and rotate the vector direction
so that vectorS # E & H' points in the propagation direction of the

6



wave.

Example 3: Onz =0 plane we have a monochromatic surface current specibed &

Js = &f (t) = &2 cos(t ) % = Re(®2€™}.

Determine wave beld phasoE& andH* for plane TEM waves propagating awa
from the z = O surface on both sides (assumed vacuum).

Solution: We know that anx-polarized surface currerft(t) produces

& Z 1 Z
: 0 11} _ : 1] _ 1] _
Ey /oéf (t V) and Hy 2f (t V)

in surrounding regions. Given that (t) = 2 cos(!t ), this implies
Ex = %&cos(t " "z) and Hy =" cos(t " "z)

where ,
"= E and &= & ( 1204

since the current sheet is surrounded by vacuum. Convertingse into phasors

we Pnd
E* = %&e? % and A* =" e "2y




¥ In the last lecture we calculated the time-averdf& H and Jgs aE of
the Pelds examined in Example 3 using a time-domain appto@bk
same calculations can be carried out in terms of phaBnrs, and J
as follows:

1 . . 1 . .
JE&H*= SR{E&H'} and )Js4E* = SRe(J:4E'}

whereE & H' # S is called complex Poynting vector.

D The proof of these are analogous to the proof of

()" = SRe(VI')

for the average power of a circuit component in terms of vgkkaand current

phasorsV and| (see margin).

For, instance, given that
. A - winy .V
Js=20— and E*(2) = %&e'* % —
m m
in Example 3, it follows that
, 1 L, W
)%Js(t) aE(O, t)* = éRe{%:fS aE (0)} = &( 120’/%,

in conformity with the result from last lecture.

E* =1 %of (t! 2)
T2 Ty

I ! z
o= — —
E ! mzf (t+ V)

Instantaneous power
p(t) = v(b)i(t)
with time-harmonic signals is

vt +cc lel' +cc

VIO = (N

whereV and | are phasors ofv(t) and
i(t) and cc indicates the conjugate of
the term to the left of + sign.

This can be expanded as

VI o+ cc, Viel2t + cc

vin = .

The second term has a zero time aver-
age. It follows that time-average power

VI' + cc

_1 !
1 = pRelVI'}

V(D)i(t)* =
since

VI'+cc= VI'+ V' =2Re{VI'}.

(Also see ECE 210 text.)
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¥ When the belds and the sources in MaxwellOs equationsmanalchro-
matic functions of time expressed in terms of their phasttaxwellOs

equations can be transformed into the phasor domain. lab = !
laB =0
B In the phasor domain all I" E = #_B
"t
e $ j# " H = J+ _D
t "t
and all variablesD, !, etc. are replaced by their phasois, &,
and so on. With those changes MaxwellOs equations takerthe fo
shown in the margin.
b Also in these equations it is implied that A0 = &
D = ¢ 1A B =0
B = pH 1" E = #j#B
= o 1" H = J+j#D

where$ Y, and %could be a function of frequeney (as, strictly
speaking, they all are as seen in Lecture 11).

b We can derive from the phasor form MaxwellOs equations shown
in the margin the TEM wave properties obtained earlier onngsi
the time-domain equations by assumikg- J = 0.
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We will do that, and and after that relax the requiremedt= 0 with
J = % to examine how TEM waves propagate in conducting media.

¥ With k= J = 0 the phasor form MaxwellOs equation take their simpli-
ped forms shown in the margin.

P Using 14 E =0
. . . , la /=0
1" 1" E=#j#uHE] % # E=#j#u!" H "B = #j#uH
which combines with the AmpereOs law to produce 1" H = J#$E
| 2E + #2u$E = 0.

b For x-polarized waves with phasors
E = &E,(2),

the phasor wave equation above simplibes as

n2
"Z—ZEX + #ZHE-X =0

b Try solutions of the form
Ey(z) = € %% or €%

where& is to be determined.



b Upon substitution into wave equation both of these lead to
(& + #UHE, = 0,
which yields
&+ #2u$=0 % & = ##u$
from which one possibility is
&= with ' &# IS
Thus viable phasor solutions are
Ex(z) = €2

as we already knew.

P Furthermore, using the phasor form FaradayOs law it is easy t
show that iz I
. e : U
H, =+ with (= =.
y ( ( $

Note that we have recovered above the familiar properties of
plane TEM waves using phasor methods.

Next, the phasor method carries us to a new domain that cartyet
easily examined using time-domain methods.



¥ With =0 but 3 = %& ¥ 0, implying non-zero conductivity the
pertinent phasor form equations are as shown in the margin.

b This is the same set as before, except that laE =0
laH =0
j#$ has been replaced Yo+ j#3$. B = #j#uH
Thus, we can make use of phasor wave solutions above after! ap- H = % + J#SE
plying the following modibcations t& and ( : = (%+ #9)E
1.
o e e %% | o_ o
& = ##PS= (j#U)(1#3) %¥ 0 &= (j#uU) (%t j#3)
2. T #
(= Moo %o o A
T % S | %FO0 | T %t S
Note that the modibPed and ( satisfy
| & | _ &
&( = j#u and(:%+1#$ H—E
leading to useful relations shown in the margin (assuming re % = Re{%
valued%and 9. 1
band$) $= Elm{%



(a) Damped wave snapshot at t=0

¥ In terms of& and ( above, we can express arpolarized plane wave “togetfier i exponentil envelope

propagating inz direction in terms of phasors [
: .. ( &z . ..Eo ( &z ;‘“5/ A\ / B
E=-&E., " and H = tp—e Y A N A A
( |V -
whereE, is an arbitrary complex constant (complex wave amplltude) costt | #2)o
¥ In expanded form& and ( appear as: (b) Snaphot at 0, with =0 waveform
" Sicomparlson
&= (J#U)(%+ j#$) & ++j', sothat + = Rg[& and ' = Im{&}, N
,‘/ \'K‘\ | A\”/
' ' F v
BL' j#u . c st
= & |(]e" sothat|(| = : and , = :
( %t j#$ €] =1 %ot J#$| %+ j#$
b appears within cosine
. . . ) argument and deter-
1. In the special case oferfect dielectric with %= 0, we bnd mines the wavelength
I o
. l . ) = _
&=j# PS&j and(= &,
$ and propagation speed
and, therefore, Vo=
- i - ¢E0e( j'Z ‘D + controls wave attenu-
E = MEoe(JZ and H = + f ation by

|1z

. e
as before. In this case=, =0.
factor in propagation
direction.



2. Another case ofmperfect dielectric (or OlousyO condudtarccurs
when%is not zero, but it is so small that are justibed in using

(1+ a)P* 1% pa, if |a] + 1,

i — 1 . %
with p = 5 as follows: Fogg + 1, |

0

| o YU % % T
&= ()% J#8) = i R V7 i ESH ) = %ﬂ# S

4%
hence |
. % U '
E * x;')Eoe((++j )Z \with +:§) %and' =# u$
also in the same case ' |
. | | L
. PE el (FH1 )z ' K L. . % M oitan#l !
H *+ with (= g * P+j ) * B tan*t g
( H1# ] #—/ $ 2#$ $
such that I o
* E =1 ( * i
|(| 3 and, =1 ( S

Note: & and ( both are complexvalued, the consequences of which
will be examined later on.

3. A third case ofgood conductor corresponds t(ﬁé;, 1. In that case,
! o o | N
: . % . % . #HU% T TH JHU HU v 4
= ) * — =1+ * = = — )
&= j# u$(1#1#$) # juy=(0+]) —— and( %

#i2 % Z
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Hence,
| |
#u% . C#Hu
erorx TP 506 while (1= 2F and, =1 (= 45°,
2 %
4. Finally, perfect conductor case corresponds %% - , in which case

(a) Damped wave snapshot at t=0
together with exponential envelope

e! 1z

\\ / \_/
\/

\ /
Ve '? coslt ! #2Z)=0

Ey $ 0as we will show later on. Wave belds cannot exist in perfect

conductors.

¥ Summarizing, in d&aomogeneous medium with arbitrary but con-
stant 4, $ and % time-harmonic plane TEM waves are in terms of

E = @Re[Eqel "1 )2g#) = G|E |el "2 cosgt ( 'z + ! Ey)

and accompanying magnetic belds

E TN E
H= i;‘z}Re{(—oe( (++]" )2ty = i;‘z}%e( *Zeostt (('z + ! Eo#t ! ().
¥ Propagation velocity
_H# | #

Vp = - ’
i Im{  (#1)(%+ j#$)}
now depends on frequenéyand it describes the speed of thedes

(zero-crossings, not modibPed by the attenuation factor)tred peld
waveform. Subscripp is introduced to distinguishv, N also called

phase velocity\ from group velocityvy discussed in ECE 450 (velocity

of narrowband wave packets).

v

(b) Snaphot at t>0, with t=0 waveform
for comparison

Ja g

/ Y \ S~

,// / X \ ///
/ /N

Y,
/S Z

o N
A

\ /e " coslt ! #z)

¥ appears within cosine
argument and deter-
mines the wavelength

2*
) = —
and propagation speed

#
Vp: I_.

¥ + controls wave attenu-
ation by

|1z

e

factor in propagation
direction.



(a) Damped wave snapshot at t=0

¥ Wavelength “together with exponential envelope
) _ 2* _ E - Ae! iz
now depends on frequenéyvia both the numerator and the denomi- |/ /2

nator, and measures twice the distance between successils of the

waveform. Ve coslt | #2)-0

¥ Penetration depth (also calledskin depthif very small) (o) Snaphot 0, 10 waveform
1 1 \:‘ Sicomparlson
-& — = " - . .
T Rel (j#)(%r [#3)} LR (e
is the distance for the beld strength to be reducedeby factor in its mY / o’
direction of propagation. | e costt | #2)

b For a bxed¥ and a sulciently large#, the penetration depth
b appears within cosine

|2 H . ar -
* ' gument and deter
-y T Imperfect dielectric formula mines the wavelength
. . ~ ) ) 2*
which can be very small Bois large N with small- the wave is ) =+
severely attenuated as it propagates. and propagation speed
b For a beed% and a sul!ciently small#, Lt
p= i
* 2 1 1 n H ]
- = ——— Good conductor "skin depth" formula B + controls wave attenu-
W#% *T% ation by
which, although small with largég increases a$ decreases, mak- o
ing Iqw frequencies to be p.refer.aMeappllcatlons r.equmng prop- factor i propagation
agating through lossy media with lar@é such as in sea-water. direction.
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Condition ! |1#| $ | w=22] ' =2
Perfect _ I - oa
dielectric =0 ) H 0 1 ) .
Imperfect | ! (o Tle Tle (|« 22 | 2
diclectric | 7 7 L | B) TR Mg =s RS 280 355 T a
Good r r__ |
Lo 'S 2& 1
conductor | )* n1 1% & $ &fp ( 48" |$ g $ e
Perfect e " "
conductor (= 0 0 0
¥ The table above summarizes TEM wave parameters in homogsne
conducting media where the propagation velocity x-polarized phasor

Vp =

)
!

E = GE.6 76 7

(note that it can be frequency dependent) and beld phasors &
expressed in formats similar to that shown in the margin, kag in
mind that propagation direction coincides with vector

accompanied by
H = +ytoe 76 117
S(E) A
such that 1 |
18, = 4E) H, = SRe(S}
IS the average energy Bux per unit area (time-average Pogntector).
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Example 1: Consider the plane TEM wave

. o,V

E = --2-!2 'z Y
yce "€ o’

in an imperfect dielectric . DetermineH and time-average Poynting vecto

4S,. Compute+S, atz=0 andz =10 m, if * = 4%, L = Mo, ( = 10" 2 S/m,

and) =2&a1Q rad/s

Using right hand rule, so thaE ) H points in propagation directiors, we

Solution:
Pnd that
H=-poeZgl? . pl 2 gigizgith
# * m
!
using|#| = 1%from the table above for a perfect dielectric.

The avg. Poynting vector is
1 . o 1 2 o
15, = ERG{E) H} = éRe{y)Ze' gy (- Bl=— H/_*e' 'z g 12 g 1#))

1 2 - 2
- “Re{yi2e 7)) BL——e 2 d#1 = gl — e ?? cos$.

2 W

With the given parameters,
3 7
( _ 10°%a&36&) 10° 9103# L

=

o (2&%0934 2
$ . . =10 3rad

A 4

U Ho _ #
|# . e 47":50:60&!

#_ O

( H_1 _3 i1y 3 L
" > =210 %0&= 308410 °—.

2 * 2 -




Hence, atz = 0,

. 2 1 W
'l'S,:Q'I—*COS$ D@—aﬁﬁi

whereas, az = 10 m,

2 0 () 34 2 0.15W
= gl - 280060 °4o0 . I - 6%/10 . - .
1S, al—_* e cos$ D—6 e D—3 —

¥ Note that in above example power transmitted per unit ares dropped
to 15% of its value upon propagating over a relatively shastahce of

10 m.

b In the physical terms, the lost power of the wave is gained Hy t
propagation medium in the form of heat N average Joule hegtih This is what we
+J aE, in the medium will be positive and account for the loss whnt to happen in a

the wave power (as seen in a HW problem). microwave oven.

From a communications perspective, this rapid attenuatisnproblematic
since it is evident that the signal energy is being wasted aathn the
medium rather than being transmitted e!ciently to distant@mmunication

targets.
As the next example shows, we are better 0" using lower freg@s in

under-water communications.



Example 2: Repeat Example 1 foj = 2&4a10® rad/s and ( = 4 S/m (sea water) in
which case the propagation medium becomegoad conductor .

Solution: Using right hand rule, so thaE ) H points in propagation directiorp, we

have
g = - x'oge' 'zl . ﬁ%e‘ Zeglte j#%
as well as
1 : - % 1 N A L) 2-Iz 'z j#\*
1S, = ZRE) H'} = ZRe(W2e 2 €12 ) (- —e 2 e 1'? g 1#))
2 2 |#|
1 2 2
= - SRe{y2e 0 R‘)l 7 e 2d#) = al#l - 22 cos$.

With the given parameters,

( 44368) 10° ,
= =18 41 % 1,
) 28 Al0P 44 Az

which conbrms that the medium behaves as a good conductomhat $mall)
and using the appropriate formulae from the table,

&

$ . -—rad
W mACEEAnT_ |
K 2&a10° a4& a10 P—— & 2

# o = =& 2) 104.
[# ( 4 ) 100

! ! & 1
" &fpu( &&10° 448 410 744 = 428210 4 = =

Hence, atz = 0,

= cz— cos$ . DB— 100 hd

|#] 48 m?




whereas, az = 10 m,

100 L4 4 100 W
—g-—¢eg @40 5" ""0.081—.
1S, = @ 2 € j4) 2 0.08 5

¥ As Example 2 illustrates, at a frequency)ot 2&4&1CF rad/s orf =1
kHz, wave power is reduced to about 8% over a 10 m distanceain se
water. Less reduction in powey is possible over the samarbstif at
a smaller frequencf since"” 0  f.

b The disadvantage of being forced to use smaller frequerxiet
course having a smaller available bandwidth at small frexies.
Thus communication with submarines at great depths willyobe
possible at very slow rates.

The next example identibes the penetration depth in sea mnatd kHz.



Example 3: What is the penetration depth = "-1in a medium with( =4 S/m,
*=81%, and i = o for) =2&4a1C° rad/s.

Solution: With the given parameters we have

(  44&36&) 10° _ 72) 10°

AN = .10 % 1,
)* 2841(F481  81) 10° °
I.e., good conductor situation. Hence the penetration de
1 1 1 _100_ 25

N B = 1 = = ==, 7.95m.
&fp( &108 448 410 74 42823104 4& &
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Since in perfect dielectrics the propagation velogiy= v and the intrinsic
impedancé are frequency independent (i.e., propagation is non-dspe),
dOAlembert plane wave solutions of the form

(t' 7)

E = &f (t! —) and H=§

are valid in such media.

s M(1)
¥ Consider a waveform v\/\/\/\
f (t) = m(t) cos(t), P 2 B R
2 t
where 4
P " is some specibc frequency having a corresponding pErod?, .m(t) coslt )
b m(t) is some arbitrary signal (e.g., a voice signal, a message) M o
changing slowly compared to peridd T\l\ﬂﬂf\m'ﬂﬂ | M\/\MM‘M/\T\M[\W
: U@/VV I wv \j UUG
In that case, il VLU U\NVW UU VU t

b f (t) specibed above can be callerowband AM , and

b " the carrier frequency of modulating cosine of the message
signalm(t).



The corresponding-polarized wave belds propagating zndirection

can then be represented as Field 1
m(t! 2
E=m(t! 5) cos(t ! $z)¥ and H = #cos(t I $2)%
where$ =" [%as usuall.

¥ With reference to the expressions above, we could say thatAM
wave Peld has ar-polarized carrier .

¥ By contrast, . Field 2
E = m(t! Q) cos(t ! $2)p

represents an AM wave Peld withyapolarized carrier , and so does Field 3
E=mt! é)sin('t | $2)p
but with a carrier that has been time-delayed by a quarter ipdr

¥ Suppose Fields 1 and 3 above were transmitted simultame @l
therefore superpose. In that case we will have a wave beld wit  Circular
polarized

E = m(t! v)[cos(t I $2)8 +sin("t | $2)9) carrier

lIn dispersive media where$ is a non-linear function of" , narrowband AM can propagate as
m(t! i)cos('t I $2)k where vy # &
Vg 97 &$

is known asgroup velocity N covered in detail in ECE 450.
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CIRCULAR POLARIZATION:

which has ecircular polarized carrier . Since this is just a superpo- __ "~ """

of oscillating.

sition of two dOAlembert waves, the accompanyinig easily found to e »
€ rotation frequency Is also

b e the wave frequency.

Z : ) |
H=m(t! v)[cos(t I $2)9! sin('t | $2)8]/!. coslt | "2)B+sinflt | '2)p
b Circular-polarized AM wave Pelds just introduced are in som .../ >0
practical applications better to use than the linear-padiad waves .~ 0 e
. . ] ] t= X
because of, say, the peculiarities of a propagation mediemm, ( .. /| .
EarthOs ionosphere or the interplanetary medium).

RIGHT CIRCULAR

b Since a circular-polarized wave beld is a linear combinatd
linear-polarized waves, it has a phasor that is a linear ciowuiton
of phasors of its linear components, as in Right-circular

cos(t ! $2)d+sin("t ! $2)p $ e 15z g je’ j$zy,: (&! jy))e' j$z
or Left-circular
COS(t I $Z)K)| Sin('t I $Z)p $ e! j$ZK')+je! j$2¢: (&4.] @)e! j$z ] cos(t ! "z))‘b! sin(t ! ;z)x’b

¥ In the last step above, we have introduced two 3avors ofularty e

polarized waves, which correspond to Pelds vectors rajatiropposite __~ t=0 3,
. . . . . . i te. E x

directions at any position in space when viewed toward threetion the .. /|~ f ‘/

wave propagatesitlockwise for right-circular , counter-clockwise 0

LEFT CIRCULAR

for left circular .
When left-hand thumb is pointed

along propagation direction z
the fingers curl in the rotation
direction of the field vector.



¥ Also,

b for the right-circular wave propagating irz direction, the peld

vector simplibed az = 0 as

cos{t))d+sin("t)p $ B! jp

Bl g

RIGHT CIRCULAR

rotates in the direction that youright-hand Pngers curl When, .., eads y-comp because of -

the thumb is directed in propagation directiany whereas

B+ P
b for the left-circular wave propagating ire direction, likewise, z ’
vector ]/
cos(t)d! sin(t)p $ RB+]jyP o =0y
rotates in the direction that youteft-hand bngers curl when the .. / | . Sl
thumb is directed in propagation direction

In general, the Ohandedness or OhelicityO of a circular polarized
wave is always obtained by matching your right or left hand to
the specibed propagation and rotation directions N see exam ple
below.

Furthermore, the rotation direction is most easily seen if t  he
wave is expressed in phasor form by seeing which component le ads
(or lags) which. Here is an explanation by example:

LEFT CIRCULAR

x-comp lags y-comp because of +j



Example 1: A circular polarized wave beld vector is given as
E=(a+jpe™.

Determine the propagation and rotation directions of theltberector as well as
its helicity.

Solution: The propagation direction id x since the exponent i lacks a minus
sign.

At x =0, the wave beld vector rotates as
E=Re[(B+jpe '} =dcos(t)! wsin("t),

of which they-component leads the-component byd0”of phase, or, equivalently,
by a quarter period in time N therefore, the vector points ip-direction before it
points in z-direction (or in z-direction before it points inl y-direction), rotating
from y- toward z-axis.

When | direct my right thumb in! x direction, my bngers curl frora- toward y-axis,
which is curling in the wrong direction. Hence this wave istmght-circular! It
is left-circular .

b+ ]y

1
o

t> 0%,

Given any propagation direction, a carrier peld of an arduyr polar-
ization can always be expressed as weighted superposiioany pair of

LEFT CIRCULAR

(i) z-comp lags y-comp because of +j.

(ii)E-vector rotates from y towards z.

(iii) since the wave propagates in -x
direction it is LEFT CIRCULAR

orthogonal polarized carrier Pelds N such orthogonal pairs are considered
to be complete sets dfasis functions for expressing waves with arbitrary

N



polarizations.

¥ EXAMPLE: Right- and left circular waves propagating adirections
are weighted superpositions ofthogonal x- and y-polarized Pelds

as in (expressed in terms of phasors): basis functions Circulars
1 ig7 .1 igy in terms of
¥e *2 and ye ! .
e linears
superpose to form right- and left-circular waves
(8! jy)e ' and (6 + ]y ¥
using the weights
1,!j and 1, |
respectively.
¥ EXAMPLE: x- and y-polarized waves propagating in directions
are weighted superpositions ofthogonal right- and left-circular
Pelds as in (expressed in terms of phasors). basis functions Linears
o L 1 in terms of
B! j¥e %2 and (B + jp)e 1% n
(19 (®+]9) circulars

superpose to form linear polarized waves
Xe' 152 and ye 1%2

using the weights

11 and | 1 1
2' 2 22
respectively.



¥ It can be argued that right- and left-circular wave pair fios an in-
trinsically more fundamental set of basis functions thaay,s- and
y-polarized waves, because while the selection of whicletatireis x
and which direction isy can be arbitrary, there is no arbitrariness in
how helicity is assigned to circular polarized modes pragiag in a
given directios.

¥ Also, oscillating charges will radiate linear-polarizeelds, whereas ro-
tating charges will radiate circular-polarized belds (retdirection nor-
mal to the rotation plane) N so, source dynamics selects thdiated
wave polarization.

¥ Wave polarization is important because

b it depends on physical geometry and dynamics of the wavecsour

b it may depend on the physical properties of the region the avav
propagates through,

b it will determine the direction of Lorentz force on any testazge
or electrical load,

b angular momentum carried by the wave depends on polarimatio
etc.

2Also, from a fundamental particle physicsperspective, the photons constituting the RCP and LCP
plane waves are spin-1 particles carryingpin angular momentaof +! and! !, respectively, corresponding
to the eigenvalues of the quantum mechanical spin operatahile the photons constituting LP waves will
be in a Osuperposition stateO of thigenstates+ ! of the spin operator N upon spin measurements the
photons of a LP wave will reveal one of ! and! ! states with equal (50%) probabilities, unlike the RCP
and LCP wave photons furnishing+! and! !, respectively, with 100% probabilities.
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Example 2: Onz =0 plane we have a time-varying surface current density
: A
Js(t) = m(t)[cos('t )& + sin("t )] m

with a carrier frequency of . Determine the radiated wave belds* and the
polarization (and the helicity if appropriate) of the carer.

Solution: We have already learned that a surface currehi(t) on z = 0 plane will
produce TEM wave belds

E* =1 SJy(t& >
=3 s(t V)
in surrounding regions. With the givedg(t) , this implies
. ! z , . Y
E* =1 —m(t & -)[cos('t & $2)& + sin("t & $2)9%] —,
2 % m
which has a circular-polarized carrier
cos('t & $2)& +sin("t & $2)p
that varies, onz = 0 plane, as
cos('t )& + sin("t ).

This vector rotates fromx- toward y-axis, and therefore the carrier dE* is
right-circular and the carrier ofe' is left-circular.

Note that this bgure
only shows one linear
component of the sur-
face current on

z = 0 plane. One linear
component causes a lin-
ear polarized radiation.
An orthogonal pair of
linear components will
conspire to radiate a cir-
cular polarized wave as
in Example 2 when they
are 90%out of phase.




Example 3: In Example 2, what is the average power density of the circyalarized
carrier signal

. .V
Ec=cos("t ! $z)&+sin("t ! $Z)pﬁ
in the regionz > 0, assumed to be vacuum?
Solution: In phasor notationE. and is given as
Ec= (! jge ™
The correspondindd . phasor is

. 1 " e 1 jl V
He= B+ e ™ —.

0

Therefore, the average power density is found to be

1 . : 1 iy e i 1. . 1.
SRe(E." F{} = —Re{(8! j¥)' $+]%)} = —(b+a)= —b.
2 2!, 2!, o
This is twice the power content of a linearly polarized waveldb of an equal
amplitude!

Make sure you check and follow all the sign changes that td&eepin
Example 3.
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In this lecture we will examine the phenomenon of plane-wa@ections at
an interface separating two homogeneous regions where dli@svequations
allow for traveling TEM wave solutions. The solutions willsa need to
satisfy the boundary condition equations repeated in thergra We will ,
consider a propagation scenario in which (see margin): oalD"! D’

)
paB*! B') =0

)

)

1. Region 1 where < 0Ois occupied by a perfect dielectric with mediumn, « (E*1 E') =0
parameterl,, "1, and#; =0, 6" (H*1 H' ]
. - S
2. Region 2 where > 0is homogeneous with medium parametgss",
and #,, H ' H
3. Interfacez = 0 contains no surface charge or current except possibly I/i I/Et
in #, #$ limit which will be considered separately at the end. Region 1 egion 2

¥ In Region 1 we envision aincident plane-wave with linear-polarized beld phasors
Er
[

. - . Eo
Ei = 8E,¢ 1*¥* and H; = §_€ %22,
%

where

D E,is the wave amplltude due to far away source locatedzit# !$  region,

‘D%—. Ul and$1— & |J.11



Fields above satisfy MaxwellOs equations in Region 1, lihei& were no
other pelds in Regions 1 ando®dundary condition equations requiring
continuous tangentiaE andH at the z = 0 interface would be violated.
In order to comply with the boundary condition equations wesgulate
a set of reRected and transmitted wave Pelds in Regions 1 asdf@lows: Incident:

¥ In Region 1 we postulate eeRected plane-wave with linear-polarized beld phasors

o . JE, Ei = &E . %22,
Er = 8l Ege® and H, = | g =e% ! °

() o = ..Ee! i$ 12
including an unknown! that we will refer to asref3ection coel!cient =9 % '
P Note that the relRected wave propagateslirz direction (direction ofH, and Rellected:

the exponential terms have been adjusted accordingly).

¥ In Region 2 we postulate &ransmitted plane-wave with linear-polarized peld Er = a! Eoe'$1z,

phasors - E. )
. ] ' T =1 vi 1Z
Et = &l E oe' (22 and Ht — y %Oel (22 Hr . Wel

including an unknown that we will refer to astransmission coe!cient Transmitted:

D Note that the transmitted wave propagates in direction, and

. !
b since Region 2 is conducting we have Ei=&'E o (&
j&H 2 : _"'EO!(Z
%= —— H=§—e ‘2.

(] 5t & t= 9 %

and #
(2= (&M2)(#H2+ j&"2) =) 2+ [$02.

2



¥ To determine the unknownsand' we enforce the following boundary
conditions atz = 0 where the belds simplify as shown in the marginncident at z = 0:

1. Tangential E continuous at z = 0: This requiresE + E

leading to
Q1L+)Es="E, &

2. Tangential H continuous at z = 0: This requiresHiy + Hyy

leading to

Eo_ . Eo

1) 2=

1+1 ="

_|:0/_9-'
11=3

E.-tX ’

F.rty ’

Ei=8E, Hi =¥

RelRected at z=0

E, =& E, H, =!

Eo

0_/91

. Eo
} %

Replacing' by 1 +! in the second equation, we can solve for tfgansmitted at - z = 0:

ref3ection coelcient as

| =%' %
L %t%

and substituting this in turn in the brst equation we can selfor the

transmission coelcient as

2%
T %+%

The results are summarized in the margin on the next page.

Et:(g['Eo, F:rt:@

IEO
%




RelRection coel.:
%! %
%+ %'
Transmission coe!.:

Special cases:

1. Region 2 is a perfect conductor with  #, # $ : In that case I =
% # 0, and consequently
=11 and ' =0.
2%
- - %+ N
Incident wave cannot penetrate thmerfect conductor , and it rel3ects

totally back into Region 1 N we will study this idealized litimg case Memorize the ! for-

more carefully later on. mula,‘and memorize
' as Oone plus! O.

Practical application of total rel3ection: mirrors

2. Region 2 is the same as Region 1. In that case% = %, and Above,

consequently $ o
=0 and ' =1. % = .
This is thematched impedance case when no rel3ection takes plagad
and the incident wave is transmitted in its entirety. A
_ J&U 2
3. Region 2 is lossless, i.e., # = 0: Unless% = % there will be % = #2+—J&2

relected as well as transmitted waves.

Partial reRections  can be reduced by applying a Oanti-glareO coat-
ing* on the surface, a practice known as Oimpedance matchingO.

9 -
This is a*/ 4 thick layer of a material having a characteristic impedancgiven by A)%% N the reason
for why this Oquarter-wave matchingO works will be discussehen we study transmission lines later on.

4



Example 1: An plane-wave in vacuum,

A
Ei=& 120rte) * X,
Is incident atz = 0 on a dielectric medium withu = g, and" = %"o. Determine
the average Poynting vectorsS;(, 'S, (, and ' S¢( of the incident, ref3ected, anc
transmitted Pelds.

Solution: The intrinsic impedance of the second medium occupymyg 0 is
$
Ho

9||
4 [0}

0 =

——/.
36

Therefore, the rel3ection coelcient is

%! % _
%+ %

29! % _

| = =
206+ %

and the transmission coelcient is

=1+1=1 !

The relR3ected wave therefore has the beld phasors

iz

Region 1

Hy
E:

egion 2

E
) H,

e, =1 Lo T20rd" % and H, = -y To0d"
= and F; = -9
and 1 120+ 11, W
1 — - n - —_ 2 ” 2
Si(= éRe{Er F)} = ( ) % DE(E) —.




The transmitted wave, likewise, has the peld phasors
%

- 4 %— ' ML D 4 T ' o
Ei= % 120te! ?* and H;= -9 120+e’ #
5 55%
and 1 14,3120+ 14.,3W
'Si(= ZRE " A} = a=(=)%= * B(=)%= —.
As for the incident wave
% 1%
E,=& 120te ! * and H; = ?3'23 120+e ! 1#
8
and
. 1120+

ﬁ}W
2 m?

1 . .
Q. — on ) —
Si(= ERG{E Fli}—tzé %

Note: We have
1

1.1 163 1.1 24
1 + - + = = + - _=1I"<

in compliance with energy conservation (as expectedeNergy Rux per unit
area of the transmitted and rel3ected waves add up the that of t he

incident wave!
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We continue in this lecture with our studies of wave reRattmd transmis- HiI/
sion at a plane boundary between two homogeneous media. E;

¥ In case ofotal reBectionfrom a perfectly conducting mirror placed af*"*

he author.
Ht =0
Et =0

egion 2

z = 0 surface,! = ! 1, and the incident and rel3ected waveszr< O
region combine to producgtanding waves of electric and magnetic =
Peld: He

b Incident wave (a traveling wave going iz-direction):
: . il 1z : --E0|.| Z
Ei=8E,e ¥ and H; = §—e " 1%
1
b RelRected wave (a traveling wave going ith z-direction):
. . _ E. .
E, =! ¥E, ¥ and H, = §—é' 17,
1
b Standing wave:
. . . 1 il il : : : .. E Il il
E=E+E, = 8E4€ 1% ¢'1?) and H = Hi+H, = §—(e /' 1?+¢&' 1)
1
which simplify as

. . . . 2E
E =1 j%2E,sin( 1z) and H = §— cos( 12). Standing
! waves




These are calledtanding wave phasors because when we go Ex@.h! sin(z)sin(t)

to the time-domain (by multiplying withe®* and taking the real
time as usual) we obtain:

: : 2E
E(z,t) = &2E,sin( 1z) sin@#t) and H(z,t) = §—— cos( 1z) cos§t); | |
l \ o/

these, unlike dOAlembert solutions of the forméit" Z), describe os-
cillations in timet, with dilerent amplitudes at dilerent positionsz
(see margin and the animation linked in class calendar).

b Standing waves carry no net energy, that is, with standingveva
Pelds we have

\/

#H$ HY% 0,

because of the cancellation of the power transported byrasdl-

ing wave components in opposite directions.

Veribcation: Using the phasors
Note: Nulls in Ex and Hy are

. . . : . 2E separated by half wavelength.
E=1j®2E,sin(l1z) and F = §=— cos( 12), P d J
1 Adjacent nulls of Ex and Hy
are separated by quarter
we have wavelength.
1 . . 1 . . 2E It is useful to think of nulls
#H$HW= ZRES$ HY = ZRe! jR2E,sin(!12) $ H—— cos( 12)} of Ex as "shorts” in analogy
2 2 1 to shorts in circuits where v=0.
n 2E§ ; ; Conductor shorts Ex on its
- a Sm(! 12) COS(! 1Z)R€{! J } =0. surface where a current flows.

1 1
Also useful to think of nulls

of Hy as "opens" in analogy
to opens in circuits where i=0.

\/



b Note that E(0,t) = 0 on z = 0 surface satisfying the tangential Ex(z,t)! sin(z)sin('t)
electric boundary condition as expected (recall that thédsere A A
zero within the perfect conducting mirror).

P Also note that -
H(0,t) = §—— costt)
1

on z = 0 surface. Since this tangential magnetic Peld is not zero, 2
boundary condition equations imply that there must be anibsc
lating surface current

2E
Js = 8i—° cosfft) %
1

\/

satisfying
' 5% H(O,t) = Js.

Js on mirror surfaces is really a conveniadealizationof volume cur-

rents Bowing in thin Iayer_s N Just a few skin depths N near geod .. nuis in Ex and Hy are

conductor surfaces (real-life mirrors are good but not eetrfconduc-  serarated by half wavelength.
tors!). Radiation due tals in elect causes the rel3ected wave and als@diacent nulls of Ex and Hy

re separated by quarter

cancels out the incident wave Peldarn> 0. wavelength.

It is useful to think of nulls
of Ex as "shorts" in analogy

Next we examine rel3ections from a good conductor and see of hO W o shorts in circuits where v=0.
the limiting case of a perfect conductor is naturally reache d. Conductor shorts Ex on its

surface where a current flows.

Also useful to think of nulls
of Hy as "opens" in analogy
to opens in circuits where i=0.

\/



¥ Going back to the partial rel3ection case, consider thegnaitted belds
E: andH in Region 2 shown in the margin. Also shown in the margin
are the phasors for current densify and magnetic Bux densiti;.

&$ Eoe! %z

$"_E0 e! %z

t

Hi=§
In the box below we integrate the volumetric current density of a good o %6
conductor fromz =0 to' and Pnd out that this Odepth integral® matches &E: = 88&SE€ ™
the surface current density found above for the case of pecienductor. In 5 _ |, =z _ «H2SEo o7

. . . . B = WHi=9——¢€
this calculation we assume that Region 1 is vacuum, and ake i, = L. 2

Elective surface current.  Assuming that Region 2 is a good conductor,
! n

[LR— W j#},lz o — # i __ # -
2T &t j# & and % = j#U(&+ j# 2) ( JH#U2&
and therefore 2)
) " " 0
$=3 2 “— ( 2 2 and &% ( 2‘3‘2 2 = quz&z _ 2/9
O+ 2 0 o o 5

The depth integral of the volumetric current density in Rean 2, that is, theelective
surface current of the region is then
5o ..$' 1 . 2E,
Jidz = & &P Eqe "2°dz = GE ,— (&9$) = &
0 0 %

in phasor form, matching the phasor of the time-domain reasubm above, namely

(0]

2E
Js = a§=——2cosf#t) %

(0]

representing the surface current on an idealized perfectduator surface.

4



Surface resistance: Let J stand for the elective surface current of a good co
ductor with a propagation constant

#_
and a volumetric current density(z) such that
$. $ . _
Js=  I(@dz=  3(0)e *dz= JEO).
z=0 z=0 )
In that case |
)
3(2) = 3%E'? and E(2) = %/Oe! 2

inside the good conductor in terms of the elective surfacerent Js, and the average
power dissipated per unit volume (Joule heating) is

e! 2'z _ 1 . 22( Ze! 2'z
g = sl T

The depth integral of the same quantity, that is thpower dissipated per unit area

Is then $ .

1,
#(z) 4E(2) %= é|:r50/<1,2

1_ .
#(2) &E(2)%z = ERS|33|2,
0

with ) "

)& )

& &

O]

called thesurface resistance .

The surface resistance concept is useful to model loss s!@ttwaveguides anc
cavity resonators as studied in ECE 450. Also, we can make afsgurface resistancs
when modeling lossy transmission lines (see Lecture 39).

117




¥ LetOs pbnally calculate the magnetic component of the toferce on

charge carriers of a good conductor due to the penetratiridshe

Radiation pressure: If there areN free charge carriers per unit volume inside
ref3ecting mirror, then
NF = NCIV$ Btz Jt$ Bt

will be the force per unit volume of the mirror, expressed in terms of current densi
Ji = Ngv and the magnetic Bux densit3;.
Its integral over allz can be interpreted as the totalorce per unit area of the
mirror, $ .
Prad: Jt$ Btdz,
0
having a magnitude known agadiation pressure of the rel3ecting wave. This is :
time-varying quantity, with a time-average

HP 1ag % = 1-Re{3'$ B&}dZ
&% .
=@ SRd(& $Eo)(“2$E°)}e' 7 g
0
_ |E°|2Re{(2"%) Il22 2 |E'?|2R€{°/Q} !'12
2(2 2 (2 "o
|Eo|2p-o
= @2
2 (0] O
where X
#S|0/ *Zl Ol
2"

Is the time-average Poynting vector of the incident wave eefed from the mirror (factor
of 2 In#P ,q%s due to the recoil of the wave o! the mirror; see Rothman anadughn,
Am. J. Phys, 77, 122, 1977).

Radiation pressure propor-
tional to

a #S,%c

shows that plane-TEM waves
not only carry and transport
[Y energy, but also momentum.

TEM waves not only
heat , but also push!

((It can also be shown that the momen-
tum density of the wave is

#S%c? N.s/ m*
and (spin) angular momentum density
+#S;,%%tc N.s/ m?

for right- and left-circular waves. Mo-

mentum per photon of energy! # can be
obtained by dividing the above expres-
sions by |#S; %ftc ! , the number density
of photons in the wave beld.))
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¥ An % polarized plane TEM wave propagating in direction is depicted in the mar- y

gin.
P A pair of conducting plates placed at = 0 and x = d would not perturb A ]
the Pelds except that charge and current density variatiomsuld be inducedN " Unguided uniform plane
on plate surfaces ak = 0 and x = d (on both sides) to satisfy MaxwellOs homoneneoua medium

boundary condition equations.

¥ If charge and currents were conbned only to interior surfaoéthe plates facing one
another, beld€€ and H accompanying them would be restricted to the region in 4

between the plates, constituting what we would calliided waves . ~

ElH Plate 1

P Such a guided wave Peld conbned to the region between thephaill sat- W
isfy MaxwellOs equations including a minor fringing comgranthat can be /
neglected when the plate widthlV is much larger than plate separatiod.

— Plate 2

In the following discussion of guided waves in paralleltpl&ransmission lines
(TL) we will assumeW ! d and neglect the elects of fringing belds.

D Guided waves produce wavelike surface charge and curremat@ns on plate
surfaces.

D Conversely, wavelike charge and current variations on plaurfaces would
produce guided wave belds.

Itis su“cient to apply a time-varying current and/or chargedensity at some location
z on a parallel-plate TL N e.g., by a time-varying voltage or cent source N in
order to OexciteO the TL with propagating guided pbelds.

1



How such excitations propagate away from their OsourcetgOiron TL systems will

be our main subject of study for the rest of the semester.

¥ In a parallel-plate TL we ignore any fringing belds and assuhat
TEM wave belds

E =&E,(z,t) and H = §H,(z,1)

occupy the region between the plates. For these belds umifox and
y, FaradayOs and AmpereOs laws reduce to scalar expressions

I H 1= IH
"# E=SU- % N =$p
and e H E
" 4 H:"E+#IT % f:"Eﬁ#f.

¥ Now, multiply both equations byl and let
V & Exd voltage drop from plate 2 to plate 1

to obtain
| | |
%—$ud— and $dHy—#%+"V.

¥ Next, multiply these withW and let
| & HyW current in z-direction on plate 2

(becauselg, =

|
wli_$p¢—

Hy on plate 2) to obtain

'V
and $ d— = #W— + "WV.

2

A

-+

fE
»E!H Plate 1

L/
b

W—P

5

Plate 2

Note that voltage drop

!
C 1
V= E adl = E,d
2

is uniquely debPned N inde-
pendent of integration path
N on constant z surfaces be-
cause with TEM Pelds

= IJ-HZ =0,
and consequently circulation

E adl = $— BadS=0

c dt s

when C is on constant z plane

and dS = £ dxdya.



¥ We can re-write these equations as

AV} H N AV}
$—=1L and $ —=C—+ GV
1z It 1z It
utilizing ]
W W
L= u— = # =" __
M C=Fg G50

appropriate for the parallel-plate TL N we recognize thessrgameters
as inductance, capacitance, and conductance of the phpdee TL. TelegrapherOs

equations:
b In the equations above th&V term accounts for Ohmic losses of

wave belds having to do with currents leaking between thesvir

(plates) of the TL. ; T
P Another possible loss term that we have not picked up N beeaus $ 17 = Lﬁ

we assumed inbnite conducting plates N is a misdtigterm in $ AV

the right-hand-side of the brst equation. V4 't

Rather than correcting for that at this stage, we will dropdiGV term
from the second equation, and focus our attention a while (until
the last day of the semester, in fact) aheal lossless transmission lines
governed by the equations shown in the margin N they are kn@sn
known astelegrapherOs equations®.

TelegrapherOs equations were prst compiled by Oliver Heale (of close-up method, unit-step, and
countless other contributions) in 18800s. Telegraphy wasirnp used worldwide by 18500s as a means of
rapid communications.



¥ Except for$§ on the left, the telegrapherOs equations look like the

V $ | relations of inductors and capacitors (which is the best va@y

remembering them).

TelegrapherOs
equations:

¥ The equations can be readily combined to obtain a 1D scakrew

equation , ,
I <V !
Vot Y
122 It 2
In analogy to
| 2E, | 2E,
zz - Wz
the wave equation fo¥ has dOAlembert wave solutions
Z 1 1
V(z,t)=f(t' =) wherev & (— = —.
zH=f" 2) == 5

¥ In that case the second telegrapherOs equation demands

y v z

_  =C— = t' =

$ 4 C!t a v)

implying an anti-derivative
Z f(t' 2
| = xCvf(t' -)=+¢ K
(z,1) Cvf(t V) 7.

with (__ #_ #_
s g to LC_L_ 1§
v C C GF #

AVS I
1,7 by
M AVS
S, 7 S
where
_ _ M
C=4#GF, L= @,

with Ogeometrical factorO

W
GF = q parallel-plate

coax
In 2

%

o twin-lead
cosh ~



¥ In summary, dOAlembert wave solutions of telegraphet@soms are

Z f(t' 2
V. =ft' 2 and I(zt=+ L W
\Y Zo
with a propagation speed
v=¢{ 1_ =t a)t< 0
LC \ H# +t Wire 2
that equals the wave speed of the associated electric andatiadrelds, 3 v = |
and voltage-to-current ratio representing-haracteristic impedance L -
#_ #_ 0
L 1
Zo= —==—=— -.
° C GF #
b) t=0" i Wire 2
TelegrapherOs equations and their dOAlembert solutiongd@rus with a 1
OhandleO on the followijpigysics: VT v Wire 1
: . Tl
¥ Suppose that + and - terminals of a 3 V battery makes contadhw
the terminals of a charge neutral TL &t= 0 as depicted in the margin.
We will assume thaw/ (z,t) = | (z,t) =0 on the TL fort < 0. 9 s 0
| Wire 2
As soon as contact is made between the terminals of the batd the L, B t
TL, the excess + and - charges on battery terminals will OsptbO the TL 3V T # Wire 1
terminals as shown in the bgure for 0 T

¥ what really happens is,



P electrons move from the - terminal of the battery onto the teot  ® < ©

Wire 2

wire of the TL, -

Wire 1

D replenished by an equal amount of electrons moving from ¢pe T * %__

wire into the battery via its + terminal, 5

giving the overall impression of current Bowgin opposite direction
to electron motion) as marked on the two wires in the diagram. b) t = 0*

_>I
it

Wire 2

b currentsl and voltageV marked in the diagram are conbned onIy3 v=V
to locationz = 0" att = 0", while there is still zero current on

Wire 1

the rest of the TL!! Tl

Having unequal currents on a length of wire is in conf3ict wathr
notions from earlier circuit courses, but thatOs becaudereaourses ¢ t> o0 _,

Wire 2

++++++i
taught us @mped-circuit analysis O, an approximate technique jus-
tibed when itOs OK to ignore certain time delays of chargeements 3V % VigE

Wire 1

in the circuit (when wire lengths are sulciently short). |
Having unequal currents on the TL wire is really what happens
b because, for instance, electrons at sare 0 on the top wire will
start moving towards the battery terminal only after the mgibor-

ing electrons ar® deplete the region leaving some excess positive
charge.

Thus, currentsl on the wires, and voltag® debned and measured
across the wires, spread out bf= 0 region at a Pnite speed, in

6
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analogy with ripples spreading out on a pond surface whertupeaed
by a falling pebble.

¥ TelegrapherOs equations and their dOAlembert solutions wi |l
allow us to calculate how | and V evolve on the TL in quan-
titative terms.

To appreciate the distinction between lumped atidtributed circuit anal-
ysis, we next develop a lumped circuit model of a very short lengjtia TL
over which lumped circuit notions may be applicable:

¥ Let us re-write the brst telegrapherOs equation as $ Vo _
I lz It
$!'V&V(z,t)$ V(z+! z,t)=! zLT $l_ v
. . o Iz Tt
after approximating the left side as a ratio of inPnitesisal
b This relation shows that in the current 3ow direction thesean
inPnitesimal inductive voltage drop dsz% between pointsz
- - ' * | (2) | (z+! 2)
andz+! z on the wire carrying current & I (z,t) * 1(z+! z,t). > =
Wire2 + | zL
¥ Likewise, the second equation re-arranged as V(z) ! zC
AV} Wire 1
$'1&lIEZ,D)SI1(z+! z,t) =] ZCT, Z 7+ 7

b this shows that an inbnitesimal capacitor currenzc% Rows out
of a node located betweenandz +! z on the wire with current
| into a node on the second wire at the same location.

v



Evidently, a short sectionn z of the TL has an equivalent T-network with

| (2) | (z+! 2)
1. a series inductandezL carrying a currentl (z,t) * 1(z+! z,t), and Wwire2 + 1 7|
—_—I
2. a shunt capacitanck zC carrying a voltageV/ (z +! z,t) * V(z,1) Wire 1 V() T 2¢
ire

as shown in the margin. Z z+! z

This lumped-circuit equivalent is only accurate fbiz so small that

| (z,t)* I(z+! z,t) and V(z+! z,t)* V(z,t)

are both true, which is of course possible only # + % %being the shortest
Wavelength inl (Z, t) . H (Z, t) and V(Z, t) , E(Z, t) waveforms. TLOs can also support non-TEM

modes having non-zero compo-

¥ Going back to parallel-plate TL in TEM mode, observe thatthotal
power transported in the guide will be the Poynting vecter# H =
ExHyb times the cross-sectional area of the guide, namlg,

nents of H, or E,. These modes
are non-propagating (evanescent)
at low frequencies and remain lo-

Thus, power transported iz direction is

calized near their excitation re-
p(z, t) = WdEX(Z, t)Hy(Z, t), gions (e.g., discontinuity points on
= (EX(Z, t)d)(Hy(Z, t)W) — V(Z, t)l (Z, t) the line) if d < L (pp TL) or if

a+ b < & (coax). At high frequen-

the familiar formula from circuit theory.

cies when these modes cannot be

Hence’ the CirCUit theory formU|a avoided with practical dimensions
1 d, a, and b, it may be practicable
P = ERB{ \7 I_} to use them rather than the TEM

mode. Use single-wire waveguides

for average power will also hold in sinusoidal-steady stdigproblems when
we use phasorg(z) and I(z) to represent theV (z, t) and| (z, t) waveforms.

in that case instead of two-wire

TLOs.

8
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Last lecture we learned that voltage and current variatiaors TLOs are gov-
erned by telegrapherOs equations and their dOAlembeibissI the latter
can be expressed as

f(t! s)l gt + 2)
Zo Zo

V(z,t)= f(t! §)+ gt + g) and | (z,t) =

in terms of !

L Source Transmission line
ckt R

V= —— and Zo= — —|>(Z’t) Wire 2 |
LC ° C + +_Ifoad
and functiond (t) andg(t) corresponding to signal waveforms propagated; iy~ (Z,t)z(z’t) Zo - WER
+z and! z directions, respectively. 0 |2

¥ In this lecture we will learn how to sohdistributed circuit prob-
lems containing TL segmentand two terminal elements such as resis-
tors and voltage (or current) sources. In solving the praide we will
apply the usual rules of lumped circuit analysis at elemestiinals
and treat the TLOs in terms of dOAlembert solutions above.

¥ Consider a TL with a characteristic impedanggextending fronz = 0
to z = |, where a two-terminasourcecircuit (e.g., a receiving antenna)
modeled by a Thevenin equivalent with voltaggt) and resistance
Ry is connected between the TL terminals at= 0 and aload (e.qg.,
a receiver circuit) modeled by a resistanRe terminates the line at
z = | (see margin).



b We want to determine voltage and current signal{z,t) and
| (z,t) on the TL and the loadR, for timet > 0 in terms of
source signal(t) assuming thaff;(t) =0 fort < 0.

¥ Using the dOAlembert solutiovi§z, t) and| (z, t) from above atz = |,
we have

VLY roltey) o ) ety) Ve o
1(1,1) f(tz!o!v)! g(tz+0!v> T oD g+l 1L ’
from which we obtain
|
g(t+|v)= I;L#?’f(t! Iv) # g(t)=1! . f(t! Zvl)
LASZ%
L
where
D R.! Z,
‘LT RO+ Z,

is theload refRection coelcient in the TL circuit. We can re-write
the dOAlembert solution f&f(z, t) and | (z,t) in terms of onlyf (t) as

_f f, e

Source Transmission line

R —|>(Z!t) Wire 2 —*I'-
+ + |Load
V(z,t) Zo VL SRL
(O 1z,

ya z 2
= I —)+I —I —
V)= f(th D+ (ot D) and 1z ) = —— Zo

¥ Assuming thaftf;(t) =0 = f (t) fort < 0, we can relatd (t) to f;(t) in
t > Ointerval using the KVL equation az = 0 that states

fi(t) = Rgl (0,t) + V(O,1),
2



which is, usingV (z,t) andl (z,t) at z=0,

_ o S, 'f! 2)
fi(t) = R.(.Zo #$ZO ()%)+f(t)+'%f(tl Vg/o
1 (0, 1) V (0, 1)

Now, sincef (t! 2) =0 fort! 2 < 0, we Pnd out that for theepoch
(or time interval) 0<t< 2

V 1)
f(t)
fi(t) = Rq - +f(t) # ()= R fi(t) Source  Transmission [ne

° g#'-$—g/ ok R —|>(Z’t) Wire 2 —*IL
n + +|Load
g ngj V(z,t) Z, Vi SR,

fi(t) [ (z,t); Wire 1 |

where 0 | 2

1] ZO
97 Ry + Z,

is the injection coelcient  of the TL circuit!.

¥ Thus, for the epocld <t < 27' we have the voltage and current
solutions
"gfi(t! s)l !L"gfi(t+§! ZVI)
Zo Zo

V(z,1) = "4fi(t! §)+! L"gfi(t+§! zv') and | (z,1) =

on the line.

!Note howf (t) appears to be related td;(t) according to a voltage division rule withZ, representing
the resistance across which voltagie(t) is measured.

3



b So farfi(t) function is arbitrary and the above results would also
be valid forf;(t) = #t), DiracOs impulse, in which case

"ot ! Z) | gt + 21 2
Zo Zo

V(z,1) = "t §)+! L"g#(t+§! %') and | (z,1) =

would be the voltage and curremnpulse response functions
of the TL circuit for the0O<t< 2 epoch.

. B Rg _|>(Z,t) I

¥ To extend the impulse response functions above to the GpedhO + , ki
2 <t< 9, we note that atz = 0 the KVL equation withf;(t) = #(t) | o Y o MR
reads as 5 B

f@), '@ % Bounce diagram
t)=R ! +f(t)+!  f(t! —
L e 3/0 SR z
1(0, 1) V(0 1)

which can be re—arranged as

#t)=(1+ )f(t) (1! —)'Lf(t' —)
#$_%

"ot ! v)

where forf (t ! 27') we used a delayed copy Dft) = "4f;(t) solution
for f (t) from the previous epocim view of the time delay%' contained
within f (t! 2



b Hence, solving this fof (t), we bnd, forthis epoch,

Rg! Zo, . 2
L D),
RogeZo, =V

'g

(1) = "gD) +

where |
: Rg! Zo

9 Ry + Z,
IS the source ref3ection coelcient of the TL circuit.

b Substituting f (t) for the epoch? <t < 4 within voltage and
current formulae

f(e! g, tuf(e+ 2! 2
Zo Zo

we obtain the OextendedO voltage and current impulse sEspon
functions

V(z,t) = f (t! §)+! f (t+§! zv') and | (z,t) =

. z . z 2 . z 2 . z 4
V(z,t) = "gt! V)H L g#(t+v! v)+! o' L"gH(t! V! V)+! o' E g#(HV! V)
and

. Z . z 2 . z 2 | z 4
| (z,t) = Z§ " g#(t! V)! I g#(tw! V)+! o' L"gH(t! ! V)! 1 ¢ g#(HQ! V)]

respectively.



$ Atthis point the algebra is pretty messy, but a straightfoawa Ry 1(z.1) I
pattern is emerging (to obviate the need for algebraic asialy + +
for the upcoming epochs) that is best appreciated with th ,(Z,t)z(z’t) zo VL_ ‘RL
help ofbounce diagrams explained next: 0 Iz

P A bounce diagranis a plot of the OtrajectoriesO of traveling im-
pulses found on transmission line segments excited by isepul
puts.

Bounce diagram

b The horizontal axis represents positiarof the traveling impulses2
while timet is represented by a downward pointing axis.

b The Prst slanted line on the top of the diagram, representimg 4

traveling impulse . Y

"ot ! v),

(brst term ofh,(t) = V(z, 1)) is OreBectedO at titne _ from load '
R_ to turn into a backward propagating impulse

z 2
"Lt S =
gL#( Vv V)

represented by the second line of the diagram.

b The backward propagating impulse reaclzes 0 att = % and is
reffected once more with a ref3ection coe!cient
| = Ry! Zo
9 Ry+ Z,



to become a forward propagating impulse
Z

2!
" I
represented by the third line of the diagram.

$ Relection atRy is in e"ect the same physical process as re-
Rection atR, and therefore its coelcient 4 is identical with
I | except for the replacement &, by Ry.

b The bounce diagram is advanced in time with further re3eio
occurring at both ends.

b We show the calculated weights of traveling impulses diyech
the diagram just above the slanted lines representing tlegetr-
tories of each traveling impulse (each having a lifetimé/\of)

¥ Using the bounce diagram, the full expressions for theagdtand 2

current impulse response functions of the circuit can bdtemias Y
V(z,t) = "gi(! L1 gL ! 5! n%) a
ey Li(! Ll o)t + é! (n+1)%)
and ‘
1z 1) = 2 i(! L)t %! n%)
! z_i' Li(! Ll o)t + é! (n+1)%).

v

Rg  1(z,1)

V(z,1)
I (z,t)s

0

Bounce diagram




¥ Although these series formulae look daunting, only theelowrder
terms usually matter N that is true becausé, | & 1and|! ol & land
thus (! ! )" is typically a rapidly diminishing function ofi (unless

the ckt is Odissipation freeO and resonant, a conceptexjtolecture \OT 120

31).

¥ We typically rely on the bounce diagram techniqgue more santthe
series expressions developed above. This will be illestray several

examples in the next lecture.
2

P The main idea is to combindelayedversions of the circuit input
fi(t) with the impulse weights indicated on the bounce diagrar47|1
since, in general, the convolutigift ! T,) "' fi(t) = fi(t! T,) for +
any z-dependent delay such &sZ! % etc...

Rg _|>(Z! t)

V(z,t) Zo LS RL

0 | 2

Bounce diagram




29 Bounce diagram examples

Example 1. A transmission line of length = 900 m and speed = c hasR, = 2Z,.
It is excited by a generator having an open circuit voltafét) = sin("t )u(t) and
Thevenin resistanc&ky = Z,. The source frequency i% = 1MHz. Determine

response functiom,(t).

Solution: In the circuit, the injection coelcient is
. Zy . Zy 1
" = Ry+ Zo Zo+Zo 2

The load and generator ref3ection coelcients are

| = RU! Zo_ 220! Zo_ 2! 1_1 .\ _Rg! Zo_Zo! Zo_
RL+Zo, 2Zo+Z, 2+1 3 9 Rg+ Zo Zo+Zo
respectively. Also, time-delay
21 24900m _
v 300m/ps

The corresponding bounce diagram is shown in the margin. eNibtat the dia-
gram terminates att = 2 becauseZ, is matched toRy and! g = 0. From the
diagram we deduce the impulse response

ho(t) = %$(t! §)+ é$(t+ é! 61L).

Convolvingh,(t) with sin("t )u(t), we obtain the voltage response of the TL t
the sinusoidal input as (see plots in the margin)

V(z,1) = hy(t)"sin("t Ju(t) = %sin" (t! é)u(t! §)+ésin" (t+§! 6)u(t+ %! 6).

the voltage respons&(z,t) in the circuit after brst determining the impulse

o !

Copyright ©2024 Reserved N no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Z, 1(z,1)

f (ﬁz, s

V(z,1)
0

1/2

1/6
20

Fort =1 pus:

TLF/Q..\
Fort =2 us:
A

200 \7 600
105
110

See an animated version of
this and another where
l.=11

linked in the class calendar.



z=1200m

A(z,1)
é} V(z,t) ~ % R, =100!
. o ut)] 1z, s iZo=50!
Example 2: Consider a TL circuit whereZ, =50" ,v = ¢, | =2400m, Ry =0, and 0 |2
RL = 100" . Determine and plotVv (1200 t) if f (t) = u(t). Bounce diagram
+ | »
Solution: For this circuit | ’
Zo Rg! Zo R.! Zo 1 Py
= =1, I4= =11 and ! = = . E
" Ry + Zo 97 Rg+ Zo "“TRL+Z, 3 g
g

Also, the transit time across the TL is
I 2400m

v 300% 16mis _ CHS

From the bounce diagram shown in the margin, the impulse @sge forz = 1200
m (the location marked by the vertical dashed line) is found be

1 1 1 1
V(12001) = $(t! 4)+ ZHt! 12)! ZK(t! 20)! SKt! 28)+ t! 36)+4Aa .

Replacing the$(t) in this expression with the unit-step(t), the specibed source .
function f (t), we get

1 1 1 1
V(12001) = u(t! 4)+ Zu(t! 12)! Zu(t! 20)! u(t! 28)+ su(t! 36)+4aa ..

tus

which is plotted in the margin. T R TR
Animated version of this is
linked in the class calendar.




Bounce diagram

¥ Note that ast $ % , V(1200t) $ 1V in Example 1, as if DC condi-
tions prevail and the TL becomes a pair of wires in the lumpieduit
sense. v

b DC steady-state corresponds 'to= 0 and signal wavelengtée$
%. In that limit | & %is always valid and TL can be treated like
an ordinary lumped circuit.

b Of course this simplibcation can only occur witkt) ' u(t), or .
its delayed versions, which are all asymptotically DCtii$ %
limit. The simplibcation does not apply fdr(t) = sin("t )u(t), for -
example.

1.5+

1.0+

0.5

I I I I I I us
0 10 20 30 40 50 60



Example 3: In the TL circuit described in Example 1, determin&(z,t) and | (z,t)
for a new source signal(t) = rect(%)+2 rect(%), T =1 ps. PlotV(z,t) versus
zatt=3 psandt = 11 ps.

Solution: With # =1,!4="111 = % andz—c' = 16 us, we obtain, by convolving
with the general impulse response, the voltage response

1%

1 z 1'% 1
V(z.t) = L )F(t! 21 n1e)+ = (1 =
(Zh= (1 T nle)+ s (1

Y (t+ 21 (n+1)16)
n=0 n=0 ¢

whereZ is to be entered irys units. Also,

1% | %
= = ( %)”f(t! (5:! n16)! —2 (!%

Z
f(t+ =1 (n+1)16).
50 503 _ c

At t = 3 s, the voltage variation is

1% 1%

V(Z.3)= (0 D@ 21+ S 0 Hnta+ 21 (n+1)16),
_ 3 C 3 3 C

n=0 n=0

which is plotted in the margin usingd (t) = rect(t) + 2rect(t! 1). Likewise, at

t =11 us,
!% !%

V(z,11)= (! })”f (11! Z n16)+} (! })”f (11 + Z) (n+1)16).

n=0 3 C 3 n=0 3 C

fit
2.0t

15+

0.5¢

. . . . .
12 [N 1 2 3

Viz3
2.01
150
1.00
0.5
500 1000 1500 2000
ViZ 1T
2.0-
1.50
1.00
0.5
0 500 100C 1500 200C

Animated version of this is
linked in the class calendar.
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30 Multi-line circuits

Copyright ©2024 Reserved N no parts of this
set of lecture notes (Lects. 1-39) may be re-

produced without permission from the author.
¥ In this lecture we will extend the bounce diagram techniqoesolve
distributed circuit problems involving multiple transnsgn lines.

¥ One example of such a circuit is shown in the margin wheredigkinct

TLOs of equal lengths have been joined directly at a distérmﬂay
from the generator.

Ry =274

-

b The impulse response of the system can be found by brst ceff: - - Mk |
structing the bounce diagram for the TL system as shown in the

. =1 =1 :1‘ 1 :f’ . =0
margin. Yo PTe s e

b In this bounce diagramz = 'é happens to be the location of ad- : 5
ditional rel3ections as well as transmissions because cfutiden ) ~—
change oZ, fromZ, to Z, = 2Z5.

NS

These reRRections and transmissions betweenjlinad k N transmis-
sion fromj to k, and reRection fronk back toj N can be computed

with rel3ection coelcient t
e = Zy! Z
Zy + Zj
and transmission coelcient
!jk =1+! ik

that ensure the voltage and current continuity at the junah

1



b Z; is the characteristic impedance of the line of the incideulsp,

Ry =22,
while Cﬂ 0 eerm %
P 7, is the impedance of the cascaded line into which the transmit 'z |
pulse is injected.

1 .
4=t 0%t = | =0
Veribcation: ; :

b Let

Vj+(1+!jk) and Vj+(1! !jk)/Zj

Rl

denote the total voltage and current on ling expressed in terms

of incident voltage wav®/* (of dOAlembert type), and t g
D let

Vj+!jk and Vj*!jk/Z k

denote the voltage and current on lin& adjacent to lineZ;.

This notation identibes jx and!j as ref3ection and transmission coef-
Pcients at the junction.

b Taking

VT +! ) = Vi
and

Vj+(1! !jk)/Zj - Vj+!jk/Z k

in order to enforce voltage and current continuity, we cafvedor
I« and!j, expressions stated above.

2



Example 1: In the circuit shown in the margin with two TL segments, linelfas twice
the characteristic impedance and propagation velocity ikl 1, i.e.,

Z,=274 and Vo = 2V1.

DetermineL, and G in terms ofL; and G,.

Solution: We have L L
Z,=22Z; " 62 451
and
Vo =2vqy " o 4 L
Sl L.G LG’
The product of the two equations gives
1 1 1
—=16— " C ,= -G,
C% C_|2_ 2 4C.I.
while their ratio leads to
L2 = L]_.

NS




Solution:

Example 2: In the circuit of Example 1, determin&/(z,t) and| (z,t) if

f(t) =sin(2"t)u(t), tin ps,
and| =2400m, v; = 150m/u s, andZ, = 25! .

From the bounce diagram we infer the following impulse-resge for the
voltage variable:

ven= L Gmme Zoalye b 20 men )
T 3n=0 3 . V]_. V1 3 V1. V1
for z < 4, and
1'% 1. 4 Z I/ 2
V(z,t)= = )2t =1 (An+1)—=
@h=3 @ Gt Gn+ DT

for '§ <z <|. The impulse response for the current is

I A T z 1.1 z |
I@J%-iimﬂ%f[#u Shngt G oo (n+ 1) o)

forz < 4, and
1% 1.4 z 1/ 2
1(z,t)= — (2D)P=#t! —! (4n+1)—
(z,1) 37, n:0(3) 3#( v ( )Vz)
for ; <z <1 . Using

| _ 2400

C =16 us
vi 150 H

and replacing#(t) with f (t) = sin(2"t )u(t) the plot depicted in the margin was
obtained.

NS

(]

2lalx =]




Example 3: Two TLOs with characteristic impedanc&s and Z,, are joined at a junc-

tion that also includes a OshuntO resistaRcas shown in the diagram in the

margin. Determine the rel3ection coe!ciernt 1, and transmission coel!cient 1,
at the junction.

Solution: Consider a voltage wave
N z
Vi@l —)
Vi

coming from the left producing refRected and transmitted veav
Z Z
Vi(t+ =) and V(1! =
(t+ ) t )

on lines 1 and 2 traveling to the left and right, respectivelyn two sides of the
junction. Using an abbreviated notation, KVL and KCL appléeat the junction
can be expressed as

V+ V! V++ V++
V¥ +V' =Vv* and ! = + ,
Z, Z R Z,
where in the KCL equation the brst term on the right is the cemt 3owing down
the resistorR, and the second term is the TL current on line 2 (as marked iret

circuit diagrams in the margin). The equations can be rearged as

vt+vh o= v
\VAS DR VAR é\/++
Zeq ’
where R7
2
Zea$ 217,

-




Is the parallel combination oR and Z,. Solving these equations, we bnd that

n V' Zeql Zl
12$ Gr =7 57
eq 1
and
\VAN 27 oq

112 = V- Zeqt Z.
By, symmetry, the coel!cients

and
| = ﬂ
121 Zea+ Z2
would describe rel3ection and transmission when a wave iglemt from right

provided that
RZ,

R+ 274

Zeq $

is used.

Exercise: Two TLOs with characteristic impedancgs and Z, are joined at a junction
that also includes a series resistanReas shown in the margin. Determine th
ref3ection coelcient" 1, and transmission coel!cient ;, at the junction.

D

\YARERVE \VAn
Z,—> — 75

+ R +
V+ + V! V++
Zq )

Hint: in this ckt "1, has the
usual form in terms of Z¢q $
R+ Z,. For !, we need 1+" 15
multiplied by a voltage divi-
sion factor Z,/ (R + Z,).
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¥ LossleskC circuits (see margin) can support source-free and co-sidab
voltage and current oscillations at a frequency of

! = JL_ +
C cTF 10 v
known asLC resonance frequency. LT -

] NG
¥ Lossless TL circuits can also support source-free voléagecurrent /\ oo/

oscillations, but the number of resonance frequenciedlsite and the |
oscillation waveforms are not restricted to co-sinusoidains.

P Resonance frequencies of lossless TL®sm@menically related , " s O

. . . = 0 |l Z
and therefore superpositions of resonant oscillations b@g CaN, "1 segment R a Ostubo,

add up to arbitrary periodic waveforms as in Fourier seriepre- so to speak N open circuited

; PR : at both ends can support
sentation of periodic functions. voltage and current. oscilla-

tions such that the current
: : : PR : : aveform vanishes at both
In this Iecture. we will examine the periodic osplIIa.tlonsjansonanceéé"nds_ Absolute valles of a
encountered in lossless and source-free TL circuits. possible set of voltage and
current waveforms satisfying
this boundary condition are
depicted above.




¥ Consider brst a TL segment of some lengtmaving no electrical con-
nection to any elements at either end, as shown in the margin.

b Electively, both ends of the TL have been Oopen circuited®, a. e

\\\ |I| /
thus TL currentl (z,t) needs to vanish at =0 andz = ". Since
f(t" 2), gt+2)
I (Z, t) = / \ \\,e‘ﬁ \ \
ZO ZO Open % Open
in general, these boundary conditions 0 2
A TL OstubO open circuited
f (t [0 at both ends can support
| (O,t) = ). 9O =0 voltage and current oscilla-
Zo Zo tions such that the current
waveform vanishes at both
and ., ., ends. Absolute values of a
f(t " V) \ g(t + V) possible set of voltage and
| (|, t) = =0 current waveforms satisfying
Zo Zo this boundary condition are
require that depicted above.
# g(t) = (1)

i H=ft+o) $ ft)="f(t+2)

b the Pbrst condition says that forward and backward going vgave
are described in terms of a single time functioft),

b while the second condition indicates that functidrit) is neces-
sarily periodic with a

# period T = £
# fundamental frequency ! o= £ = %

2



Since no other constraint is imposed, any waveform with jhecs
ibed period is admissible, and the most general such expneiss

given by theFourier series
| %

f(t)=Fo+ FncosQ! ot + §,)

n=1
having harmonically related frequencigls, and arbitrary Fourier
coelcients F, and $,.
b Hence, in general, the line current

f" 2)" f(t+2)

| (z,t) =
(2.1 >
1% F
= Z—”[cos(n o+ " n%z)" coshl ot + $ + n%2)]
n=1 —0
where% & ! /v = #/" Is thefundamental wavenumber.
b The same result written in phasor form is
% e | 1% e
Mz)=  Stebnfe Mz @7 = (" ) sin(%sz),
n=1 ZO n=1 ZO

which also means that (back in the time domain)

1%
1(z,t)= == sin(! ot + $) sin(%z).

n=1 0

3



Alsot

!% 1.0
V(z,t) = 2F, cosf! ot + §,) cos(%z)
nzllI
from the phasoW/ (z) = | Fne%n[e I"%? 4+ dn%?],
In summary:

A time-snapshot of the cur-

P Periodic variations of arbitrary complexity N otimbre, in analogy Leztlstzagdfgn T S@;rﬂeeit

with musical instruments N inV (z, t) andI (z, t) are allowed on an300 m long, open ended on
. . . . both sides. Each mode n has
open circuited (on both ends) TL segment of lengtand consist | naif wavelengths btted into

of superpositions afesonant modes (see margin) the line length | and high n
modes oscillate with higher

Hv # . HV H frequencies. See animation
cosf——-t + $,)cosf-z) and sin(h—-t + $,)sin(n--z), of these modes linked in the
class calendar.

respectively, in the range ' 1, each one beingstanding wave .
b Each resonant mode or standing wave of ingex 1 has a

# resonance frequency

#f,vn rad/s or f = %n Hz

# resonance wavelength

v 2
&= — = —,
f n

INote that an arbitrary DC term can also be included inV (z, t).

4



implying that
o &
=n,

that is, the line length is an integer multiple of half-
wavelength at each resonance .

¥ The resonances examined above also apply to TLOs of lesiyinted
at both ends, provided that the mode equations above are pedp
between voltage and current N that is, periodic variationsasbitrary
complexity inl (z,t) andV (z,t) consist of superpositions oésonant
modes

cosoﬂH $) cos(wiz) and sin(nit + &)sin(nﬁz),

respectively, in the ranga ' 1

Note that in this case the voltage modes vanishzat 0 andz = " as
required by the boundary conditiok (0,t) = V(",t) = 0 imposed by
having shorts at both ends.



¥ For TLOs of length open at one end shorted at the other end, ~ ~ g
resonant wavelengths and frequencies can be identipeddoyrireg "~/ ﬁ \VaVi
to be an odd multiple of

D the reason for this is, the nulls of waveforinscosfoz andsin©o03 op —

are separated by odd multiples of 0 I
A TL stub open at one end

& _ 2#1% _ # short at the other can sup-

Z - 4 - 2% port voltage and current os-

cillations such that the cur-

o _ rent waveform vanishes at

b Hence, resonance condition is the open end while the volt-
age waveform vanishes at the

& shorted end. Absolute values
"= —(2n+1), n' O, of a possible set of voltage

4 and current waveforms sat-

) isfying this boundary condi-

and since tion are depicted above. Res-
f& = v onant standing waves modes

on this line will have voltage

. . n rrent null rat

it follows that the resonance frequencies are SyinCSdS mun?pfe zf gaqu;d

ter wavelength.
f—l}+n) andl—#v
2' "2 '

1
(§+ n) forn' O,



Example 1: A lossless TL of600 m length is left open atz = 0 and shorted at
z = | = 600 m. Determine (a) resonant frequencies of the line, (b) reman
current modes, (c) resonant voltage modes obtained from therent modes
using the telegrapherOs equations. The line has a chaistiteimpedance of
Z,=50! and a propagation velocity = c.

Solution: (a) The line must be an odd multiple of quarter wavelengthsthe resonant
frequencies. Therefore,

600m:(2n+1)§: $ 600m:(2n+1)%
leading to

3 300m/ps _ 1 ,

f—(2n+1)m—(2n+l)§MHz, n' 0.

(b) Since the current modes need to vanishat 0, we can express them in term
of a sine function as
sin(%32sin(!t )

where #
I =2#f =(2n+1) 2 Mrad/s,
and

2 #
Qo= — = +1)—— rad/m.
Yo (2n+1) 1 rad/

In explicit terms, current modes are

In(z,t) =sin((2n +1) %OOZ) sin((2n +1) %t)

wherez is in m andt in ps.

1.0

0.5-

10.5-

1.0
A time-snapshot of the volt-
age standing wave modes n =
0,1,2,30n a TL segment 600
m long, open ended at z =
0 and shorted at z = 600
m. Each mode n has 2n +
1 quarter wavelengths bptted
into the line length | and the
high n modes oscillate with
higher frequencies. See ani-
mation of these modes linked
in the class calendar.



(c) LetOs bnd the voltage modég(z, t) from the current modes above using one
the telegrapherOs equations,

IV 1
"— =L ,I :
V4 t
Substituting 1 ,(z, 1) into this equation and di'erentiating we bnd

'V

# oo # #
=" +1)— +1)—— + 1) —t).
(2n+1) 4L sin((2n + 1) 12002) cos((2n +1) 4t)
Next bnding the anti-derivative of the above, we conclude
# Fid
= + - + —t).
Vh(z,t) = 300L cos((z2n +1) 12002) cos((2n +1) 4t)
A snapshot of the animation of resonant voltage modes is shawthe margin.

Note that the amplitudes of current and voltage modes carbeassigned independet
of one anothem above we set the current amplitudes to unity and obtain&d(_
for voltage amplitudes.

of

1.0

]t 0.5F

10.5-

11.0-




¥ How can one get source free oscillations in a TL? ft :51 He
One answer is, the TL might have been connected to a sourchanst, = _t,zo—&
past before being disconnected from it. L z
0 600 m

b Consider the circuit shown in the margin where a 3V battery is
switched in and out for Jus on a line of lengtH = 600 m. Also, resistors R at tempera-

. ] ture T connected to TL ter-
For v = ¢, we can write the voltage and the current on the line at

by | . minals can transfer thermal
t = 1ps (by inspection) as noise energy to the TL. If

3rect(z the resistors are disconnected

V(Z 1) - SreCt( CSV and I(Z 1) - ZOSOO A. at some point in time, the

_ energy left on the TL will
After t = 1 us both ends of the TL will be open, and, therefore, only

periodic waveforms with a

shared between its res-

onant modes (up to a fre-

P fundamental period of = Z = %= 45 and quency fimit  KT/1 imposed
v 2 300 4 by quantum mechanics) at an
b fundamental frequency df, = < = 5 Mrad/s .
average level of KT joules
will be allowed on the source free line. (per mode) where K is the

Bolizmann constant . Lossy
ThereforeV (z,t) andl (z,t) fort > 1uscan be expressed as awelght ed

lines with Pnite conductivity
superposition of the resonant modes of the line with resofraquen-
ciesn! 4, subject to the initial conditionsV(z,1) and | (z,1) given
above.

also produce thermal noise.
Thermal noise is easy to
detect and routinely inter-
feres with weak communi-
cation signals that we care

about!
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¥ Theinput impedance andadmittance of the series and parallel
LC resonators shown in the margin are, respectively,

: 1 : 1

Series Parallel

both of which vanish at the common resonance frequency Getinet- —
works, namely %
L

=X 1_ # 1, i
LC L 3
b Recall thatLC resonators play an important role in the design of -C

plter and tuning circuits. o —

In this lecture we will examine the input impedance of microw  ave
resonators consisting of open or short circuited TL stubs. i Z. Short

¥ First let us consider a shorted stub of some lenytes a two-terminal

circuit element as depicted in the margin. e -

b If the circuit containing this element is in sinusoidal stiyastate
at a source frequency ! matching one of theesonant fre-
guencies

#v
!n:(2n+1)§, n$ 0,

of the shorted stub N the resonances corresponding to an odd
number of quarter wavelengths N then the element will draw no

1



current from the source circuit in analogy with thgarallel LC oot

Parallel resonance

network , and consequently theput admittance of the element
will be zero 6pen condition), which we will indicate by Y()=0

Zo

Short

Y () =0.

This type of resonant behavior of the shorted stub will belexl
parallel resonance because of the analogy just mentioned.

b By contrast, if the circuit containing the element is in sswidal
steady-state at a source frequentymatching one of the other
resonant frequencies

#V
! n — nl—, n $ 1, E}T)%I;t

Odd # of quarter wavelengths

Series resonance

of the shorted stub N the resonances corresponding to intege-
tiples of half wavelengths N then the voltage across the eem 2() =0

Zo

Short

terminals will be identically zero in analogy with theeries LC

network , and consequently theput impedance of the element  <+-mes

Integer # of half wavelengths

will be zero g§hort condition), which we will indicate by
Z(l)=0.

This alternate type of resonant behavior of the shorted stuitl
be calledseries resonance

We will next examine howZ (I) and Y (l) # ?1') varies with! for frequencies
not matching any of the resonant frequencies of the shortald.s

2




¥ If the stub is a part of a circuit in sinusoidal steady-staiean arbitrary
frequency! , then dOAlembert solutions of voltage and current on the
line are

V(z,t)= Re{Ve @ NM+Rg V! d I} o V(z)= Ve 24! g%

and

RgVv+d 1 RgV!d D) _ v+ iz | ! g%z
1(z,1) = 9 } A } % Iz)= © ,
Zo Zo
where
BD$=1L=1! LCisthe wavenumber at frequency, and

P V* andV' are complex constants to be determined.

We have expressed the phasor counterparts of co-sinuseadalsV/ (z, t) orD
and| (z, t) above on the right, for it will be necessary to use phasorsdiu
debning an input impedance N the impedance concept beloadbe input

frequency domain! port Zo

Short

¥ Before applying the boundary condition at the shorted eridn@ TL

stub, it will be convenient to shift the origin of our coordite system ] [ 0 “
to coincide with the shorted termination rather than the iapport of :
the TL. d | 0

¥ It will also be convenient to refer td @O asd®, with the variable
growing to the left from the short termination toward the inpterminal
of the line.



In that case, the input impedance can be denoted as

Z() = \7(d ) GENERATOR, LOAD
I—(d |) Circuit
where e z. Short
. . . . vieddy vl e i%d
V() # V'e¥d + v e ¥ and F(d) # . . .
Lo I | | 0z

¥ An immediate benebt of our new notation comes when we apy t__ :
voltage boundary condition at the short termination. d | 0

b We apply it as
V(O,t)=0 % V0 =V*+V' =0

from which it follows that

vi =1 v
and thus
V(d)# V(1 € %) = jav* sin@d)
and .
() # V+(e'$dz ™) _ Vvt cossa),
where i

1
Y, # > Characteristic admittance.
(0}

4



b Finally the input impedance of the shorted stub is

v(l)

Z(l) = T iZ otan($)).

Note that: input impedanceZ(l) =0+ jX () is (see margin foK (1))
1. purely reactive for all,

2. has a positive imaginary part and therefore itingluctive for

2# # %
$l= 1< Zrad=90° & 0O<l< ~= Quarter wavelength
% 2 4

3. has a negative imaginary part and therefore icepacitive for

# 2t % %
> <$l = 0_/o| <# rad=180C & ZO< | < §°= Half wavelength

4. is periodic with a period ogﬁoverl, which means that

all possiblereactive impedances of the formjX are realized for

0<I< %

¥ ashorted TL stub of lengtB < | < °§/°spans all possible impedances
that can be provided by all possible inductors and capasitor

for a lengthl ° j—f’shorted stub is a pure inductor with impedance
!

I LCI=j! LI

Ol |

Z(l) = jZotan@@l) ( jZ o3l = |

5




¥ here we usethn($l) ( $I, which is valid wher$l *  1in radians. el

5. atl = ?the input admittance of the shorted stub, vy(y=0 z, |Shot

termn.

T s
70 " iZatan@D | Yocot®l), -

Y(l) =

vanishes, meaning that

0 . . ) . Short
¥ a shorted stub of length= ¥ appears at its input terminals like inpu

4
an open(see margin).

Z)=0  Zo  ghmn
6. atl = 0g’the input impedance of the shorted stub returns back to e — =
zero, which in turn indicates, in view of (5), that | ==

¥ an open ended stub of length= j—{" must appear at its input
terminals like ashort (see margin).

Next set of examples illustrate the uses of shorted/openkdtlibs as circuit
elements.



Example 1: A shorted TL stub of lengthl = 3 m is connected irserieswith a resistor
RL = 50! as shown in the diagram in the margin. Plot the magnitude ofett
frequency response (! ) = VFL as a function of frequency = 2'— if Zo = 50!
andv = con the stub. Interpret the amplitude response curjd (! )| in terms
of resonance frequencies of the shorted line.

Solution: Using$ = |E and voltage division, we bnd that frequency response

Hit)= = - - 1
B RU+jZotan($l)  1+jtan(il)’

The plot of |[H (! )| with the given parameters is shown in the margin. The pea
of the amplitude response occur at the series resonanceiémces of the shortec
stub when its input impedance is zero (an elective short). @mulls of the
amplitude response correspond to parallel resonancesesthb when it appears
like an open at its input terminals.

f (1)

Amplitude Resg
1.0

0.8
0.6}
0.4+

ks

1 0.2-

- fIMHz
300




Example 2: Consider a shorted TL connected at= | to an inductorL. Determine
the resonances of the combined network.

Solution: The input impedance of the shorted line is

Z()= jZ tan($l) = jZ tan(! LCl)

whereas inductot. has an impedancg_ = j!L . If the inductor and shorted stub
are connected in series (see margin), then dexies resonancesf the network
will be observed when the network input impedance

Z.+Z()=jlL +jZ,tan(! LCI)

equals zero. Thearallel resonance®f the network will be observed when th
impedance is inbnite. While the series resonance frequsrtfi¢he stub will be
shifted because of the inductor, parallel resonances woll shift (inbnities due
to tan function cannot be shifted by the Pnite additive ternueé to the inductor).
The shifted series resonance frequendigsan be found graphically by plotting
Z, + Z(l) and looking for the zero crossings.

If the inductor and shorted stub are connected in paralled, then the parallel reso-
nancesof the network will be observed when the network input adnatice

YL+Y(I):.1 + - 1"_
'L jZotan(! LCI)
equals zero. Theseries resonancesvill be observed when the admittance i
inPnite. Series resonances of the stub will not be shiftethywinlike the parallel
resonances. The shifted parallel resonance frequengiewill equal the series
resonance frequencies of the series connected networkr{ded above).

S

Series network:

wYy short

L 1
i

Parallel network:

short



Example 3: A shorted TL stub of lengthl = 3 m is connected irserieswith a a
capacitorC = 10 pf and a resistorR, = 50! as shown in the diagram in the
margin. Plot the magnitude of the frequency resporisé! ) = VFL as a function
of frequencyf = 2'— if Zo,=50! andv = con the stub. Interpret the amplitude
response curvgH (! )| in terms of resonance frequencies of the shorted line.

Solution: Using$ = |E and voltage division, we bnd that frequency response

\/ R 1
H(!)= — = -

F RL+ 5t +jZotan($l) 1+ et tan(sl)

The plot of |[H (! )| with the given parameters is shown in the margin. The pea
of the amplitude response occur at ttshifted series resonance frequencies of t
shorted T.L. stub. The nulls of the amplitude response capend to parallel
resonances of the stub when it appears open.

lg-------

@)
+

f (1)

Can change the short
location on the stub
to tune the filter

Amplitude Resg
1.0+

0.8}

ks
he

0.6}

0.4+

0.2t

. . . I I L fIMHz
50 100 150 200 250 300




Example 4: (a) If in the TL circuit shown in the marginlg = 2! 0° A, what is the
line lengthl in terms of wavelengti®6of the given source frequency on the ling?

(b) Repeat forlg = 0.

Note: starting in this example we are dropping the tildes on
the phasors.

Solution: (a) If Ig = 2! 0° A, then KCL application at the source terminal implies
that 1 (1) =0.

\*4

In that case the TL has anopenat d = |. Sinced = 0 is also an open
we need to have to be an integer multiple o%.

In other words, the condition oflg = 2! 0° will only be realized in the
above circuit if the source frequency is such that the TL Iéimd happens to be
some integer multiple o§ at the given frequency.

(b) If Ir =0,thenV(l)=(50") Ir =0, implying that the T.L. has ashortat d = |. — 12 10=0,

|R¢ + +

Sinced = 0 is an open, we need to havesome odd multiple of;. zoa(}) 50% Yo o
L]

10
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¥ Last lecture we established that phasor solutions of talelgerOs equa-
tions for TLOs in sinusoidal steady-state can be expressed a

V+ej!d | V! e! j'd

V(d): V+ei!d +V! e! j'd and |(d):

Zo
in a new coordinate system shown in the margin.
By convention the load is located on the right, at= 0 = d, and the SENERAT™® @
TL input connected to a generator or some source circuit mashon npur V@ m
the left atd = |. T . ZL= R+ X,
N | 0 2
We have replaced the short termination of the previous leetwith an ‘ '''''''''''''''''''''''''''''
arbitrary load impedance d | 0

Z. = R+ X .

In this lecture we will discuss sinusoidal steady-state TL ¢ ir-
cuit problems having arbitrary reactive loads but with line
lengths | constrained to be integer multiples of }1 (at the op-
eration frequency).

The constraint will be lifted next lecture when we will de-
velop the general analysis tools for sinusoidal steady-sta te TL
circuits.



¥ Inthe TL circuit shown in the margin an arbitrary load, is connected
to a TL of lengthl = 5 at the source frequency.

Given that "
eij! 12 — etjz,—lz — eij# = | 1’ Half-wave transformer:
the general phasor relations Iy =11
_ _ +4d | ! A jid * *
V(d)=V* e +Vv el andI(d)= Ve .ZV © Vin ZoZ| M=tV
0} ! 0
imply 2
Vip " V(E): LvVYL vV =1 vV(0)=! V,
1] | V+ + V!
lin " 1 (=) = =11 0)=11..
in (2) Zo ( ) L

We conclude that a"i—transformer

b inverts the algebraic sign of its voltage and current inpatsthe
load end (and vice versa), and

b has an input impedance identical with the load impedance&ein
Vin _ 'V

Zin " = =Z\.
in |in ! IL L

These very simple results are easy to remember and use.



¥ Inthe TL circuit shown in the margin an arbitrary load, is connected

to a TL of lengthl = }1 at the source frequency.
Given that

et 7 = gtita =

etz = xj,
general phasor relations

‘ . +4ld | I A jid
V(d)= V*re'd + vl andl(d):v eri Ve

Lo
imply

Vin " V(g = VT V' =] (0)Z = jl L Z,
iV +iVv' V(0
innl()_J J ()

Z. Z0 =iy z0
We conclude that g;-transformer

b has an input impedance

y AR Vin _ jl LZo — Z§ _ Z§
" jVUZe ML Z
b and provides a load current

Quarter-wave transformer:

| L= ﬁ

n " Ze

+ +

Vin Z Vi =1 jlinzo
- Zo -

! 0

4

ZinZ, = Z2

Quarter-wave
current-forcing
equation:

Load voltage

VL=2Z. 1

proportional to input voltageVi, but independent of load impedancace |, is available
Z .

from above equation.



0,

Example 1. GivenZ,_ =50+ j50!, what isZj, for a!Z transformer withZ,=50! ?

Solution: Itis

_Z2 50 50 @ 50 1! j1

Zin = =2 = = = : :
" Z, B0+j50 1+j1 1+j11! j1

=251 j25!.

Notice that an inductive Z,_ has been turned into aapacitive Zj, by !Z trans-
former.

Example 2: The load and the transformer of Example 1 are connected to arce
with voltage phasorVg = 100! 0° V at the input port. What is the load current
|, and what is the average power absorbed by the load?

Solution:  SinceVi, = Vy = 100! 0°V, the current-forcing formula for the quarter-wavg

transformer implies
_ Vi _ j100_

lL=!j=——=!]j—=
: Zo 50
To bnd the average power absorbed, we brst note that loadagmst

V.= Z.I.=(50+ j50)(! j2)=100! j100V.

1 j2A.

Thus, 1 1
P, = éRe{VLIf} = éRe{ (100! j100)(2)} = 100W.

D

+ +
A Z, =50+j50!
S Zo=501 .

! 0

4 2
Zin - é
Z

+
Vg =1000V 5°+J'50!
Z,=50! T

! 0
4



Example 3: LoadZ_ = 100! is connected to a T.L. with length = 0.75". At the
generator endd = 0.75", a source with open circuit voltag¥y = j10V and
Thevenin impedanc&y = 25! is connected. Determing_ and | if Z,=50! .

Solution: First we determine input impedancg;, by noting that Z, = 100! trans-
forms to itself, namelyl00! at d = 0.5", but then it transforms fromd = 0.5"

to 0.75" as 22 -
Zin = ° = =25!,
" Z(0.5") 100
Hence, using voltage division, we bnd,
Vi = Vye BN = 11022 = |5V
"z z, 15425 10T

Next, using half-wave transformer rule, we notice that
V(0.25")="1Vy=1j5V,

and Pnally applying the quarter-wave current forcing eqiaat with V (0.25") we
get

o= .V (0.25") _ | e
Clearly, then, the load voltage is

=1 0.1A.

Vi = Z 1, =(1000)( ! 0.1A) = ! 10V.




Example 4: In the circuit shown in the marginZ,, =50! ,Z,,=100! ,andZy =

Zyp =50! . Determinel ; andl, if Vi, =5 V. Both T.L. sections are quarter-
wave transformers.

Consequently,

Solution: Using the current-forcing equation, we have
. Vin ) :
1=l 2= ]j=—=1]j=—=="1]0.1A.
L1 = li2 J Z. J 50 |
VL1:|L;|_ZL1:|j01A$ 50! = |_|5V

and

Thus, total avg power absorbed is

P

V|_2: ||_zz|_2: ! j01A$ 100! =1 leV

1 1
ERe{VLll fl} + éRe{VLZl fz}

= JRell j5$ 01} + JRefl j10$ 01} = 0.75W.
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¥ Consider a TL of an arbitrary lengthterminated by an arbitrary load
ZL = R+ jX L -

as depicted in the margin.

Voltage and current phasors are known to vary on the line as GENERATOR, @ o
Circuit A
: . +4ld I A jld . ;
V(d) — V+e|!d +V'e j'd and |(d) — Vet !l Ve _ ::)no?rtt Z, V() m
Zo == Z =R+ X
In this lecture we will develop the general analysis tools ne  eded N 0z
to determine the unknowns of these phasors, namely V*and =
V', in terms of source circuit specibcations. d | 0

¥ Our analysis starts at the load end of the TL whevd0) and | (0)
stand for the load voltage and current, obeying OhmOs law

V(0) = Z.1(0).
Hence, using/ (0) and | (0) from above, we have

\VAREAVA Z, ! Z
Vi+Vv =z, — "~ " V' = AVAS
- Z, 7L+ Z,

1




P Debne doad ref3ection coelcient

Z !
_L#'-—ZO
ZL+ZO

and re-write the voltage and current phasors as

V(d)= Vre'd[1+! €129 and 1(d) =

b Debne aeneralized rel3ection coelcient

I(d)# | e)2d

Vv +dld [1| | Le! j2!d]

Zo

and re-write the voltage and current phasors as

V(d) = Vv*red[1+1(d)] and I(d)=

b Line impedance is then debned as

Zo

all the way to the input port atd = |.

With the dependence od of Z (d) as well ad( d) tacitly implied,
we can re-write this important relation and its inverse as

Z  1+!
Z, 111

2

Vv*ieldril 1(d)

1+1(d)
1! 1(d)
for all values ofd on the line extending from the load poidt=0

Z! Z,
Z+7Zy

Zo

OLoad reRection coelcientO
is a well justiped name for
I L since the forward travel-

ing wave with phasor V*é'd

gets refR3ected from the load.

The term Ogeneralized reRec-
tion coelcientO is also well
justibped even if there is no
ref3ection taking place at ar-
bitrary d N the reason is, if
the line were cut at location
d and the stub with the load
were replaced by a lumped
load having a ref3ection co-
elcient equal to I( d), then
there would be no modibca-
tion of the voltage and cur-
rent variations on the line to-

wards the generator.

Each location d on the line
has an impedance Z and a re-
Bection coelcient ! linked by

these equations.



Properties of Z(d) = R(d) + jX (d) and !(d) =! € 1?9 linked by the

relations
Z 1+ $ |_Z!Zo_

Z, 111 Z+7Zy

1. For real valued Z, and R(d) %0, |!(d)| & 1

Veribcation
|

120z _IR! Zo)+ X | _ |, (R Zg2+ X2
Z+Zo IR+Z)+X| ~ (R+Zy)2+ X2

Since withR %0
| |

(R Zo)2+ X2& (R+Zg2+X2 " | 1|& L

2. Since
"|="] and ' !(d)="1"1_1 2d

property (1) implies that!( d) is a complex number which is constrained
to beon or within the unit-circle on the complex plane

3. Relationships
Z 1+! $ 1= Z! Z,

Zo 11 Z+Z,
between andZ are known adilinear transformations N here the
term bilinear refers to the numeratoas well asthe denominator of
these transformations beinlinear in the variable being transformed
(from right to left).




Bilinear (or MSbius) transformations are known to have thengral
property of mappingstraight lines into circles on the complex num-
ber plane.

¥ Bilinear transformations between
| # !r+j!i# (!r,!i)

r=const.

Z=r+jx

BN

and -

—# Z# 1+ X,

Z. V4 X
known asnormalized impedance, lead to an ingenious graphical aid / Re
known as theSmith Chart .

X=const.

\

b On a Smith Chart (SC), straight lines on the right hand side of
the complex number plane (see margin), represented by

r = const. and X = const,

are mapped onto circular loci of
(1)=1= Z ! 20: z! 1
Z+Z, z+1

occupying the region of the plane bordered by the unit circle

Circles corresponding to = const.+ jx andz = r + j const.constitute
a gridding of the unit circle and its interior. By means of thgid,

the normalized impedance corresponding to every possildlecan be
directly read o! the SC.



¥ SC can be constructed by Prst noting that
z! 1 r+jx ! 1 [(r! D)+xr+1) jx] o (r2+x?! 1)+

I = = : = = # 1+l
z+1 r+jx +1 (r +1)2+ x2 (r +1)2+ x2 AR
thus ) 2 1 . A
+ x<!
.r:(r X )and!i: ,
(r +1)2+ x? (r +1)2+ x?
and by direct substitution we can verify the following eqiats
1 1 1
241 2= (—)? Lo AP+ D)2 =(5)?
(! g P ) and (0t 2P (0 2= (7

describingr and x dependent circles, respectively, on complex plane.
constituting the grid lines of the SC.

¥ Typical SC usage:

Smith Chart is the unit cir-

cle and its interior on the

1. Locate and markz(0) N normalized load impedance N on theomplex number plane corre-
— sponding to the generalized
SC, which places you at a distan@l¢0) | = |! | from the origin A ectior coelient 1 The

of the complex plane (and the SC), at an angle'cf ! 1(0). gridding allows direct identi-
pcation of the bilinear trans-

2. Draw a constanf! | = |! | circle with a compass going throughrm of 1, namely the nor-
point z(0) on the SC (the read circle in the margin). Rotate clock2zed line impedance  z.
wise on the circle by an angle of

d
| - -
2ld = $drad $/2360

to land onz(d) that can be read o! using the SC gridding.
5



SmithChar

b Rotation by an angle oP!d amounts to 1
rotation by full circle ford = 3, “
rotation by half circle ford = 2,
rotation by quarter circle fod = %, etc.

3. Also,

1
y(d) # 2

which is thenormalized line admittance is located on the SC

on the constan{! | = |! | circle across the point correspondingto - ‘,
z(d).
Veribcation: Since
1+ 1 10!t 1+
7 = y=-= = :
1! | z 1+! 1 (1

hence whereas is the transform of , y is the transform ofl !,
having the same magnitude asbut an angle o! by+ 180.

P Therefore,0OreRectO on the SC across the originto jump
from z(d) to y(d) if you need the value of the normalized
admittance.

Our brst SC example is given next.



Example 1: A transmission line is terminated by an inductive load of
Z =50+ j100".
Determine the input impedanc&;, = Z(l) of the line at a distance

$
d=1|= =
8
if the characteristic impedance of the line 5, = 50" .

normalized input admittancey(l).

Also determine the

Solution: The normalized load impedance is
Z  50+j100 .
= — = — -~ =1+ .
2(0) Z 50 1+J2

Enter z(0) on the SC and then rotate clockwise t§y$ (quarter circle) to obtain
the normalized input impedance

zIND=1"!j2
and the normalized input admittance
y(D)=0.2+j04
right acrossz(l). The input impedance is

Zin = Zoz()=50(1! j2)=50! j100".

1(d)
9

——
zZ,=501 V(0 mzL =50+ j100"
é e

d o.1lzs o

(a) At load point:
Smitr}Char

(b) at input point:

SmithChar
1




Blow up of the SCOs used in Example 1:

SmithChar SmithChar

(a) Atload point (b) at input point

¥ A SmithChartTool linked from the class calendar (a javastcutil-
ity that requires a Safari or Firefox browser to work propgrimarks
and prints z(d) in red andy(d) in magenta across fronz(d) on the
constant}! | | circle (shown in red) as in the above examples. Also

b printed in black is the real valued normalized impedanz@nay) discussed in
the upcoming lectures (also known as VSWR).

b also printed inred is|! |! !( d) where the second entry is expressed in terms
of an equivalent!g such that!g = 0.5 corresponds to an angle of 360This
way of referring to! !( d) will be convenient in many SC applications that we
will see.



35 Smith Chart examples

Example 1: AloadZ_ =100+ j50! is connected across a TL witd, = 50! and
| = 0.4'. At the generator end,d = |, the line is shunted by an impedanc
= 100! . What are the input impedanc&;, and admittanceY;, of the line,
including the shunt connected element.

Solution: Normalized load impedance
Z _ 100+ 50
200= 7= —%55
is entered in the SC shown in the margin on the top. Clockwisgation (from
load toward generator) at bxefl' | (red circle) by

0.4 ! 08" 360 =288"

=2+ ]l

takes us to
z(ND$ 0.6+j0.66 and y(I)$ 0.75%j 0.83

as shown on the SC in the middle. Hence, including the shumnsnt with
normalized input impedancesj = 2 and admittanceys; = % we obtain

=y()+ ysi $ 1.25%j 0.83
for the overall normalized input admittance of the shuntemé as shown on the
SC in the bottom N the corresponding normalized input impedee is

Zn = ~$ 056+]037

Yi

Hence, the unnormalized input impedance and admittance are
Zin = ZoZin $ 27.8+ 184! andYij, = Yoyin $ 0.025%]j 0.017S.

Copyright ©2024 Reserved N no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without péwﬁﬁgléh from the author.
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Example 2: The TL network described in Example 1 is connected to a getmravith
open circuit voltage phaso¥y = 100! 0 V and internal impedance&Zy = 25! .
What is the average power (a) input of the shunted line, (b) oelred to the
shunt element, delivered to the load.

Solution: (a) Using the input impedance
Zin $ 278+ 184!,

from Example 1, we can write

Vin = Vg5——=— and |j, = 5———.
" gzg + Zin " Zg + Zin

Therefore, the average power input of the shunted line is
1 1 VoZi V,
P = ZRe{Vinli} = SRe{s—— ?

pReVinlind = 5 e{zg+ zm(zg+ zm)&}
V|2 1007
= Vol IzRe{Zin} = 27.8% 44.44W.

2Zg+ Zin 2|25 +27.8 + j 184)2

(b) The shunt elemenZs = 100! sees the same voltag4, and conducts a current
Vin/Z s. Therefore it absorbs an average power of

Vinyey Vinl? _ [VgZin|?
Zs 275 2Z4|Zg+ Zin|?
|1004(27.8 + j 18.4)|2
241004 P5 +27.8 + j 1842

The remainder of 44.44 W will be absorbed 41 .

1
P = ERe{Vln(

$ 17.78W.




I (d) SmithChar
—>

. +
Zin =50+j50! v
Z,=50!

|

A

o|.3! o

Example 3: A TL of length | = 0.3! has an input impedanc&;, = 50 + j50! .
Determine the load impedancg, = Z(0) andY_ = Y (0) given thatZ, = 50!
for the line.

Solution: First enter the normalized input impedance

. Zin _ 50+)50 _
"z, 50

in the SC as shown in the margin on the top. Counter-clockwistation (from
generator toward load) at bxell' | (red circle) by

03! 06" 360°'=216"

1+

takes us to
z(0) $ 0.76%j0.84 and y(0) $ 0.59 +0.66

as shown on the next SC at the load point. Hence, we Pnd

Z\ = Z,z(0) $ 504(0.76%j 0.84) = 37.97%)] 4188 !

and
1 . )
YL = Yoy(0) $ %(0.59 +j0.66) = 0.012 +j0.013S.




SmithChar

I (d)
_>

V(d) "L =05
Z,=50!

A

0.5! 0.2!

Example 4. A TL of length| =0.5! andZ, =50! has a load rel3ection coe!cient
"L =0.5and and a shunt connected TL ad = 0.2! . The shunt connected TL
hasl =0.3!,Z,=50! , and a load ref3ection coelcient | = %0.5. Determine

the input impedance of the line.

Solution: Recall that the SC covers the unit circle of the complex plaared therefore

the complex number
"L=05+)0=0.5

can be entered directly in the SC as shown on the top SC in thegima Clockwise
rotation (from load toward generator) at bxef! | (red circle) by

02! I 0.4" 360 = 144"

takes us to
z(0.21) $ 0.36%j0.29 and y(0.2')$ 1.7+ 1.33

as shown on the SC in the middle. Likewise, entering
"Ls = %05+ )0 =9%0.5




for the shunt connected stub in the third SC and rotating ckogise by
03! 06" 360 =216"

we obtain

z5(0.31) $ 1.7%j1.33 and ys(0.3!)$ 0.36+j0.29.
We proceed by combining the normalized admittances as
Vo= y(0.2) + y5(0.3' ) $ (1.7 +j1.33) + (0.36 + | 0.29) = 2.065 + 1.61837

and entering it in the next SC. Finally rotating clockwise og again by
03! 06" 360 =216

we obtain, from the last SC

SmithChar

-4 \
2/ 5/ 2f : \\
\ _ —
08" 0235114
\_— y
10558955\ ogeg\m

s \

/
0.2$3936¢ 0.0577194
2 t .
\

\‘\ P
213 %?%%ﬂ .68753%
—®

7
10.558955,>0.009975
/
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Example 5: What is the load impedanc& s terminating the shunt connected stul
in Example 47?

Solution: Given that the corresponding ref3ection coe!cient is
"Ls = %0.5,

it follows from the bilinear transformation linkingz, s and " s that

_1+" s 1%05 1

s = = = -
ST 1%, 1+05 3

Hence, the impedance is

50
ZLS = ZOZLS = 3' .

Example 6: What is the load impedanc&,_ in Example 47

Solution: This is similar to Example 5. Given that the load rel3ectionagient is
"L =0.5
it follows from the bilinear transformation linkingg, and" | that

_1+"_ _1+05_

= = =3.
1%". 1%05

VAR

Hence, the impedance is
Z, = 2Zyzp =150! .
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¥ Consider the general phasor expressions
V+ej!d (1| | |_€*I j2!d)

— \/+4'd lj2id _ o
Vd=V'e®@d+! e ) and I (d) = 7. Generator jd)mvlvz
describing the voltage and current variations on TLOs imgj'rdal Zg V(d) Ejad
steady-state. - e
(Dlma '
b Unless! | =0, these phasors contain ref3ected components, which e
means that voltage and current variations on the line Odnfta (e
standing waves. -

Complex addition displayed
graphically superposed on a

In that case the phasors go through cycles of magnitude tiaria as a Smith Chart
function ofd, and in the voltage magnitude in particular (see margin) SmithChar
varying as -

V()| = [V¥||1+! €129 = |V¥||1+1( d)]
takes maximum and minimum values of
IV (@)|max = V7@ + ]! L]) and [V (d)|min = [VTI(L!] L))

at locationsd = dyzx and dpin such that

I(dmax) = ! L€ 129max = |1 | and !( dpin) =! L€ 1%dmin = 1] 1],

and |1 +!( d)| maximizes fod = dmax

| o '
Jnax ! dmin IS an odd multiple on. |1+ 1( d)| minimizes fod = dy,
1 such that (dmin) = ! !( dmax)



Transmission line

P These results can be most easily understood and veribedhigrad™™™_ @ ..,
cally on a SC as shown in the margin. Csz:g oz Ejzd
F =]V, "
I

Wire 1

¥ We debne a parameter known adtage standing wave ratio , or

" 5
VT I
VSWR for short, by Wv«m
D V' dinax
# (Ijmin |

V(d 1+ VSWR! 1

VSWR n | ( maX)l - | Ll | ' |_| — .
|V(dmin)| 1! | ! |_| VSWR+ 1

Complex addition displayed

Notice that the VSWR and! | | form abilinear transform pair  just ;20ficaly superposed on a

I|ke Smith Chart
1+ z! 1
- | = SmithChar
e TR
Since
1+ !( dmax)

(dmax) = '] $ VSWR=

1! 1(dmax)’
this analogy between the transform pairs also implies that

Z(dmax) = VSWR

as explicitly marked on the the SC shown in the margin . Consedjy,

b the VSWR of any TL can be directly read o! from its SC plotl +!( d)l maximizes fod = dmax
as thg notrrr]nallze(.jt_lmped?nc.e va]\clzflmax) onI consltant|-! L| circle 11+ 1( &) minimizes fod = do
crossing the positive real axis of the complex plane. such that 1(chin) = | 1( chray)



¥ The extreme values the VSWR can take are;:

1. VSWR=1 if|! || =0 and the TL carries no ref3ected wave.

2. VSWR=% if |! .| = 1 corresponding to having a short, open, or
a purely reactive load that causes a total ref3ection.

SmithChar

—

o o _
Q) 2 on) |1 +!( d)| maximizes fod = dpax
‘:‘.:R

A
Amax) =/ 1! LI
7 11+ 1( d)| minimizes fod = dmj,

such that !(dmin) = | I( dmax)



Transmission line

¥ In the lab it is easy and useful to determine the VSWR athgx or ™" g e
dmin Of @ TL circuit with an unknown load, since Cszjg » N Ejzd

F =1V - Wire 1 ;

|

1. given the VSWR, a (.)
| I | _ VSWR I 1 (d) I max V(d)|
H T VSWR+ 1 | d
is easily determined, and /Dl é e

2. givendnax or dmin the complex! | or its transformz_ can be easily -
Complex addition displayed
graphically superposed on a

obtained.
Smith Chart

SmithChar

Say dmax IS known: then,
¥ since (as we have seen above)
I( Omax) = ! L€ 12dmax = |1 |

it follows that
_ 1+
T

L =1 |é%dmx 7z

¥ alternatively,z, can be obtained directly on the SC by rotating countefi +!( d)| maximizes fod = dmax

clockwise bydmax from the location of
|1+ !( d)| minimizes fod = dn,

Z(dmax) = VSWR. such that !(dmin) = ! !( dmax)

These techniques are illustrated in the next example.

4



Example 1: An unknown loadZ, onaZ,=50! TL has
V(dmin) =20V, ,dmin =0.125° and VSWR=4.

Determine (a) the load impedancg, , and (b) the average poweP_ absorbed
by the load.

Solution: (a) As shown in the top SC in the margin, VSWR=4 is entered in tI&C
asz(dmax) =4+ j 0O, and constant|" || circle is then drawn (red circle) passin
through z(dmax) = 4.

Right acrossz(dmax) = 4 on the circle isz(dmin) = 0.25.

A counter-clockwise rotation fronz(dni, ) = 0.25 by one fourth of a full circle corre-
sponding to a displacement @k, = 0.125' (a full circle corresponds to & 2
displacement) takes us to

z. & 0.4706! j0.8823
as shown in the second SC. Hence, this gives

Z, = Zoz, =50(0.4706! j0.8823) = 2353! j44.12! .

(b) We will calculateP, by usingV (dmin) and I (dmin). Since

. 1
Z(dmin) = 0.25 it follows that Z(dmin) = Zr50! =12 51!.

Therefore the voltage and current phasors at the voltage immnm location are
20V

V(dmin) =20V and I (dmin) =

125! °

SmithChar




Average power transported toward the load dt! dmin IS, therefore,

_ _ 400
Re{v(dmm)l (dmln) } = _Re{ 20?5} 2—5W 16 W.

Since the TL is assumed to be lossless we should have

P (dmin ) -

Example 2:
internal impedanceZy =

If the TL circuit in Example 1 hasl = 0.625', and a generator with an
50! , determine the generator voltagé,.

Solution: Given that | = 0.625' and dnin = 0.125', we note that there is just one
half-wave transformer betweeln= 0.625" and d,;, = 0.125'. Therefore

But also 7
Vip = Vg —,
" gZg + Zin
Consequently,
Zo+ Z. 50 +12.5 625
Vo=V, 9 "M -1 200" _~""=120_-=1 100V.
gz 125 125

Transmission line

_.(d)

V (d)

Generator

ZQ
F =0\

Wire 2

|joad
Wire 1
0
I |
(@)lmax !
\M/'\v @)
&) lmin gmax
|

dmin

SmithChar




Example 3: DetermineV* andV' in the circuit of Examples 1 and 2 above such th:
the voltage phasor on the line is given by

V(d)= vl +vield,

Solution: Looking back to Example 1 (also see the SCOs in the marginraienote

that VSWR! 1 4! 1
— = = =" =1 "(dw
VowrR+1 _ a+1  2:6= "(dmax) =1 "(Omin).

" L| =
Hence, evaluating/ (d) at d = dmin, We have
V(dmin) = V"9 (1+"( dmin))
= V*(ETe)(1+(! 06)=0.4d3V* =20V,

from which N

V* =50e V.
Since . -
"( dpin)€?9m™ =1 0.6¢7,

-
1
—~
o
N
1

it follows that

Vi =" vVt =1066z( 506 /5=130d7V.




Example 4. Determine the load voltage and curren, = V(0) and I, = 1 (0) in the
circuit of Examples 1-3 above.

Solution: In general,

_ _ +4d |\ i
V(d)= v 1 v e andi(d)= Y °© 'ZV °.
(0]

Therefore,
\VAREAVA
VL=VO)=V*+V andl_=1(0)= —
(0]
UsingZ,=50! and
V* =50€ i3V and V' =1 30d7V
from Example 3, we bnd that

s 2l 'Jl_+ j % - L
V. =50€ 17! 30d7V and I = o0 45030é4 =eli+0.6d7A.

SmithChar
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;

¥ In lossless TL circuits the average power inpyt at the generator end 1(d)
precisely matches the average power delivered to the Bad, Zy (,(d) Z,
In fact, Py, and P_ also match the average powe(d) transported on F V —
the line at an arbitraryd. d o

¥ We have in general

1 .
P(d) = SRe(V(d)l (d)}

1 i i vieid 1 vieltd Power txOed toward the load:

SRe(( ) 7, '} d e

1 \VAs 2 V! 2 V! V+"e! j2! | V! V+"e! j2'dy" .

2 Zo Zo ZO

|V+ |2 |V! |2 Power txOed toward the gen-

- 22 I 22 . erator:
0] 0]
: : V' |?
b Note that P (d) is the dilerence of power transported lzzl :
0]

ML ' toward the load by the Oforward-going® wave, and | |
Power ref3ection coelcient:

'V ' toward the generator by the ref3ected wave.
5 Also note that LI
VE2 VIR VP
27, 27, 27,

so that|! | |? is an electivepower reRection coe!cient

| ) Power transmission coe".:

P(d) = ]!

1] 1)

1

0

oad
Z



¥ In TL circuits with load impedanced, unmatched to the character-

istic impedanceZ,, the rel3ected power 1,(d)
VR @E o
2ZO | Ll F= Va -

will be non-zero and the VSWR>1.

This a condition not favored by practical signal generators used in
TL circuits.

¥ Most generators ardesignedin their biasing arrangements) to oper-
ate in circuits with low VSWR (close to unity), requiring;, closely
matched toRg, most frequentlyb0 ", an optimal characteristic impedance
value for coax-lines (when line losses are taken into ad¢oun

¥ Thus a standard procedure is to use TLOs vfith= R, and uti-
lize alosslessmpedance matching network on the TL if the load

impedanceZ, # Z,.
b This practice is calledmpedance matching .

Impedance matching achieves VSWR=1 between the generatbtiee match-
ing network inserted at a location between the load and theeayator.

¥ The inserted network should be designed to yield an inpyteaance
equalZ, at its input terminals.
The following examples illustrate di"erent ways of achievi ng an
impedance match.



Example 1: Quarter-wave matching of resistive loads:

Consider a TL withZ, = 25! and Ry = Z, = 50! . SinceZ, # Z, the load is
unmatched and the VSWR>1.

To reduce the VSWR on the line connected to the generator totynive can insert
a quarter-wave transformer right after Z, N i.e., at d; = 0 in the circuit
shown in the margin N with a characteristic impedance

$ $
Zq= 25%50= 1250 =3535!.

The impedance at the input terminals of the quarter-wave trsformer (on the left)
is thenZ,, i.e., 50! , implying a perfect impedance match.

Quarter-wave matching

Zo

A

¥ Quarter-wave matching illustrated above is a very commiarsled match-

ing technique.

¥ lItis a straightforward application of the quarter-waveatisformer impedance

formula
Z;

Sz
for a transformer with characteristic impedangg.

Zin



Example 2: Quarter-wave matching of reactive loads:

Consider a TL withZ, =50+ j50! andRy = Z,=50! . SinceZ, # Z, the load
is unmatched and the VSWR>1.

We cannot insert the quarter-wave transformer right aftené load because then w
would need a complex valued, implying a lossy matching network.

Instead, we insert aquarter wave transformer a distanced; to the left of Z,,
whered; is selected, using a SC, to have a purely resis@ég,). In that case,

the quarter-wave transformer impedance formula
V.
Zq= Z(d1) %50

yields a real valued as needed. This procedure leads to havimhg= dmax Or
d: = dnin corresponding to the positions of voltage maxima and miniorathe
line.

As shown in the margin,
Z(d)) =50(2.62+j0)=131"!.

for
d; & 0.250'! 0.162' =0.088'

Is a suitable choice for quarter-wave matching. In that case need

$_____ $___
Zq= 131%50=50% 2.62!

for the quarter wave transformer in order match to load to adi withZ, =50" .

Quarter-wave matching

Zo

Note that:

2(d1) = Z(Omax) = VSWR & 2.62

as marked on the SC.
Also

dmax & 0.088'

since, as marked on the SC,
the angle of " is 0.088'.



Example 3: Single-stub tuning:

Consider a TL withZ, = 100! j50! andRg= Z,=50! . SinceZ_ # Z, the load
is unmatched and the VSWR>1.

We will insert ashorted-stub a distanced, to the left of Z, in parallel with the line
to achieve an impedance match.

Distanced; will be selected, using a SC, to have a normalized admittaote
y(d) =1+ jb
so that a stub, with a normalized input admittance
yStUb = I Jb1
can be added in parallel to have a combined admittance of
y(di) + Ysub =1+ jO
and achieve a perfect impedance match (i.e., VSWR=1).
In specibc
Z, : 1 :
zz=—=2!'jlandy.=—=04+j02
Zo VAR

as shown on the SC on the top in the margin. We rotate clockwosethe SC by
an amount corresponding td; to obtain

y(d)=1+j1

on the @ = 10 or W= 1+ jbO circle as shown in the bottom SC. From tl
amount of rotation we determine

d; & 0.162' ! 0.037' =0.125".

5

Single-stub
tuning

Zo

d| d, 0
Want y(dy) + Ystup = 1
SmithChar



The required input impedance of the shorted stub to achieve

y(di) + Ysub =1+ jO

Ysub = ! 1. SmithChar

To achieve this input admittance the required stub length is

ls = i 0.125'
as determined from the SC N start ay = ' point on the SC on the far right
(corresponding to the short termination), and then rotatdockwise (toward the
generator) until the normalized admittance readsj 1; the amount of rotation
indicates the requireds.

¥ Another matching technique calledouble-stub tuning  usestwo
shorted stubs of lengthls and |, located at bxed values df and d,.

b Typically d, is zero or, and
bd=d + 3§
Vary |, andl, until VSWR is reduced to 1 near the generator end.

0

.2

The advantage of double-stub tuning is avoiding changesulif kca- \
tions whenZ, is changed. 1tOs implementation on a SC is considerab
more complicated than single-stub tuning.
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¥ A corporate ladder network that combines 4
. . . . . . CORPORATE LADDER NETWORK
identical loadsZ, into a single equivalent input 2. . 2 .
impedanceZ, is shown in the margin. Loads

¥ In this network 6 dilerent quarter-wave trans-
formers with arbitrary but identical characteris- Quater,
tic impedance&, are utilized.

You should be able to compute the load volt-
agesV, in the network in terms of input volt-

. . . Quarter-,
age Vi, applied across the input port by using wave txOs /L quarter-wave
the current-forcing formula for the quarter-wave XOs have the
transformer introduced earlier on. Input

port Zin = Z1

Input impedance is the
same as load impedance

By symmetry, the loads absorb equal avg power,
a quarter of the input power each.

¥ If, in acorporate ladder network,Z, = Z,, then TL segment lengths
connected to eacl, can be varied at will without alecting the input
impedanceZ,. = Z, (why?).

¥ Allowing variable length TLOs connected to eacmakes it possible to
adjust and vary the phase of the voltage and current of each this
Is useful, for instance, in feeding phased antenna arrdysrépresents
an antenna load) to achieve steerable radiation patterns.

1



¥ Ahybrid combiner network shown in the mar-
HYBRID COMBINER --- SUM and DIFFERENCE OF ISOLATED

gin can be used texcitetwo identical TL loads GENERATOR SIGNALS V_A AND V_B ARE APPLIED TO LOADS R
R (e.g., antenna arrays impedance matched tc,’.m . .
have input impedanceR) with independent sig- &2 2

nal generatord/, and Vg having equal internal R%\ zo= 2R C? z0-

resistance® matched to the load resistance. "**

¥ The hybrid Orat-raceO combiner is built with 6
guarter-wave transformers of identical
I _
Zo= 2R,

in which case the generatordy, and Vg see

impedance-matched loads (at the hybrid inputs

where they are connected) and produce load

voltages proportional tova £ Vg as shown in

the diagram.

¥ Generators A and B with open ckt voltag¥s and Vg areisolatedfrom one anotherOs inBuence
because of Odestructive interferenceO between the tvgoffmatheach generator to the other one
(two paths have a'i length dilerence).

¥ This very special situation allows one to calculate theiamas terminal voltages on the hybrid
due toV, and Vg one-at-a-time as if load® were isolated from generator-B and -A (by Ovirtual
shortsO existing across generator terminals Wheand Vx are suppressed) in turns, and then
superpose the results.



¥ Terminal voltages obtained with that procedure (thosewhon the diagram) turn
out to be valid when both generators are active as can easl\checked for self-
consistency by using the current-forcing equations introedd earlier. For instance,
the total current into generator-A terminal (Rowing from thosides) is

' AY/NRY/ ' Vo + V V
=" ARy A = A
R 2 2 2 R 2 2 2 2R
and hence the voltage drop from the same terminal to the gdoisn
.« VA Va
+ =" _—_R+ = —
|AR + Va 2RR Va >

as marked explicitly on the diagram. All self-consistenegts that can be applied
with the given expressions are passed, and so the resubis gire valid.

¥ The input and output ports of a
] ) HYBRID COMBINER --- SUM and DIFFERENCE OF ISOLATED
hybnd combiner can be swapped GENERATOR SIGNALS V_A AND V_B ARE APPLIED TO LOADS R
while still maintaining the proper-

p i Val Ve

ties of the hybrid N namely, input ' &2

impedancdR, and output signals the R%\ Zo= W é* z,=" =R
sum and dilerence of generator volt- "

ages.

EN

‘V

INPUT B
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¥ LosslessTLOs we have been studying so far are idealizatiorgiof LOs
which are invariablylossy.

b Here, we are making reference @hmic energy losses in the peaLlossiess T

conducting wires of the TL, as well as to losses in the impeérfe @ 2+ 2)
dielectric separating the two conductors. raifth e
V(z) =!zC
¥ The elect of wire losses in TLOs is modeled by addihgR resis- - =T
tance in series with zL inductor in the equivalent circuit model of an
inPnitesimal ( z! !) TL section as shown in the margin. REALISTIC LOSSY T.L -

¥ In addition, a shunt conductandezG in parallel with capacitancé zC D o R Mzt D)

+ 1 zL

accounts in the lossy model for dielectric losses. V@) 1 zc-

1 zG

¥ While the phasor form of telegrapherOs equations for l@$ssEL is Z Z+1 z

Using perturbation theory, it can

"\ _ " : oo Shown that { ¢
) s = J# LI and " "o, = J# CV; agdso(a\tlgr] ragii Oraaarﬁga)kio nner
Z |
| \ - ' ' EETTIE R
for lossy lines N where impedance per unit leng#l. must be replaced R= o (C+3)

by j# L + R and conductance per unit lengi# Cby j# C+ GN the . for & parallel-plats fransmis-

sion line of width W,

equations take the form |

||V ||| R = ﬂ E

" T " T W

n - (J# L + R)I and G - (J# C+ G)V in terms of conductivity " and per-
meability p of the T.L. conductors.

¥ We will next show that



1. lossless line solutions can be readily modibed to acdourbss
elects introduced by Ohmic energy lossesRnand G,

2. lossless line results we have learned up till now are bylarpk
valid even on lossy lines provided that

(a) frequency# is su"ciently large, and

(b) voltage and current solutiony * €t1%d and i\’—ziot,}*ﬁd are mod-
ibed by multiplying an attenuation terne* “dwhich only mat-
ters in practice wherd # ! .

¥ Note that lossless line solutions of telegrapherOs egsatan be re-
stated as .

V=vieddand] = L etsd
where
$ ) . H#H
. L J— : : L j#L
=i$=i# LC= #L)(j# 7z - == It
&=j$% =j C (#L)(j# O and Z, c #C

b Replacing# L by j#L + R, andj# Chy j# C+ G, we obtain

.
j#L+ R
j#C+ G

&= (#L+R)(j#C+ G and Z,=

in the lossy case.



While waves governed by losgyand Z, (see margin) can exhibit substan-
tially dilerent behavior than the lossless waves (examinadhe previous
sections), at high frequencies the wave properties areoredsy similar as
alluded in item (2) above. We next examine this simplibedhkigequency
limit.

¥ At high frequencie#, such that#L # R and#C # G, we have &= (j#L+ R)(j#C+ Q)

P characteristic impedance ¥ _
#_ 1 > - j#L + R
7. = j#L+R% L ° j#C+ G

j#C+ G C

just as in the lossless casand
b complex propagation constant

) # #

&= FLFRFCFO=j# C 1+ 14.C
_ | - j#L j#C

R
281

$_
S yopju” LC+ %(25+ GZ,)

$_
% j# LC(+ [2C
(0]

= j$+%

)1+

with

$__ R G 1R
0% # %09 + = —(— + ,
$%# LC and /o/o$(E L ) 2( X GZ,)

<
P

Infact Z,= & is exacteven for a lossy line if= = &.
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¥ Note that$ = 2,— is the same as in the lossless case, and since
G
|
2#(9' 3,
the Openetration depti{CX 01/0 of voltage and current waves on the TL
is much longer than a wavelength= % in this regime.

R
%% +
0 0$(255L

In summary , in the high-frequency regime, characteristic impedaédge
and wavenumbef are (practically) the same as they are on lossless lines,
but signals do attenuate by a facta@® *®which should not be (and cannot
be) neglected over long distanad&xceeding many wavelengths

¥ At lower frequencies where the above approximations cabaqusti-
pPed, a more careful analysis of lossy line equations is niada

¥ Finally, for anair-blled coaxwith inner and outer radiia andb, it can
be shown that the attenuation co$nstant

fuol b
1R 1 =31 +3)
Op= -~ = = ) b a’

2Z, 2 2In()

which minimizes, at a bxed outer radibsfor g % 3.6, which in turn
results in an OoptimalO characteristic impedance of

* b b\ o) e
S2In(>) =60In() " %75

for the same coax. Note that this result is independen) pthe con-
ductivity of inner and outer conductors of the coax.

Zo=
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b For adielectric blled coakaving+= 2+ N implying v, = 4c =
2' 13 m/s N the same ratiog % 3.6 of outer and inner conductor
radii leads toZ, % 50", the most commory, encountered in
practical applications.

P The above result should also explain why having a thickexdea
largerb N is better when losses are a concern.



