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Fields and waves in nature and
engineering — the big picture:

Fundamental building blocks of matter — electrons and protons at atomic
scales — interact with one another gravitationally and via “electromagnetic”
forces. These interactions are most conveniently described in terms of suit-
ably defined “vector fields” that permeate space and time, or simply the
spacetime (x, y, z, t) ≡ (r, t). Interactions attributed to particle masses can
be formulated by gravitational fields g(r, t) specified in reference frames1

where spatial coordinates r = (x, y, z) are defined. Far stronger interactions
attributed to particle charges, on the other hand, are formulated in terms of
a pair of vector fields, E(r, t) and B(r, t), known as electric and magnetic

fields, respectively.

Electric and magnetic fields:

A particle with charge q and mass m as well as position and velocity vectors
r and v = dr

dt specified at an instant t within a measurement frame (or “lab”

1... having a set of mutually orthogonal x−, y−, z−axes (taken to be right-handed by convention) used
for locating objects or field positions relative to an origin O assigned (x, y, z) = (0, 0, 0) coordinates.
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frame) will be accelerated in accordance with

m
dv

dt
= q(E(r, t) + v ×B(r, t)), (1)

which is Newton’s 2nd law of motion2 for a particle under the influence of
Lorentz force

F = q(E + v ×B). (2)

In view of (1), the operational definitions of fields E(r, t) and B(r, t) arise
from particle acceleration a = dv

dt that can be measured in the lab frame:
the electric field E is evidently force per unit stationary charge (i.e., v = 0)
whereas field B describes an additional force per charge in transport (i.e.,
qv) that acts in a direction perpendicular to v.

There are important di!erences between gravitational and electromag-
netic interactions: Gravitational interactions are always attractive indicating
that particle masses m that generate the gravitational field g(r, t) must all
have the same algebraic sign (taken to be positive by convention). Electro-
magnetic interactions, on the other hand, are attractive or repulsive depend-
ing on particle charges q which can be positive or negative. By convention

a positive charge q = e ≈ 1.6 × 10−19 C is attributed to the fundamental
particle know as proton, while, again by convention, q = −e for an electron,
the sole companion of the proton within a hydrogen atom3. Protons and

2Valid so long as |v| % c where c is the speed of light in vacuum.
3Hydrogen atom exists as a consequence of mutual attraction between proton and electron counterbal-

anced by quantum mechanical constraints on allowed energy states.
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electrons are charged elementary building blocks4 of all atoms (hydrogen as
well as atoms of heavier elements) that constitute the matter around us. In a
collection of fundamental particles the total mass is always a monotonically
increasing function of the number of particles. However, that is not the case
with total charge since individual particle charges can be positive or nega-
tive. In fact, the net charge density ρ(r, t) found in macroscopic amounts of
matter is typically close to zero as a result of having nearly equal numbers of
protons and electrons in ordinary matter composed of charge-neutral atoms
and molecules5.

4Atoms can also contain in their nuclei varying numbers of uncharged neutrons which are responsible
for di!erent isotopes of chemical elements (e.g., the hydrogen isotope known as deuterium contains a
neutron in addition to a proton and an electron). While neutrons have no net charge, they consist of
charged sub-nuclear particles known as up (2

3
e) and down (−1

3
e) quarks (with nearly equal masses) whose

motions within the neutron establish currents and a magnetic moment. While a neutron is composed of
1 up and 2 down quarks to have zero net charge a proton contains 2 up and 1 down quarks to have a net
charge of e.

5The reason why intrinsically weaker gravity becomes dominant in the macro world.
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Fields are relative:

Physical laws that we use to describe our surroundings have been developed
to have identical forms in all reference frames in uniform motion with respect
to one another. For instance, Lorentz force law on a charge q is

F = q(E + v ×B) and F′ = q(E′ + v′ ×B′) (3)

in terms of unprimed and primed variables measured in two such reference
frames. Moreover, particle charge q and the speed of light c are assigned
invariant6 values in reference frames in relative motion (thus q′ and c′ are
unnecessary to invoke in physical models).

• These concepts of the special theory of relativity (first described
by Einstein in 1905 and covered at UIUC in PHYS 225) are in full
accord with experimental measurements. They are also well matched
by Newtonian relations (approximate but more intuitive laws of dy-
namics covered in PHYS 211) if and when the relative speed |v′ − v|
of primed and unprimed frames is negligible compared to the speed of
light c.

Since in Newtonian descriptions mass m and acceleration dv
dt have invariant

values in all reference frames, it follows that F′ = F if and when |v′−v| % c,

6Other “relativistic invariants” between di!erent reference frames include particle (rest) masses and the
so-called “spacetime interval”

√

t2 − L2/c2 =
√

t′2 − L′2/c2 between two events occurring at two locations
and two times separated by a distance L and time-delay t, respectively. Relativistic invariants are the
most prized physical quantities to focus on in relativistic models (simply because they remain fixed in all
reference frames). Note that distances L '= L′ and time-delays t '= t′ are not relativistic invariants!
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in which case (3) implies

E′ + v′ ×B′ = E + v ×B. (4)

Accordingly, a charge q which is stationary in the primed frame will have a
primed frame velocity v′ = 0 and therefore see an electric field

E′ = E + v ×B (5)

in terms of unprimed frame fields E and B and velocity v of the primed
frame seen within the unprimed frame.

Thus, electric and magnetic fields needed in the formulation of charged
particle interactions are not unrelated to one another — rather, they intermix
in a manner that depends on the reference frame7 being used for analysis
purposes. Note that charges q which are stationary in one reference frame
(and therefore carry no electrical current) will appear to be in motion in
another frame and thus carry electrical currents I. It must therefore be
evident that the equations for E and B in any reference frame must be cross-
coupled and depend on both charge and current densities that are measured
in the same frame.

7Given E and B measured in the lab, E′ and B′ measured by an observer moving through the lab
with a constant velocity v are well approximated by E′ ≈ E + v × B and B′ ≈ B − v×E

c2
so long as

|v| % c = 3× 108 m/s, the speed of light in free space (shown by relativistic analysis discussed in PHYS
225 — exact transformation formulae are E′

‖ = E‖, B′
‖ = B‖, E′

⊥ = γ(E⊥+v×B⊥), B′
⊥ = γ(B⊥− v×E⊥

c2
),

where γ ≡ 1
√

1− v
2

c
2

).
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Maxwell’s field equations:

The required set of coupled equations governing E and B was “discovered” in
1864 by James Clerk Maxwell to be (first introduced in PHYS 212 in integral
form and discussed throughout this course)

∇ · E = ρ
εo

Divergence eqn’s ∇ ·B = 0

∇× E = −∂B
∂t Curl eqn’s ∇×B = µoJ + µoεo

∂E
∂t

where

µo ≡ 4π × 10−7 H

m
and εo =

1

µoc2
≈

1

36π × 109
F

m

in mksA units and

c =
1

⇒
µoεo

≈ 3× 108
m

s

is the speed of light in free space. Furthermore ρ = ρ(r, t) refers to the net
charge density and J = J(r, t) to the current density in the measurement
frame, whereas ∇ ·E and ∇×E refer to the divergence and curl of vector
field E generated by partial di!erentiation of the orthogonal components of
E (concepts introduced in MATH 241 and reviewed in Lecture 4).
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Solutions of Maxwell’s equations — waves and static fields (AC/DC):

Maxwell’s partial di!erential equations shown above, describing the coupled
dynamics of electric and magnetic fields E and B in response to space and
time varying source fields ρ and J, require an extended study to appreciate
their full ramifications and predictions. All predictions of these equations
have been experimentally verified and it has been found out that everything
that is known and observed about electricity and magnetism can be explained
in terms of these equations and their quantized forms.

One of their predictions, derived specifically in Lecture 18, is that they
support traveling wave solutions of the form

E(r, t) ∝ B(r, t) ∝ cos(2πf(t−
z

c
) + φ) (6)

in regions where J = ρ = 0. These are co-sinusoidal field perturbations
having oscillation frequencies f , oscillation periods T = 1

f , wavelengths λ =
c
f , phase shifts φ and they travel in 3D space with the speed of light c for free
space. Since Maxwell’s equations are linear, superpositions of co-sinusoidal
waves with di!erent wavelengths provide additional solutions — these can
have arbitrary spatial variations and still travel at a fixed speed c. Any such
field perturbation will travel across a region of size L during a time interval
L/c as illustrated in the margin.

t = 0

L
(a)

t = L/2c

L
(b)

c

c

t = L/c

L
(c)

c

Another prediction of Maxwell’s equations is that fields established by
static — i.e., non-time-varying — charge and current densities ρ = ρ(r) and
J = J(r) satisfy two separate sets of decoupled equations
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Electrostatics Magnetostatics

∇ · E = ρ
εo

Divergence eqn’s ∇ ·B = 0

∇×E = 0 Curl eqn’s ∇×B = µoJ

shown in the left and right columns above — these were obtained by sim-
ply setting the terms ∂E/∂t and ∂B/∂t in the curl equations to zero. In-
dependent “curl-free” static electric fields E(r) and “divergence-free” static
magnetic fields B(r) satisfying these simplified equations are naturally far
easier to determine than the coupled dynamic fields E(r, t) and B(r, t) to be
encountered in response to time-varying sources ρ(r, t) and J(r, t).

Quasi-static fields:

Even though in practical cases of interest (in physics and engineering) time-
varying sources are the “rule” and static sources an “exception”, learning to
solve the simplified set of electrostatics and magnetostatics equations turns
out to be invaluable. The reason is, static solutions often provide accurate
approximations — known as quasi-static approximation — for time-varying
field problems involving slowly-varying sources ρ(r, t) and J(r, t).

t = 0

L
(a)

t = L/2c

L
(b)

c

c

t = L/c

L
(c)

c

More specifically, if the source variation period T is much longer than the
travel time L/c of field perturbations across a region of size L, that is, if

T +
L

c
, (7)
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then field calculations for the entire region can be done statically using the
instantaneous (as opposed to retarded or previous) values of field sources
ρ and J. This is true because under the given condition source strengths
will remain nearly constant over time intervals needed to communicate the
new fields to the most distant corners of the region of interest. We can also
re-state the same inequality (7) as

L % cT =
c

f
= λ (8)

using the definition of wavelength λ introduced earlier. The indication is
then, any system with a physical size L that is small in terms of wavelength
λ of the applied field variations can be analyzed quasi-statically by starting
from Maxwell’s static equations.

Fields and circuits:

Lumped circuit analysis techniques introduced in ECE 110 and 210 constitute
practical applications of the quasi-static approach suitable for “electrically
small circuits” consisting of capacitors, inductors, and resistors and slowly
varying AC sources. By contrast, the analysis of “electrically large circuits”
with physical dimensions L approaching or exceeding λ requires taking a
proper account of propagation time delays L/c in the system by developing
a distributed circuit approach based on the full set of Maxwell’s equations.

One practical application area where this need is most acute nowadays
is in chip (integrated circuit) design and packaging suitable for high-speed
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computing8. While the physical dimensions of electronic chips and micro-
circuits are generally very small, such elements can still be electrically large

in the sense that L ∼ λ because of reduced wavelengths λ at high clock
speeds f = 1/T . Thus, even the computer engineers (CompE’s) amongst us
need to understand and learn how to mitigate (and take advantage of) the
ramifications of Maxwell’s equations.

Details and study plan:

So much for the big picture about fields and waves encountered in nature
and engineering systems and circuits. Working details of how fields and wave
e!ects can be computed and characterized will be provided in the remaining
parts of these notes.

Over the course of 39 lectures we will develop and study, in succession,
the equations and applications of electrostatics (Lectures 1-11), magnetism
(Lectures 12-15), and electromagnetics (Lectures 16-39) with a focus on time
varying (quasi-static as well as wave-like) phenomena.

ECE 329:

We start by finding out how the equations of electrostatics arise from the
familiar Coulomb’s law (like charges repel, unlike charges attract) and the

8E.g., Taflove, “Why study electromagnetics”, IEEE APM, 44, 132, 2002.
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idea of field superpositions. We learn to solve electrostatic problems using the
notion of electrostatic potential (voltage) and develop the notions of polariza-

tion, conduction, charge continuity, and capacitance in quasi-static settings
of practical importance.

Next we learn how magnetic fields arise from charges in motion (a relative
concept depending on the reference frame of the observer) and develop the
governing laws of magnetostatics (also an extension of Coulomb’s law seen
from di!erent reference frames). The vector potential is introduced for mag-
netic field calculations from prescribed current configurations, and notions
of magnetization and inductance are subsequently developed and applied in
quasi-static settings.

Just like time-varying electric fields imply time-varying charge densities
(or vice versa) in electro-quasi-statics (EQS), time-varying currents imply
time-varying magnetic flux in magneto-quasi-statics (MQS). We also learn
that time-varying magnetic-flux is accompanied by time varying electric fields
— a key finding of Faraday’s called induced field with paradigm shifting
ramifications and applications — and requires the modification of curl-free
electric field condition into a dynamic equation known as Faraday’s law.

Finally, the full set of Maxwell’s equations is reached after adding a
time-varying electric field term to the curl equation of magnetostatics. This
change, first introduced by Maxwell in order to make sure that the govern-
ing equations of electricity and magnetism are consistent with conservation

of charge, acknowledges the two-way coupling and feedback between electric
and magnetic fields: time-varying magnetic fields induce time-varying elec-
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tric fields — Faraday e!ect — and time-varying electric fields in turn induce
time-varying magnetic fields (call it the “Maxwell e!ect”) in order to sustain
electromagnetic field variations in regions far away from charges and current
loops — that is the way nature seems to work (and here we are to observe
all that thanks to Maxwell e!ect allowing us to be here).

A study of wave solutions of Maxwell’s equations follows, including plane

TEM waves in free space, linear and circular polarized waves, waves in con-

ducting media, normal incidence of waves on planar interfaces of homoge-
neous regions, energy and momentum transfer, guided waves in two-wire
transmission-line (TL) systems, transient response on TL circuits, resonant

oscillations in TL cavities, sinusoidal steady-state analysis of TL’s and dis-

tributed circuits, Smith Chart applications, and finally losses in TL systems.
That is the full scope of the 39 lectures of ECE 329 — the course ends

with an intensive study of distributed circuit concepts based on transmission
lines, a study that complements the lumped circuit techniques examined and
mastered in earlier courses.

ECE 329 is only the first half of our first-pass study of the fields and waves
topics essential in electrical engineering education. Important topics such as
radiation and antennas (generation details of electromagnetic waves by time-
varying currents) and dispersion (frequency dependence of wave propagation
speeds in material media) are barely mentioned or not at all in ECE 329.
These constitute the main topics of the follow-on course, ECE 350.
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ECE 350:

ECE 350 starts with the discussion of electromagnetic radiation theory and
transmission antennas, continues with propagation and wave guidance ef-
fects (including dispersion, phase and group velocities, Doppler shifts, oblique

incidence, evanescence and tunneling e!ects, guided modes in parallel-plate,
rectangular, and dielectric slab waveguides), treats cavity fluctuations (in-
cluding resonant modes, blackbody radiation in 3D cavities, thermal noise),
and concludes with a discussion of antenna reception (including e!ective area,
available power, link equations).

Beyond ECE 329 and 350:

Students having gone through ECE 329 and 350 will find themselves ready to
encounter higher level courses in our curriculum focusing on di!erent applica-
tion areas and frequency regimes of the implications of Maxwell’s equations.
It is a life-long endeavor to master these relationships which have precipitated
the scientific upheavals of the 20th century (relativity and quantum mechan-
ics) and have remained intact and essential despite the upheavals unlike most
aspects of classical physics. Our high speed electronics and communication
networks and devices are intrinsically and fundamentally based on fields and
wave concepts. Progress and innovation in these areas will require a deep
understanding of fields and waves and how they interact with novel materials
and structures.

Learn the basics and then go and invent the next thing!
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ECE 329 Lecture Notes — Summer 06/02/25, Erhan Kudeki Copyright ©2025 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be repro-
duced without permission from the author.

1 Vector fields and Lorentz force

• Interactions between charged particles can be described and modeled9

in terms of electric and magnetic fields just like gravity can be
formulated in terms of gravitational fields of massive bodies.

– In general, charge carrier dynamics and electromagnetic field vari-
ations10 account for all electric and magnetic phenomena observed
in nature and engineering applications.

• Electric and magnetic fields E and B generated by charge carriers —
electrons and protons at microscopic scales — permeate all space with
proper time delays, and combine additively.

!2 !1 1 2
x

!2

!1

1

2

y

– Consequently we associate with each location of space having Carte-
sian coordinates

(x, y, z) ≡ r

a pair of time-dependent vectors

E(r, t) = (Ex(r, t), Ey(r, t), Ez(r, t))

9Interactions can also be formulated in terms of past locations (i.e., trajectories) of charge carriers.
Unless the charge carriers are stationary — i.e., their past and present locations are the same — this
formulation becomes impractically complicated compared to field based descriptions.

10Time-varying fields can exist even in the absence of charge carriers as we will find out in this course
— light propagation in vacuum is a familiar example of this.
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and
B(r, t) = (Bx(r, t), By(r, t), Bz(r, t))

that we refer to as E and B for brevity (dependence on position
r and time t is implied). Maxwell’s equations:

∇ · E =
ρ

εo
∇ ·B = 0

∇×E = −
∂B

∂t

∇×B = µoJ+ µoεo
∂E

∂t
.

such that

F = q(E+ v ×B),

with

µo ≡ 4π × 10−7 H

m
,

and

εo =
1

µoc2
≈

1

36π × 109
F

m
,

in mksA units, where

c =
1

⇒
µoεo

≈ 3× 108
m

s

is the speed of light in free space.

(In Gaussian-cgs units B

c
is used

in place of B above, while εo = 1

4π

and µo = 1

εoc
2 = 4π

c
2 .)

• Field vectors E and B and electric charge and current densities ρ and
J — describing the distribution and motions of charge carriers — are
related by (i.e., satisfy) a coupled set of linear constraints known as
Maxwell’s equations, shown in the margin.

– Maxwell’s equations are expressed in terms of divergence and curl
of field vectors — recall MATH 241 — or, equivalently, in terms
of closed surface and line integrals of the fields enclosing arbitrary
volumes V and surfaces S in 3D space, as you have first seen in
PHYS 212.

◦ Maxwell’s equations were “discovered” as a consequence of ex-
perimental and theoretical studies led by 19th century scien-
tists including Gauss, Ampere, Faraday, and Maxwell.

They remain intact and essential despite the scientific upheavals
(paradigm shifts) of 20th century: relativity and quantum physics11.

11Fields are are utilized in di!erent ways in classical and quantum electrodynamics, but Maxwell’s field
equations remain the same under both paradigms. Relativity theory is an updated model of space and
time relations developed to achieve consistency with the implications of Maxwell’s equations.

15



Given the charge and current densities ρ and J, Maxwell’s equations can be
solved for the fields E and B.

• Field solutions E and B in turn determine how a “test charge” q with
mass m, position r, and velocity v ≡ ṙ = dr

dt accelerates in accordance
with Lorentz force Lorentz

forceF = q(E + v ×B)

and Newton’s 2nd law F = d
dtmv (in classical electrodynamics). As

such Units in mksA sys-
tem:

– q[=]C=sA,

– E[=]N/C=V/m,

– B[=]V.s/m2=Wb/m2=T,

– ρ[=]C/m3,

– J[=]A/m2,

where
C, N, V, Wb, and T
are abbreviations for
Coulombs, Newtons , Volts, We-
bers , and Teslas,
respectively.

Charge q is quantized in units of
e = 1.602× 10−19 C, a relativistic
invariant.

– electric field E at any location r is the vector force per stationary
(i.e., v = 0) unit charge (i.e., q = 1 C),

– magnetic field B describes an additional force per unit charge
which is experienced by charges in motion (v '= 0) in the reference
frame — typically called the “lab frame” — where E and v are
measured.

Since Lorentz force equation has the same algebraic form in all inertial ref-
erence frames12 — like all laws of physics including Maxwell’s equations —
while the charge velocity v is clearly frame-of-reference dependent, it follows
that the values of fields E and B must also be dependent on the reference
frame13.

12... in which particles not subjected to any force F (i.e., “free particles”) appear to be stationary or in
uniform unaccelerated motion in compliance with Newton’s 2nd Law F = ma.

13Given E and B measured in the lab, E′ and B′ measured by an observer moving through the lab
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• Charge carrier positions r, velocities ṙ, and accelerations r̈ = F
m, as well

as forces F, fields E and B, and current density J are all described, in
general, in terms of 3D vectors.

• In Cartesian coordinates such vectors and vector functions (of posi-
tion r and/or time t) can be expressed in terms of mutually orthog-

onal unit vectors x̂, ŷ, and ẑ as in

r = (x, y, z) = xx̂+yŷ+zẑ and E = (Ex,Ey, Ez) = Exx̂+Eyŷ+Ezẑ etc.,

where

– |r| ≡
√

x2 + y2 + z2 and |E| ≡
√

E2
x + E2

y + E2
z etc., are vector

magnitudes,

– r̂ ≡ r
|r| and Ê ≡ E

|E| etc., are associated unit vectors,

– with dot products

◦ r̂ · r̂ = 1, Ê · Ê = 1, x̂ · x̂ = 1, etc., but

◦ x̂ · ŷ = x̂ · ẑ = ŷ · ẑ = 0

– and cross products

x

y

z

x̂

ŷ

ẑ

r = (x, y, z)

UNIT VECTORS AND A POSITION
VECTOR IN RIGHT-HANDED
CARETESIAN COORDINATES 

= xx̂ + yŷ + zẑ

◦ x̂× ŷ = ẑ,

◦ ŷ × ẑ = x̂,

◦ ẑ × x̂ = ŷ,

with a constant velocity v are well approximated by E′ ≈ E + v × B and B′ ≈ B − v×E

c2
so long as

|v| % c = 3× 108 m/s, the speed of light in free space.
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adopting a right-handed convention (see the margin note in
the next page).

• Recall that Right handed con-
vention: cross product vec-
tor points in the direction indi-
cated by the thumb of your right
hand when you rotate your fin-
gers from vector A toward vector
B through angle θ you decide to
use.

– Dot product A · B is defined as |A| times |B| times the cosine of angle θ

between A and B.

A = |A|â

B = |B|b̂

|B| sin θ

|B| cos θ

θ

A · B = |A||B| cos θ

A× B = |A||B| sin θâ × n̂

â
n̂

CROSS PRODUCT: right-handed 
perpendicular area vector of 
the parallelogram formed
by co-planar vectors

DOT PRODUCT:product of 
projected vector lengths

x

y

z

x̂

ŷ

ẑ

r = (x, y, z)

UNIT VECTORS AND A POSITION
VECTOR IN RIGHT-HANDED
CARETESIAN COORDINATES 

= xx̂ + yŷ + zẑ

◦ Thus dot product is zero when angle θ is 90◦, as in the case of x̂ and ŷ,
etc.

– Cross product A × B is defined as a vector with a magnitude |A| times |B|
times the sine of angle θ between A and B and a direction orthogonal to both

A and B in a right-handed sense (see margin note) .

◦ Thus cross product is zero when the vectors cross multiplied are collinear
(θ = 0◦) or anti-linear (θ = 180◦).

Example 1: Given the vectors v = (5, 10, 0) and B = (0, 0, 2) compute the cross and
dot products v ×B and v ·B.

Solution: Since we can also write v = 5x̂+ 10ŷ and B = 2ẑ, it follows that

v ×B = (5x̂+ 10ŷ)× 2ẑ = 10x̂× ẑ + 20ŷ × ẑ = −10ŷ + 20x̂.

Alternatively, using the well known determinant method for cross products,

v×B =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x̂ ŷ ẑ

5 10 0

0 0 2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= x̂(10 ·2−0 ·0)− ŷ(5 ·2−0 ·0)+ ẑ(5 ·0−10 ·0) = 20x̂−10ŷ.
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Also, v ·B = (5, 10, 0) · (0, 0, 2) = 5 · 0 + 10 · 0 + 0 · 2 = 0.

Having three non-colinear
force measurements Fi cor-
responding to three distinct
test particle velocities vi is
sufficient to determine the
fields E and B at any location
in space produced by distant
sources as illustrated by this
example.

x

y

z

F1 = 2x̂

v1 = 0

x

y

z

F2 = 2x̂ − 6ẑ

v2 = 2ŷ

x

y

z

F3 = 2x̂ + 9ŷv3 = 3ẑ

Example 2: A particle with charge q = 1 C passing through the origin r = (x, y, z) =
0 of the lab frame is observed to accelerate with forces

F1 = 2x̂, F2 = 2x̂− 6ẑ, F3 = 2x̂+ 9ŷN

when the velocity of the particle is

v1 = 0, v2 = 2ŷ, v3 = 3ẑ
m

s
,

in turns. Use the Lorentz force equation

F = q(E+ v ×B)

to determine the fields E and B at the origin.

Solution: Using the Lorentz force formula first with F = F1 and v =v1, we note that

2x̂ = (1)(E+ 0×B),

which implies that

E = 2x̂
N

C
= 2x̂

V

m
.

Next, we use

v ×B =
F

q
−E =

F

q
− 2x̂

with F2 = 2x̂− 6ẑ and v2 = 2ŷ, as well as E = 2x̂ V/m, to obtain

2ŷ ×B = −6ẑ ⇒ ŷ ×B = −3ẑ;
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likewise, with F3 = 2x̂+ 9ŷ and v3 = 3ẑ,

3ẑ ×B = 9ŷ ⇒ ẑ ×B = 3ŷ.

Substitute B = Bxx̂ +Byŷ +Bz ẑ in above relations to obtain

ŷ × (Bxx̂+ Byŷ + Bzẑ) = −Bxẑ +Bzx̂ = −3ẑ

and
ẑ × (Bxx̂+Byŷ + Bzẑ) = Bxŷ − Byx̂ = 3ŷ.

Matching the coefficients of x̂, ŷ, and ẑ in each of these relations we find that

Bx = 3
Wb

m2
, and By = Bz = 0.

Hence, vector

B = 3x̂
Wb

m2
.

x

y

z

F1 = 2x̂

v1 = 0

x

y

z

F2 = 2x̂ − 6ẑ

v2 = 2ŷ

x

y

z

F3 = 2x̂ + 9ŷv3 = 3ẑ

• In your first homework you will be asked to do a sequence of vector
exercises, including problems on volume, surface, and line integrals of
vector or scalar functions of space (i.e., “fields”). These problems should
be worked out with the help of your PHYS 212 and/or MATH 241 texts
and notes.

– This course assumes a background of PHYS 212 and MATH
241 (on electromagnetic fields and vector calculus) as well
as ECE 210 (lumped circuits and linear systems con-
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cepts including time- and frequency-domain approaches
and phasors).

• The main objective of the course is to build up a firm understand-
ing of electromagnetic field concepts introduced in PHYS 212,
and to learn how to use Maxwell’s equations under static and
time-varying conditions associated with unguided (i.e., wireless) and
guided (mainly transmission lines) electromagnetic waves. The study Prerequisites:

MATH 241
PHYS 212
ECE 210

Follow-on:
ECE 350

of guided waves is the key to extend the familiar lumped-circuit
concepts into the realm of distributed circuits. This is the first half
of a sequence of core electromagnetics courses in our curriculum, the
second course being the 3-of-5 elective ECE 350.

– Topical outline:

1. Static electric fields, potential, polarization, quasi-
static applications (10 lectures)

2. Static currents and magnetic fields (3 lectures)

3. Time-varying fields and Maxwell’s eqns (4 lectures)

4. Plane wave solutions of Maxwell’s eqns (9 lectures)

5. Guided waves in transmission lines and distributed
circuits (13 lectures)
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2 Static electric fields — Coulomb’s and Gauss’s

laws Copyright ©2025 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Static electric fields E(r) are produced by static (non-time-varying) distri-
bution of charges and obey and the electrostatic laws shown in the margin
where ρ(r) denotes the net charge density in 3D volume. Over the next few Laws of

electrostatics:

∇ · E = ρ/εo
∇×E = 0

lectures we will find out how these laws emerge from Coulomb’s law.
At the most elementary level, each stationary point charge (electron or

proton) Q is surrounded by its radially directed electrostatic field E given
by Coulomb’s law, and in the presence of multiple charges the field vectors
of all the charges are added vectorially (linear superposition holds) to obtain
a superposition field E.

• Coulomb’s law specifies the electric field of a stationary charge Q at
the origin as

E(r) =
Q

4πεor2
r̂

as a function of position vector r = (x, y, z), where εo ≈
1

36π×109
F/m

is a scaling constant known as permittivity of free space,

r = |r| =
√

x2 + y2 + z2

is radial distance from the charge, and r̂ = r

r radial unit vector pointing
away from the charge.

r = |r|r̂

Q

q

r̂

Force exerted by Q on q:

F = qE

E =
Q

4πεo|r|2
r̂

with electric field

With multiple Q’s superpose
multiple E’s

x

y
z

– This Coulomb field E(r) will exert a force F = qE(r) on any

1



stationary “test charge” q brought within distance r of Q (see
figure in the margin). If qQ > 0, force F is

repulsive (directed along
r̂), if qQ < 0 it is at-
tractive — like charges

repel, unlike charges at-

tract.

The existence of a Coulomb field accompanying each charge carrier in its rest
frame1 is taken to be a fundamental property of charge carriers established
by measurements.

• When multiple static charges Qn are present in a region, the force
on a stationary test charge q can be described as qE in terms of a
superposition field

q

x

y

z
r − rn Qn

rnr

Position vectors of charges
are referenced with respect
to a common origin O

O

E(r) =
∑

n

Qn

4πεo|r− rn|2
r− rn

|r− rn|
,

where r and rn’s denote the locations of q and Qn’s with respect to a
common origin and the last term represents the unit vector pointing
from Qn to q — this form is applicable for the static electric field
E computed at arbitrary locations r (independent of the test charge
notion).

1... in a flat spacetime, that is in the absence of gravity. In curved spacetime, in the presence of gravity,
the Coulomb field lines will “sag” in the direction of gravitational pull by an order of rg/c2 as compared
to the undistorted Coulomb field expressed in terms radial distance r, speed of light c, and gravitational
acceleration g (=9.8 m/s2 on Earth’s surface). See in Boyer, Am. J. Phys., 47, 129 (1979) a discussion of
this effect which is undetectably small in Earth-based labs as well as its derivation using the equivalence
principle (of gravity and acceleration) from the field of a charge accelerating with −g.
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!2 !1 1 2
x

!2

!1

1

2

y

Field map of a dipole plus a
negative charge

!10 !5 5 10
x

!10

!5

5

10

y

–

Example 1: Charges Q1 = 4πεo and Q2 = −2Q1 are located at coordinates r1 =
(1, 0, 0) = x̂ and r2 = (0, 1, 0) = ŷ, respectively. What is the expression for E(r)
and what is the explicit value of vector E(0)?

Solution: Field E due to Q1 and Q2 at an arbitrary point r can be obtained as

E(r) =
Q1(r− r1)

4πεo|r− r1|3
+

Q2(r− r2)

4πεo|r− r2|3

=
(r− x̂)

|r− x̂|3
−

2(r− ŷ)

|r− ŷ|3
=

(x− 1, y, z)

|(x− 1, y, z)|3
−

2(x, y − 1, z)

|(x, y − 1, z)|3
V/m.

At the origin where r = (0, 0, 0), this result gives

E(0, 0, 0) =
(−1, 0, 0)

|(−1, 0, 0)|3
−

2(0,−1, 0)

|(0,−1, 0)|3
= −x̂+ 2ŷV/m.

• The vector map shown in the margin depicts samples of unit vec-
tors Ê(r) ≡ E(r)

|E(r)| for the field E(r) obtained in Example 1 on a suit-
able grid established on xy-plane — such plots are useful or visualiza-
tion purposes. Note that arrows emanate out of the positive charge at
(x, y) = (1, 0) and converge upon the negative charge at (x, y) = (0, 1).

– Electrostatic fields can be alternatively visualized in terms of so-
called field lines or flux lines, continuous curves which are drawn

3



tangential to unit vectors Ê(r) at every position r. Try tracing
out the flux lines over the vector map shown in the margin!

• According to Coulomb’s law, electrostatic field of a charge Q placed at
the origin points out in the radial direction r̂ away from the origin and
has a magnitude

Er =
Q

4πεor2

that depends on radial distance r, but it does not depend on direction
r̂. The product of Er with εo and the surface area of a sphere at radius
r, namely, S = 4πr2, yields

εoErS = Q

independent of the radius of the sphere. Let’s re-write the same result
as

Q

∮
S E · dS =

Q

εo

S

E, dS

Q

∮
S′ E · dS =

Q

εo

S ′

E, dS

Q

∮
S′′′ E · dS = 0

S ′′′

E, dS

Surface integral depends
only on the net amount of
charge contained within
the surface --- charges
outside the surface don’t
matter; surface shape doesn’t
matter; also charge motion
within the surface does not
matter.

(a)

(b)

(d)

Q

∮
S′′ E · dS =

Q

εo

S ′′

E, dS

(c)

εo

∮

S
E · dS = Q,

where

– the “closed surface integral”
∮

S E · dS is called the flux of E over
surface S bounding the volume V = 4π

3 r
3,

– which in turn denotes the limiting value of the sum of dot products
Ej ·∆Sj computed over all surface elements of S having incremen-
tal areas |∆Sj| and unit vectors ∆Sj/|∆Sj| pointing away from
volume V — the limiting value is obtained as all |∆Sj| approach

4



zero (i.e., with increasingly finer subdivision of S into |∆Sj| ele-
ments).

Although we obtained the equality εo
∮

S E ·dS = Q above only for a spherical
surface S centered about charge Q, we can easily convince ourselves — see the
sketches on the right — that the equality should hold even when we distort
the shape of surface S and/or displace Q away from the center so long as
we do not move Q outside of S. All such variations are permitted because
of inverse r-square dependence of the Coulomb’s law and additive nature of
fields, and if Q is moved outside the surface then the surface integral (flux)
simply goes to zero.

• Hence, given an arbitrary shaped volume V enclosed by an arbitrary
shaped surface S and including a net electrical charge QV , and defining
a displacement field Displacement

D = εoE[=] Fm
V
m = C

m2
D ≡ εoE,

we obtain ∮

S
D · dS = QV , Gauss’s law

a constraint known as Gauss’s law. At this stage, the introduction of Gauss’s law

D is simply a notational convenience.

Gauss’s law o!ers an alternative to implementing an explicit sum of Coulomb

fields for calculating static field distributions E or D = εoE — the alternative
method can be used when charge distributions have simplifying symmetry
properties as will be illustrated in the next set of examples.
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Also, later on we will learn that Gauss’s law is valid even when charges
QV within volume V are non-static (i.e., in motion), a condition under which
Coulomb’s law is no longer valid.

x

y

z

r = r(x̂ cos φ + ŷ sin φ)
φ

∆z =
Q

λ

Q point charge in C

λ charge density in C/m

Example 2: Charged particles Q are located uniformly along the z-axis with an
average line density of λ C/m extending from z = −∞ to +∞. We will compute
the electrostatic field E of this charge distribution at a distance r from z-axis.

Having an average charge density of λ C/m implies that individual charges Q
are spaced from one another by a distance ∆z = Q

λ along the z-axis. Assuming
that charge locations are z = n∆z, where n is any integer, and using Coulomb’s
law, we find that

E(r) =
∞∑

n=−∞

Q

4πεo|r− ẑn∆z|2
r− ẑn∆z

|r− ẑn∆z|
=

∞∑

n=−∞

Q(r− ẑn∆z)

4πεo|r− ẑn∆z|3
,

which, for position r = r(x̂ cosφ + ŷ sinφ) on xy-plane, at a distance r to the
z-axis, reduces to

r̂ Q

E =
∞∑

n=−∞

︷ ︸︸ ︷

(x̂ cosφ+ ŷ sinφ) r

4πεo(r2 + n2∆z2)3/2
︷︸︸︷

λ∆z (microscopic field) (1)

because the ẑ component of E proportional to n∆z cancels out (as a result
of summation) due to symmetry in n. This “purely radial” field in r̂ direction
perpendicular to z-axis can be “evaluated” for r ' ∆z as an integral (remember
that sums of infinitesimals are in effect definite integrals)

r̂

∫ ∞

−∞

λr

4πεo(r2 + z2)3/2
dz = r̂

λr

4πεo

∫ ∞

−∞

dz

(r2 + z2)3/2
︸ ︷︷ ︸

= r̂
λ

2πεor
. (2)

2/r2 (macroscopic field)
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• The result

E = r̂
λ

2πεor
⇒ D = r̂

λ

2πr

obtained above, valid for r ' ∆z, and labelled as macroscopic

field , also represents at any r (and z) the space average of the mi-

croscopic field taken over small volumes having dimensions of many
∆z’s (inter-particle separations).

– In such a spatial average the rapidly varying structure of micro-
scopic field (in particular at small r, caused by the discrete nature
of charge distribution) is smoothed out as if electrical charge were
smeared out continuously along z-axis2 with an actual density of
λ C/m.

– In realistic applications involving colossal numbers of charge car-
riers (of the order of 1023 in macroscopic chunks of solids) it is
practical (and desirable) to focus our attention on macroscopic
rather than microscopic fields.

2Note that the sum in (1) is identical to r̂
∫

∞

−∞
dz

rQ
∑

∞

n=−∞
δ(z−n∆z)

4πεo(r2+z2)3/2
which in turn becomes identical to

(2) upon replacing in the integrand the shifted impulses δ(z − n∆z) denoting the locations of discrete
charges on the z-axis with ∆z-wide unit-area rectangle functions 1

∆z
rect( z−n∆z

∆z
) denoting the locations of

smeared out charges — this is the full detail of the math involved in going from microscopic to macroscopic
field representation (in essence with no approximation but with a change of “perspective”).
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We next illustrate how to obtain the macroscopic field E = r̂ λ
2πεor

directly by using Gauss’s law. λ

r

L

z

S
Er =

λ

2πεor

x

y

φ
Solution using Gauss’s law: We first notice that macroscopic electric field of a

charge distribution along the z-axis having an average charge density of λ C/m
should be pointing in radial direction r̂ away from the z-axis (why?).

Also its magnitude Er should be independent of azimuth angle φ by symmetry.

As a consequence, we can apply Gauss’s law over the surface S of a cylindrical volume
V of some length L and radius r centered about the z-axis (as shown in the
margin) as

0 0 also Dr2πr!!L
∮

S
D · dS = QV ⇒

︷ ︸︸ ︷∫

Bot. Cap
D · dS+

︷ ︸︸ ︷∫

TopCap
D · dS+

︷ ︸︸ ︷∫

Cylinder
D · dS = λ!!L

leading to (as obtained before, using a line integral)

Dr2πr = λ ⇒ Dr =
λ

2πr
⇒ Er =

λ

2πεor
and E =

λ

2πεor
r̂.

Notice that our “clever” choice of surface S in this problem resulted in the evaluation
of the flux integral in Gauss’s law without doing any calculus.
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3 Gauss’s law and static charge densities Copyright ©2025 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

We continue with examples illustrating the use of Gauss’s law in macroscopic
field calculations:

ρS

Ex(x) =
! s

2"o

A

z
S

x

y

Ex(x)
! s

2"o

sgn(x)

x

Example 1: Point chargesQ are distributed overx = 0 plane with an average surface
charge density of! s C/m 2. Determine the macroscopic electric ÞeldE of this
charge distribution using GaussÕs law.

Solution: First, invoking CoulombÕs law, we convince ourselves that the Þeld produced
by surface charge density! s C/m 2 on x = 0 plane will be of the formE = öxEx(x)
whereEx(x) is an odd function ofx becausey- andz-components of the Þeld will
cancel out due to the symmetry of the charge distribution. Inthat case we can
apply GaussÕs law over a cylindrical integration surfaceS having circular caps of
areaA parallel to x = 0, and obtain

"oEx!!A "oEx!!A also 0
!

S
D ádS = QV !

" #$ %&

Cap1
D ádS+

" #$ %&

Cap2
D ádS+

" #$ %&

Cylinder
D ádS = ! s!!A

which leads to
Ex(x) =

! s

2"o
for x > 0.

In view of the odd symmetry ofEx(x) we have

E = öx
! s

2"o
sgn(x),

where sgn(x) is the signum function, equal to± 1 for x ! 0.

This result is discontinuous onx = 0 plane containing the surface charge! s and
points away from the charged surface on both sides.

1



ρ

Ex(x) =
ρx

εo

A

z

x

W

2
!

W

2
Ex(x) ρW

2εo

!
W

2
W

2
x

y

Example 2: Point chargesQ are distributed throughout an inÞnite slab of widthW
located over" W

2 < x < W
2 with an average charge density of! C/m 3. Determine

the macroscopic electric ÞeldE of the charged slab inside and outside.

Solution: Symmetry arguments based on CoulombÕs law once again indicates that we
expect a solution of the formE = öxEx(x) whereEx(x) is an odd function ofx.

In that case, applying GaussÕs law with a cylindrical surface S having circular caps
of areaA parallel to x = 0 extending between" x and x < W

2 , we obtain

"oEx!!A "oEx!!A 0
!

S
D ádS = QV !

" #$ %&

Cap1
D ádS+

" #$ %&

Cap2
D ádS+

" #$ %&

Cylinder
D ádS = ! 2x!!A

which leads to
Ex(x) =

!x
"o

for 0 < x <
W
2

.

For x > W
2 , !

S
D ádS = QV ! 2"oEx(x)A = AW!,

leading to

Ex(x) =
!W
2"o

for x >
W
2

.

In view of odd symmetry ofEx(x) we can write

E = öxEx(x) =

'
öx !x

"o
, for " W

2 < x < W
2

öx !W
2"o

sgn(x), otherwise.

2



Note that the Þeld solution depicted in the margin in terms ofEx(x) plot is a con-
tinuous function ofx as opposed to the discontinuousEx(x) solution obtained in
Example 1 for the macroscopic Þeld of a surface charge.

• In future calculations of electrostatic fields, we can use our previous
results, namely

Ð Coulomb field

E = ör
Q

4#"or 2 of a point charge Q,

Ð Field

E = ör
$

2#"or
of constant line density $,

Ð Field

E = öx
! s

2"o
sgn(x) of constant surface density ! s,

Ð Field
E = öx

!x
"o

of constant volume density !

as building blocks — that is, the above field equations can be super-
posed to determine the field structure of charge distributions ! (x, y, z)
that can be expressed as superpositions of simpler charge distributions
with known field structures. Some examples...
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Example 3: Consider a pair of surface charges! s > 0 and " ! s C/m 2 of equal mag-
nitudes placed onx = " W

2 and x = W
2 surfaces. Determine the electric Þeld of

this charge distribution depicted in the margin.

Solution: The Þeld of charge density! s C/m 2 on x = " W
2 plane should be

E+ = öx
! s

2"o
sgn(x +

W
2

),

pointing away from the discontinuity surface atx = " W
2 on both sides. Likewise,

the Þeld of charge density" ! s C/m 2 on x = W
2 plane should be

E" = " öx
! s

2"o
sgn(x "

W
2

),

pointing toward x = W
2 surface from both sides. Superposing the two Þelds, we

Þnd that

E = E+ + E" =

'
öx ! s

"o
, for " W

2 < x < W
2 ,

0, otherwise,
= öx

! s

"o
rect(

x
W

)

as depicted in the margin.

Note that the Þeld lines of our solution point from positive charges on one surface to
the negative charges resting on the other surface Ñ this Þeldhas the structure
of Þelds encountered in parallel plate capacitors that we will be studying soon.

! ! s

E =
! s

"o

öx

z

x

y

! s > 0

Ex(x)
! s

"o

!
W

2
W

2
x

+ -
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! ρ1 < 0
z

x

! W1

E1x(x)

ρ1W1

2εo

x

ρ2 > 0

W2

E2x(x)

ρ2W2

2εo

x

! W1

W2

Ex(x)

!
ρ1W1

εo

x

W2! W1

E
+-

Example 4: An inÞnite charged slab of widthW1, located over" W1 < x < 0, has
a negative volumetric charge density of" ! 1 C/m 3, ! 1 > 0. A second slab of
width W2 and positive charge density! 2 is located over0 < x < W 2 as shown
in the margin. Compute the electric Þeld of this static charge conÞguration if
W1! 1 = W2! 2, implying that the entire system is charge neutral (i.e., a net charge
of zero).

Solution: Field of slab with width W1 can be written as (shiftEslab to left by W1/ 2
and negate)

E1 =

'
" öx ! 1(x+ W1

2 )
"o

, for " W1 < x < 0

" öx ! 1W1
2"o

sgn(x + W1
2 ), otherwise

as depicted in the margin. Likewise, the Þeld of slab with width W2 is (with shift
to right by W2/ 2 )

E2 =

'
öx ! 2(x" W2

2 )
"o

, for 0 < x < W 2

öx ! 2W2
2"o

sgn(x " W2
2 ), otherwise.

Note that Þeld strengths! 1W1
2"o

and ! 2W2
2"o

showing up in the expressions forE1 and E2

are equal because of the charge neutrality conditionW1! 1 = W2! 2.

Consequently, when we superposeE1 and E2, the Þelds cancel out outside the region
" W1 < x < W 2, so that the total Þeld becomes (as depicted in the margin)

E = E1 + E2 =

(
)*

)+

" öx ! 1(x+ W1)
"o

, for " W1 < x < 0

öx ! 2(x" W2)
"o

, for 0 < x < W 2

0, otherwise.
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GaussÕ Lawin terms of
charge density:

!

S
D ádS =

&

V
!dV

• Charge density formalism which we find convenient to use for macro-
scopic field calculations can also be “adjusted” to describe the distri-
butions of isolated point charges via the use of impulses or delta
functions in space.

Q
x

y

z

3D impulse here
where point charge
Q is localized over
a region of zero 
volume

! (x, y, z) = Q"(x)" (y)" (z)

Ð For example

! (x, y, z) = Q%(x " xo)%(y " yo)%(z " zo)

can be regarded as a 3D volumetric charge density function rep-
resenting a point charge Q located at a coordinate

r = ( x, y, z) = ( xo, yo, zo) # r o.

$ This is justified because we can regard %(x " xo) to be zero
everywhere except at x = xo. By extension, the product

%(x " xo)%(y " yo)%(z " zo)

is zero everywhere except at r = r o = ( xo, yo, zo) — therefore
the density function ! (x, y, z) defined above behaves correctly
to indicate the absence of charges everywhere with the ex-
ception of r o. Furthermore, the area property of the impulse
implies that the volume integral of the charge density yields
&

!dV =
& & &

Q%(x " xo)%(y " yo)%(z " zo)dxdydz = Q

as it should.
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$ Notice that the shifted impulses %(x " xo), etc., must have
m" 1 units in order to maintain dimensional consistency in the
above expression.

Ð Another example is

! (x, y, z) = ! s(y, z)%(x " xo)

representing a surface charge density of ! s(y, z) C/m2 on x = xo

plane.

z

x

y

! s > 0

xo

! (x, y, z) = ! s(y, z)" (x ! xo)

! 1.0 ! 0.5 0.0 0.5 1.0

! 1.0

! 0.5

0.0

0.5

1.0

x

z

Example 5: Figure in the margin depicts (for thed = 1) the öE-Þeld of a pair of
charges± Q located at(0, 0, ± d

2) derived from

E(r ) =
Q(r " d

2öz)

4#"o|r " d
2öz|3

+
" Q(r + d

2öz)

4#"o|r + d
2öz|3

=
Q

4#"o
[

(x, y, z " d
2)

|(x, y, z " d
2)|3

"
(x, y, z + d

2)

|(x, y, z + d
2)|3

] V/m .

Determine the electric ßux
,

xy E ádS across the entirexy-plane usingdS =
" özdxdy.

Solution: Because of linearity, the ßux we want to calculate equals thesum of the ßux
due to chargeQ at (0, 0, d

2) abovexy-plane and the ßux due to charge" Q at
(0, 0, " d

2) abovexy-plane.
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Since by GaussÕs law
-

S E ádS = Q
"o

for any S surroundingQ, we can, by symmetry,
infer that &

xy
E á(" özdxdy) =

Q
2"o

when only chargeQ is considered Ñ the logic here is, half of ßux
-

S E ádS = Q
"o

emanating from chargeQ should go up and the remaining half should go down
crossing thexy-plane in downward direction. Likewise, since

-
S E ádS = " Q

"o
for

any S surrounding" Q, again by symmetry, we can infer
&

xy
E á(" özdxdy) =

Q
2"o

due to charge" Q only Ñ the logic in this case is, half of ßuxQ"o
ÒenteringÓ charge

" Q is Òcoming fromÓ above crossing thexy-plane in downward direction.

Thus, by superposition, we Þnd total
&

xy
E á(" özdxdy) =

Q
2"o

+
Q
2"o

=
Q
"o

.

The above result can beconÞrmed directlyby evaluating the integral
&

xy
E(x, y, 0) á(" özdxdy) =

&

xy

Q
4#"o

[
(x, y, " d

2)

|(x, y, " d
2)|3

"
(x, y, d

2)

|(x, y, d
2)|3

] á(" özdxdy)

=
Q

4#"o

&

xy

d

|(x, y, " d
2)|3

dxdy =
Qd
2"o

& %

r=0

r

(r 2 + ( d
2)2)3/ 2

dr

=
Q
"o

.

Just before the last step we have replaceddxdy by rdrd&, wherer #
.

x2 + y2, and
carried out the& integration before completing ther integration as a last step (which
you should verify).
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4 Divergence and curl Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Expressing the total chargeQV contained in a volumeV as a 3D volume
integral of charge density! (r ), we can writeGaussÕs lawexamined during
the last few lectures in the general form

!

S
D ádS =

"

V
!dV.

This equation asserts that the ßux of displacementD = "oE over any closed
surfaceS equals the net electrical charge contained in the enclosed volume
V Ñ only the charges included withinV a!ect the ßux of D over surface
S, with charges outside surfaceS making no net contribution to the surface
integral

#
S D ádS.

¥ GaussÕs law stated above holds true everywhere in space over all sur-
facesS and their enclosed volumesV, large and small.

¥ Application of GaussÕs law to a small volume! V = ! x! y! z sur-
rounded by a cubic surface! S of six faces, leads, in the limit of van-
ishing! x, ! y, and! z, to the di!erential form of GaussÕs law expressed
in terms of adivergence operation to be reviewed next:

(x, y, z + ! z)

x

y

z

(x, y, z) (x + ! x, y, z)

(x, y + ! y, z)

Ð Given a su"ciently small volume! V = ! x! y! z, we can assume
that "

! V
!dV ! ! ! x! y! z.

1



Ð Again under the same assumption
!

S
D ádS ! (Dx|2" Dx|1)! y! z+( Dy|4" Dy|3)! x! z+( Dz|6" Dz|5)! x! y

with reference to displacement vector components likeDx|2 shown
on cubic surfaces depicted in the margin. GaussÕs law demands
the equality of the two expressions above, namely (after dividing
both sides by! x! y! z)

x

y
z

(x, y, z)

5

2
1

4

3

6

Dx|2 " Dx|1

! x
+

Dy|4 " Dy|3

! y
+

Dz|6 " Dz|5

! z
! !,

in the limit of vanishing! x, ! y, and! z. In that limit, we obtain

#Dx

#x
+

#Dy

#y
+

#Dz

#z
= !,

which is known asdi!erential form of GaussÕs law .

A more compact way of writing this result is

# á D = !,

where the operator

# $ (
#

#x
,

#
#y

,
#
#z

),

known asdel, is applied on the displacement vector

D = ( Dx, Dy, Dz)

2



following the usual dot product rules, except that the product of #
#x andDx,

for instance, is treated as a partial derivative#Dx
#x . In the left side above

# á D =
#Dx

#x
+

#Dy

#y
+

#Dz

#z
(divergence ofD )

is known asdivergence of D .

Example 1: Find the divergence ofD = öx5x + öy12 C/m 2

Solution: In this case
Dx = 5x, D y = 12, and Dz = 0.

Therefore, divergence ofD is

# á D =
#Dx

#x
+

#Dy

#y
+

#Dz

#z

=
#
#x

(5x) +
#
#y

(12) +
#
#z

(0)

= 5 + 0 + 0 = 5
C
m3.

Note that the divergence of vectorD is a scalar quantity which is the volumetric
charge density in space as a consequence of GaussÕs law (in di!erential form).

! 3 ! 2 ! 1 0 1 2 3

! 3

! 2

! 1

0

1

2

3

x

z

3



! ! 1 < 0
z

x

! W1

E1x(x)

! 1W1

2"o

x

! 2 > 0

W2

E2x(x)

! 2W2

2"o

x

! W1

W2

Ex(x)

!
! 1W1

"o

x

W2! W1

E
+-Example 2: Find the divergence# á E of electric Þeld vector

E =

$
%&

%'

" öx ! 1(x+ W1)
"o

, for " W1 < x < 0

öx ! 2(x" W2)
"o

, for 0 < x < W 2

0, otherwise,

from Example 4, last lecture (see margin Þgures).

Solution: In this caseEy = Ez = 0, and therefore the divergence ofE is

# á E =
#Ex

#x
=

#
#x

$
%&

%'

" ! 1(x+ W1)
"o

,
! 2(x" W2)

"o
,

0,

=

$
%&

%'

" ! 1
"o

, for " W1 < x < 0
! 2
"o

, for 0 < x < W 2

0, otherwise,

,

which provides us with! (r )/" o of Example 4 from last lecture (in accordance
with GaussÕs law).

¥ Summarizing the results so far, GaussÕs law can be expressed in integral
as well asdi!erential forms given by

!

S
D ádS =

"

V
!dV % # á D = !.

Ð The equivalence of integral and di!erential forms implies that (af-
ter integrating the di!erential form of the equation on the right

4



over volumeV on both sides)
!

S
D ádS =

"

V
# á D dV

which you may recall as thedivergence theorem from MATH
241. Divergence thm.

Ð Note that according to divergence theorem, we can interpretdi-
vergence as ßux per unit volume .

Ð We can also think of divergence as a special type of a derivative
applied to vector functions which produces non-zero scalarresults
(at each point in space) when the vector function has components
which change in the direction they point.

& A second type of vector derivative known ascurl which we re-
view next complements the divergence in the sense that these
two types of vector derivatives collectively contain maximal
information about vector Þelds that they operate on:

Given their curl and divergences, vector Þelds can be uniquely recon-
structed in regionsV of 3D space provided they are known at the
bounding surfaceS of regionV, however large (even inÞnite)S and V
may be Ñ this is known asHelmholtz theorem (proof outlined in
Lecture 7).

¥ Thecurl of a vector ÞeldE = E(x, y, z) is deÞned, in terms of the del

5



operator# , like a cross product

# ' E $ (
#
#x

,
#
#y

,
#
#z

) ' (Ex, Ey, Ez) =

(
(
(
(
(
(
(

öx öy öz
#

#x
#
#y

#
#z

Ex Ey Ez

(
(
(
(
(
(
(

(curl of E)

= öx(
#Ez

#y
"

#Ey

#z
) " öy(

#Ez

#x
"

#Ex

#z
) + öz(

#Ey

#x
"

#Ex

#y
).

Example 3: Find the curl of the vector Þeld

E = öx cosy + öy1

Solution: The curl is

# ' E =

(
(
(
(
(
(

öx öy öz
#
#x

#
#y

#
#z

cosy 1 0

(
(
(
(
(
(

= öx(
#
#y

0 "
#
#z

1) " öy(
#
#x

0 "
#
#z

cosy) + öz(
#
#x

1 "
#
#y

cosy)

= öx0 " öy0 + öz(0 + sin y) = öz siny

which is another vector Þeld.

! 4 ! 2 0 2 4
! 4

! 2

0

2

4

x

y

The diagram in the margin depictsE = öx cosy + öy1 as a vector map
superposed upon a density plot of|# ' E| = |öz siny| = | siny| indicating the
strength of the curl vector# ' E (light color corresponds large magnitude).
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It is apparent that curl# ' E is stronger in those regions whereE is rapidly
varying in directions orthogonal to the direction ofE itself.

¥ As the above example demonstrates the curl of a vector Þeld is in
general another vector Þeld.

Ð The only exception is if the curl is identically0 at all positions
r = ( x, y, z)!

& In that case, i.e., if# ' E = 0, vector ÞeldE is said to be
curl-free .

IMPORTANT FACT: All static electric Þelds E, obtained from
CoulombÕs law, and satisfying GaussÕs law # á D = ! with static
charge densities ! = ! (r ), are also found to be curl-free without
exception.

¥ The proof of curl-free nature of static electric Þelds can be given by
Þrst showing that Coulomb Þeld of a static charge is curl-free, and then
making use of the superposition principle along with the fact that the
curl of a sum must be the sum of curls Ñ like di!erentiation, Òtaking
curlÓ is a linear operation.

Ð You should try to show that# ' E = 0 with the Coulomb Þeld
of a point chargeQ located at the origin.
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& The calculation is slightly more complicated than the following
example (although similar in many ways) where we show that
the static electric Þeld of an inÞnite line charge is curl-free.

#
r

L

z

S
Er =

#
2$"or

x

y
%Example 4: Recall that the static Þeld of a line charge$ distributed on thez-axis is

E(x, y, z) = ör
$

2%"or
,

where
r 2 = x2 + y2 and ör = öx cos&+ öy sin& = (

x
r

,
y
r

, 0).

Show that ÞeldE satisÞes the condition# ' E = 0.

Solution: Clearly, we can express vectorE as

E =
$

2%"o
(

x
r 2,

y
r 2, 0).

Since the componentsxr 2 and y
r 2 of the vector are independent ofz, the corre-

sponding curl can be expanded as

# ' E =

(
(
(
(
(
(

öx öy öz
#

#x
#
#y

#
#z

Ex Ey Ez

(
(
(
(
(
(

=
$

2%"o

(
(
(
(
(
(

öx öy öz
#
#x

#
#y

#
#z

x
r 2

y
r 2 0

(
(
(
(
(
(

=
$

2%"o
öz(

#
#x

y
r 2

"
#
#y

x
r 2

).

But,
#
#x

y
r 2 "

#
#y

x
r 2 = y

#
#x

1
r 2 " x

#
#y

1
r 2 = y

" 2x
r 4 " x

" 2y
r 4 = 0,

so# ' E = 0 as requested.
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5 Curl-free Þelds and electrostatic potential Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Mathematically, we can generate a curl-free vector ÞeldE(x, y, z) as

E = ! (
!V
!x

,
!V
!y

,
!V
!z

),

by taking the gradient of any scalar functionV(r ) = V(x, y, z). The gradient of
V(x, y, z) is deÞned to be the vector

" V # (
!V
!x

,
!V
!y

,
!V
!z

),

pointing in the direction of increasingV; in abbreviated notation, curl-free ÞeldsE
can be indicated as

E = !" V.

Ð VeriÞcation: Curl of vector" V is

" $ (" V) =

!
!
!
!
!
!

öx öy öz
!

!x
!
!y

!
!z

!V
!x

!V
!y

!V
!z

!
!
!
!
!
!

= öx0 ! öy0 ! öz0 = 0.

Ð If E = !" V represents anelectrostatic Þeld , then V is called theelectro-

static potential .

%Simple dimensional analysis indicates that units of electrostatic potential
must be volts (V).

Ð The prescriptionE = !" V, including the minus sign (optional, but taken

by convention in electrostatics), ensures that electrostatic ÞeldE points from

regions of Òhigh potentialÓ to Òlow potentialÓ as illustrated in the next example. Electrostatic Þelds E
point from regions of
ÒhighVÓ to ÒlowVÓ

1



Example 1: Given an electrostatic potential

V (x, y, z) = x2 ! 6y V

in a certain region of space, determine the corresponding electrostatic ÞeldE =
!" V in the same region.

Solution: The electrostatic Þeld is

E = !" (x2 ! 6y) = ! (
!
!x

,
!
!y

,
!
!z

)(x2 ! 6y) = ( ! 2x, 6, 0) = ! öx 2x + öy6V/m .

Note that this Þeld is directed from regions of high potential to low potential. Also note
that electric Þeld vectors are perpendicular everywhere toÒequipotentialÓ contours.

! 4 ! 2 0 2 4

! 4

! 2

0

2

4

Light colors indicate Òhigh VÓ
dark colors Òlow VÓ

Given an electrostatic potentialV (x, y, z), Þnding the corresponding electrostatic Þeld
E(x, y, z) is a straightforward procedure (taking the negative gradient) as already illus-
trated in Example 1.

¥ Finding a potentialV(x, y, z) from a givenE(x, y, z) satisfyingE = !" V is almost
equally easy since, givendl # öxdx + öydy + özdz and E # öxEx + öyEy + özEz, computeE ádl

&

get V from
dV = ! E ádl

(similar to Þnding
anti-derivative)

total di!erential ofV

dV #

" #$ %
!V
!x$%"#

dx +
!V
!y$%"#

dy +
!V
!z$%"#

dz = ! Exdx ! Eydy ! Ezdz = ! E ádl

! Ex ! Ey ! Ez

and inferringV from dV = ! E ádl is just a matter of Òanti-di!erentiatingÓdV or
integrating it over a suitable path in 3D space as shown in upcoming examples.

2



Ð When the ÞeldE is electrostatic, the di!erential! E ádl is said to beexact
because it matches the total di!erentialdV of a scalar functionV and therefore
the existenceV of is assured1. E ádl = ! dV

is anexactdi!erential
whenE = !" V

Get V from ! E ádl

Ð Conversely for non-electrostatic Þelds! E ádl is not exact and there there will
not be a scalar potentialV to be deduced from! E ádl that can describeE as
some!" V!

¥ V(x, y, z) is readily determined2 from dV = ! E ádl:

Ð Say,V(x, y, z) = ! xy, so that E = !" V = öxy + öyx;

Ð to recoverV = ! xy from E = öxy + öyx we Þrst calculate

E ádl = (öxy + öyx) á(öxdx + öydy + özdz) = ydx + xdy.

Ð therefore

dV = ! E ádl = ! ydx ! xdy = ! d(xy) & V(x, y, z) = ! xy + C.

%Constant C can be adjusted to place the zero-potential point (the so-
called ÒgroundÓ) at any position of preference.

¥ By contrast for anon-curl-free electric ÞeldE = öxy ! öyx, the di!erential E ádl =
ydx ! xdy is not exact3 and therefore there is no potential functionV(x, y, z) that
can be used to express the Þeldöxy ! öyx as some!" V.

1A di!erential Adx + Bdy + Cdz is exact if it is the total di!erential of some f (x, y, z), i.e., if A = !f /!x , B = !f /!y ,
C = !f /!z for somef = f (x, y, z).

The di!erential E ádl = Ex dx + Ey dy + Ez dz (work done per unit charge displaced bydl) is exact when E is curl-free
because then its coe"cientsEx = ! !V

!x , Ey = ! !V
!y , Ez = ! !V

!z are partial derivatives of f = ! V .
2Finding V from its total di!erential dV is the inverse operation of going fromV to dV Ñ just re-arrange the di!erential

!V
!x dx+ !V

!y dy+ !V
!z dz in compact dV form using the product rule for di!erentials. The rule is d(xy) = ydx+ xdy, obtained from

the product rule for di!erentiation d(( xy )
dt = y dx

dt + x dy
dt leading to d(xy) = ( y dx

dt + x dy
dt )dt = ydx + xdy. Also d( x

y ) = ydx ! xdy
y 2 ,

d(cos(ax)) = ! a sin(ax)dx and so on ...
3In the sense that there is no functionV (x, y, z) with partial derivatives !V

!x = ! y and !V
!y = x! Try it: Þrst integrate

!V
!x = ! y to obtain V = ! yx + f (y, z) as a candidate solution with a yet to be determined functionf (y, z); it follows that
!V
!y = ! x + !f

!y but this is inconsistent with !V
!y = x no matter what we choose asf (y, z).

E ádl = ydx ! xdy is an inexact di!erential!

3



The exact di!erential nature ofE ádl satisÞed by electrostatic ÞeldsE = !" V is also is
the reason whyvector path integrals

& o

p
E ádl

of ÞeldsE = !" V in 3D space are Òpath independentÓ and depend only on the endpoints
p = ( xp, yp, zp) and o = ( xo, yo, zo) of integration pathsC as illustrated in the margin.
These integrals are in general path dependent whenE is not curl free.

x

y

z

o = ( xo, yo, zo)

p = ( xp, yp, zp)

Ej

! l jC

C!

¥ The vector path integral & o

p
E ádl

over an integration pathC extending from a pointp = ( xp, yp, zp) in 3D space to

some other pointo = ( xo, yo, zo) is deÞned to be

Ð the limiting value of the sum of dot productsEj á! l j computed over all sub-
elements of pathC having incremental lengths|! l j | and unit vectors! l j / |! l j |
directed fromp towardso Ñ the limiting value is obtained as all|! l j | approach
zero (i.e., with increasingly Þner subdivision ofC into |! l j | elements).

¥ Computation of the integral involves the use of inÞnitesimal displacement vectors

dl = öxdx + öydy + özdz = ( dx, dy, dz)

and vector dot product

E ádl = ( Ex, Ey, Ez) á(dx, dy, dz) = Exdx + Eydy + Ezdz

over the integration path as illustrated in Example 2.

¥ Recovery of potentialV (x, y, z) from a curl-freeE(x, y, z) can also be accomplished

using vector path integrals
' o

p E ádl as illustrated in Example 3.
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Curl-free: path-independent
line integrals

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

x

z

Cu

Cl

ÒCurlyÓ: path-dependent line
integrals
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Example 2: The ÞeldE = öxy ± öyx is curl-free with the+ sign, but not with ! as
veriÞed below by computing" $ E. Calculate the line integral ofE (for both
signs,± ) from a point o = (0 , 0, 0) to point p = (1 , 1, 0) for two di!erent paths
C going through pointsu = (0 , 1, 0) and l = (1 , 0, 0), respectively (see margin).

Solution: First we note that

" $ (öxy ± öyx) =

!
!
!
!
!
!

öx öy öz
!

!x
!
!y

!
!z

y ± x 0

!
!
!
!
!
!

= öz(± 1 ! 1)

which conÞrms thatE = öxy ± öyx is curl-free with with+ sign, but not with ! .
In either case, the integral to be performed is

& p

o
E ádl =

& p

o
(Exdx + Eydy + Ezdz) =

& p

o
(y dx ± x dy).

For the Þrst pathCu going throughu = (0 , 1, 0), we have
& p

o
Cu

(y dx ± x dy) =
& 1

y=0
(± x) dy|x=0 +

& 1

x=0
y dx|y=1 = 0 + 1 = 1 .

For the second pathCl going throughl = (1 , 0, 0), we have
& p

o
Cl

(y dx ± x dy) =
& 1

x=0
y dx|y=0 ±

& 1

y=0
x dy|x=1 = 0 ± 1 = ± 1.

Clearly, the result shows that the line integral
' p

o E ádl is path independentfor
E = öxy + öyx which is curl-free, and path dependent forE = öxy ! öyx in which
case" $ E '= 0.
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¥ The mathematical reason why curl-free Þelds have path-independent line inte-
grals is because in those occasions the integrals can be written in terms ofexact
di!erentials E ádl = ! dV as we have already discussed.

Ð In such cases integral
& o

p
E ádl = !

& o

p
dV =

& p

o
dV = Vp ! Vo,

is independent of integration path and only depends onVp and Vo correspond-
ing to V(x, y, z) values at positionso and p in 3D space; thus, if we callo the
ÒgroundÓ, and setVo = 0, then

Vp =
& o

p
E ádl

denotes the potential drop from (any) pointp to groundo.

¥ The physical reason why this integral formula for potentialVp works with any

integration path is the principle ofenergy conservation :

x

y

z Vp =
! o
p E ádl

dl

Vo = 0

As long as E is curl-free, line
integral is path-independent and
produces the voltage drop from 
point p to "ground" o.

E(r )

Ð integral
' o

p E ádl, namely the Òvoltage dropÓ fromp to o, represents thework
done per unit charge by the ÞeldE in moving charges from locationp to
locationo4, so if the line integral were path-dependent (in reaching fromp to o)
there would be ways of creating net energy by making a chargeq follow special
closed paths within the electrostatic ÞeldE, in violation of the general principle
of energy conservation (that permits energy conversion butnot creation or
destruction).

4To increase the kinetic energy of charges when charge transport is unimpeded (as for a test charge
accelerating between a pair of capacitor plates) or otherwise to push the charges against frictional forces
(as through a resistive wire to heat it up), both at the expense of the energy stored in the Þeld. Note that
if and when chargesq > 0 are moved against the Þeld (aswithin a battery) work done by the Þeld becomes
negative and there will be a positive voltage ÒriseÓ (as opposed to ÒdropÓ) in the direction of charge motion
representing a gain for the energy stored in the Þeld per unitmoving charge.
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¥ Potential drop
' o

p E ádl is also what an ideal voltmeter would measure when its red
probe contacts pointp and its black probe contacts pointo, independent of the path
deÞned by the wires connecting it to its red and black probes so long asE is curl
free. WhenE is not curl free, the ideal voltmeter will still measure

' o
p E ádl but in

a manner that depends on the integration path deÞned by its wire connections Ñ
more on this when we learn FaradayÕs law describing AC Þelds with non-zero curls.

x

y

z
Vp = "

! p
o E ádl

o
X

Y

Z

An ideal voltmeter with
its (+/red) probe contact-
ing point p and its (-/black)
probe contacting point o
would display (by analog or
digital means) the numerical
value of

Vp =
& o

p
E ádl

with the integration path
consisting of the path deÞned
by the probe wires. The volt-
meter reading would be inde-
pendent of the path conÞg-
uration when the Þeld E is
electrostatic.

Practical voltmeters provide
high impedance measure-
ment paths between points
p and o to avoid perturbing
the Þelds E probed so as to
mimic ideal voltmeter results
to the extent possible.

Example 3: Given that Vo = V(0, 0, 0) = 0 and

E = 2xöx + 3zöy + 3( y + 1)öz
V
m

,

determine the electrostatic potentialVp = V(X, Y, Z ) at point p = ( X, Y, Z ) in
volts.

Solution: Assuming that the Þeld is curl-free (it is), so that any integration path can
be used, we Þnd that

Vp =
& o

p
E ádl = !

& p

o
E ádl = !

& p

o
(2x dx + 3z dy + 3( y + 1) dz)

= !
& X

0
2x dx|y,z=0 !

& Y

0
3z dy|x= X,z =0 !

& Z

0
3(y + 1) dz|x= X,y = Y

= ! X 2 ! 0 ! 3(Y + 1) Z.

This implies
V(x, y, x) = ! x2 ! 3(y + 1) z V.

Note that

!" (! x2 ! 3(y + 1) z) = " (x2 + 3( y + 1) z)
= öx2x + öy3z + öz3(y + 1)

yields the original ÞeldE, which is an indication thatE is indeed curl-free.
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e
x
y

z

z = r

Or else (exact di!erential
method):

Eádl = (
e

4"#or 2
ör )áördr = d(

! e
4"#or

) = ! dV

leading to

V(r ) =
e

4"#or

(using an integration con-
stant of zero).

Alternate Solution Ñ Exact Di!erential Method: Note that

E ádl = (2 xöx + 3zöy + 3( y + 1)öz) á(öxdx + öydy + özdz)
= 2xdx + 3zdy + 3( y + 1) dz = 2xdx + 3( ydz + zdy) + 3 dz
= d(x2 + 3yz + 3z) = ! dV.

Therefore
V(x, y, z) = ! x2 ! 3yz ! 3z + C,

where the integration constantC should chosen so thatV(0, 0, 0) = 0. The result
is

V(x, y, z) = ! x2 ! 3(y + 1) z

as before.

Example 5: According to CoulombÕs law electrostatic Þeld of a proton with charge
Q = e (where! e is electronic charge) located at the origin is given as

E =
e

4"#or 2 ör,

where

r =
(

x2 + y2 + z2 and ör =
(x, y, z)

r
.

Determine the electrostatic potential ÞeldV established by chargeQ = e with
the provision thatV ( 0 asr ( ) (i.e., ground at inÞnity).
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Solution: Field E and its potentialV will exhibit spherical symmetry in this problem.
Therefore, with no loss of generality, we can calculate the line integral from a
point p at a distancer from the origin to a pointo at ) (the speciÞed ground)
along, say, thez-axis. Approaching the problem that way, the potential drop
from r to ) is

V(r ) =
& )

z= r

e
4"#oz2 öz áözdz

= !
e

4"#oz
|)r =

e
4"#or

.

e
x
y

z

z = a± e

¥ To convert electrostatic potentialVp (in volts) at any pointp to poten-
tial energy of a chargeq brought to the same point, it is su"cient to
multiply Vp with q (or just the sign ofq, depending on which energy
units we want to use Ñ see the next example).

Example 6: In view of Example 5, what are the potential energies of a proton e and
an electron! e placed at distancer = a away from the proton at the origin,
where distance

a #
4"#o

e2

! 2

me
= 0.529$ 10! 10m

stands forBohr radius Ñ it is the mean distance of the ground state electron in
a hydrogen atom from the center of the atom. Recall thate = 1.602$ 10! 19 C
and #o * 10! 9/ 36" F/m.

9



Solution: LetÕs Þrst evaluate the potentialV(r ) at r = a:

V(a) =
e

4"#oa
*

(1.6 $ 10! 19)36" $ 109

4" $ 0.53$ 10! 10 =
9 $ 1.6

0.53
= 27.2V.

For the proton, potential energy in Joules is calculated by multiplying V(a) = 27.2
V with q = e = 1.602$ 10! 19 C. However, by referring to1.602$ 10! 19 J of
energy as 1 eV (electron-volt), it is more convenient to refer to potential energy
eV(a) of the proton atr = a as

eV(a) = 27.2eV.

Likewise, for a particle with chargeq = ! e, i.e., an electron, potential energy at the
same location is

! eV(a) = ! 27.2eV.

Factoid: The -13.6 eVground state energyof the hydrogen atom, corresponding to
one half of itspotential energyof -27.2 eV, also includes the sum of theaverage
kinetic energiesof the electron and proton within the atom amounting to 13.6
eV!
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6 Circulation and boundary conditions Copyright ©2026 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Since curl-free static electric Þelds have path-independent line integrals, it
follows that over closed pathsC (when pointsp and o coincide)

!

C
E ádl = 0,

where the
"

C E ádl is called thecirculation of ÞeldE over closed pathC
bounding a surfaceS (see margin). x

y

z

o = p

Ej

! l j

C
S

dS

Closed loop integral over path 
C enclosing surface S. 

Note that the area increment 
dS of surface S is taken by 
convention to point in the 
right-hand-rule direction 
with respect to "circulation"
direction C. 

x

yz

(-3,0,0) (3,0,0)

(3,4,0)(-3,4,0)

C

Example 1: Consider the static electric Þeld variation

E(x, y, z) = öx
!x
"o

that will be encountered within a uniformly charged slab of an inÞnite extent in
y and z directions and a Þnite width inx direction centered aboutx = 0. Show
that this Þeld E satisÞes the condition

"
C E ádl = 0 for a rectangular closed

path C with vertices at (x, y, z) = ( ! 3, 0, 0), (3, 0, 0), (3, 4, 0), and (! 3, 4, 0)
traversed in the order of the vertices given.

Solution: Integration path C is shown in the Þgure in the margin. With the help of
the Þgure we expand the circulation

"
C E ádl as

!

C
E ádl =

# 3

x= ! 3
öx

!x
"o

áöxdx +
# 4

y=0
öx

! 3
"o

áöydy +
# ! 3

x=3
öx

!x
"o

áöxdx +
# 0

y=4
öx

! (! 3)
"o

áöydy

=
# 3

x= ! 3

!x
"o

dx + 0 +
# ! 3

x=3

!x
"o

dx + 0 = 0 .

1



Note that in expanding
"

C E ádl above for the given pathC, we tookdl as öxdx
and öydy in turns (along horizontal and vertical edges ofC, respectively) and
ordered the integration limits inx and y to traverseC in a counter-clockwise
direction as indicated in the diagram.

¥ Vector ÞeldsE having zero circulations over all closed pathsC are
known asconservative Þelds (for obvious reasons having to do with
their use in modeling static Þelds compatible with conservation theo-
rems).

Ð The concepts ofcurl-free and conservativeÞelds overlap, that is
!

C
E ádl = 0 " # $ E = 0

over all closed pathsC and at eachr .

x

y

z

E
dl

C
S

dS

STOKEÕS THM:
Circulation of E around close 
path C equals the flux over
enclosed surface S of the curl 
of E taken in direction of dS.  

dS points in right-hand-rule 
direction with respect to 
"circulation" direction C. 

S is *any* enclosed surface 
bounded by the circulation 
path C. 

¥ The above relationship between circulation and curl is also a conse-
quence ofStokeÕs theorem(discussed in MATH 241) which asserts
that StokeÕs thm.!

C
E ádl =

#

S
# $ E ádS,

where

Ð the integration surfaceS on the right is any enclosed surface
bounded by the closed integration contourC of the left side, and

2



Ð the incremental area elementdS on the right points across areaS
in the direction indicated by aright-hand rule as follows:

Point your right thumb in chosen circulation directionC; then your
right Þngers point through surfaceS in the direction that should be
adopted fordS.

Ð Given StokeÕs theorem,
"

C E ádl = 0 follows immediately for all
C, if # $ E = 0 is true over allr .

x

y

z

E
dl

C
S

dS

STOKEÕS THM:
Circulation of E around close 
path C equals the flux over
enclosed surface S of the curl 
of E taken in direction of dS.  

dS points in right-hand-rule 
direction with respect to 
"circulation" direction C. 

S is *any* enclosed surface 
bounded by the circulation 
path C. 

(x, y, z + ! z)

x

y

z

(x, y, z)

(x, y + ! y, z)
3

1

2
4

C

dS = ! y! zöx

¥ StokeÕs theorem clearly implies thatcurl is circulation per unit
area, just as the divergence theorem showed thatdivergence is ßux
per unit volume .

Ð The only di!erence is, curl also has a direction, which is thenormal
unit of the plane that contains the maximal value of circulation
per unit area found at that location (over all possible orientations
of dS).

¥ We will verify StokeÕs thm after explaining thecirculation per unit
area notion in steps:

Ð Let us Þrst calculate the circulation of a vector ÞeldE taken about
an arbitrary point (x, y, z) on a constantx plane around a square
contour with small edge dimensions! y and ! z parallel toy and
z axes as shown in the margin.
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Ð For a small rectangular contour ÒCxÓ on a constantx plane with
su"ciently small ! y and ! z dimensions parallel toy and z axes
(see Þgure in the margin), we have

(x, y, z + ! z)

x

y

z

(x, y, z)

(x, y + ! y, z)
3

1

2
4

C

dS = ! y! zöx

!

Cx

E ádl % Ez|2! z ! Ey|4! y ! Ez|1! z + Ey|3! y

= ( Ez|2 ! Ez|1)! z ! (Ey|4 ! Ey|3)! y.

It follows that

1
! y! z

!

Cx

E ádl % (
Ez|2 ! Ez|1

! y
!

Ey|4 ! Ey|3

! z
)

and

lim
! y,! z& 0

1
! y! z

!

Cx

E ádl = (
#Ez

#y
!

#Ey

#z
) = öx á # $ E,

meaning that thex component of# $ E is the circulation ofE
per unit area on a constantx surface.

Ð Likewise,y and z components of# $ E are circulations ofE per
unit area on constanty and z surfaces, and in general

#$ E = lim
! x,! y,! z& 0

(
1

! y! z

!

Cx

Eádl,
1

! x! z

!

Cy

Eádl,
1

! x! y

!

Cz

Eádl).

Ð Furthermore, based on the above result, we can recognize that vec-
tors # $ E point everywhere in directions perpendicular to planes
of maximum circulations per unit area in theE Þeld and have

4



magnitudes corresponding to the maximum values of circulations
per unit area at every point.

¥ Now, to conÞrmStokeÕs theorem

E
dl

C

S

Sum of circulations over small
squares cancel in the interior
edges and only survive around the
exterior path C.  This way, 
circulation around C matches
the sum of the fluxes of curl E
calculated over the small squares. 

Laws of
electrostatics:

# $ E = 0

# á "oE = !

They also apply Òquasi-staticallyÓ
over a region of dimensionL
when a time-varying Þeld source
! (r , t) has atime-constant$ much
longer than the propagation time
delay L/c of E(r , t) Þeld varia-
tions across the region (c is the
speed of light).

In electro-quasistatics (EQS)
E(r , t) will be accompanied by
a slowly varying magnetic Þeld
B (r , t) (to be studied starting in
Lecture 12).

!

C
E ádl =

#

S
# $ E ádS

pertinent for a closed pathC and its enclosed surfaceS, we will make
use of the diagram shown in the margin.

Ð The circulations over small squares shown in the diagram areap-
proximately equal to the products of their areas and the normal
components of# $ E calculated at the center points (based on
what we learned above).

Ð When all such circulations covering surfaceS are added up, the
result is

$
S #$ E ádS in the limit of vanishing size for the squares,

Ð as well as
"

C E ádl because in the grand sum of the circulations
over all the squares, all the contributions mutually cancelout (like
the overlapping edges of red and blue squares) except for those
calculated along the peripheryC!

We can now summarize the general constraints governing static electric Þelds
as

# $ E(r ) = 0, # á D (r ) = ! (r ), whereD (r ) = "oE(r ).
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¥ Vector ÞeldsE(r ) andD (r ) governed by these equations will in general
be continuous functions of position coordinatesr = ( x, y, z) exceptat
boundary surfaces where charge density function! (r ) requires a repre-
sentation in terms of a surface charge density! s(r ).

Ð For instance, according to our earlier results, static electric Þeld
of a charge density (see sketch at the margin)

! (r ) = ! s%(z)

would be

E(r ) = öz
! s

2"o
sgn(z) ' D (r ) = öz

! s

2
sgn(z).

( Consider a superposition of these Þelds with ÞeldsEo(r ) and
D o(r ) = "oEo(r ) produced by arbitrary continuous sources,
namely (macroscopic) Þelds ! 2 ! 1 0 1 2

! 2

! 1

0

1

2

x

z

E(r ) = öz
! s

2"o
sgn(z)+ Eo(r ) and D (r ) = öz

! s

2
sgn(z)+ "oEo(r ).

Since ÞeldsEo(r ) and D o(r ) vary continuously, these Þeld expressions
must satisfy

öz á(D + ! D ! ) = ! s and öz $ (E+ ! E! ) = 0

where
E+ ) E(x, y, 0+ ) and E! ) E(x, y, 0! )

6



refer to limiting values ofE at z = 0 plane fromaboveand below,
respectively, and likewise for öz

D +

D !

z = 0

D + ) D (x, y, 0+ ) and D ! ) D (x, y, 0! ).

¥ The above Òboundary condition equationsÓ can be written ina more
general form (see margin for justiÞcation) as

ön
D +

D !w

Constraint
!

C
E ádl = 0

around the dotted path yields

E +
t = E !

t

in w & 0 limit.

GaussÕs law
!

S
D ádS = QV

applied over the dotted volume (seen in
proÞle) yields

D +
n ! D !

n = ! s

in w & 0 limit.

ön á(D + ! D ! ) = ! s and ön $ (E+ ! E! ) = 0

whereön denotes a unit vector normal to any surface of an arbitrary
orientation carrying a surface charge density! s, while Þeld vectors with
superscripts+ and ! indicate limiting values of Þelds measured on
either side of the charged surface (withön pointing from! to + ).

Ð The equations can be further simpliÞed as

D +
n ! D !

n = ! s and E+
t = E!

t

whereDn and Et refer to normal component ofD and tangential
component ofE, respectively. Clearly, theseboundary condi-
tions say that at any surfaceS,

( tangential component of electric ÞeldE needs to be continu-
ous, but

( normal component ofD can change by an amount equal to
the charge density! s carried by the surface.
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z

x

y

! s = 2C/ m2

x = 5 m

D = 0 for x < 0.

! so = ?

Example 2: Measurements indicate thatD = 0 in the regionx < 0.

Also, x = 0 and x = 5 m planes contain surface charge densities of! s = 2 C/m 2 and
! so, respectively.

Determine! so and D for !* < x < * if there are no other charge distributions.

Solution: Since the normal component ofD must increase by! s = 2 C/m 2 when
we cross the charged surfacex = 0, we must haveD = öx2 C/m 2 in the region
0 < x < 5 m.

Having D = 0 in the regionx < 0 requires that the Þeld due to surface charge! so

on x = 5 m plane must cancel the Þeld due! s = 2 C/m 2 on x = 0 plane Ñ this
requires that! so be ! 2 C/m 2.

In that caseD = 0 in the regionx > 5 m, becauseD must increase by! so = ! 2
C/m 2 when we cross the charged surface atx = 5 m.
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z

x

y

! s = 2C/ m2

x = 5 m

D = 3öy for x < 0.

! s = ! 6C/ m2

Example 3: In the regionx < 0 measurements indicate a constant displacement Þeld
D = 3öy C/m 2. Also, x = 0 and x = 5 m planes contain surface charge densities
of ! s = 2 C/m 2 and ! s = ! 6 C/m 2 respectively. DetermineD for x > 0 if D is
known to be uniform in the intervals0 < x < 5 m and x > 5 m.

Solution: First we note that E = D
! o

= öy 3
! o

V/m is tangential to x = 0 and x = 5 m
surfaces. Since the tangential component ofE cannot change at any boundary,
we will have a uniformEy = 3

! o
in all regions,!* < x < * , implying that

Dy = 3 C/m 2 throughout (caused by charges at|y| & * ).

Second, we note that normal component ofD with respect tox = 0 and x = 5 m
surfaces, namelyDx, is zero inz < 0. Since the normal component ofD must
increase by an amount! s when we cross a charged surface, we must haveDx = 2
C/m 2 in the region0 < x < 5 m, andDx = 2 + ( ! 6) = ! 4 C/m 2 in x > 5 m.

In summary,

D =

%
&'

&(

öy3, for x < 0,

öx2 + öy3, for 0 < x < 5 m C
m2 .

! öx4 + öy3, for x > 5 m
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7 PoissonÕs and LaplaceÕs equations Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Summarizing the properties of electrostatic Þelds we have learned so far, they
satisfy the laws of electrostatics shown in the margin and, in addition, Laws of

electrostatics:

! á E = !/" o

! " E = 0

E = #! V as a consequence of! " E = 0.

¥ Using these relations, we can re-write GaussÕs law as

! á E = #! á (! V) =
!
"o

,

from which it follows that

! 2V = #
!
"o

, (PoissonÕs eqn)

where

! 2V $
#2V
#x2 +

#2V
#y2 +

#2V
#z2

is known asLaplacian of V. PoissonÕs eqn:

! 2V = #
!
"o

LaplaceÕs eqn:

! 2V = 0

Ð A special case of PoissonÕs equation corresponding to having

! (x, y, z) = 0

everywhere in the region of interest is

! 2V = 0. (LaplaceÕs eqn)
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Focusing our attention Þrst on LaplaceÕs equation, we note that the equation
can be used in charge free-regions to determine the electrostatic potential
V(x, y, z) by matching it to speciÞed potentials at boundaries as illustrated
in the following examples:

z

x

y

z = d = 2 m

V(d) = ! 3 V

V(0) = 0

z = 0
V(z) =?

z

V(z)

V(z) = Az + B

Example 1: Consider a pair of parallel conducting metallic plates of inÞnite extents
in x and y directions but separated inz direction by a Þnite distance ofd = 2
m (as shown in the margin). The conducting plates have non-zero surface charge
densities (to be determined in Example 2), which are known tobe responsible for
an electrostatic ÞeldE = özEz measured in between the plates. Each plate has
some unique and constant electrostatic potentialV since neitherE(r ) nor V(r )
can dependent the coordinatesx or y given the geometry of the problem.

Using LaplaceÕs equation determineV(z) andE(z) between the plates if the potential
of the plate atz = 0 is 0 (the ground), while the potential of the plate atz = d
is # 3 V.

Solution: Since the potential functionV = V(z) between the plates is only dependent
on z, it follows that LaplaceÕs equation simpliÞes as

! 2V =
#2V
#x2 +

#2V
#y2 +

#2V
#z2 =

#2V
#z2 = 0.

This equation can be satisÞed by

V(z) = Az + B

whereA andB are constants to be determined. Now applying the given boundary
conditions, we Þrst notice that (at the lower plate)

V(0) = ( Az + B)|z=0 = B = 0.
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Applying the second boundary condition (at the top plate) weÞnd

V(2) = ( Az + 0) |z=2 = 2A = # 3V % A = #
3
2

V
m

.

The upshot is, potential function

V(z) = #
3
2

z, for 0 < z < 2m.

Finally, we determine the electric Þeld between the plates as

E = #! V = #! (#
3
2

z) = öz
#
#z

(
3
2

z) = öz
3
2

V
m

.

z

x

y

z = d = 2 m

V(d) = ! 3 V

V(0) = 0

z = 0
V(z) =?

z

V(z)

V(z) = !
3
2
z! 3

0

E = !" (!
3
2
z) =

3
2

öz

Example 2: In Example 1 what are the surface charge densities of the metallic plates
located atz = 0 and z = 2 m surfaces?

Solution: Since the electric Þeld
E = öz

3
2

V
m

in between the plates, comparing this Þeld with the Þeld

E = öz
! s

"o

of a pair of parallel surfaces carrying surface charge densities ! s and # ! s (at
z = 0 and z = 2 m), we Þnd that

! s =
3
2

"o

on the surface atz = 0. The surface atz = 2 m has! s = # 3
2"o.
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Notice that our solution with equal and opposite charge densities on the parallel
surfaces implies that electrostatic Þelds are zerowithin the conducting plates
where the Þelds due to two charged surfaces are canceling out. This conclusion is
consistent with having constant electrostatic potentialswithin conducting regions
as will be discussed in the next lecture.

z

x

Vo = 0 +
+
+
+
+
+
+
+
+
+
+

-
-
-
-
-
-
-
-
-
-
-

Vp =?
E+E! = 0

3 m

Example 3: A pair of copper blocks separated by a distanced = 3 m in x direction
hold surface charge densities of! s = ± 2 C/m 2 on surfaces facing one another as
shown in the margin. The blocks are assigned constant potentials Vo = 0 and Vp

(see Þgure). What is the potential di!erenceVp?

Solution: Let D + = öx"oEx denote the displacement vector in between the blocks, and
let D # = 0 denote the displacement vectorwithin the block with a surface at
x = 0. Then the boundary condition equation used atx = 0 implies that

öx á(D + # D # ) = "oEx = 2
C
m2

% Ex =
2
"o

.

In that case, potential di!erence between the blocks is

V = Exd =
2
"o

3 =
6
"o

.

Since the block on the left is at a higher potential (electricÞeld vectors point
from high to low potential) assigned asVo = 0, we must have

Vp = #
6
"o

.
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PoissonÕs equation
! 2V = #

!
"o

is used in regions where the charge density! (r ) is non-zero. The following
example illustrates a possible use of PoissonÕs equation.

! ! 1 < 0
z

x

! W1

E1x(x)

! 1W1

2"o

x

! 2 > 0

W2

E2x(x)

! 2W2

2"o

x

! W1

W2

Ex(x)

!
! 1W1

"o

x

W2! W1

E
+-

Example 4: An inÞnite charged slab of widthW1, located over# W1 < x < 0, has a
negative volumetric charge density of# ! 1 C/m 3, ! 1 > 0. A second slab of width
W2 and positive charge density! 2 is located over0 < x < W 2 as shown in the
margin. The electric Þeld of this static charge conÞguration under the constraint
W1! 1 = W2! 2 was computed in an earlier section as

E =

!
# öx ! 1(x+ W1)

"o
, for # W1 < x < 0

öx ! 2(x# W2)
"o

, for 0 < x < W 2

and is depicted in the margin. Determine the electrostatic potential in the re-
gion and the potential di!erenceV21 $ V(W2) # V(# W1) satisfying PoissonÕs
equation.

Solution: This is a one dimensional geometry whereE and potentialV depend only on
coordinatex. Therefore, PoissonÕs equation! 2V = # !/" o takes the simpliÞed
form

d2V
dx2

= #
! (x)
"o

.

Integral of this equation overx yields in the left dV
dx = # Ex, which implies, given

the electric Þeld result from above,

dV
dx

=

!
! 1(x+ W1)

"o
, for # W1 < x < 0

# ! 2(x# W2)
"o

, for 0 < x < W 2
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Integrating dV
dx once more (i.e., Þnding suitable anti-derivatives with integration

constants), we Þnd

V(x) =

!
! 1(x+ W1)2

2"o
+ V1, for # W1 < x < 0

# ! 2(x# W2)2

2"o
+ V2, for 0 < x < W 2

where the integration constants includedon each linehave been selected so that
V2 = V(W2), V1 = V(# W1).

Requiring a unique potential value atx = 0 (we can only associate a single potential
energy level with each position in space) compatible with this expression forV(x),
we obtain

! 1(0 + W1)2

2"o
+ V1 = #

! 2(0 # W2)2

2"o
+ V2,

from which

V21 = V2 # V1 =
! 2W 2

2 + ! 1W 2
1

2"o
=

! 2W2(W1 + W2)
2"o

=
! 1W1(W1 + W2)

2"o
.

Note that the equation above can be solved forW1, W2, and W2 + W1 in terms of
V12, ! 2, and ! 1, providing useful formulas for diode design (see ECE 440). We
can also get useful speciÞc formulae forV1 and V2 by imposingV(0) = 0 , i.e.,
choosingx = 0 to be the reference point.

V1

V(x)
V2

! ! 1 < 0
z

x

! W1

! 2 > 0

W2
Ex(x)

!
! 1W1

"o

x

W2! W1

E
+-

! W1

W2 x

¥ The solution of PoissonÕs equation

! 2V = #
!
"o
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with an arbitrary ! existing over aÞnite sizedregion in space can be
obtained as

x

y

z
r ! r # ! (r #)

r #r

O

V(r ) =
"

! (r &)
4$"o|r # r &|

d3r &

whered3r &$ dx&dy&dz&and the 3D integral on the right over the primed
coordinates is performed over the entire region where the charge density
is non-zero1.

Ð VeriÞcation: The solution above can be veriÞed by combining a
number of results we have seen earlier on:

1. In Lecture 5 we learned that the electric potentialV(r ) of a
point chargee at the origin is

V(r ) =
e

4$"o|r |
.

Clearly, this singular result is a solution of PoissonÕs equa-
tion above (and the stated boundary condition) for a charge
density input of

! (r ) = e%(r ).

2. Using ECE 210-like terminology and notation, the above re-
1For charged regions of inÞnite extent the volume integral ma y not be convergent. In such cases it may be possible to determ ine V (r ) by

re-normalizing the non-convergent integral as explained in a bonus HW probl em. Very brießy, calculate a potential assuming a Þnite volu me,

re-adjust it by adding some constant potential (the re-norm alization step) so that the adjusted potential will have a co nvergent limit as the

integration volume grows to yield V (r ).
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sult can be represented as

%(r ) ' PoissonÕs Eqn'
1

4$"o|r |

identifying the output on the right as 3D Òimpulse responseÓ
of the linear and shift-invariant (LSI) system represented
by PoissonÕs equation.

3. Because of shift-invariance, we have

%(r # r &) ' PoissonÕs Eqn'
1

4$"o|r # r &|
,

meaning that a shifted impulse causes a shifted impulse re-
sponse.

The shifted impulse response is usually called ÒGreenÕs
functionÓG(r , r &) in EM theory.

4. Because of linearity, we are allowed to use superpositioning
arguments like
"

! (r &)%(r# r &)d3r &= ! (r ) ' PoissonÕs Eqn'
"

! (r &)
1

4$"o|r # r &|
d3r &= V(r ),

which concludes our veriÞcation. Note how we made use of
the sifting propertyof the impulse (from ECE 210) in above
calculation.
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¥ As an application of the general solution of PoissonÕs equation, namely

! 2V = #
!
"o

% V(r ) =
"

! (r &)
4$"o|r # r &|

d3r &,

we next provide an outline of the proof ofHelmholtz theorem (see Lecture

4) which states that any vector ÞeldF(x, y, z) that vanishes in the limit r =
#

x2 + y2 + z2 ' ( can be reconstructed uniquely2 from its divergence and curl:

Ð First, we claim that any vector ÞeldF = F(x, y, z) in 3D can be expressed as
a sum Helmholtz

Decompositioncurl-free part ofF

F =
$ %&'
#! V + ! " A& '$ %

divergence-free part ofF

in terms of some scalar ÞeldV(x, y, z) and some vector ÞeldA (x, y, z) Ñ this
is known asHelmholtz decomposition of F and can be justiÞed as follows:

) Given any vector ÞeldG = G(x, y, z), a well known vector identity

$ V

! " (! " G& '$ %) = !
$ %&'
(! á G) #! 2G& '$ %

$ A $ F

implies the above statedHelmholtz decomposition of another vector
ÞeldF $ #! 2G as a di!erence of some! " A (e.g., with3 A $ ! " G)
and some! V (with V $ ! á G). QED

2Additional boundary condition information would be needed for Þelds conÞned to Þnite volumes with non-vanishing magni tudes on the

bounding surface.

3It is possible to add gradient ! ! of any scalar ! and constant C to these choices of A and V , respectively. This makes Helmholtz

decomposition not unique , even though curl-free (or irrotational ) "! V and divergence-free (or solenoidal ) ! # A parts of F will always be

unique!
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Ð Second, taking the divergence of

F = #! V + ! " A

and using! á ! " A = 0, we Þnd that

! á F = #! 2V % ! 2V = # ! á F&'$ % % V(r ) =
"

! &áF(r &)
4$|r # r &|

d3r &

like !/" o

in analogy with PoissonÕs equation (with! &áF(r &) replacing! (r &)/" o where
! &is ÒdelÓ in(x&, y&, z&)-space).

Ð Likewise, the curl of
F = #! V + ! " A

with ! " ! V = 0, leads us to, using a divergence-freeA , to

! " F = ! " ! " A = ! (! á A&'$ %) # ! 2A % ! 2A = #! " F % A (r ) =
"

! &" F(r &)
4$|r # r &|

d3r &

= 0

once again in analogy with PoissonÕs equation4.
Helmholtz
Theorem¥ These results validate the Helmholtz theorem since they show that V and A needed

to reconstructF are obtained from! á F and ! " F, respectively.

4Divergence-free A identiÞed above can be modiÞed as A $ A + ! ! without impacting F = "! V + ! # A since ! # ! ! = 0 for any ! . It
is possible to select ! so that A ! % A + ! ! is not divergence free. Such an A ! would be a ÒdivergentÓ solution of the 3D pde ! # ! # A = ! # F
but still leading to the same F as the divergence-free A since ! # A ! = ! # A when A ! = A + ! ! !

The additive term ! ! in A ! is analogous to allowing a constant number to be added to V ! The freedom to specify ! , and thus ! á A ! , at will
is known as gauge freedom and any choice of ! making ! á A ! = 0 is known as CoulombÕs gauge.

To conÞrm that A given by the integral formula above is divergence free we Þrs t note that

! á A = ! á
!

! ! # F (r ! )

4! |r " r ! |
d3r ! =

!
! ! # F (r ! )

4!
á !

1

|r " r ! |
d3r ! = "

!
! ! # F (r ! )

4!
á ! ! 1

|r " r ! |
d3r ! = "

!
! ! á

! ! # F (r ! )

4! |r " r ! |
d3r !

after using the identity ! á (" G ) = " ! á G + G á ! " Þrst, using the symmetry relation !| r " r ! |" 1 = "! ! |r " r ! |" 1 (which is easy to conÞrm)
second, and Þnally using the fact that divergence of a curl is always zero. The volume integral on the very right is equival ent to the surface integral
!

S !
# ! $ F ( r ! )
4! | r " r ! | ádS! by virtue of divergence theorem and vanishes since surface S! needs to be taken outside the region where ! # F is non zero.
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Ð The ! á F and ! " F dependent integral formulas forV and A needed for
F = #! V + ! " A reconstruction will converge in case of Þelds vanishing at
inÞnity.

Ð Re-normalization methods (see footnote 1) can be used with non-convergent
integrals (in case of non-vanishing Þelds) to obtainV and A consistent with
!á F and!" F in order to reconstructF having speciÞed normal or tangential
boundary components at inÞnities (or on bounding surfaces of Þnite sized
reconstruction volumes where! á F and ! " F are known).

) for example: E Þeld of an inÞnite charge slab of a Þnite width does
not vanish at inÞnity, but we know that it can be represented in the form
E = #! V + ! " A with A = 0 (since the staticE is curl-free) and
V * ! * ! á E within the slab (see Example 4)! A uniqueE solution
can then be obtained to match a speciÞed boundary value forE far away
from the slab.
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8 Conductors, dielectrics, and polarization Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

So far in this course we have examined static Þeld conÞgurations of charge
distributions assumed to be Þxed in free space in theabsenceof nearby
materials (solid, liquid, or gas) composed of neutral atomsand molecules.

In the presenceof material bodies composed of large number of charge-
neutral atoms (in ßuid or solid states) static charge distributions giving rise
to electrostatic Þelds can be typically1 found:

1. On exterior surfaces ofconductorsin Òsteady-stateÓ,

2. In crystal lattices occupied byionizedatoms, as in depletion regions of
semiconductor junctions in diodes and transistors.

In this lecture we will examine these conÞgurations and response of materials
to applied electric Þelds.

Conductivity and static charges on conductor surfaces:

¥ Conductivity ! is anemergent propertyof material bodies containing
free charge carriers (e.g., unbound electrons, ionized atoms or molecules)
which relates the appliedelectric ÞeldE (V/m) to the electrical current
densityJ (A/m 2) conducted in the material via a linear relation2

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -(a)

Eo = öz
! s

"o

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -(b)
Eo

Eo

! ! s

! s

! ! s

! s

! ! s

! s

-  -  -  -  -  -  -  -  -  -

+  +  +  +  +  +  +  +  +  +

! > 0 E = 0

A conducting slab inserted into a
region with field E_o (as shown 
in b)develops surface charge which 
cancels out E_o within the slab.  

E_o relates to surface charge 
as dictated by GaussÕs law and 
superposition principle. 

J = ! E. (OhmÕs Law)
1More generally, materials containing charge carriers exhibiting divergence free ßows will also exhibit

static charge distributions.
2Linear behavior is possible provided charge carriers su!eroccasional collisions within the medium.
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¥ Simple physics-based models for! will be discussed later in Lecture 11.
For now it is su!cient to note that:

Ð ! ! " corresponds to aperfect electrical conductor3 (PEC) for
which it is necessary thatE = 0 (in analogy withV = 0 across a
short circuit element) independent ofJ.

Ð ! ! 0 corresponds to aperfect insulatorfor which it is necessary
that J = 0 (in analogy withI = 0 through an open circuit element)
independent ofE.

¥ While (macroscopic)E = 0 in PECÕsunconditionally, a conductor with
a Þnite ! (e.g., copper or sea water) will also haveE = 0 in Òsteady-
stateÓ after the decay of transient currentsJ that may be initiated
within the conductor after applying an external electric Þeld Eo (see
margin).

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -(a)

Eo = öz
! s

"o

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -(b)
Eo

Eo

! ! s

! s

! ! s

! s

! ! s

! s

-  -  -  -  -  -  -  -  -  -

+  +  +  +  +  +  +  +  +  +

! > 0 E = 0

A conducting slab inserted into a
region with field E_o (as shown 
in b)develops surface charge which 
cancels out E_o within the slab.  

E_o relates to surface charge 
as dictated by GaussÕs law and 
superposition principle. 

Ð The reason is, mobile free charges (e.g., electrons in metallic con-
ductors) within the conductor will be pulled or pushed by the
applied ÞeldEo to pile up on exterior surfaces of the conductor
until a surface charge density" s that is generated produces a sec-
ondary Þeld# Eo that exactly cancels out the appliedEo within
the interior of the conductor.

3PEC is an ÒidealizationÓ that has no real counterpart, even though it is convenient to treat high
conductivity materials such as copper as PEC in certain approximate models and calculations. For Òsu-
perconducting materialsÓ! ! " only in the low frequency limit.
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Ð E = 0 in the interior at steady-state implies that potentialV =const.,
as well as" = $ á D = $ á #oE = 0.

Ð Surface charge density" s and the exterior Þeld on a conductor
surface will satisfy the boundary condition equations

ön áD = " s and ön %E = 0,

with ön denoting the outward unit normal.

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -(a)

Eo = öz
! s

"o

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -(b)
Eo

Eo

! ! s

! s

! ! s

! s

! ! s

! s

-  -  -  -  -  -  -  -  -  -

+  +  +  +  +  +  +  +  +  +

! > 0 E = 0

A conducting slab inserted into a
region with field E_o (as shown 
in b)develops surface charge which 
cancels out E_o within the slab.  

E_o relates to surface charge 
as dictated by GaussÕs law and 
superposition principle. 

¥ The transient Òtime-constantÓ$ for the decayof charge density" (and
henceE, as claimed above) in a homogeneous4 conductor (constant! )
can be obtained using thecontinuity equation

%"
%t

+ $ á J = 0

representing the mathematical statement ofcharge conservation (de-
rived in Lecture 16). UsingJ = ! E and $ á E = "/# o, we have

$ á J = ! $ á E =
!
#o

"

above, from which it follows that

%"
%t

+
!
#o

" = 0 with a damped solution" (t) = " (0)e# !
"ot .

4See Fisher and Varney,Am. J. Phys., 44, 464 (1976), for a discussion of contact potential between
di!erent metals.
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The decay time-constant
$ =

#o

!
is typically very short (& 10# 18 s) in metallic conductors, which is why
such conductors are usually considered to be in steady-state (and have
zero interior Þelds).

¥ As a consequence: in electrostatic5 problems conducting volumes
of materials (e.g., chunks of copper) can be treated asequipotentials
having zero internal Þelds and Þnite surface charge densities" s = ön áD
expressed in terms of external ÞeldsD normal to the surface.

5Also applicablequasi-staticallywhen externally applied ÞeldsEo(t) change slowly with time-constants
much longer than#o/! . The way conductors are treated in high frequencyelectromagneticproblems will
be described later on.
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Dielectric materials and polarization:

¥ Dielectric materials consist of a large number of charge-neutral atoms
or molecules andideally contain no mobile charge carriers (i.e.,! = 0).

¥ Electric Þelds produced by charges located outside or within a dielectric
material will polarize the dielectric Ñ meaning that its constituent
atoms or molecules will be Òstretched outÓ to expose their internal or
ÒboundÓ charges, electrons and protons Ñ which will in turn cause the
electric Þeld inside the dielectric to becomeweakerthan (but not zero,
as in conductors) what the Þeld would have been in the absenceof
polarization e"ect.

A dielectric slab inserted into a
region with an initial field E_o 
will become polarized.

Inside the polarized dielectric the
field will be weaker than E_o 
outside, but not reduced to zero 
as in a conductor. 

Dielectric
slab

-  -  -  -  -  -  -  -  -  -

+  +  +  +  +  +  +  +  +  +

E = Eo

E = Eo

E = Eo !
P
!o

We will next examine this polarization process and see how GaussÕs law can
be re-stated to facilitate Þeld calculations in dielectricmaterials containing
bound charge carriers, i.e., atomic/molecular electrons and protons which
are not free to drift away from one another indeÞnitely (neglecting possible
ionization events).

¥ Consider a staticfree-charge density" (z) = " f that would produce a
macroscopic ÞeldEo satisfying" = #o$áEo in some region of free space.
The same density" (z) = " f will produce some other ÞeldE = özEz

within the same region of space when occupied by a dielectricmedium
composed of an array of neutral atoms or molecules.

Our objective is to relate the Þeld E to Eo and " f , and Þnd a way
of calculating E when " f is given.
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¥ In the presence of an electric ÞeldE = özEz in the dielectric each neutral
atom of the medium will be in a distorted (but not ripped apart) state
forming a öz oriented electric dipole , which can be visualized as a
proton-electron pair with a small proton displacementd in z direction
with respect to the electron.

Ð Consider a regular array of such dipoles

p ' edöz,

with ! x, ! y, and ! z spacings between the dipoles (see margin),
so that the volumetric dipole density is

! öz
! s

"o
" E1

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -! ! s

! s

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -! ! s

! s

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -! ! s

! s

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -! ! s

! s

! öz
! s

"o

! öz
! s

"o

! öz
! s

"o

0 = E2

0

0

0

! z

d

! s =
e

! x! y

Nd '
1

! x! y! z
m# 3,

within the array, and, furthermore,

" s =
e

! x! y
C
m2

is the magnitude of charge density of the adjacent proton and
electron layers (see margin again) formed by arrays of adjacent
dipoles displaced inz by intervals! z.

Ð Assuming that the array is inÞnite in extent inx andy directions,
the proton and electron layers with surface charge densities ± " s

will produce interior electric Þelds

E1 = # öz
" s

#o
= # öz

e/#o

! x! y
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(pointing in opposite direction toE = özEz), and exterior Þelds ! öz
! s

"o
" E1

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -! ! s

! s

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -! ! s

! s

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -! ! s

! s

+  +  +  +  +  +  +  +  +  +

-  -  -  -  -  -  -  -  -  -! ! s

! s

! öz
! s

"o

! öz
! s

"o

! öz
! s

"o

0 = E2

0

0

0

! z

d

! s =
e

! x! y

E2 = 0

in between the dipole layers. Space averaged macroscopic electric
Þeld within the array (with a spatial weighting proportional to
the size of regions with the ÞeldsE1 and E2) produced by the
polarized dipoles will then be

Ep = E1
d

! z
+ E2

! z # d
! z

= # öz
ed/#o

! x! y! z
= #

Ndedöz
#o

= #
P
#o

,

where
P ' Ndedöz = Ndp

is, by deÞnition, macroscopicpolarization Þeld of the dielectric,
measured in units of C/m2 (same units as a surface charge density).

Ð The total macroscopic ÞeldE in the dielectric is then the sum
of ÞeldEo produced by the free charge density" f in the region
and the macroscopic polarization ÞeldEp = # P

#o
produced by

bound charge carriers of the neutral atoms and/or moleculesof
the dielectric, i.e.,

E = Eo #
P
#o

,

a result that shows a Òreduced Þeld strengthÓE (compared toEo)
inside the dielectric sinceP and Eo are collinear.

A dielectric slab inserted into a
region with an initial field E_o 
will become polarized.

Inside the polarized dielectric the
field will be weaker than E_o 
outside, but not reduced to zero 
as in a conductor. 

Dielectric
slab

-  -  -  -  -  -  -  -  -  -

+  +  +  +  +  +  +  +  +  +

E = Eo

E = Eo

E = Eo !
P
!o
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¥ LetÕs re-arrange the expression forE from above as

#oE + P = #oEo

after multiplying it with #o and movingP to the left. Now, the term on
the right is#oEo = D o representing the displacement vector outside the
dielectric slab6, and if we were to ÒadoptÓ the left hand side expression
as the Òdisplacement vectorÓ for the interior, i.e, take

D = #oE + P

in regions with non-zeroP, then we would see that

Ð D = D o, i.e., the displacement is the same inside and outside the
slab, while electric ÞeldsE and Eo inside and outside di"er by a
non-zero# P/#o, and, furthermore,

Ð this generalized deÞnition of electric displacement (a macroscopic
Þeld sinceP is macroscopic) is consistent with (by now familiar)
D = #oE for free space since in free spaceP = 0.

A dielectric slab inserted into a
region with an initial field E_o 
will become polarized.

Inside the polarized dielectric the
field will be weaker than E_o 
outside, but not reduced to zero 
as in a conductor. 

Dielectric
slab

-  -  -  -  -  -  -  -  -  -

+  +  +  +  +  +  +  +  +  +

E = Eo

E = Eo

E = Eo !
P
!o

¥ To express GaussÕs law$ á (#oE) = " in a form applicable with our
new revisedD = #oE + P, we Þrst note that GaussÕs law (derived from

6This is true for the inÞnite dielectric slabgeometry we are considering here where the external Þeld
Eo is not inßuenced by the polarized slab.

Outside a dielectricsphere, on the other hand, the external Þeld will di!er from the applied ÞeldEo

(seePurcell, Electricity and magnetism, 1965, Chapter 9) because of external fringing Þelds of Þnite sized
bound charge layers of the dielectric sphere (giving rise toa non-zero externalEp in regions whereP = 0,
and Ep = # P

3! o
within the sphere, which in turn leads toD = #oE + P = #oEo + 2

3P within the sphere,
di!ering from unperturbed displacementD o = #oEo to be seen far away from the sphere).
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CoulombÕs law via superposition over all microscopic charges) should
hold in any type of medium so long as" is understood to be the total
charge density" = " f + " b, a sum of charge densities" f and" b associated
with free and boundcharge carriers that could exist in the region. As
such:

Ð outside dielectrics, GaussÕs law is$ á (#oE) = " f , since" b = 0 in
that case, and this can be expressed as$ á D = " f , with D = #oE
as usual for free space whereP = 0;

( using$ á (#oE) = " f outside the dielectric provides us with
the charge densities" f of positive and negative charge sheets
on the bottom and on the top sinceEz jumps from0 to Eo

and then back to0 as we move from bottom to top across the
two charge sheets.

Ð evaluating$ á D = " f with the macroscopic displacement Þeld
D = #oE + P within a dielectric, we obtain$á(#oE) = " f #$á P,
implying, in view of GaussÕ law$á(#oE) = " f + " b in macroscopic
form, a macroscopic bound charge density7 " b = #$á P expressed
in terms ofP.

¥ In conclusion, the macroscopic form of GaussÕs law can be written for
7Note that if P is a constant inside a dielectric and zero outside, then" b = #$ á P will be a surface

charge density conÞned to the surface of the dielectric. Also " f = 0 within and outside the dielectric slab
in the region in between the charge sheets producingEo.
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any type of medium as
$ á D = " f ,

with the understanding thatD ' #oE + P, ÒincludingÓ the e"ects of
bound charge density" b = #$ á P that may exist within or on the
boundaries of the medium.

Ð Typically subscriptf of " f is dropped in GaussÕs law, with the un-
derstanding that" refers to" f because any non-zero" b = #$ á P
e"ects have already been ÒlumpedÓ intoD = #oE + P (as men-
tioned above).

A dielectric slab inserted into a
region with an initial field E_o 
will become polarized.

Inside the polarized dielectric the
field will be weaker than E_o 
outside, but not reduced to zero 
as in a conductor. 

Dielectric
slab

-  -  -  -  -  -  -  -  -  -

+  +  +  +  +  +  +  +  +  +

E = Eo

E = Eo

E = Eo !
P
!o

¥ The di"erential form of GaussÕs law that we will now write (without
the subscriptf on " f ) as

$ á D = ", [GaussÕs law inside material medium]

appears in integral form (after applying Divergence theorem to volume
integral of the di"erential form) as

!

S
D ádS =

"

V
"dV,

where the right side denotes the netfree charge inside volumeV.

¥ In a large class of dielectric materials macroscopic polarization P and
electric ÞeldE turn out to be linearly related (see Lecture 11) as

P = #o&eE,

10



where&e ) 0 is a dimensionless quantity calledelectric susceptibil-
ity . For such materials

D = #oE + P = #o(1 + &e)E = #E,

where
#= #o(1 + &e) ' #r #o

is known as thepermittivity of the dielectric, and

#r = 1 + &e

its relative permittivity or dielectric constant .

Ð Dielectric constant of free space is 1,

( for air #r * 1.0006,

( for glass4# 10,

( dry-to-wet earth5# 10, silicon11# 12, distilled water81.

In certain materials&e and # are found to be tensors Ñ mean-
ing that P and D are no longer aligned withE. Such materials
are said to beanisotropic , but they will not be studied in this
course. Also, there is an exception to the condition&e ) 0 Ñ in
collisionlessplasmas&e < 0, as discussed in ECE 350.

¥ In GaussÕs law$ á D = " applicable in material media" denotes the
free charge carrier density only (after the revisions we have agreed to
make).

ön
D +

D !
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Ð Considering the integral form of GaussÕ law applied to a ÒpillboxÓ
where the right hand side is the total free charge to found inside
pillbox, the boundary condition equation relavant forD = #E + P
Ñ see Þgure in the margin Ñ can be shown to be

ön á(D + # D # ) = " s

(as we have seen before) in general, where" s denotes a surface
charge density consisting only of free charge carriers.

Ð However, in perfect dielectrics there are no mobile free charge car-
riers and GaussÕs law typically reduces to$ á D = 0, while the
correspondingboundary condition equation for surfaces sepa-
rating perfect dielectrics becomes

ön
D +

D !

ön á(D + # D # ) = 0 + D +
n = D #

n ,

which says that normal component of displacementD is continu-
ous on such surfaces. This is accompanied by

ön %(E+ # E# ) = 0 + E+
t = E#

t

stating the continuity of tangential components ofE, which is
universally true as we have seen earlier.

ön
D +

D !
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9 Static Þelds in dielectric media Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Summarizing important results from last lecture:

Ð within a dielectric medium, displacement

D = !E = ! oE + P,

and if the permittivity ! = ! r ! o is known,D and E can be calcu-
lated from free surface charge" s or volume charge" in the region
without resorting toP.

Ð on surfaces separating perfect dielectrics,ön á(D + ! D ! ) = 0 typ-
ically, while ön áD + = " s on a conductor-dielectric interface (with
ön pointing from the conductor toward the dielectric).

ön
D +

D !

Ð GaussÕs law" á D = " (and its integral counterpart) includes only
the free charge density on its right side, which is typicallyzero in
many practical problems.

Ð onceD andE have been calculated (typically using the boundary
condition equations), polarizationP can be obtained as

P = D ! ! oE

if needed.

These rules will be used in the examples in this section.

1



z

x

E = 18öx E = 18öxE = 3öx

! = ! o ! = ! o! = ! r ! o

Example 1: A perfect dielectric slab having a Þnite thicknessW in the x direction
is surrounded by free space and has a constant electric ÞeldE = 18öx V/m in
its exterior. Induced polarization of bound charges insidedielectric reduces the
electric Þeld strength inside the slab from18öx V/m to E = 3öx V/m. What are
the displacement ÞeldD and polarizationP outside and inside the slab, and
what are the dielectric constant! r and electric susceptibility#e of the slab?

Solution: Displacement Þeld outside the slab, where! = !o, must be

D = !oE = öx18!o
C
m2.

The outside polarizationP is of course zero. Boundary conditions at the interface
of the slab with free space require the continuity of normal component ofD and
tangential component ofE Ñ both of these conditions would be satisÞed if we
were to takeD = öx18!o C/m 2 also within the dielectric slab. Thus, withE = 3öx
V/m inside the slab, the conditionD = !slabE within the slab requires that

! slab = 6!o.

Consequently, the dielectric constant of the slab is

! r = 1 + #e =
! slab

! o
= 6

and its electric susceptibility is

#e = ! r ! 1 = 5.

Finally, sinceD = !oE + P in general, polarizationP inside the slab is

P = D ! ! oE = öx18!o ! ! o3öx = öx15!o
C
m2.
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¥ Our revised deÞnition of displacementD = !E, where! = ! r ! o, implies,
when combined withE = !" V and " á D = " , a revised form of
PoissonÕs equation

" 2V = !
"
!
,

Ð provided that dielectric constant! r is independent of position so
that " á D = " á (!E) = ! " á E is a valid intermediate step in the
derivation of PoissonÕs equation.

Ð Under the same condition LaplaceÕs equation" 2V = 0 also re-
mains valid.

Ð Dielectrics where! r is independent of position are said to beho-
mogeneous.

# In inhomogeneous dielectrics where! varies with position
neither equation is valid, and one has to resort to the full
form of GaussÕs law in Þeld and potential calculations.

In other words, donÕt use LaplaceÕs/PoissonÕs equations
in inhomogeneous media.
In the next example we have two homogeneous slabs side-by-side
making up an inhomogeneous conÞguration. In that case we can
use Laplace/Poisson within the slabs one at a time and then match
the results at the boundary using boundary condition equations
as shown.
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z

x

V(2) =?

V(0) = 0

! s = 2"o

z

V(z)

V(z) = Az

! s = ! 2"o

2! o

! o

z=1

z=2

! o

2! o V(z) = A + B(z ! 1)

Example 2: A pair of inÞnite conducting plates atz = 0 and z = 2 m carry equal
and opposite surface charge densities of! 2! o C/m 2 and 2!o C/m 2, respectively.
DetermineV(2) if V(0) = 0 and regions0 < z < 1 m and 1 < z < 2 m are
occupied by perfect dielectrics with permittivities of! o and 2!o, respectively.

Solution: Given that V(0) = 0 , we assumeV(z) = Az, for some constantA in the
homogeneous region0 < z < 1 m, sinceV(z) = Az satisÞes the LaplaceÕs
equation as well as the boundary condition atz = 0.

This givesV(1) = A at z = 1 m, which then implies that we can takeV(z) =
A + B(z ! 1) for the second homogeneous region1 < z < 2 m having a di!erent
permittivity than the region below.

To determine the constantsA and B, we will make use of boundary conditions at

z = 0 and z = 1 m interfaces:

¥ In the region0 < z < 1 m, the electric ÞeldE = !" (Az) = ! Aöz, and,
therefore displacementD = !1E = ! ! oAöz. Hence, the pertinent boundary
condition öz áD (0) = " s yields

öz áD (0) = ! ! oA = ! 2!o $ A = 2.

¥ Just belowz = 1 m the displacement isD (1! ) = ! ! oAöz = ! 2!oöz as we
found out above. Abovez = 1 m, the electric Þeld isE = !" (A + B(z !
1)) = ! B öz, and, therefore,D (1+ ) = ! 2! oB öz just abovez = 1 m. Hence,
the pertinent boundary conditionöz á(D (1+ ) ! D (1! ) = 0 yields

öz á(! 2! oB öz ! (! 2! oöz)) = ! 2! oB + 2!o = 0 $ B = 1.
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Based on above calculations of constantsA and B, the potential solution for the
region is

V(z) =

!
2z V, 0 < z < 1
2 + ( z ! 1) V, 1 < z < 2.

It follows that V(2) = 3 V.

Note that electric Þelds! 2öz V/m and ! öz V/m in the bottom and top layers point
from high to low potential regions. Electric ÞeldE is discontinuous at the bound-
ary at z = 1 m while displacementD is continuous Ñ the continuity of normally
directedD is demanded by boundary condition equations in the absence of sur-
face charge.

0

z

d

d1 ! s

! s0 = ?

! sd = ?

E = ?

E = 0 V = 0

E = 0 V = 0

If " s in Example 3 is a slowly-
varying function of time, then
slowly varying E, " s0, and " sd cal-
culated with instantaneous values
of " s would constitute quasi-static
solutions which are valid so long
as d % c/f , with f the highest
frequency in" s(t).

Example 3: A pair of inÞnite conducting plates atz = 0 and z = d are grounded
and have equal potentials, say,V = 0. The region0 < z < d is occupied by
free space (i.e.,! = ! o) except that an inÞnite charge sheet with a static surface
charge density" s is located atz = d1 < d . Determine (a) the electrostatic Þeld
E(z) in regions0 < z < d 1 and d1 < z < d , and (b) the surface charge densities
" s0 and " sd at z = 0 and z = d on conductor surfaces ifd1 = d/ 2.

Solution: (a) LaplaceÕs equation for the given geometry requires a linear (in z) poten-
tial solution in regions0 < z < d 1 andd1 < z < d . Since electrostaticE = !" V,
we can therefore represent the electric Þeld in these regions as

E =

!
! özVo/d 1, 0 < z < d 1

+özVo/d 2, d1 < z < d

5



whereVo & V(d1) and d2 & d ! d1. Hence,

D = !oE =

!
! öz!oVo/d 1, 0 < z < d 1

+öz!oVo/d 2, d1 < z < d
,

and MaxwellÕs boundary condition equation applied onz = d1 surface is

öz á(D (d+
1 ) ! D (d!

1 )) = " s $ ! oVo

"
1
d2

+
1
d1

#
= " s.

Thus

Vo =
" s

! o

"
1
d2

+
1
d1

# ! 1

=
" s

! o

d1d2

d1 + d2
=

" s

! o

d1d2

d
.

Substituting Vo back into the expression forE, we have

E =

!
! öz! s

"o

d2
d , 0 < z < d 1

+öz! s
"o

d1
d , d1 < z < d.

(b) The surface charge atz = 0 can be found by evaluatingöz áD = öz á!oE at z = 0.
Hence,

" s0 = öz á!oE(0) = !
d2

d
" s

!!!!!'
d1 = d/ 2 !

" s

2
.

Likewise,

" sd = ! öz á!oE(d) = !
d1

d
" s

!!!!!'
d1 = d/ 2 !

" s

2
.
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z

x

V(2) =?

V(0) = 0

! s = 2"o

z

! s = ! 2"o

2! o

! o

z=2

! (z) =
4! o

4 ! z

! o

2! o

Ez(z)

Example 4: Between a pair of inÞnite conducting plates atz = 0 and z = 2 m, the
medium is a perfect dielectric with aninhomogeneous permittivity of

! (z) =
4!o

4 ! z
.

Determine the electric potentialV(2) on the top plate if V(0) = 0 and the
surface charge density is" s = 2!o C/m 2 on the bottom plate atz = 0. Note
that LaplaceÕs equation cannot be used in this problem sincethe medium is
inhomogeneous.

Solution: Consider GaussÕs law
" á (!E) = "

with " = 0 in the region0 < z < 2 m. Assuming thatE = özEz(z), because the
geometry is invariant inx and y, we have

" á (!E) = 0 $
$
$z

(!E z) = 0 $ !E z = constant.

Thus the product !E z is invariant with respect to coordinatez, which implies
that

! (z)Ez(z) = ! (0)Ez(0) $ Ez(z) =
! (0)
! (z)

Ez(0) = Ez(0)(1 !
z
4

)

after substituting for ! (z). To identify Ez(0), we apply the bottom boundary
condition öz áD (0) = " s, and obtain

Dz(0) = ! (0)Ez(0) = 2 !o $ Ez(0) =
2!o

! (0)
= 2 V

m.

7



To determineV(2), we integrateE = öz2(1 ! z
4) V/m from top to bottom plate

(grounded), obtaining

V(2) =
$ 0

z=2
E ádl =

$ 0

z=2
2(1 !

z
4

)dz

= 2( z !
z2

8
)|02 = ! 2(2 !

4
8

) = ! 2 á
3
2

= ! 3V.

8



10 Capacitance and conductance Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Parallel-plate capacitor: Consider a pair of conducting plates with surface
areasA separated by some distanced in free space (see margin). z

x

y ! Q

d

A

Q

A
The plates are initially charge neutral, but then some amount of electrons

are transferred from one plate to the other so that the platesacquire equal
and opposite chargesQ and! Q, distributed with surface densities of± Q

A on
plate surfaces facing one another (as shown in the margin).

¥ That way, in steady state and ford "
#

A, a Þeld conÞguration con-
Þned mainly to the region between the plates is acquired, satisfying the
condition that static Þeld inside a conductor should be zero. A weak
Òfringing ÞeldÓ can be ignored ifd "

#
A and thus the geometry well

approximates the case with inÞnite plates.

Ð A constant displacement Þeld

D = öx
Q
A

satisÞes the normal boundary condition at the left plate boundary
as well as GaussÕs law$ á D = 0 in the region between the plates.
The corresponding electrostatic Þeld is

E =
D
! o

= öx
Q

! oA
,

and the voltage drop from (positive charged) left plate to (negative

1



charged) right plate is

V =
! (d,0,0)

(0,0,0)
E ádl =

! d

x=0

Q
! oA

dx =
d

! oA
Q.

The last result can be expressed as alinear charge-voltage relation

Q = CV

with
C % ! o

A
d

representing thecapacitance of the parallel conducting plate ar-
rangement that we callparallel plate capacitor .

¥ By di!erentiating Q = CV we obtain the charging rate of the capacitor
as

z

x

y! Q

d

A

Q

A

I = C
dV
dt

V(t)+         -

I =
dQ
dt

= C
dV
dt

which is only possible, for ideal capacitors, if the capacitor plates are
externally connected to a circuit supplying a current as shown on the
right where the direction ofI = dQ

dt is in the direction of voltage dropV
acrossthe capacitor, from the positively charged plate to the negatively
charged plate as shown.

Ð In lossy capacitors when the medium between the plates is con-
ducting, the charging rate of the capacitor plate will be smaller as

2



given by
dQ
dt

= C
dV
dt

= I ! GV,

whereG stands for the conductance of the capacitor (derived later
in this lecture) andI the external current ßowing into the non-
ideal capacitor.

! Q

d

Q

V(t)
+         -

+
+
+
+
+
+
+
+
+
+
+

-
-
-
-
-
-
-
-
-
-
-

J = ! E

E

C

x

R =
1
G

I = GV + C
dV
dt

GV

C
dV
dt

Ð Therefore, for non-ideal capacitors the external current

I = C
dV
dt

+ GV,

meaning that part ofI goes into changing stored chargeQ =
CV of capacitor plates and the rest to conduct aGV amount of
leakage current of the capacitor plates, and the equivalentcircuit
of the non-ideal capacitor then contains a Òshunt resistanceÓR = 1

G
accompanyingC as shown in the margin.

¥ Returning to theIV -relation

I = C
dV
dt

of the ideal capacitor, thisIV -relation was obtained from theQV-
relation abovequasi-staticallyassuming that

#
A " " = c/f , wheref

is the highest frequency ofV(t). The power absorbed by the capacitor
is then calculated as

P = V I = V C
dV
dt

=
d
dt

(
1
2
CV2),

3



implying a stored energy of

W =
1
2
CV2 =

1
2
! o|Ex|2Ad

when the capacitor is in a charged state.

¥ Notice that stored energy is

1
2
! oE2

x =
1
2
! oE áE

times the volumeAd occupied by the ÞeldE between the capacitor
plates. That suggests that

w =
1
2
! oE áE

can be interpreted as stored electrostatic energy per unit volume in
general.

Ð Also both capacitanceC and stored energiesW andw would have
! replacing! o in dielectric media.

A capacitor with a perfect dielectric between its plates will hold its charge
and stored energy indeÞnitely. However, if the dielectric is imperfect and
has a Þniteconductivity #, charge will be transported from the positive to
negative plate by a volumetric current density

J = #E,

4



which will result in aquasi-staticdischarge of the capacitor and the loss of
the stored energyW to Ohmic dissipation in the imperfect dielectric.

Just ascapacitance C characterizes the energy and charge storage Òca-
pacityÓ of the capacitor, we can deÞne aconductance G that relates the
quasi-static discharge currentI in between the plates of a capacitor to po-
tential drop V:

¥ Discharge currentI is the product of current density

! Q

d

Q

V(t)
+         -

+
+
+
+
+
+
+
+
+
+
+

-
-
-
-
-
-
-
-
-
-
-

J = ! E

E

C

x

R =
1
G

I = GV + C
dV
dt

GV

C
dV
dt

System above behaves like a resis-
tor R = 1/G for

$ "
G
C

=
1

RC
=

#
!

and like a capacitorC in the com-
plementary frequency band. To
obtain capacitor behavior at low
frequencies make sure that# is
su!ciently small.

Alternatively, with large # the
system becomes a good electri-
cal connector, a resistorR with
a small resistanceR & 1/# .

Jx = #Ex

in A/m 2 units and the plate areaA. SinceEx = V
d , we obtain alinear

current-voltage relation
I = GV

with conductance
G % #

A
d

for the parallel plate capacitor.

Ð Notice that G = #
! C, a relation that will hold true for other types

of capacitors that we will be examining.

Ð Also,

R %
1
G

=
d

A#
is the correspondingresistance that scales inversely with con-
ductivity # of the material Ñ large# materials will have small
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resistance, but for a given#, R increases with lengthd and de-
creases with increasing cross-sectional areaA. Simple conductivity
models andJ will be discussed next lecture.

Coaxial Cable: When we study guided wave propagation later in the course
we will learn about coaxial cables.

"

ab
r

z

¥ A coax cable consists of two conducting regions Ñ a central cylindrical
conductor with a cross-sectional radiusa, enclosed by a conducting
pipe of a radiusb > a (see margin), with some dielectric! Þlling in
the space. We will next calculate the capacitance and conductance of
a coax segment of some length%.

¥ For %' b, ÞeldE can be assumed to point out radially away from
the inner conductor with radiusa to the outer conductor with radiusb.
In that case GaussÕs law in integral form can be utilized to determine
the radial ÞeldEr . Considering a cylindrical integration surface with a
radius r > a centered about the inner conductor, we re-write GaussÕs
law

!
"

s
E ádS = QV

as
!E r 2&r%= Q

whereQ is the total charge distributed over the inner conductor and!
the permittivity of the dielectric separating the two conductors.
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Ð It follows that
Er =

Q
2&!%r

,

and voltage drop from inner to outer conductor is

V =
! b

r= a
Er dr =

! b

r= a

Q
2&!%r

dr =
Q

2&%!

! b

r= a

dr
r

=
Q

2&%!
ln

b
a

.

Clearly, once againQ = CV, with

C =
2&
ln b

a

%!

representing the capacitance of the coax segment of lengthl.

¥ Thecapacitance of the coaxper unit length is

C =
2&
ln b

a

!.

Ð Conductance of the coaxper unit length can likewise be shown
to be

G =
2&
ln b

a

#.

This result is a consequence of the general relationG = #
! C men-

tioned earlier.

Ð Per length parametersC andG of the coax will play an important
role when we study guided wave propagation in coaxial transmis-
sion lines with lengths for which quasi-static approximation may
be violated.
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Diode junctions: In Example 4 in Lecture 7 we derived the expression
for potential dropV across a charged region of a total width ofW1 + W2,
such that in region 1 where! W1 < x < 0 the charge density' = ! ' 1 is
negative, while in region 2 where0 < x < W 2 the charge density' = ' 2

is positive, with the additional constraint that the entireregion is charge
neutral, meaning that' 1W1 = ' 2W2.

V1

V(x)
V2

! #1 < 0
z

x

! W1

#2 > 0

W2
Ex(x)

!
#1W1

$o

x

W2! W1

E
+-

! W1

W2 x

By solvingPoissonÕs equationfor this charge density conÞguration (see
margin) encountered injunction regions of semiconductor diodes (described
in detail ECE 440) we had established that the voltage drop from x = W2

to x = ! W1 across the junction is given by

V =
' 2W2(W1 + W2)

2! o
=

' 1W1(W1 + W2)
2! o

.

The above equation implies that

W1 =
2! oV

(W1 + W2)' 1
and W2 =

2! oV
(W1 + W2)' 2

( W1+W2 =
#

2! oV
' 1 + ' 2

' 1' 2
.

Using the expressions above for junction voltageV and width W1 + W2,
we will next derive an expression forsmall signal capacitance of the diode
junction:

¥ In region 2 wherex > 0, the junction holds a total positive charge of
Q = ' 2W2A per cross-sectional areaA.

¥ Therefore, substitutingQ
A for ' 2W2 in the expression forV above, and

8



also using theW1 + W2 &
#

V expression derived above, we obtain

V =
' 2W2(W1 + W2)

2! o
=

Q
$

2! oV
' 1+ ' 2
' 1' 2

2! oA
,

which can be re-arranged as

Q = A

#
2! o' 1' 2

' 1 + ' 2

#
V

representing anon-linear charge-voltage relation (for a given charge
proÞles satisfying' 1W1 = ' 2W2).

Ð In a linear charge-voltage relationQ = CV, the capacitance pa-
rameterC represents the slopeQV of a Q vs V curve.

V1

V(x)
V2

! #1 < 0
z

x

! W1

#2 > 0

W2
Ex(x)

!
#1W1

$o

x

W2! W1

E
+-

! W1

W2 x

The slope ofany Q vs V curve is given by the derivativedQ
dV , whether or

not the curve is linear. The slopedQ
dV of a non-linear charge-voltage curve

can be interpreted as asmall signal capacitanceC. For a diode junction,
di!erentiating the above equation, we Þnd that

C =
dQ
dV

= A
#

! o

2V
' 1' 2

(' 1 + ' 2)
.

Small changesdV in junction voltage will accompany small changesdQ =
CdV in stored chargeQ of the junction, but the amountCdV will itself
depend onV becauseC & V ! 1/ 2.
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11 Lorentz-Drude models for conductivity and
susceptibility and polarization current Copyright ©2024 Reserved Ñ no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

In this lecture we will describe simple microscopic models for conductivity !
and electric susceptibility" e of material media composed of free and bound
charge carriers. The models were Þrst developed by Lorentz and Drude prior
to the establishment of quantum mechanics. In these models free charge
carriers motions are described using Newtonian dynamics and atoms are
represented as electric dipolesp = ! er (r is electron displacement from
atomic nucleus) behaving like damped 2nd order systems.

Conductivity: Conducting materials such as copper, sea water, ionized
gases (plasmas) contain a Þnite densityN of mobile and free charge carriers
at the microscopic level (in addition to neutral atoms and molecules sharing
the same macroscopic space) Ñ these elementary mobile carriers can be
electrons, positive or negative ions, or positive ÒholesÓ (in semi-conductor
materials).

(a)

(b)

E = 0

E

q > 0

q > 0

In the absence of an applied electric 
field E, free charge q exhibits a 
"random walk" between collisions such 
that its average velocity v is zero. 

By collisions we refer to the inreactions
of q with zero-mean miscroscopic electric 
fields within the conductor due to charges 
entrapped in the lattice.

In the presence of an applied electric
field E, the mean position of free charge 
q>0 drifts in the direction of field
vector E with some non-zero mean 
velocity v.

Avg. drift velocity v reperesents a 
balance between acceleration force due 
to E and an opposing friction force 
produced by collisions of q with the 
lattice at random intervals with 
some mean value   . !

¥ Each elementary charge carrier with a chargeq and massm and subject
to a macroscopic electrical forceqE will be modeled by a dynamic
equation

m
dv
dt

= qE ! m
v
#

,

which is e!ectively NewtonÕs second law Ñ Òforce equals masstimes
accelerationÓ Ñ in whichv denotes the macroscopic velocity1 of charge

1Think of microscopicvelocity of each charge carrier asv + $v, where$v is an independent zero-mean
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carriers and! mv
# denotes a macroscopic friction force proportional to

! v . Friction is a consequence of ÒcollisionsÓ of charge carriers with
other particles at a frequency of%= 1

# collisions per unit time, which
causes the exponential decay ofv as

v(t) = v(0)e! t/#

in the absence of ÞeldE. Therefore, whenE = 0, the carriers settle
down to a steady state withv = 0 (in t " # limit), meaning that
no macroscopic current densityJ will be found in steady state in the
absence ofE in regions with homogeneous charge carrier densities.

¥ With a constant but non-zeroE, steady-state solution of the above
equation is

1 m

1 m
1m

J = Nqv

v

such that current I (in A) across
any surface S having area elements
dS is given by 

I =
!

S J ádS

A cube of unity volume contains
N charge carriers q each moving 
with an average  velocity of 
v=1 m/s towards the shaded surface 
of the cube of a unity surface area. 

In 1 second all N charges in the 
volume cross the shaded surface, 
transporting Nq Coulombs of charge 
per second per unit area.

By contrast, charge transport rate 
across the same surface is

Nqv C/s/m2 = Nqv A/m 2

if the average charge velocity
is an arbitrary v.

Thus, in vector notation, we can
define the current density in the
region as 

q

v =
q#
m

E, where|
q#
m

| is known asmobility .

Ð AssumingN charge carriers per unit volume each moving (on the
average) with this steady-state velocity in a given material, we can
calculate the average ßux density of charge through the region as

J = Nqv =
Nq2

m%
E

C/s
m2

which is commonly referred to ascurrent density (see margin).
If a given material contains several species of carriers with charge,

random variable for each charge carrier whereasmacroscopicvelocity v corresponds to the statistical
average of allv + $v.
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mass, collision frequency, and number density ofqs, ms, %s, and
Ns, respectively, then current density can be expressed as OhmÕs Law

and
DC
conductivity

J = ! E,

with

! =
!

s

! s and ! s =
Nsq2

s

ms%s

denoting the medium and species conductivities, respectively, un-
der DC conditions.

¥ With a time varying ÞeldE the corresponding current density will also
be time varying, in which case conductivity! should be deÞned in the
frequency domain using phasor techniques (remember ECE 210).

Ð Brießy, using phasors÷E and ÷J such that

E(t) = Re{ ÷Eej&t } and J(t) = Re{ ÷Jej&t } , etc.,

we have a phasor transformed NewtonÕs force balance equation

m
dv
dt

= qE ! m
v
#

# mj& ÷v = q÷E ! m
÷v
#

,

from which it follows that

÷J = ! ÷E,

3



with

! =
!

s

! s and ! s =
Nsq2

s

ms(%s + j& )
.

AC
conductivityÐ Note that the AC conductivity just derived can be approximated

by the DC conductivity derived earlier for all AC frequencies &
much smaller than species collision frequencies%s.

$ In many cases of practical interest, this condition can be easily
met, and we are often well justiÞed to ignore the frequency
dependence and complex character of conductivity! revealed
in above derivation.

Ð More advanced quantum mechanical derivations of! s give the
same results except withe!ective massesspeciÞed by quantum
theory replacing the particle massesms used in classical models.

¥ Typical DC conductivities:

Ð For silver, copper, gold,! % several& 107 S/m

Ð For seawater! ' 4 S/m

Ð For intrinsic silicon! = 1.6& 10! 3 S/m

Ð For dry earth ! % 10! 5 S/m

Ð For glass! % 10! 10 ! 10! 14 S/m

Superconductivityoccurs in certain materials at low temperatures

4



when the DC conductivity vanishes as a consequence of correlated
charge carrier motions which are ignored in the Lorentz-Drude
model.

Susceptibility: In perfect dielectrics there are no free charge carriers andso
! = 0. However, in general such materials are polarizable and therefore they
have a non-zero susceptibility" e and a dielectric constant' r = 1 + " e > 1.

¥ In Lorentz-Drude model, each polarized atom or molecule isconsidered
to be a dipolep = ! er , with r representing the displacement vector
of an atomic electron from atomic nucleus when the atom is polarized
because of an applied electric Þeld.

+
+
+
+
+
+
+
+
+
+
+

-
-
-
-
-
-
-
-
-
-
-

E

r e! e

r e! e
r e! e

¥ If the polarizing force on the atom is removed, observations indicate
that the dipole Þeld of the atomEp ( p ( r will decay as a damped
co-sinusoid with a decay time constant#d = 1

( and a characteristic
damped frequency

"
&2

o ! ( 2 ' &o satisfying a condition&o " ( = 1
#d

(strongly underdamped).

Ð Possible values of&o for a given atom can be obtained from the en-
ergy levels of bound states of the atom (calculated using standard
quantum2 models like in PHYS 214) and time constants#d = 1

(
(which are Þnite because energies! &o radiated away are also Þnite)
are related to observed line widths (2( ) in the emission spectra of
excited atoms.

2For a quantum mechanical derivation of susceptibility, see, e.g.,Mott, ÒElements of Wave MechanicsÓ,
Chapt 4, Sect 10 (1958);Miller , ÒQuantum Mechanics for Scientists and EngineersÓ, Sect 7.3 (2008).
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Electron displacement having the inferred damped co-sinusoid form

r (t) = r oe! t/# d cos(
"

&2
o ! ( 2t) ' r oe! t/# d cos(&ot)

is Òzero-input responseÓ (remember ECE 210) of a linear second-order
ODE that can be constructed using NewtonÕs second law of classical
mechanics:

Ð If we assume that massm times accelerationd2r
dt2 of a displaced

electron equals the sum of a

+
+
+
+
+
+
+
+
+
+
+

-
-
-
-
-
-
-
-
-
-
-

E

r e! e

r e! e
r e! e

$ force! eE exerted by an applied macroscopic electric ÞeldE,

$ a spring-like restoring force! m&2
or responsible for the binding

of the electron to the nucleus, and

$ a friction-like dissipative force! m2( dr
dt ,

we get

m
d2r
dt2

= ! eE ! m&2
or ! m2(

dr
dt

,

for whichr (t) given above is the zero-input solution in the absence
of E.

¥ To Þnd the DC susceptibility of a dielectric composed of dipoles con-
strained by the above equation, we note that steady-state solution of
the equation with a non-zero constant ÞeldE is

r = !
e

m&2
o
E.
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Consequently, dipole moment of a single polarized atom is

p = ! er =
e2

m&2
o
E,

and polarization Þeld in a dielectric with a dipole density of Nd is

P = Ndp =
Nde2

m&2
o
E.

This result can also be written as

+
+
+
+
+
+
+
+
+
+
+

-
-
-
-
-
-
-
-
-
-
-

E

r e! e

r e! e
r e! e

P = ' o" eE,

where DC
susceptibility" e )

Nde2/m' o

&2
o

is DC susceptibility. AC susceptibility can be derived using phasor
techniques, but at frequencies& * &o, AC susceptibility is well ap-
proximated by the DC susceptibility derived above.

Polarization current: Consider the case of a time varying electric Þeld
E(t) in a dielectric medium at a frequency& * &o such that the relations

r = !
e

m&2
o
E and P = ' o" eE

from above are accurate.
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¥ Time variation ofE will imply the time variation of electron displace-
ment r , so that there will bein e!ect a non-zero electron velocity

v =
dr
dt

= !
e

m&2
o

dE
dt

capable of producing a current.

Ð With Nd such electrons per unit volume, each carrying a charge
! e, we will have a net ßux density of charge in the region given
by

Jp = ! eNdv =
Nde2

m&2
o

dE
dt

=
dP
dt

.

This ßux is e!ectively an AC current density carried by bound
charges found in a dielectric medium. Even though, a DC cur-
rent is not possible in a perfect dielectric containing onlybound
charges, evidently AC currents Polarization

current
densityJp =

dP
dt

Polarization current density

are possible Ñ we call this type of AC current aspolarization
current density .

¥ In our studies of time-varying electromagnetic Þelds we will include the
e!ects of polarization currentsdP

dt along with the e!ects of conduction
currents! E.
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12 Magnetic force and Þelds and AmpereÕs law Copyright ©2026 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Pairs of wires carrying currentsI running in the same (opposite) direction
are known to attract (repel) one another. In this lecture we will explain the

I

I

F

F

ÒThings should be made as simple
as possible Ð but no simpler.Ó

Ñ Albert Einstein

mechanism Ñ the phenomenon is a relativistic1 consequence of electrostatic
charge interactions, but it is more commonly described in terms of magnetic
Þelds. This will be our introduction to magnetic Þeld e!ectsin this course.

¥ Consider a current carrying stationary wire in the lab frame:

Ð the wire has a stationary lattice of positive ions,
1Brief summary of special relativity: Observations indicate that light (EM waves) can be ÒcountedÓ like particles

(photons) and yet travel at one and the same speedc = 3 ! 108 m/s in all reference frames in relative motion. As Þrst
recognized by Albert Einstein, these facts preclude the (commonsense) possibility that a particle velocity u measured in a
Òlab frameÓ could appear as

u! = u " v (Newtonian)

to an observer approaching the particle with a velocityv within the same frame; instead,u must transform into the observerÕs
frame as

u! =
u " v
1 " uv

c2

, (relativistic)

so that if u = c, then u! = c also. This ÒrelativisticÓ velocity transformation formula in turn requires that positions x and
times t of physical events transform (between lab and observer frames) as

x! = ! (x " vt) and t! = ! (t "
v
c2 x), (relativistic)

where ! # 1$
1" v2 /c 2

, rather than as

x! = x " vt and t! = t, (Newtonian)

so that dx
dt = u and dx !

dt ! = u! are related by the relativistic formula for u! given above.
Relativistic transformations imply a number of Òcounter-intuitiveÓ e!ects ordinarily not noticed unless|v| is very close to

c. One of them is Lorentz contraction, x! = x/! , obtained from x! = ! (x " vt) for t ! = ! (t " v
c2 x) = 0 : since ! > 1, x! < x ,

indicating that a ruler stationary in the lab frame with a len gth x appears as moving and having a shorter lengthx! < x
(measured at time t! = 0 ) in the moving frame. A second one is time dilation, t ! = t/! , obtained from t! = ! (t " v

c2 x) for
x! = ! (x " vt) = 0 : since! > 1, t ! < t , indicating that a clock stationary in the moving frame at x! = 0 will run slower than
the stationary clocks of the lab frame all displaying identical clock times t > t !. In short, moving rulers shrink and moving
clocks tick slower compared with stationary duplicates (and these are (of course) reciprocal e!ects since all clocks and rulers
are stationary in their own reference frames and are in motion in other frames).
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Ð electrons are moving to the left through the lattice with an average
speedv, and

I

v

+   +   +   +   +   +   +   +

! !

! + = ! ! !

(a) Neutral wire carrying current I 
    in the "lab frame":

v
+  +  +  +  +  +  +  +  +  +
_    _    _    _    _    _    _ 

! "
! = ! ! /"

! "
+ = "! +

(b) In the "electron frame" the wire 
appears positively charged:

E" =
! "

2"#or
ör

r

_   _   _   _   _   _   _   _

! " # ! +
v2

c2 =
Iv
c2 = Ivµ o"o

I !

Ð a currentI > 0 is ßowing to the right as shown in the Þgure.

%If the wire is electrically uncharged Ñ which will be true if
electron and ion charge densities in the wire,! " < 0 and
! + > 0, respectively, have equal magnitudes Ñ then the wire
will produce no electrostatic ÞeldE, and any stationary charge
q placed near the wire will not be subject to any force2.

%The current carried by the wire isI = v|! " | = v! + in terms
of the magnitudes of electron velocity and charge density.

¥ An uncharged wire in the lab frame appears as ÒchargedÓ in the refer-
ence frame of the electrons carrying the current:

Ð this is arelativistic e!ect due to ÒLorentz contractionÓ of the dis-
tances between the charges in the wire.

Ð In the electron frame the wire is found to have a positive charge
density ! &, and thus it has a radial electrostatic Þeld

E&=
! &

2"#or
ör

implying an electrostatic forceF&= qE&on a stationary chargeq.
2This is true for zero-resistivity wires. Current carrying w ires with Þnite resistivity will however support surface charge

densities with axial gradients to produce the static Þeld within the wire needed to drive the current Ñ e.g., in Am. J. Phys.:
JeÞmenko,30, 19 (1962); Parker,38, 720 (1970); Preyer,68, 1002 (2000).
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Ð Relativistic calculations3 show that

! &=
$! + v2

c2 = $(
I
v

)
v2

c2 = $Iv#oµo ' E&=
$Iv! !#oµo

2" ! !#or
ör =

$Ivµo

2"r
ör

whereµo = 4" ! 10" 7 H/m is permeabilityof free space.

I

v

+   +   +   +   +   +   +   +

! !

! + = ! ! !

(a) Neutral wire carrying current I 
    in the "lab frame":

v
+  +  +  +  +  +  +  +  +  +
_    _    _    _    _    _    _ 

! "
! = ! ! /"

! "
+ = "! +

(b) In the "electron frame" the wire 
appears positively charged:

E" =
! "

2"#or
ör

r

_   _   _   _   _   _   _   _

! " # ! +
v2

c2 =
Iv
c2 = Ivµ o"o

I !

Ð Now, the forceF&= qE&on a stationary chargeq in the electron
frame transforms to forceF = F&/$ on the same charge in the
lab frame4 whereE = 0, the ions are stationary, but chargeq is
moving.

%ExpressingF asqv ! B in terms of velocityv of the moving
charge and a ÞeldB , and equating it toF&/$ = qE&/$ , we

3(i) Electron spacings dx! measured in the electron reference frame will appear as Lorentz contacted to

dx =

!

1 "
v2

c2 dx!

spacings in the lab frame where the electrons are in motion. As a consequence the electron charge density seen in the lab
frame is

" " =
" !

""
1 " v2/c 2

and exceeds the density" !
" seen in the electron frame. Furthermore," " = " " + in order to maintain a charge neutral wire in

the lab frame. (ii) Once again because of Lorentz contraction, the charge density of positive ions will appear in the electron
frame as

" !
+ =

" +"
1 " v2/c 2

and exceed the lab frame density" + . (iii) Thus, the total charge density of the wire in the electron frame is

" ! = " !
+ + " !

" =
" +"

1 " v2/c 2
+ " "

"
1 " v2/c 2 =

" +"
1 " v2/c 2

" " +

"
1 " v2/c 2 =

" + v2/c 2

"
1 " v2/c 2

=
!" + v2

c2 ,

a positive charge density Ñ e.g., articles in Am. J. Phys.: Webster, 29, 262, 1961; Matzek and Russel,36, 905, 1968; Arista
and Lopez,43, 525, 1975; Zapolsky,56, 1137, 1988.

4Note F = F!/! ( F ! if |v| ) c, which is typically true by a large margin for electron speeds in current carrying
conducting metals Ñ see HW.
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obtain

qv ! B = q
Ivµ o

2"r
ör = qv !

µoI
2"r

ö% ' B #
µoI
2"r

ö%

whereö%is the unit vector in the direction given by theright-
hand-rule(see margin) and

B #
µoI
2"r

ö%

is the Òmagnetic ßux densityÓ of current ÞlamentI at a dis-
tancer .

%We attribute the force

v
+  +  +  +  +  +  +  +  +  +
_    _    _    _    _    _    _ 

! "
! = ! ! /"

! "
+ = "! +

(a) In the "electron frame" the wire 
appears positively charged and 
repelsa test charge q with 
force FÕ=qEÕ

F" = qE" = q
! "

2#"or
ör # qv

µoI
2#r

ör

r

! " # ! +
v2

c2 =
Iv
c2 = Ivµ o"o

I

(b) In the lab frame force F~FÕ of
moving charge q is attributed to 
magnetic field B produced by 
current I and velocity v of the 
charge in F=qvXB combination. 

F = qv $ B

q

q
v B =

µoI
2#r

ö$

Magnetic field B curls around 
current I in a right handed 
direction designated by azimuthal 
unit vector 

Magnetic field lines close upon 
themselves unlike electric field 
lines which start and stop on 
point charges.

ö$

I !

Right hand rule : point your
right thumb in the direction
of current ßow; your Þngers
will point in direction ö%.

F = qv ! B

on the moving chargeq to the magnetic ÞeldB produced by
current I (rather than to the electrostatic Þeld of the wire seen
by q in its own reference frame).

While we assumedq to be stationary in the reference frame of the electrons
in the above discussion (for the sake of simplicity), the results obtained above
are found to be valid for all particle velocitiesv measured in the lab frame.
Also, if there are multiple current ÞlamentsI n, each generating its own Þeld
B n, forceF on q can be calculated using a superposition method as with
electrostatic Þelds.
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Magnetic ÞeldB of the inÞnite current ÞlamentI obtained above can
also be obtained by superposing the magnetic Þeld increments

dB #
µoId l ! ör

4"r 2 (Biot-Savart law)

of directed current incrementsId l, wherer = r ör is a position vector extend-
ing from the location of the current increment to the Þeld position wheredB
is being speciÞed Ñ this formula, known as Biot-Savart law, is only valid
when used in terms of inÞnitesimal segmentsId l of time-unvarying current
loops.

¥ Magnetic ÞeldB of the inÞnite line currentI ÒderivedÓ above satisÞes
a circulation relation

B =
µoI
2#r

ö$

z

I

r

#

C
B ádl = µoI C,

with I C = I .

This integral for the circulation of static magnetic ÞeldB is found to be
valid (experimentally) for all closed circulation pathsC, and is known
asAmpereÕs law(for static magnetic Þelds). In AmpereÕs law

Ð I C stands for the net sum of all Þlament currentsI n crossing any
surfaceS bounded by pathC,

%ßowing in the direction given by the Òright-hand-ruleÓ:

when the right thumb is pointed in the direction ofdl along path
C, the direction of Þlament currentI n is speciÞed as the direction

5



of the Þngers of your right hand through surfaceS bounded by
contourC.

%Filament currents not crossingS Ñ i.e., current Þlaments not
ÒlinkedÓ to pathC Ñ should not be included on the right hand
side of AmpereÕs law.

¥ AmpereÕs law can also be expressed as
#

C
H ádl =

$

S
J ádS,

where

Ð we have deÞned
H # µ" 1

o B

for the sake of convenience, and

B =
µoI
2#r

ö$

z

I

r

Ð J is the volumetric current density measured in A/m2 units (e.g.,
&E in a conducting region as discussed in last lecture) having a
total ßux

I C =
$

S
J ádS

across any surfaceS bounded by a pathC,

%with dS pointing acrossS in the direction compatible with
right-hand-rule as inStokeÕs theorem(recall Lecture 6).
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¥ StokeÕs theorem re-stated for a vector ÞeldH as
#

C
H ádl =

$

S
* ! H ádS

implies that the di!erential form of AmpereÕs law should be Laws of
magnetostatics:

* ! H = J

* á B = 0

They also apply Òquasi-staticallyÓ
over a region of dimensionL
when a time-varying Þeld source
J(r , t) has a time-constant '
much longer than the propagation
time delay L/c of Þeld variations
across the region (c is the speed
of light).

In magneto-quasistatics (MQS)
B(r ,t) = µoH (r , t) will be ac-
companied by a slowly varying
electric ÞeldE(r , t) (derived from
FaradayÕs law discussed in Lec-
ture 14).

* ! H = J.

This di!erential relation is accompanied by

* á B = 0,

satisÞed by static magnetic Þeld of the line currentas well asby any
other magnetic Þeld Ñ static as well as non-static, as determined ex-
perimentally and described in more detail later on.

¥ Current density vector ÞeldJ invoked above in AmpereÕs law expres-
sions, measured nominally in units of A/m2, can also be adjusted to
describe the distributions of surface or line currents in 3Dspace.

Ð For example,
J(x, y, z) = Js(y, z)( (x " xo)

can be regarded asvolumetric current density representation
of a surface current density Js(x, y) measured in A/m units
ßowing onx = xo surface.

7



Ð Likewise,
J(x, y, z) = özI (z)( (x " xo)( (y " yo)

represents aline current I (z) measured in A units ßowing inz-
direction along a Þlament deÞned by the intersections ofx = xo

and y = yo surfaces.

Ð As a most extreme case,

J(x, y, z, t) = Qv( (x " xo)( (y " yo)( (z " zo)

represents thetime-varying current density of a point chargeQ
at coordinates(x, y, z) = ( xo(t), yo(t), zo(t)) moving with velocity
v = ( úxo(t), úyo(t), úzo(t)).

z

x

y

xo

J = öz y rect(y ! 0.5) ! (x)

Example 1: Consider a surface current density of

Js = özy rect(y " 0.5) A/m

ßowing onx = 0 plane (as shown in the margin). What is the total currentI
ßowing on the same plane measured in A units?

Solution: To go from a surface current densityJs in A/m to a total current I in A,
we need to perform an appropriate integration operation on the surface wereJs

is deÞned. For the speciÞedJs in this problem we Þnd that

I =
$ +

y= "+
Js áözdy =

$ 1

y=0
y dy =

y2

2
|10 =

1
2

A.
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13 Current sheet, solenoid, vector potential and
current loops Copyright ©2024 Reserved Ñ no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

In the following examples we will calculate the magnetic Þelds B = µoH
established by some simple current conÞgurations by using the integral form
of static AmpereÕs law. z

Js = özJs

x

y

L

W

B = öyB(x)B

B(x) =
µoJs

2

C

As shown in Example 1 mag-
netic Þeld of a current sheet
is independent of distance |x|
from the current sheet.

Also tangential component
of H changes discontinuously
across the current sheet by
an amount Js Ñ this fore-
shadows a boundary condi-
tion equation

ön ! (H + " H ! ) = Js

accompanying

ön á(D + " D ! ) = ! s

derived in Lecture 16.

Example 1: Consider a uniformsurface current density Js = Jsöz A/m ßowing on
x = 0 plane (see Þgure in the margin) Ñ the current sheet extends inÞnitely in
y and z directions. DetermineB and H .

Solution: Since the current sheet extends inÞnitely iny and z directions we expectB
to depend only on coordinatex. Also, the Þeld should be the superposition of the
Þelds of an inÞnite number of current Þlaments, which suggests, by right-hand-
rule, B = öyBy(x), whereBy(x) is an odd function ofx. To determineBy(x), such
that By(" x) = " By(x), we apply AmpereÕs law by computing the circulation of
B around the rectangular pathC shown in the Þgure in the margin:

By!!L B y!!L 0
!

C
B ádl = µoI C #

" #$ %&

Side1
B ádl +

" #$ %&

Side2
B ádl +

" #$ %&

T he rest
B ádl = µoJs!!L

leading to

2By = µoJs # By =
µoJs

2
for x > 0.

Given the odd symmetry ofBy(x) we get

B = öy
µoJs

2
sgn(x) and H = öy

Js

2
sgn(x).

1



Example 2: Consider a slab of thicknessW over " W
2 < x < W

2 which extends in-
Þnitely in y and z directions and conducts a uniform current density ofJ = özJo

A/m 2. DetermineH if the current density is zero outside the slab.

Solution: Given the geometric similarities between this problem and Example 1, we
postulate that B = öyBy(x), wherey(x) is an odd function ofx. To determine
By(x) we apply AmpereÕs law by computing the circulation ofB around the
rectangular pathC shown in the Þgure in the margin. Forx < W

2 , we expand

By!!L B y!!L 0
!

C
B ádl = µoI C #

" #$ %&

Side1
B ádl +

" #$ %&

Side2
B ádl +

" #$ %&

T he rest
B ádl = µoJo2x!!L

leading to
2By = µoJo2x # By = µoJox for x > 0.

For x $ W
2 , the expansion gives

2By!!L = µoJoW!!L # By = µoJo
W
2

.

Hence, we Þnd that

H =

'
öyJox, |x| < W

2

öyJo
W
2 sgn(x), otherwise.

Note that the solution plotted in the margin shows no discontinuity at x = ± W
2

or elsewhere.

Joöz

z

x

W
2

!
W
2

By(x) µoJoW
2

!
W
2

W
2

x

y

B = öyB(x)B L

W
C

The Þgure in the margin depicts a Þnite section of an inÞnite solenoid.
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A solenoid can be constructed in practice by winding a long wire into a
multi loop coil as depicted. A solenoid with its loop carrying a currentI
in ö" direction (as shown), produces e!ectively a surface current density of
Js = In ö" A/m, wheren is the number density (1/m) of current loops in the
solenoid. In Example 3 we compute the magnetic Þeld of the inÞnite solenoid
using AmpereÕs law.

L

B = özB

I

Infinite solenoid
with n loops per
unit length carrying
I amps per loop

B = µonI

LC1

C2

Example 3: An inÞnite solenoid having n loops per unit length is stacked inz-
direction, each loop carrying a current ofI A in counter-clockwise direction when
viewed from the top (see margin). DetermineH .

Solution: Since the total current linking pathC1 is zero, AmpereÕs law indicates
!

C1

B ádl = 0,

which can be satisÞed withB = 0 in the exterior of the solenoid andB = özBz

in the interior for an appropriate choice for constantBz.

We then determineBz from AmpereÕs law applied to pathC2 since
!

C2

B ádl = µoI C # BzL = µonIL # Bz = µonI

with B = 0 in the exterior. Hence

B = özµonI and H = öznI

for the Þelds within the solenoid if the Þelds are zero in the exterior.
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However
(

C1
B ádl = 0 would also be satisÞed with any constantB in the exterior,

caused by some additional exterior current system, in whichcase the interior ßux
density of the solenoid would also be raised byB (and would be a component
unrelated toI ).

Finally, the Þelds at thecenter of a Þnite length solenoidcaused by the solenoid
current I would match theinÞnite solenoidÞelds, i.e.,H = öznI (and, as it can
be shown, dropping toH = öz1

2nI at the two ends, continued as weakfringing
exterior Þelds, looping back to the interior Þeld lines since magnetic Þeld lines
always form closed loops).

¥ Static electric Þelds: Curl-free and governed by

% ! E = 0, % áD = ! where D = #E

with #= #r#o.

¥ Static magnetic Þelds: Divergence-freeand governed by

% áB = 0, % ! H = J where B = µH

with µ = µrµo Ñ relative permeabilitiesµr other than unity (for free
space) will be explained later on.

Mathematically, we can generate adivergence-free vector ÞeldB(x, y, z)
as

B = % ! A
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by taking the curl of any vector ÞeldA = A (x, y, z) (just like we can generate
a curl-freeE by taking the gradient of any scalar Þeld" V(x, y, z)).

VeriÞcation: Notice that

% á % ! A =
$

$x
(% ! A )x +

$
$y

(% ! A )y +
$
$z

(% ! A )z =

)
)
)
)
)
)
)

$
$x

$
$y

$
$z

$
$x

$
$y

$
$z

Ax Ay Az

)
)
)
)
)
)
)

=
$

$x
(
$Az

$y
"

$Ay

$z
) "

$
$y

(
$Az

$x
"

$Ax

$z
) +

$
$z

(
$Ay

$x
"

$Ax

$y
) = 0.

¥ If B = % ! A represents a magnetostatic Þeld, thenA is called mag-
netostatic potential orvector potential .

Ð Vector potentialA can be used in magnetostatics in similar ways
to how electrostatic potentialV is used in electrostatics.

& In electrostatics we can assignV = 0 to any point in space
that is convenient in a given problem.

& In magnetostatics we can assign% áA to any scalarthat is
convenient in a given problem.

Ð For example, if we make the assignment1

% áA = 0,
1With this assignment Ñ known as Coulomb gaugeÑ A acquires the physical meaning of Òpotential

momentum per unit chargeÓ, just as scalar potentialV is Òpotential energy per unit chargeÓ (see Konopinski,
Am. J. Phys., 46, 499, 1978).
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then we Þnd that

% ! B = % ! % ! A = %(% áA ) " % 2A = "% 2A .

This is anice and convenientoutcome, because, when combined with

% ! H = J # % ! B = µoJ,

it produces
%2A = " µoJ,

which is the magnetostatic version of PoissonÕs equation

%2V = "
!
#o

.

Ð In analogy with solution

V(r ) =
&

! (r ' )
4%#o|r " r ' |

d3r '

of PoissonÕs equation, it has a solution

A (r ) =
&

µoJ(r ')
4%|r " r ' |

d3r ' .

Given any static2 current densityJ(r ), the above equation can be used to
obtain the corresponding vector potentialA that simultaneously satisÞes x

y

z
r ! r "

J(r ")

r "r

O

2Also, in quasi-statics we useJ(r ", t) to obtain A (r , t) and B = % ! A over regions small compared to
& = c/f , with f the highest frequency inJ(r ", t).
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% áA = 0 and % ! A = B.

OnceA is available, obtainingB = % ! A is then just a matter of taking a
curl.

¥ Magnetic ßux densityB of a single current loopI can be calculated
after determining its vector potential as follows:

Ð For a loop of radiusa onz = 0 plane, we can express the corresponding current
density as

J(r ' ) = I' (z' )' (
*

x'2 + y' 2 " a)
(" y' , x' , 0)
*

x'2 + y' 2

where the ratio on the right is the unit vectorö" ' .

Ð Inserting this into the general solution for vector potential, and performing
the integration overz' , we obtain

I
x

y
z

J! = I" (z)" (
!

x2 + y2 ! a)

a

A (r ) =
µoI
4%

&
' (

*
x'2 + y' 2 " a)

(" y' , x' , 0)
*

(x " x')2 + ( y " y')2 + z2
*

x'2 + y'2
dx'dy'

=
µoI
4%

&
' (r ' " a)

(" y' , x' , 0)
*

(x " x')2 + ( y " y')2 + z2r '
r 'dr 'd" '

=
µoI
4%

& !

" !

(" asin" ' , acos" ' , 0)
*

(x " acos" ' )2 + ( y " asin" ' )2 + z2
d" ' ( öxA x(r ) + öyAy(r ).

Ð Given that Az = 0, it can be shown thatB = % ! A leads to

Bx = "
$Ay

$z
, By =

$Ax

$z
, Bz =

$Ay

$x
"

$Ax

$y
.

Ð From the expected azimuthal symmetry ofB about the z-axis, it is su!cient
to evaluate these on, say,y = 0 plane Ñ after some algebra, and dropping the

7



primes, we Þnd, ony = 0 plane,

Bx =
µoaI
4%

& !

" !

z cos"
(x2 + a2 + z2 " 2ax cos" )3/ 2

d",

By =
µoaI
4%

& !

" !

z sin"
(x2 + a2 + z2 " 2ax cos" )3/ 2

d",

and

Bz =
µoaI
4%

& !

" !

a " x cos"
(x2 + a2 + z2 " 2ax cos" )3/ 2

d".

Ð We note that By = 0 since theBy integrand above is odd in" and the
integration limits are centered about the origin. Hence, the Þeld ony = 0
plane is given as

B = öxB x + özBz

with Bx and Bz deÞned above.

Ð There are no closed form expressions for theBx and Bz integrals above for an

arbitrary (x, z).

& However, it can be easily seen that ifx = 0 (i.e., along thez-axis),Bx = 0
(as symmetry would dictate) and

Bz =
µoaI
4%

& !

" !

a
(a2 + z2)3/ 2

d" =
µoIa2

2(a2 + z2)3/ 2
.

For |z| ) a,

Bz *
µoIa2

2|z|3
,

which is positive and varies with the inverse third power of distance|z|.

Ð Also, Bx and Bz integrals can be performed numerically. Figure
in the margin depicts the pattern oföB on y = 0 plane for a loop
of radiusa = 1 computed usingMathematica.

I

! 3 ! 2 ! 1 0 1 2 3

! 3

! 2

! 1

0

1

2

3

x

z
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¥ Note that circulation
(

C B ádl around each closed Þeld line (ÒlinkingÓ
the current loop) equals a Þxed value ofµoI Ñ this dictates that the
average Þeld strength|B | of a current loop is stronger on shorter Þeld
lines closer to the current loop than on longer Þeld lines linking the
loop further out. As a result|B | can be shown to vary asr " 3 for large
r .

! 600 ! 400 ! 200 0 200 400 600

! 600

! 400

! 200

0

200

400

600

x

z

¥ It can be shown that the equations for magneticÞeld linesof a current
loop on, say,y = 0 plane, can be expressed as

r = L sin2 (

in terms of radial distance r from the origin andzenith angle (
measured from thez axis. Clearly, parameterL in this formula is the
radial distance of the Þeld line on( = 90o plane, and the Þeld line
formula is accurate only forr ) a. The EarthÕs magnetic Þeld had
such amagnetic dipole topology as shown.

¥ Lorentz force due to the magnetic Þelds of a pair of current loops Ñ also
known asmagnetic dipolesÑ turns out to be ÒattractiveÓ when the cur-
rent directions agree (see margin). Bar magnets carrying ÒequivalentÓ
current loops of atomic origins interact with one another inexactly the
same way Ñ i.e., as governed by the second term of Lorentz force.

qv # B
qv # B

Loops with parallel
currents attract one
another 

I

I

B $ I
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14 FaradayÕs law and induced emf Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Michael Faraday discovered (in 1831, less than 200 years ago) that a chang-
ing current in a wire loopinducescurrent ßows in nearby wires Ñ today
we describe this phenomenon aselectromagnetic induction : the current
change in the Þrst loop causes the magnetic Þeld produced by the current to
change, and magnetic Þeld change, in turn, is said toinduce1 (i.e., produce)
electric Þeldswhich drive the currents in nearby wires. DeÞnitions of E and

B have not changed
even when gener-
ated by time-varying
sources:

¥ E is still force per
unit stationary charge
in the measurement
frame

¥ B still gives an addi-
tional force v ! B per
unit charge in motion
with velocity v in the
measurement frame.

¥ While static electric Þelds produced by static charge distributions are
unconditionally curl-free,time-varying electric Þeldsproduced by cur-
rent distributions with time-varying components are foundto have, in
accordance with FaradayÕs observations, non-zero curls speciÞed by

" ! E = #
! B
!t

FaradayÕs law

at all positionsr in all reference frames of measurement. UsingStokeÕs
theorem, the same constraint can also be expressed inintegral form as

!

C
E ádl = #

"

S

! B
!t

ádS FaradayÕs law

for all surfacesS bounded by all closed anddirected paths C (with
the direction ofC, indicated by an arrow, and direction of vectordS
related by right hand rule).

1Relativistic derivation of static B given in Lecture 12 can be extended to show that Coulomb interactions of charges
in time-varying motions require a description in terms of time-varying B and E Ñ see, e.g., Am. J. Phys.: Tessman, 34,
1048 (1966); Tessman and Finnel,35, 523 (1967); Kobe,54, 631 (1986). Thus, thecause of induced E is not really the
time-varying B , but rather the time-varying current J that is also producing the variation in B .
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¥ The right hand side of the integral form equation above includes the
ßux of rate of change of magnetic ßux density B over surface
S. If contourC boundingS is ÒÞxedÓ (unchanging) in the measurement
frame, then the equation can also be expressed as

!

C
E ádl = #

d
dt

"

S
B ádS,

where the right hand side is now expressed in terms of therate of change
of magnetic ßux

! $
"

S
B ádS

linking contourC over any surfaceS bounded byC.

¥ This modiÞcation (the exchange of the order of integrationand time
derivative on the right side) wouldnot be permissible if pathC were
moving within the measurement frame or being deformed in time Ñ
but in such cases we could still express FaradayÕs integral form equation
with # d!

dt on the right side, provided that we also modify the left side
as in !

C
(E + v ! B ) ádl = #

d
dt

"

S
B ádS

wherev denotes the velocity of motion or deformation of pathC.

S
C

C(! t)

"(! t) =
!

S
B (r , ! t) ádS +

!

!S
B (r , ! t) ádS.

v! t

dl

"(0) =
!

S
B (r , 0) ádS, and

Thus,
"(! t) ! "(0)

! t
=

!S

Hence in limit ! t " 0

d"
dt

=
!

S

" B
"t

ádS !
!

C
v # B ádl,

since
!

!S
B (r , ! t) á

dS
! t

=
!

C
B (r , ! t) á

! tv # dl
! t

= !
"

C
(v " B ) ádl

!

S

B (r , ! t) ! B (r , 0)
! t

ádS +
!

!S
B (r , ! t) á

dS
! t

.

because

B á(v " dl) = dl á(B " v),

both representing the volume of
a parallelepiped formed by the vectors
dl, v , andB .

Note that velocityv does not have to be
constant around contourC.

Ð This is equivalent to the original equation, since, as shownin the margin,
"

S

! B
!t

ádS =
d
dt

"

S
B ádS +

!

C
v ! B ádl

whenC is changing continuously with velocitiesv.
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¥ A physical interpretation of the Þnal equation

!

C
(E + v ! B ) ádl = #

d
dt

"

S
B ádS

# $% &
Integral form FaradayÕs Law

E = #
d!
dt

FaradayÕs eqn.

is as follows: Magnetic Þeld lines con-

tributing to ! form links

with path C (bounding S)

like the links in an ordinary

chain Ñ hence, ! is said to

be the ßux linking path C.

Ð the circulation integral on the left is the Òvoltage dropÓ once
around thedirected closed pathC, representing thework done
per unit charge (by the Lorentz force% E + v ! B ) taken a
full circle aroundC, which was denoted by Michael Faraday with a
symbolE and called theemf (short forelectro-motive force,which
is a bad name sinceE is work, and not force,per unit charge) for
the closed path, equaling the decay rate# d!

dt of its linked mag-
netic ßux ! (due to all sources of magnetic ßux densityB in the
region).

C

S

v

B

dS

Ð if/when path C is occupied by a conducting wire loop of some
total conductanceG = 1

R, and a resistanceR = 1
G, a current

I = GE = E
R will ßow around the loop in the circulation direction2,

2Derivation of I = GE: Note that I = A" |E + v ! B | for a homogeneous wire loop with a conductivity
" and cross sectional areaA using E! = E + v ! B . If the loop length is L, then the loop conductance is
G = A!

L and therefore we Þnd thatI = GE, as claimed, since|E + v ! B |L is the emfE =
'

C(E + v ! B ) ádl
around a homogeneous loop.
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driven by the non-zero ÞeldE + v ! B within the wire accounting
for the non-zeroE if/when # d!

dt is non-zero.

Ð in equivalent circuit models of conducting wire loops, FaradayÕs
equation, re-written asRI = # d!

dt , is e!ectively Kirchho!Õs volt-
age law (KVL) applied to the loop, withRI on the left denoting
the (sum of all)voltage drops in circulation directionC, while# d!

dt
on the right denoting avoltage risealso in directionC.

& note that emfE refers to both thevoltage dropRI and the
voltage rise# d!

dt encountered in circuit models of conducting
wire loops sinceE = RI and E = # d!

dt are both true.

& however a non-zero emfE = # d!
dt can be associated with any

closed path with a time-varying linked ßux! , whether or not
the path is conducting some electrical current; as such, the
term emf and symbolE came to mean in Òmodern parlanceÓ
(since Maxwell)sources of energy, e.g., a battery voltage or
magnetic ßux rate# d!

dt , needed in driving currents in resistive
circuits3.

¥ If path C is Þxedin the measurement frame, thenv = 0, and KVL for
such a stationary loop reads as

!

C
E ádl = #

d!
dt

;

3see Saslow,Am. J. Phys., 58, 22 (2021), for a discussion of MaxwellÕs interpretation ofemf and
electrical energy production in batteries. Also see Scanlon et al., Am. J. Phys., 37, 689 (1969) for a
discussion ofE =

'
C(E + v ! B ) ádl vs E = # d!

dt .
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Ð otherwise, that is ifC is in motion, then

C

S

v

B

dS

!

C
(E + v ! B ) ádl = #

d!
dt

because in that case force per unit chargeadvectedwith path C
will be E + v ! B according to Lorentz force (note: any additional
velocityvq of a moving chargealongC does not contribute because
(vq ! B ) ádl = 0 if dl and vq are parallel).

Ð In either case, ifC is a physical conducting path with a total
resistanceR, then the emf# d!

dt drives a current

C

S

I =
E
R

Think of EMF as the sum of all the "voltage 
rises" around the loop traversed in the 
direction of loop current I that needs to 
match the total "voltage drop" RI around 
the same loop traversed in the same 
direction.

That way, KVL which states that

Sum of voltage rises = Sum of voltage drops,

is fulfilled.
  

I =
# d!

dt

R

around C in the circulation direction (determined bydl and dS
directions used in accordance with the right-hand-rule).

¥ The minus sign present in FaradayÕs equation,E = # d!
dt , assures that

induced currentI produces an induced magnetic Þeld thatopposesthe
ßux change producing the emf Ñ this fact is known asLenzÕs rule
and is in full accord with observations4.

4FaradayÕs law not having the minus sign (or in conßict with LenzÕs rule) would be non-physical, as it
would lead to unbounded growth of induced currents and Þelds(by aiding rather than opposing the ßux
change producing the emf).
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¥ According to FaradayÕs law magnetic ßux variations# d!
dt will produce

a non-zero emf independent of how the variations are caused Ñthe
possibilities are:

1. FixedC, but time-varyingB ,

2. B =const. (in space and time), but time-varyingC (rotating or
changing size),

3. An inhomogeneous staticB = B(r ) in the measurement frame
and C in motion.

¥ Note that even in the absence of any electric ÞeldE in the measurement
frame, a non-zero emf

!

C
(v ! B ) ádl = #

d!
dt

can exist because of the motion ofC through aninhomogeneousmag-
netic Þeld (if the Þeld is homogeneous thend!

dt will be zero, implying
zeroE), which will of course appear as an emf

C

S

I =
E
R

v

B

!

C
E' ádl ' = #

d! '

dt'

for a second observer moving withC who sees a time varying electric
ÞeldE' = v ! B in her own frame (in addition to the inhomogeneous

6



but constant magnetic ÞeldB of the Þrst frame appearing as a time-
varying magnetic ÞeldB ')5.

Ð Thus, having non-zero electric Þeld circulations
!

C
E' ádl '

under time-varying magnetic Þeld conditions appears to be quite
comprehensibleafter all!

Ð Magnetic ÞeldsB in one frame will morph into electric ÞeldsE' in
other frames because of (near) invariance of Lorentz force between
reference frames.

Ð Moreover a morphedE' can even be non-conservative Ñ i.e., non
curl-free Ñ whenB is inhomogeneous in space (or time) as we
have just seen.

5See Scanlon et. al.,Am. J. Phys., 37, 698 (1969), for a discussion ofI ! = E!

R for rigid C with resistance
R observed from di!erent reference frames.
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x

y

zBoe! t/! öz

C

Example 1: If
B = Boe# t/! öz,

what is the emfE taken over a stationary circular loopC of radiusr = 10 m on
z = 0 plane in counter-clockwise direction (looking down onz = 0 plane)? What
is current I if the loop resistance isR?

Solution: Since counter-clockwise circulation is requested we takedS pointing in öz
direction to be consistent with the right hand rule. We then have

! =
"

S
B ádS = ( Boe# t/! öz) á(#102öz) = #102Boe# t/!

over the circular surfaceS. Thus, the emf

E = #
d!
dt

= #102Bo

$
e# t/! .

The loop current will beI = E
R in counter-clockwise direction of the computed cir-

culation E, which will be positive and counteract (i.e., strengthen) the weakening
Bz.
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x

y

C

I

2t

2 m/s

2 m

Example 2: Consider the magnetic ßux density

B =
µoI
2#r

ö%

produced by currentI ßowing along thex axis. What is the emfE of a square
loop C of area 4 m2 moving onxy-plane with edges parallel tox- and y-axes, if
its center is located aty = 2t m as a function of time? Compute the emfE Þrst
as# d!

dt and then as
'

C(v ! B ) ádl to verify that the same values are obtained.

Solution: Given the described geometry, we have

!( t) =
" 1

# 1
dx

" 2t+1

2t# 1
dy

µoI
2#y

=
µoI
#

ln(
2t + 1
2t # 1

).

Thus, the emfE is

#
d!
dt

= #
µoI
#

(
2t # 1
2t + 1

)
!
!t

(
2t + 1
2t # 1

) =
µoI
#

4
(2t + 1)(2 t # 1)

=
µoI

#(t2 # 1
4)

.

Alternatively, sincev = 2öy m/s, and v ! B = 2 µoI
2"r öx, we Þnd, usingdl = ± öxdx

and ± öydy in turns,

E =
!

C
(v ! B ) ádl = 2

µoI
2#(2t # 1)

2 # 2
µoI

2#(2t + 1)
2 =

µoI
#(t2 # 1

4)

in consistency with the above result.
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Example 3: A conducting loop of a radiusr = 0.1 m (see Þgure in the margin) is
being rotated about thex axis with frequency off = #

2" = 60 Hz in a region
with a DC magnetic Þeld ofB = 10öz T. Determine the induced current in the
loop if the loop resistance is12 " .

Solution: The maximum value of the magnetic ßux linking the loop shouldbe

! o = #(0.1)210 = 0.1# Wb.

The time-varying ßux linking the rotating loop is therefore

!( t) = ! o cos(&t) = 0 .1# cos(120#t).

The corresponding emf is

E = #
d!
dt

= (120#)0.1# sin(120#t).

Therefore, the induced current around the loop must be

I =
E
R

=
12#2 sin(120#t)

12
= #2 sin(120#t) A.
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R1 = 1 !
R2

x

z

3t

2 m

!v = 3öx m/s

X X X X X X X

X X X XXXX

C

Moving bar in the presence
of a constant magnetic Þeld
produces an emf and electric
Þelds in the lab frame that
drive a loop current I .

Example 4 illustrates how the'
E ádl part of emf

'
(E + v !

B ) ádl caused by a motion v =
3öx m/s is zero (with non-zero
static Ez components)!!

Example 4: A conducting bar of resistanceR1 = 1 " ohms is moved in thex-direction with a velocity
v = 3öx m/s on a pair of perfect conducting (R = 0) stationary rails 2 m apart terminated
with a load resistanceR2 at x = 0, all constituting a rectangular contour C to be taken
counterclockwise. A constant magnetic Þeld ofB = 1öy T is linked through contour C such
that the ßux ! = # 1! 2! 3t and the emfE = # d! /dt = 6 V. Hence, FaradayÕs law demands
that !

C
(E + v ! B ) ádl =

" t

b
(E + v ! B )1 ádl +

" b

t
(E)2 ádl = 6

where the two integrals (withband t referring to bottom and top rail contact points) correspond
to voltage drops across resistorsR1 and R2, respectively. But since

" t

b
(v ! B )1 ádl = 3 ! 1 ! 2 = 6,

it follows that
" t

b
(E)1 ádl +

" b

t
(E)2 ádl = 0 ( (Ez1 # Ez2) ! 2 = 0 ( Ez2 = Ez1,

i.e., identical static Þelds in the lab at the locations of the stationary and moving bars con-
necting the perfect conducting rails. This may be a surprising claim/result Ñ letÕs give two
examples to illustrate how this happens:

1. Let R2 = 2 " ohms. ThenI = 6/ 3 = 2 A. It follows that voltage drops (E + v ! B )1 á2öz = 2 V
acrossR1 = 1 " and (E)2 á(# 2öz) = 4 V acrossR2 = 2 " , yielding (lab Þelds)Ez1 = Ez2 = # 2
V/m.

2. Let R2 = ) Ñ open ckt load to the moving conductor. ThenI = 6/ ) = 0 A. It follows that
(E + v ! B )1 á2öz = 0 V acrossR1 and (E)2 á(# 2öz) = 6 V acrossR2, yielding Ez1 = Ez2 = # 3
V/m. Note that in this case the entire emf appears across the open termination (gap in the
loop C) while across resistorR1 the emf

( t
b (E + v ! B )1 ádl = 0 with the two terms of the

integrand canceling one another.
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B = özB

I

A

B

3 ! 1 !
I c

B = µonI

Transformers which operate
based on an inductive cou-
pling principle, and electric
dynamos (and motors) which
produce motion induced emfs
(and rotating coils) are stud-
ied in depth in power courses
starting with ECE 330.

Example 5: An inÞnite solenoid producing aconstant # d!
dt = 8 V, passes through

small a loop consisting of a 1" resistor on the right and a 3" resistor on the
left, connected in series Ñ see margin plot. What is the current I c through this
resistor loop, and what voltages would be measured (by a voltmeter) across the
individual resistors?

Solution: The magnetic ßux produced by the solenoid will be conÞned to its interior

as long asdI/dt (and henced! /dt ) is constant and emfE = # d! /dt is non-time

varying (see below). In that case, with constant emfE = # d!
dt = 8 V of the

encircling resistor loop in the setup, the loop currentI c is the ratio ofE and the

total loop resistance 4" , i.e., I c = E
R = 8V

4 " = 2 A. Consequently, 1 and 3"

resistors will develop 2 and 6 V drops, respectively, in the direction of the 2A

current!! Note that:

¥ the loop has no battery to support this current ßow Ñ it has instead been excited
ÒinductivelyÓ.

¥ what a voltmeter measures across the resistors Ñ whether 2 or6 V Ñ depends on
whether its probes contacting points A and B are placed to theright or to the left of
the solenoid!! ThatÕs because the ÞeldE produced by the time-varying currentI (t) is
no longer conservative across the system and consequently the line integral ofE is path
dependent Ñ we have to be more careful about what we mean byvoltagein these new
situations! See the next example to explore this concept in more detail.

¥ with constant dI/dt , there is zero magnetic Þeld at the locations of the loop wire and
resistors (because thestatic E in the solenoid exterior due tostatic # d!

dt is curl-free!)
Ñ thus, the emf E of the loop is not being produced by a time varying local magnetic
Þeld;E is rather a consequence of the time-varying currentI (t) in the solenoid (which is
also responsible for time-varying! ), with the relation E = # d! /dt being ÒincidentalÓ!

12



R1 R2

x

y

C

A

B

In the presence of time vary-
ing magnetic ßux, voltage of
a path P, deÞned as

(
P (E +

v ! B ) ádl, will in general be
path dependent!

The voltage of stationary
path P will be

(
P E ádl, still

path dependent.

A voltmeter reads and dis-
plays the voltage of its own
path P constituted by the
placement of its own probe
wires (in red to black di-
rection thru the voltmeter!)
contacting the measurement
nodes A and B.

Example 6: Consider a square conducting loop of 1 m2 cross sectional area bordered
by R1 = 2 " and R2 = 1 " resistors as shown in the margin. The loop is
linked with a magnetic ßux! due to time varying magnetic Þeld described as
B = (12 # 3t)öz T.

¥ Hence,! = 12 # 3t Wb and the emfE = # d! /dt = 3 V.

¥ Loop currentI = 3V/ 3" = 1 A in the circulation directionC.

¥ Voltage dropV1 = 2 V acrossR1 from point A to point B.

¥ Voltage dropV2 = # 1 V acrossR2 from point A to point B.

¥ A voltmeter connected from A (positive lead) to B will read 2 Vif and only if its
leads form a path identical to the path deÞned byR1 (from A to B).

¥ A voltmeter connected from A (positive lead) to B will read -1V if and only if
its leads form a path identical to the path deÞned byR2.

¥ A voltmeter connected from A (positive lead) to B will read 0.5 V if its leads

form a diagonal path from A to B.

Ð To see this, notice that FaradayÕs law applied for the triangular loop in-
cluding the voltmeter andR2 would have an emf of 1.5 V equaling the sum
of voltmeter readingVR and 1 V drop across resistorR2.

13



15 Inductance Ñ coil, solenoid, shorted coax Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Given a circular coil with some resistanceR and conducting some cur-
rent I , the magnetic ßux! produced byI and ÒlinkingÓ the coil itself
Ñ see Þgure on the right Ñ can be expressed as

! = LI

using a non-negative proportionality constant

L =
!
I

termed theself -inductance of the coil measured in units of Henries
(H=Wb/A) 1.

¥ Given! = LI , and its time derivative

d!
dt

= L
dI
dt

,

FaradayÕs equation applied to the coil is

E = !
d!
dt

= ! L
dI
dt

,

indicating aself -emf ! L dI
dt representing avoltage rise around the

coil in the direction of current ßowI = E/R Ñ see an equivalent circuit
model for the coil derived from these relations shown on the right.

!

I

I, E = ! L
dI
dt

V(t) = L
dI
dt

+                  -

! 3 ! 2 ! 1 0 1 2 3

! 3

! 2

! 1

0

1

2

3

x

z

R

(a) A one turn coil with current I
generates its own linked magnetic
flux LI as shown, where a non-
negative L is the inductance of
the coil.

(b) An equivalent circuit model 
for the coil expressed in terms of 
lumped resistor R and inductor L 
forming a loop carrying the loop
current I

The emf RI=-LdI/dt of the coil 
appears as a voltage rise across 
the inductor in the ckt model, 
as well as a voltage drop across 
the resistor, both taken in the 
direction of current I. Voltage 
drop V across the inductor in the 
current direction is LdI/dt, as
we learned in our circuit courses.  

1As opposed to amutual inductanceM , also measured in Henries, relating the ßux linking a coilC to
a current I o ßowing in a second coilCo.
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Ð The currentI and self-emf2 E are then the solutions of di!erential
equations

RI = ! L
dI
dt

and RE = ! L
dE
dt

,

respectively, and exhibit an exponential decay with a time constant
of ! = L/R (just like in LR circuits seen in ckt courses, and in
analogy with time constant! = RC that governs voltage decays
in RC circuits).

" Note that ! = L/R implies that when the inductanceL is
large, so is time constant! , and current decay in the induc-
tor is slow Ñ inductors with largeL will behave like slowly
time-varying current sources (just like capacitors behaving like
time-varying voltage sources) as they release their storeden-
ergy (while maintaining a voltage rise! L dI

dt determined by
other elements in their connected circuits).

¥ For an inductor consisting ofN -loops, the emfE measured across all
N -loops is naturally (sinceN emfÕs add up)

!

I

I, E = ! L
dI
dt

V(t) = L
dI
dt

+                  -

! 3 ! 2 ! 1 0 1 2 3

! 3

! 2

! 1

0

1

2

3

x

z

R

(a) A one turn coil with current I
generates its own linked magnetic
flux LI as shown, where a non-
negative L is the inductance of
the coil.

(b) An equivalent circuit model 
for the coil expressed in terms of 
lumped resistor R and inductor L 
forming a loop carrying the loop
current I

The emf RI=-LdI/dt of the coil 
appears as a voltage rise across 
the inductor in the ckt model, 
as well as a voltage drop across 
the resistor, both taken in the 
direction of current I. Voltage 
drop V across the inductor in the 
current direction is LdI/dt, as
we learned in our circuit courses.  

E = N (!
d
dt

!) = !
d
dt

N ! # ! L
dI
dt

implying an inductance

L #
N !
I

.
2also referred to asback -emf (in physics books mostly) to distinguish it from emf caused by additional

ßux linked by external sources.
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Example 1: An N -turn coil has a resistanceR = 1 ! and inductance of1µH. If it is
conducting 3 A current att = 0, determineI (t) for t > 0.

Solution: Current ßow in the resistiven-turn coil will be driven by self-emfE = ! L dI
dt

matching a voltage dropRI . Hence

RI = ! L
dI
dt

$
dI
dt

+
R
L

I = 0 % I (t) = I (0)e! R
L t = 3e! 106t A.

¥ As illustrated by above example, currentI around a resistive loopC
will in general be obtained by solving adi!erential equationconstructed
using the emf of the loop.

Ð The algebraicI = E
R solution used last lecture assumed that self-

emf! L dI
dt produced by the induced currentI (t) is small compared

to an externally produced emf.

We continue with typical inductance calculations.
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Inductance of long solenoid: Consider a long solenoid with a Þnite
length ", cross-sectional areaA, and a density ofn loops per unit length
as examined in Example 3 of Lecture 12 (see Þgure in the margin). As
determined in Example 3, the magnetic ßux density in the interior of an
inÞnite solenoid is

L

B = özB

C

I

Infinite solenoid
with n loops per
unit length carrying
I amps per loop

B = µonI

B = µonI öz

which can also be taken as the ßux density linking theN = n" turns of
the Þnite length solenoid ignoring edge e!ects (which are minor when the
solenoid is long compared to its radius). Hence, havingN = n" turns, the
inductance of the long solenoid becomes

L =
N !
I

=
n"(µonI )A

I
=

n2µoIA"
I

= n2µoA" = N 2µo
A
"

.

¥ As we know from our circuit courses, an inductorL such as the solenoid
coil considered above can be used to store energy. An inductor con-
nected to an external circuit with a quasi-static currentI develops a
voltage dropV = L dI

dt across its terminals3 and absorbs power at an
instantaneous rate

P = V I = L
dI
dt

I =
d
dt

(
1
2
LI 2),

implying a stored energy of

W =
1
2
LI 2 =

1
2
(n2µoA" )I 2 =

(nµoI )2

2µo
A" =

|Bz|2

2µo
A" =

1
2
µo|Hz|2A"

3Assuming a physical size much smaller than a wavelength# = c/f for the highest frequency inI (t).
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in an inductor in a conducting state.

¥ Notice that the stored energy of the solenoid is

1
2
µo|Hz|2 =

1
2
µoH áH

times its volumeA" occupied by the ÞeldH inside the solenoid. That
suggests that

w =
1
2
µoH áH

can be interpreted as stored magnetostatic energy per unit volume in
general.

Ð Also both inductanceL and stored energiesW andw would have
µ replacingµo in material media with permeabilities

µ = (1 + $m)µo

and magnetic susceptibilities$m, in analogy with the concepts of
permittivity %= (1 + $e)%o and electrical susceptibility$e.

" Permeability and magnetic susceptibility notions will be ex-
amined in a future lecture.
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Inductance of shorted coax: Consider a coaxial cable of some length"
which is ÒshortedÓ at one end (with a wire connecting the inner and outer
conductors), so that a steady currentI can ßow on the inner conductor of
radius a to return on the interior surface of the outer conductor at radius
b after having circulated through the short. We will next determine the
inductanceL of such an inductor after Þrst computing the magnetic ßux
density B& that will be produced by the inner conductor currentI . In B&

calculation we will assume" & b so that an ÒinÞnite coaxÓ approximation
can be invoked.

!

ab
r

z

Short

B

I

I

Shorted coax circulates
a current I linking a
magnetic flux 
confined to a region
bounded by the outer
conductor of the coax.

!¥ Expanding the integral form of AmpereÕs law
!

C
B ádl = µoI C

as
B&2'r = µoI

over a circular integration contourC of a radiusr > a , we Þnd that
the magnetic ßux density in the interior of the coax cable is

B& =
µoI
2'r

.

¥ Therefore, the magnetic ßux linked by the closed current path I (see
Þgure in the margin) is

! =
"

S
B ádS = "

µo

2'
I

" b

a

dr
r

= "
µo

2'
ln

b
a

I.
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Clearly, we have a linear relation! = LI , with

L #
ln b

a

2'
"µo,

which is the inductance of a shorted coax of a Þnite length".

Ð The inductance of the coax per unit length is

L =
ln b

a

2'
µo,

which should be contrasted with capacitance per unit length

C =
2'
ln b

a

%o

of the same coax conÞguration.
Notice howL and C are proportional to%o and µo, respectively,
having proportionality constants which are inverses of oneanother.
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Inductance of shorted parallel plates: If a pair of parallel plates of
areasA = W " and separationd were shorted at one end, we would obtain
e!ectively an inductor with a per length inductance

L =
d

W
µo

that accompanies per length capacitance

C =
W
d

%o

of the same parallel plate conÞguration. This follows from ageneralization of
our Þnding above that the proportionality constants ofL andCare arithmetic
inverses of one another.
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16 Charge conservation, continuity eqn, displace-
ment current, MaxwellÕs equations Copyright ©2024 Reserved Ñ no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Total electric charge is conserved in nature in the following sense:
if a process generates (or eliminates) a positive charge, italways does
so as accompanied by a negative charge of equal magnitude.

Ð Example:Photoionization of atoms and molecules can generate
free positive ions and free negative electrons in pairs (seemargin
Þgure). Photoionization is a process that converts bound charge
carriers into free charge carriers.

Ð Example: Recombination when a positive ion and an electron
get together to produce a charge neutral atom or molecule.

Ð Example: Annihilation of an electron (negative charge) by a
positron (positive charge of equal magnitude) and the reverse pro-
cess ofpair creation .

QV = 0

V

S

t = 0

(a) At t=0 volume V contains
a neutral atom but no net charge

QV = 0

V

S

t = t1

(b) At t=t1 volume V contains
a proton and a free electron after
the ionization of the hydrogen 
atom.  There is still no net charge
in the volume.

H

-e

e

QV = e

V

S

t = t2

(c) At t=t2 volume V now contains
only a proton after the exit of 
free electron through surface S.
Now V contains a net charge e.

-e

e

As a consequence, if the total electric chargeQV contained in any Þnite
volumeV changes as a function of time, this change must be attributed
to a net transport of charge, i.e., electric current, acrossthe bounding
surfaceS of volumeV as detailed below.
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¥ Consider two distinct surfacesS1 and S2 bounded by the same closed
loop C (as shown in the margin) such that a volumeV is contained
between the two surfaces.

Ð Let
I 1 =

!

S1

J ádS1

and
I 2 =

!

S2

J ádS2

denote currents ßowing through surfacesS1 and S2, respectively.

V

S1

S2

C
dS1

dS2

dS

Ð Note that current I 1 through surfaceS1 enters volumeV, while
current I 2 through surfaceS2 exits volumeV (with the directions
assigned todS1 and dS2).

Ð If I 1 != I 2, then current out is not matched by thecurrent in ,
and as a result, the net chargeQV contained in volumeV increases
with time at a rate I 1 " I 2 provided that charge isconservedin
the sense discussed above. In that case, we have

dQV

dt
= I 1 " I 2.

This relationship can be expressed as

d
dt

!

V
!dV =

!

S1

J ádS1 "
!

S2

J ádS2

2



since, in terms of charge density! , charge in volumeV is

QV =
!

V
!dV.

The expression can also be cast as
!

V

"!
"t

dV = "
"

S
J ádS

whereS is the union of surfacesS1 and S2 enclosingV, and dS
is an outward area element ofS (see margin). This relationship is
known ascontinuity equation . Its di!erential form is Continuity

equation"!
"t

= "# á J,

which follows from theintegral form above as a consequence of
divergence theorem (recall Lecture 4).

Continuity equation is a mathematical re-statement of the
principle of conservation of charge.
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¥ While FaradayÕs law

# $ E = "
" B
"t

indicates that time-varyingB induces time-varying electric ÞeldsE,
AmpereÕs law, written as

# $ H = J,

makes no such claim about a time-varyingE inducing a time-varying

B = µoH .

Ð This ÒasymmetryÓ was noted by James Clerk Maxwell who realized
that the form of AmpereÕs law given above must be ÒincompleteÓ
under time-varying situations. Revised

AmpereÕs
law (with
Òdisplacement
currentÓ)

Ð Noting the inconsistency of AmpereÕs law with the continuity equa-
tion under time varying conditions, he re-wrote the AmpereÕs law
as

# $ H = J +
" D
"t

in 1861 by adding the term on the right which is now called the
Òdisplacement currentÓ.

%Maxwell postulated that the displacement current term is needed
in AmpereÕs law because only then the divergence of AmpereÕs
law avoids falling into conßict with charge conservation (under
time varying conditions).

4



VeriÞcation of MaxwellÕs claim: Since# $ H is divergence-free
(just like the curl of vector potentialA , namely B ), it follows that
the divergence ofMaxwellÕsmodiÞed AmpereÕs law Ñ often called
Ampere-Maxwell equation Ñ is

# á (# $ H ) = # á J +
"
"t

# á D = 0.

Ð In the absence of the second term due to displacement current,
this results would be inconsistent with the continuity equation

"!
"t

+ # á J = 0,

unless"!
"t = 0 (the static case).

Ð By, contrast, including the second term, the result above isrec-
ognized as the continuity equation per se, since by GaussÕs law
Ñ assuming that it applies with no change under time varying
situations Ñ

"
"t

# á D =
"!
"t

.

¥ The modiÞed AmpereÕs law

# $ H = J +
" D
"t

postulated by Maxwell under the assumption that GaussÕs lawis also
valid under time-varying conditions, leads to some speciÞcpredictions
about how time-varying Þelds should behave.
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¥ These predictions Ñ concerning the propagation of electromagnetic
waves Ñ were validated experimentally by Heinrich Hertz around 1888.

Ð The experiments conÞrmed that time-varying electric and mag-
netic Þelds obey collectively (and at microscopic scales) the di!er-
ential relations MaxwellÕs

equations
# á D = ! GaussÕs law
# á B = 0

# $ E = "
" B
"t

FaradayÕs law

# $ H = J +
" D
"t

, AmpereÕs law

where
D = #oE and B = µoH

provided that! andJ describe the distributions of all charges and
currents associated with free and bound charge carriers1. Alter-
natively, the same di!erential relations Ñ known collectively as
MaxwellÕs equations Ñ are also valid for macroscopic Þelds,pro-
vided that ! and J describe only the free charge contributions
and

D = #E and B = µH
1In the classical domain, down to scales of about! /mc , the Compton wavelength Ñ at shorter scales

quantized and generalized versions (known aselectroweaktheory) are needed.
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in terms of suitably deÞned permittivities and permeabilities#and
µ Ñ see next Lecture.

¥ TheunnamedMaxwell equation

# á B = 0

can be viewed to be a consequence of FaradayÕs law

# $ E = "
" B
"t

and the fact that magnetic monopoles have never been observed.

Explanation: Since# $ E is divergence-free, taking the divergence
of FaradayÕs law, we get

# á (# $ E) = "
"
"t

# á B = 0.

This constraint requires# á B to an invariant scalar at all locations
in space. As a consequence, if# á B = 0 at some instant in time, it
should remain so at all times. Given that# á B = 0 for static Þelds,
this relationship must also continue to be valid whenB starts changing
with time.

The fact that # á B remains Þxed at a zero value everywhere, whereas# á D
varies like! , is in fact a consequence of the fact that there appears to be no
magnetic charges(monopoles) in nature. Had there been Òpoint charges for

7



magnetic ÞeldsÓ in nature,# á B would have equaled the density of those
charges, and magnetic Þeld lines would have started and stopped on them
(rather than looping into themselves). But no one has observed of any evi-

ön
D +

D !w

Constraint
"

C
H ádl =

!

S
(J +

" D
"t

) ádS

around the dotted path yields

ön $ (H + " H ! ) = Js

in w & 0 limit.

Constraint
"

S
B ádS = 0

applied over the dotted volume (seen in
proÞle) yields

B +
n " B !

n = 0

in w & 0 limit.

dence for such magnetic chargesanywhere, even going back to the very early
times in the history of the universe (accessible by making observations of
very far astronomical objects). So,# á B = 0.

¥ Finally, the full set of MaxwellÕsboundary condition equationsconcern-
ing any interface with a normal unit vectorön are

ön á(D + " D " ) = ! s

ön á(B + " B " ) = 0

ön $ (E+ " E" ) = 0
ön $ (H + " H " ) = Js

Ð We had already seen how the Þrst and third boundary condition
equations arise.

Ð The second boundary condition equation concerning the normal
component ofB is another consequence of the absence of magnetic
charges (see margin).

Ð A detailed justiÞcation of the last boundary condition concerning
tangentialH will be given explicitly during Lecture 19. This equa-
tion allows a discontinuous change in the tangential component of
H if the interface contains a non-zero surface currentJs.
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17 Magnetization current, MaxwellÕs equations
in material media Copyright ©2024 Reserved Ñ no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Consider the microscopic-form MaxwellÕs equations

! á D = ! GaussÕs law

! á B = 0

! " E = #
" B
"t

FaradayÕs law

! " H = J +
" D
"t

, AmpereÕs law

where

D = #oE
B = µoH .

¥ Direct applications of these equations in material media containing a
colossal number of bound charges is impractical.

¥ Macroscopic-form MaxwellÕs equations suitable for material media are
obtained by Þrst expressing! andJ above as the macroscopic quantities

! = ! f # ! á P

and
J = Jf +

" P
"t

+ ! " M

where

1



Ð subscriptsf indicate charge and current density contributions due
to free charge carriers,

Ð the term #! á P denotes thebound charge density ,

Ð the term " P
"t denotes thepolarization current density due to

oscillating dipoles (already discussed in Lecture 11), and

Ð !" M is aÒmagnetization current densityÓ also due to bound
charges, an e!ect that we will discuss and clarify later in this
section.

Using these expressions in GaussÕs and AmpereÕs laws

! á #oE = ! GaussÕs law

! " µ# 1
o B = J +

"#oE
"t

, AmpereÕs law

we obtain

! á (#oE + P) = ! f GaussÕs law

! " (µ# 1
o B # M ) = Jf +

"
"t

(#oE + P), AmpereÕs law.

Now, re-deÞneD and H as

D = #eE + P = #E

and
H = µ# 1

o B # M = µ# 1B ,

2



respectively, and drop the subscriptsf which will no longer be needed.

Using these new deÞnitions, the full set of MaxwellÕs equations now
read as (the same form as before)

! á D = ! GaussÕs law
! á B = 0

! " E = #
" B
"t

FaradayÕs law

! " H = J +
" D
"t

, AmpereÕs law

with

D = #E
B = µH ,

where! and J are understood to be due to free charge carriers only.

¥ We had already seen many aspects of the above procedure for obtaining
the macroscopic form Þeld equations earlier on (e.g., in Lectures 8 and
11).

Ð In particular we were already familiar with the revised deÞnition
of D = #E along with the concept ofmedium permittivity #.

Ð The new feature above that requires further discussions is the rela-
tion B = µH along with the concept ofmedium permeability
µ. The details of this relation are connected to the concept of
Òmagnetization currentÓ which we discuss next.
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¥ Just like Òfree chargeÓ density and currents, Òbound chargeÓ densities
and currents also have to satisfy the continuity equation

"!
"t

+ ! á J = 0.

Ð Substituting the bound charge density

! b = #! á P

for ! in the continuity we obtain

! á (#
" P
"t

+ J) = 0

implying divergencefree

! " M $ #
" P
"t

+ J so that J =
" P
"t

+ ! " M $ Jb,

a bound current densityexpressed in terms ofpolarizationÞeldP
and auxiliary vector ÞeldM calledmagnetization.

The meaning of this result is it is not su!cient to represent bound
currents in material media as" P

"t , bound carriers can also conduct
divergence-free currents due to closed-loop orbits represented as!" M .

Ð In fact, electrons ÒorbitingÓ atomic nuclei certainly produce such
divergence-free current loops at microscopic scales Ñ we account
for such currents at macroscopic scales by including a magnetiza-
tion current term! " M in Jb.
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Ð Also, bound charge motionswithin nucleons1 Ñ proton and neu-
trons Ñ produce magnetization currents! " M .

Ð Even bare electrons can produce magnetization currents! " M
because of theirintrinsic spin2.

Once! " M is included inJb, it follows from AmpereÕs law that

H = µ# 1
o B # M

whereM is referred to asmagnetization Þeld.

1Physical models of protons and neutrons are constructed using bound charge carriers known asquarks
which cannot be observed in a free state.

2All elementary charge carriers carry an intrinsic magnetization proportional to charge-to-mass ratio
q
m and a Òspin angular momentumÓ having quantized values of± !

2 N.m.s in any measurement direction.
Using HeisenbergÕs uncertainty principle,! p! r % !

2, we can interpret the spin angular momentumof
an elementary particle as the lower bound of! p! r , the product of quantum uncertainties in particle
momentum and position. There is no classical interpretation of spin angular momentum for point particles.
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¥ To get a physical picture about magnetizationM and the physical
origin of H = µ# 1

o B # M consider a solenoid wound around some
cylindrical shaped material as shown in the margin. We know that
with a solenoid currentI o, we would haveH o = nI oöz in the interior
of a solenoid withn loops per unit length aligned with thez-axis, and
a corresponding magnetic ßux densityB o = µonI oöz when the solenoid
core is free space. This will be modiÞed to someB = B o+ µoM when a
material core of a smaller cylindrical shape is placed within the solenoid,
whereµoM stands for the (additional) macroscopic (space averaged)
magnetic ßux density produced by microscopic current loopslocalized
within the atoms constituting the core.

Bo = µonI o

I o

inside the solenoid
but outside the cylindrical
magnetic core

Within the core, stacks of
atomic loop currents are 
effective solenoids, giving 
rise to an additional
magnetic flux density of
an average magnitude  

µoAl I lNl = µoNlm = µoM
that adds to Bo

Ð If there areNa = 1
! x! y! z atoms per unit volume in the core, with

! x separations inx direction and so forth, loop currentsI l of a
stack of atoms with! z separations inz would produce an e!ective
solenoid with an internalz-directed magnetic ßux density ofµo

I l
! z öz

and zero exterior Þeld.

Ð Since one such atomic-stack solenoid with a loop area ofAl will be
found for every! x! y cross-sectional area of the core, a macro-
scopic average magnetic ßux density produced by these atomic
solenoids would be calculated as (this calculation is similar to
Þnding the average polarization Þeld in a dielectric as discussed in
Lecture 8) Al

! x! y " µo
I l

! z öz = µoNaI lAl öz $ µoM , with M = Nam,
m $ I lAl öz.
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& Herem is the magnetic dipole moment of each current loop
(analogous to electric dipolep = qr ), M is the magnetization
Þeld vector (analogous toP = Nap), which is a simple product
of m per magnetized atom and the atomic number densityNa

in the core.

Ð Superposing the magnetic ßux densities ofµoM andB o, we obtain
B = B o + µoM within the core region, andB = B o outside the
core region given byB o = µonI oöz.

& Notice, whether the ßux densityB = B o + µoM inside the
material medium is stronger or weaker in magnitude thanB o

depends on the direction ofM , which, in turn, depends on
the algebraic sign of microscopic loop currentsI l introduced
above.

& NegativeI l is found indiamagnetic materials where|B | <
|B o|, while positiveI l in paramagnetic and ferromagnetic
materials where|B | > |B o|, as discussed below.

Ð From B = B o + µoM we getµ# 1
o B # M = µ# 1

o B o representing
the magnetic Þeld intensityH of the exterior as well as interior.

& Thus, H $ µ# 1
o B # M leads toH = µ# 1

o B o = H o in the ex-
terior region whereM = 0 andB = B o, indicating that while
ÞeldsB andB o of the interior and exterior are di!erent,H is
the same in both regions (analogous withD in dielectrics).
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¥ Lab measurements Ñ e.g., inductancesL measured for coils wound
around magnetic materials3 Ñ show that for a large class of materials

M $ µ# 1
o B # H

varies linearly withH (which is of course possible only whenB also
varies linearly withH ).

Ð In that case we write
M = $mH ,

where$m is a dimensionless parameter calledmagnetic suscep-
tibility , and obtain a relation Magnetic

susceptibility
and
permeability

B = µo(1 + $m)H = µH ,

where
µ = µo(1 + $m)

is called thepermeability of the medium.

3Recall from Lecture 15 thatL ' µ when inductors are wound around materials with permeability µ.
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¥ For a large class of materials withM ' H , it is observed that|$m| ( 1.
In that case, the material is called

Ð Diamagnetic if $m < 0:

& Diamagnetism occurs when an applied magnetic Þeldinduces
electron orbital angular momentum and associatedor-
bital magnetic moment m in a collection of atoms having
no net permanent magnetizationM Ñ in such materials elec-
tron clouds around atomic nuclei spin up in accordance with
LenzÕs law to generate magnetic Þelds opposing the applied
magnetic Þeld so as to keepB = µH smaller thanµoH .

& This happens in materials that we ordinarily think of being
non-magnetic (wood, glass, water, etc.). Diamagnetic materi-
als are in fact very weakly repulsed by permanent magnets.

Ð Paramagnetic if $m > 0:

& Paramagnetism occurs in materials composed of atoms hav-
ing permanent magnetic dipole moments due to electronspin
angular momentum and associatedspin magnetic mo-
ment 4 Ñ it turns out that electrons are not onlyelectric
monopolesbut alsomagnetic dipolesas if each electron were
a current loop having aquantizedmagnetic dipole momentm.

4In these materials the described paramagnetism overcomes the diamagnetic tendency of the material
caused by the orbital angular momenta of its electrons around atomic nuclei.
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Magnetic dipoles5 of paramagnetic atoms co-align with the ap-
plied magnetic Þeld due tov " B related torques, leading to
M ' m pointing in the appliedB direction.

& This paramagnetic response happens (and overcomes diamag-
netic response) for atoms withunÞlledinner electron shells,
because in Þlled shells electron spins are opposite due toPauli
exclusion principleand cancel one another. UnÞlled outer
shells do not give rise to paramagnetism because interactions
between adjacent atoms in that case give rise to opposite
spins of their outer shell electrons. Paramagnetic materials
are very weakly attracted to permanent magnets (e.g., alu-
minum, lithium, tungsten).

¥ In a small class of materials known asferromagnets Ñ iron, nickel,
and cobalt, which are metals with atoms having unÞlled innerelec-
tron shells, and their various alloys ÑM can arise spontaneously
because thepermanent magnetic dipole momentsof nearby atoms pro-
duced byelectron spins become co-aligned as a consequence of con-

5In macroscopic form Maxwell equations the source of dipole magnetic Þelds due to unpairedbound
electrons contributing to total B show up in the bound current density term! " M included in AmpereÕs
law. As for free charge carriers (electric monopoles) with random spin directions, their dipole magnetic
Þelds will not contribute to macroscopicB because of pairwise cancellations and such contributions are
therefore not included in macroscopic formulations. In case of spin polarized free carrier currents, an
additional ! " M term could also be included in AmpereÕs law, but such problems would intrinsically be
of a quantum electrodynamics QED nature where electrons would need to be modeled as quanta of an
electron matter Þeld. SeeGarraway and Stenholm (1999)for a discussion about the observability of the
quantized spin of a free electron.

10
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duction electrons moving through the lattice Ñ a conductionelectron
passing by an atomic electron is forced to acquire the opposite spin as
a consequence of Pauli exclusion principle (sometimes saidto cause an
exchange force) to subsequently force the spin of a neighboring atom
that it passes by to acquire the spin direction (or the magnetic dipole
moment) of the Þrst atom.

Ð This Òdouble interactionÓ process creates small multi atomdo-
mains having non-zeroM Õs pointing in random directions across
any macroscopic sized sample of the ferromagnetic solid. When
the sample is then exposed to a magnetizing6 H Þeld, the multi
domainM Õs co-align readily to produce a strong

B = B(H ) = µoH + µoM (H )

response, withM (H ) being a non-linear function ofH in gen-
eral. SinceB(H ) relation is non-linear and exhibits hysteresis Ñ

6Notice that the uniform H ' I o in the interior of the solenoid causes the ÒmagnetizationÓ of a
sample placed within the solenoid, i.e., the production ofM within the sample Ð hence it makes sense
to refer to I o and H ' I o of the solenoid asmagnetizing currentand magnetizing Þeld, respectively, (see
Feynman, Vol 2, Chapter 36) and call themagnetic ßux densityB o + µoM within the sample asmagnetic
Þeld B for short. Notice that in general free-carriercurrents produce medium-independentmagnetizing
Þelds H which in turn produce medium-dependentmagnetic ÞeldsB = µH . This is similar to free-
carrier charge densitiesproducing medium-independentdisplacement (or polarizing) ÞeldsD which in
turn produce medium-dependentelectric ÞeldsE = D /#. Tangential components of magnetic ÞeldB
(but not normal component) will in general change abruptly across medium boundaries, just like normal
component of electric ÞeldsE (but not tangential components)! See a discussion in Chap. 10 of Purcell
why in engineering work Òcurrent controlledÓmagnetizing ÞeldsH are more ÒusefulÓ thanmagnetic Þelds
B , while voltage (i.e., battery) controlled electric ÞeldsE are more useful than free-charge (engineering
charge distributions is di!cult at best) controlled dispacement ÞeldsD (despite D sharing with H the
property of being continuous across medium boundaries lacking free chare carriers).

11



see margin that shows the variation of magnetic ÞeldB with the
magnetizing ÞeldH (in terms of their parallel components such
as Bz and Hz Ñ it is even possible to have non-zeroB in such
materials with zeroH Ñ permanent magnets have that property.

¥ First principles modeling of$m or the B = B(H ) relation requires
quantum mechanics (classical models turn out to be not accurate enough).
Overall, the models give rise to frequency dependent results, involving
loss as well as resonance features (also exhibited in Lorentz-Drude mod-
els of$e examined in Lecture 11) relevant for applications including
various magnetic imaging techniques.
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18 Wave equation and plane TEM waves in source-
free media Copyright ©2024 Reserved Ñ no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

With this lecture we start our study of the full set of MaxwellÕs equations
shown in the margin by Þrst restricting our attention tohomogeneousand
non-conductingmedia with constant! and µ and zero" .

! á D = #

! á B = 0

! " E = #
$B
$t

! " H = J +
$D
$t

.

¥ Our Þrst objective is to show that non-trivial (i.e., non-zero) time-
varying Þeld solutions of these equations can be obtained even in the
absence of# and J.

Ð We already knowstatic # andJ to be thesource of static electric
and magnetic Þelds.

Ð We will come to understand that time varying# and J, which
necessarily obey the continuity equation

$#
$t

+ ! á J = 0,

constitute thesource of time-varying electromagneticÞelds.

Despite these intimate connections between the sources# and J and
the Þelds

D = !E and B = µH ,

non-trivial Þeld solutions can existin source-free media as we will see
shortly.

1



¥ Such Þeld solutions in fact represent electromagnetic waves, a familiar
example of which islight .

¥ Another example isradiowaves that we use when we communicate
using wireless devices such as radios, cell-phones, WiFi, etc.

¥ Di!erent types of electromagnetic waves are distinguished by their os-
cillation frequencies, and include

Ð radiowaves,

Ð microwaves,

Ð infrared,

Ð light,

Ð ultraviolet,

Ð X-rays, and gamma rays,

going across theelectromagnetic spectrum from low to high fre-
quencies.

We are well aware that these types of electromagnetic waves can travel
across empty regions of space Ñ e.g., from sun to Earth Ñ transporting
energy and heat as well as momentum.

Ð Next, we will discover their general properties by examining MaxwellÕs
equations under the restriction# = J = 0.

2



¥ In source-free and homogeneous regions where# = J = 0 and ! and
µ are constant, we can simplify MaxwellÕs equations as shown in the
margin.

! á E = 0
! á H = 0

! " E = # µ
$H
$t

! " H = !
$E
$t

.

Ð If there are non-trivial solutions of these equations, namely E(r , t) $=
0 and H (r , t) $= 0, they evidently need to be divergence-free.

Ð They also have to be ÒcurlyÓ according to the last two equations:
FaradayÕs and AmpereÕs laws.

¥ Next we will make use of vector identity

! " (! " E) = ! (! á E) # ! 2E

which should be familiar from an earlier homework problem.

Ð Since the electric ÞeldE is divergence-free in the absence of sources,
this identity simpliÞes as

! " (! " E) = #! 2E

where in the right side! 2E is the Laplacian ofE.

Ð Using this result we can express the curl of FaradayÕs law as

! " [! " E = # µ
$H
$t

] % #! 2E = # µ
$
$t

! " H ,

which combines with the AmpereÕs law to produce

! 2E = µ!
$2E
$t2 ,

3



which can be written explicitly as 3D vector
wave
equation

$2E
$x2 +

$2E
$y2 +

$2E
$z2 = µ!

$2E
$t2 .

Recall that our objective is to see whether a non-trivial time-varying solution
of MaxwellÕs equations can exist in source-free media.

Our objective at this stage is not Þnding a general solution;it is instead
identifying a simple example of a non-trivial time-varyingE(r , t), if we can.

For example, can a Þeld solution

E(r , t) = öxEx(z, t)

that only depends onz and t and ÒpolarizedÓ inx-direction exist? If it can
exist, what would be the properties of thisx-polarized solution?

¥ To Þnd out, we note that withE = öxEx(z, t), the above Òwave equationÓ
is reduced to 1D scalar

wave
equation

$2Ex

$z2 = µ!
$2Ex

$t2 ,

an equation that is known as a1D scalar wave equation , as opposed
to the 3D vector wave equation above.

Ð Now, by substitution, we can easily show that

Ex = cos(%(t #
&

µ!z )),

4



satisÞes the 1D wave equation and represents anx-polarized time-
periodic Þeld solution with anoscillation frequency %.

Ð 1D wave equation can also be satisÞed by

Ex = cos(%(t +
&

µ!z )).

Let us jointly refer to these solutions as

Ex = cos(%(t '
z
v

)),

where
v (

1
&

µ!

has the dimensions of m/s (i.e., velocity) and the algebraicsigns'
distinguish between the Òtravel directionsÓ of thesepossibleÒwave solu-
tionsÓ as elaborated later on.

¥ Let us next Þnd out the magnetic Þeld intensityH that accompanies
the x-polarized electric Þeld wave solution

E = öx cos(%(t '
z
v

)).

Ð Since the curl ofE is

! " E =

!
!
!
!
!
!
!

öx öy öz
$

$x
$
$y

$
$z

Ex 0 0

!
!
!
!
!
!
!

= öy
$Ex

$z
= ± öy sin(%(t '

z
v

))
%
v

,
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FaradayÕs law

! " E = # µ
$H
$t

requires thatH should satisfy

# µ
$H
$t

= ± öy sin(%(t '
z
v

))
%
v

.

Finding thetime-dependentanti-derivative (and rememberingv =
1/

&
µ! ), we obtain

H = ± öy
"

!
µ

cos(%(t '
z
v

)).

¥ The results above, namely ourx-polarized non-trivial Þeld solutions of
MaxwellÕs equations in source-free homogeneous space, canbe repre-
sented more compactly as

x

y

z

H
E = öxf (t !

z
v

)

E " H

x

yz

H
E = öxf (t +

z
v

)

E " HE = öxf (t '
z
v

) and H = ± öy
f (t ' z

v)
&

,

where

f (t) ( cos(%t) = Re{ ej%t} =
ej%t + e# j%t

2
is the Þeldwaveform ,

&(

"
µ
!

is known asintrinsic impedance (and measured in units of ohms).
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¥ Since MaxwellÕs equations with constantµ and ! are linear and time-
invariant (LTI), the Þeld solutions above can be further generalized by
using their weighted and time-shifted superpositions suchas

f (t) =
#

n

An cos(%nt + ' n)

and

f (t) =
1

2(

$ )

#)
F (%)ej%td%

having frequency dependent weighting factorsAn andF (%). And since
according to Fourier analysis all practical signalsf (t) can be synthe-
sized in these forms, it follows that the Þeld solutions above are valid
with arbitrary waveformsf (t). dÕAlembert

wave
solutionsSolutions

E, H * f (t '
z
v

)

of the 1D scalar wave equation with arbitraryf (t) are known asdÕAlembert
wave solutions .

¥ dÕAlembert solution
E, H * f (t #

z
v

)

describes electromagnetic waves traveling in+z direction, whereas so-
lution

E, H * f (t +
z
v

)

7



describes electromagnetic waves traveling in# z direction (see margin).

In each case the travel speed is

v =
1

&
µ!

######+
free space

1
&

µo! o
( c , 3" 108 m/s.

¥ H solution can be obtained fromE by dividing it with & and rotating
it by 90- so that vectorE " H points in direction the waves travel.

¥ E can be obtained fromH by multiplying it with & and rotating it by
90- so that vectorE " H Ñ called Poynting vector Ñ once again
points in direction the waves travel.

t

Ex(t, z) = # (t !
z
c
)Ex(t, 0) = # (t)

z

Ex(t, z) = # (t !
z
c
)

Ex(0, z) = # (!
z
c
)

z
c

Time plots at z=0 and z>0:

Position plots at t=0 and t>0

ct

Note: ct=300 m in 1 microsec
      
      ct=300 km in 1 millisec

! = 1

! z = c!

Traveling wave in +z direction with speed v=c:

1

t

u(t)

0

1

t

u(t ! to)

0 to

Fundamental signal waveforms: REVIEW

1

t

rect(
t
!

)

0

1

t0 to!
2

!
!
2

!
!
2

!
2

rect(
t ! to

!
)

1

t

# (
t
!

)

0

1

t0 to!
2

!
!
2

!
!
2

!
2

# (
t ! to

!
)

1

t

t[u(t) ! u(t ! to)]

0 to

Unit-step

Rectangle
pulse

Triangle
pulse

Ramp
pulse

In each case the intrinsic impedance is

&=

"
µ
!

######+
free space

"
µo

! o
( &o , 120( ohms.

Transformation rules above also hold fory-polarized wave solutions

E = öyf (t '
z
v

) and H = ' öx
f (t ' z

v)
&

.

Question: What about z-polarized waves

E = özf (t '
z
v

),

can they exist?

Answer: No, z-polarized wavesözf (t ' z
v) traveling in ± z direction cannot

exist because they would violate the divergence-free condition !á E = 0.
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19 dÕAlembert wave solutions, radiation from
current sheets Copyright ©2024 Reserved Ñ no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ dÕAlembert wave solutions of MaxwellÕs equations for homogeneous and
source-free regions obtained in the last lecture having theforms

E, H ! f (t "
z
v

)

are classiÞed asuniform plane-TEM waves .

Ð TEM stands forT ransverseElectroM agnetic, and the reason for
this designation is:

x

y

z

H
E = öxf (t !

z
v

)

E " H

x

yz

H
E = öxf (t +

z
v

)

E " H

viable solutions satisfying# á E = # á H = 0 conditions have theirE
andH vectorstransverse to the direction of propagationwhich always
coincides with the direction of vectorS $ E %H known asPoynting
vector Ñ more on this later on.

Poynting vector
E %H

Ð dÕAlembert wave solutions such as

E = öxf (t &
z
v

) and H = öy
f (t & z

v)
!

are also designated asuniform planewaves because:

these wave-Þelds are constant (have the same vector value) at planes
of constant phase , e.g., on planes deÞned by

t &
z
v

= const.,

1



which are planes transverse to the propagation direction (direction of
vectorE %H ).

Not all waves solutions of MaxwellÕs equations are uniform plane Ñ for in-
stance non-uniform TEM waves with spherical surfaces of constant phase are
ubiquitous, but they will be examined later on (in ECE 450, mainly).

After the next set of examples we will examine how uniform plane waves
can be radiated by inÞnite planes of surface currents. By contrast, spherical
waves are produced by compact antennas having Þnite dimensions.

Example 1: Let

E = öx' (
t & y/c

"
)

be a wave solution in free space where' ( t
! ) is a triangular waveform of duration

" peaking at t = 0 (deÞned in ECE 210). We will next provide two di!erent
solutions demonstrating how the wave ÞeldB accompanyingE can be found.

Solution 1: We recognize the given wave ÞeldE as a TEM uniform plane wave travel-
ing in y-direction given thet & y/c dependence of phase. Consequently, we obtain
H by dividing E with ! = ! o and rotating it by 90( from öx-direction to co-align
it with E %H vector. As a result,

H = & öz
' ( t&y/c

! )
! o

= & öz
' ( t&y/c

! )
!

µo/#o
.

Hence,

B = µoH = & öz
)

µo#o' (
t & y/c

"
) = & öz

' ( t&y/c
! )

c
.

2



Solution 2: According to FaradayÕs law,

$B
$t

= &# % E = &

"
"
"
"
"
"

öx öy öz
"

"x
"
"y

"
"z

Ex 0 0

"
"
"
"
"
"

= öz
$Ex

$y

= öz' *(
t & y/c

"
)

$
$y

(
t & y/c

"
) = öz

&1
c"

' *(
t & y/c

"
)

with the help of chain rule of di!erentiation, where' Õ(u) $ d
du' (u). Finding

the time-dependent anti derivative, we directly obtain (asbefore)

B = & öz
' ( t&y/c

! )
c

.

Example 2: Consider the Lorentz force

F = q(E + v %B)

on a test chargeq in the lab whereE and B are the plane wave Þelds considered
in Example 1. Show that electrical force termqE will dominate the magnetic
force termqv %B unless the particle speedv = |v | is close to the speed of light
c (i.e., test charge is relativistic).

Solution: Since

E = öx' (
t & y/c

"
) and B = & öz

' ( t&y/c
! )

c
,

it follows that Lorentz force

F = q(E + v %B) = q' (
t & y/c

"
)(öx & v %

öz
c
).
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Clearly, the Þrst term ofF proportional to öx is dominant, unlessv = |v | is close
to c.

Example 3: Consider anöx-polarized plane TEM wave Þeld in free space propagating
in + z direction such that

E(z, t) = öxf (t &
z
c
), with f (t) = At rect(

t
"

),

wherec = 3 %108 m/s = 300 m/µ s is the speed of light in free space," = 1 µs,

and A = 2 V/m
µs . A plot of f (t) vs t (labelled inµs units is shown in the margin.

Determine the correspondingH (z, t) and make the following plots:

¥ (a) t-plots at ÞxedzÕs: Ex(0, t) and Ex(z = 600 m, t),

¥ (b) z-plots at ÞxedtÕs: Ex(z,0) and Ex(z,2µs).

Solution: (a) t-plots at ÞxedzÕs: Sincez/c = 2 µs for z = 600 m, it follows that

Ex(600m, t) = 2 ( t & 2µs) rect(
t & 2µs

1µs
)

V
m

is a shifted version of
Ex(0, t) = 2 t rect(

t
1µs

)
V
m

already plotted above. A graph showing both waveforms (black for z = 0 and
red for z = 600 m) is in the margin.
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(b) z-plots at ÞxedtÕs: In this case we wish to depict

Ex(z,0) = 2 (0 &
z
c
) rect(

0 & z/c
1µ

)
V
m

and

Ex(z,2µs) = 2 (2 µ &
z
c
) rect(

2µ & z/c
1µ

)
V
m

.

The minus sign in front ofz in the Þrst term on the right indicates that the slopes

of the curves to be plotted are negative. Hence, we end up withthe descending

ramp waveforms (black fort = 0 and red fort = 2µs) shown in the margin.

¥ Plane electromagnetic waves discussed above propagate infree-space in
regions of zero%and J (per our derivation).

Ð But what generates such waves?

¥ The answer must be, far away%and J variations (linked by continuity
equation) that we have not considered in our equations so far.

¥ We will next describe how plane TEM waves can be produced Ñ radi-
ated Ñ by time-varying inÞnite current sheets by starting from familiar
static and quasi-static solutions:
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¥ Consider Þrst a static and constant surface current density

Js = öxJx A/m

ßowing onz = 0 surface as shown graphically in the margin. This
inÞnite surface current will produce a static magnetic Þeld

x

y

z

H +

H !

Js = öxJx

H (z) = " öy
Jx

2
A/m for z ! 0

also shown in the margin as we learned in Lecture 13.

Ð Note that the Þelds point in opposing directions above and below
the surface current in compliance with the right hand rule and
obey the boundary condition equation for tangentialH .

Ð Also, H is not accompanied by an electric ÞeldE since static
currents produce only static magnetic Þelds.

¥ What if the surface currentJx varies with time, i.e.,Jx = Jx(t). In
that case we have quasi-statically

H (z, t) + " öy
Jx(t)

2
A/m for z ! 0,

but only as an approximation for positions very close toz = 0 sur-
face where propagation time-delayzv of dÕAlembert solutions can be
neglected1.

1This solution surely cannot be an exact solution since if it were, it would imply instantaneous changes
in H in responseJx at arbitrarily large distances, implying an inÞnite speed of propagation Ñ we know
that is not true!
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¥ But the exact Þeld solution of MaxwellÕs equations valid for allz is
equally easy to obtain: just replaceJx(t) above withJx(t " z

v) and
replace+ with = so that

H (z, t) = " öy
Jx(t " z

v)
2

A/m for z ! 0

complies with plane TEM dÕAlembert solutions2 of MaxwellÕs equations
in homogeneous and source free regionsz ! 0.

x

y

z

E+

H +

H !

E!

Js = öxJx(t)

E+ ! H +

E" ! H "

¥ As always, there is an accompanyingE(z, t) that is obtained by multi-
plying H (z, t) with ! and replacing its unit vector so that vectorE %H
points in the direction of propagation, away from thez = 0 in this case
Ñ hence, as illustrated in the margin,

E(z, t) = & öx
!
2

Jx(t "
z
v

) V/m for z ! 0.

Since MaxwellÕs eqnÕs + boundary conditions haveuniquesolutions in given
settings, we are assured that any solution that complies with both (as in this
case) isthe solution for the given setting (surface current onz = 0, in this
case) Ñ it was surprisingly easy to solve this radiation problem by starting
from simple static and quasi-static solutions.

2We useJx(t " z
v ) rather than Jx(t ± z

v ) for z ! 0 because we assume thatJx(t) on z = 0 surface is the
only Þeld source Ñ in that casecausality principle dictates that we use only the solutions propagating
away from the source (just like when a pebble drops in a pond, ripples propagateaway).
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Conclusion: Evidently, a time varying surface current

Js = öxf (t) on z = 0 plane

produces plane electromagnetic waves

E± = & öx
!f (t " z

v)
2

and H ± = " öy
f (t " z

v)
2

in regionsz ! 0

propagating away from thez = 0 plane.
Note that:

1. Ex and Hy waveforms are proportional to delayed versions of surface
currentJx(t) at each locationz above and below the current sheet, with
the reference directions ofE and Js opposingone another.

2. ÞeldsE± are continuous onz = 0 surface in compliance with tangential
boundary condition equations.

3. ÞeldsH ± exhibit a discontinuity onz = 0 surface that matches the
current density of the same surface, once again in compliance with
tangential boundary condition equations.

x

y

z

E+

H +

H !

E!

Js = öxJx(t)

E+ ! H +

E" ! H "

OpposingE andJs vectors onz = 0 plane indicate that the surface is acting
as a source of radiated energy (the energy that feeds the waves radiated away
from the surface) Ñ this interpretation will be discussed inmore detail in
the next lecture.
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Example 4: A current sheet onz = 0 surface is described by

Js(t) = öxf (t), with f (t) = At rect(
t
"

),

where" = 1 µs andA = 2 A/m
µs . A plot of the current waveformf (t) is plotted in

the margin. Assuming that the current sheet is embedded in free space, construct
the following plots:

¥ (a) RadiatedHy(z, t = 2µs) vs z,

¥ (b) RadiatedEx(z, t = 2µs) vs z.

Solution: (a) From the theory developed above, we have using delayed copies of half
the surface current density,

Hy(z,2µs) = "
A
2

(2µ "
z
c
) rect(

2µ " z
c

1µ
)

A
m

for z ! 0,

as plotted in the margin for the caseA = 2 A/m
µs . Notice that the propagated

Þeld waveforms Ñc%2µs=600 m has been covered in 2µs Ñ are re-scaled and
shifted replicas of the source functionf (t).

(b) We have, multiplyingHy with ! o = 120&! , and adjusting the signs so thatE
and Js are pointing in opposite directions,

Ex(z,2µs) = &120&(2µ "
z
c
) rect(

2µ " z
c

1µ
)

V
m

for z ! 0.

Plots are shown in the margin.
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20 Poynting theorem and monochromatic waves Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ The magnitude ofPoynting vector

S = E ! H

represents the amount of power transported Ñ often called energy ßux
Ñ by electromagnetic ÞeldsE andH over a unit area transverse to the
E ! H direction.

This interpretation of the Poynting vector is obtained froma conservation
law extracted from MaxwellÕs equations (see margin) as follows:

" á D = !

" á B = 0

" ! E = #
" B
"t

" ! H = J +
" D
"t

.

1. Dot multiply FaradayÕs law byH , dot multiply AmpereÕs law byE,

(" ! E = #
" B
"t

) áH

(" ! H = J +
" D
"t

) áE

and take their di!erence:

H á " ! E # E á " ! H! "# $ = #
" D
"t

áE #
" B
"t

áH
! "# $

# J áE.

" á (E ! H ) #
"
"t

(
1
2
#E áE +

1
2
µH áH )

2. After re-arrangements shown above, the result can be written as

1



"
"t

(
1
2
#E áE +

1
2
µH áH ) + " á (E ! H ) + J áE = 0.

¥ Poynting theorem derived above is aconservation lawjust like the
continuity equation"!

"t + " á J = 0: Poynting theorem

Ð The Þrst term on the left,

"
"t

(
1
2
#E áE +

1
2
µH áH ),

is time rate of change of total electric and magneticenergy den-
sity.

Hence,Poynting theorem is the conservation law for electro-
magnetic energy , just like continuity equation is the conservation law
for electric charge.

Ð The second term
" á (E ! H )

accounts for energy transport in Poynting theorem, just like " á J
accounts for charge transport in the continuity equation. There-
fore

S $ E ! H

2



is energy ßux per unit area measured in

V
m

A
m

=
W
m2 =

J/ s
m2

units, just like J is charge ßux per unit area inC/ s
m2 = A

m2 units.

Ð Finally, the last term in Poynting theorem (repeated in the mar-
gin), Poynting thm:

"
"t (1

2#E áE + 1
2µH áH ) +

" á (E ! H ) + J áE = 0

J áE

is calledJoule heating , and it represents power absorbed per
unit volume (which can only be non-zero in the presence ofJ).
If J áE is negative in any region, thenJ in that region is acting as a
source of electromagnetic energy, just like any circuit component
with negative vi is acting as an energy source in the electrical
circuit.

Note that J áE had a negative value on the current sheet radiator
examined in last lecture. We return to the current sheet radiator
in the next example.
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y
z

E+ = ! öx
!
2

f (t !
z
v

)

H ! = öy
1
2
f (t +

z
v

)
E! = ! öx

!
2

f (t +
z
v

)

Js = öxf (t)

S+

S!

Example 1: On z = 0 plane we have a time-harmonic surface current speciÞed as

Js = öxf (t) = öx2 cos($t )
A
m

where$ is some frequency of oscillation.

(a) Determine the radiated TEM wave ÞeldsE(z, t) and H (z, t) in the regionsz ! 0,

(b) The associated Poynting vectorsE ! H , and

(c) Js áE on the current sheet.

Solution: (a) With reference to the solution of the current sheet radiator depicted
in the margin (from last lecture), we that anx-polarized surface currentf (t)
produces the wave Þelds

Ex = #
%
2

f (t %
z
v

) and Hy = %
1
2

f (t %
z
v

)

in the surrounding regions propagating away from the current sheet on both sides.
Given that f (t) = 2 cos($t ), this implies that

Ex = # %cos($t %&z) and Hy = %cos($t %&z)

where
& =

$
c

and %= %o & 120' !

since the current sheet is surrounded by vacuum. Hence in vector form we have

E(z, t) = # %cos($t %&z)öx
V
m

and H (z, t) = %cos($t %&z)öy A
m,

where the upper signs are forz > 0, and lower signs forz < 0.
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(b) The associated Poynting vectors are

S = E ! H = ± %cos2($t %&z)öz
W
m2

.

Note that the time-average value of vectorS points in the direction of wave
propagation on both sides of the current sheet.

(c) Since onz = 0 surface of the current sheet the electric Þeld vector is

E(0, t) = # %cos($t )öx
V
m

,

it follows that Js áE on the same surface is

Js(t) áE(0, t) = (öx2 cos($t )
A
m

) á(# %cos($t )öx
V
m

) = # 2%cos2($t )
W
m2

.

¥ In the above example, a time-harmonic source current oscillating at
some frequency$ produced Òmonochromatic wavesÓ of radiated Þelds
propagating away from the current sheet on both sides.

Ð The calculations showed time-varying Poynting vectorsE ! H .
The time-averaged values of these time-varying vectors canbe eas-
ily determined by making use of the trig identity

cos2($t + ( ) =
1
2
[1 + cos(2$t + 2( )].

Since the time-average of the second term on the right is zero, we

5



can express the time-average of this identity as

' cos2($t + ( )( = '
1
2
[1 + cos(2$t + 2( )]( =

1
2
,

where the angular brackets denote the time-averaging procedure.

y
z

E+ = ! öx
!
2

f (t !
z
v

)

H ! = öy
1
2
f (t +

z
v

)
E! = ! öx

!
2

f (t +
z
v

)

Js = öxf (t)

S+

S!

¥ Consequently, the result

E ! H = ± %cos2($t %&z)öz
W
m2

from Example 1 implies that

' E ! H ( = ± %
1
2

öz
W
m2 = ± 60' öz

W
m2,

which represent the time-average power per unit area transported by
the waves radiated by the current sheet.

¥ In Poynting theorem the Joule heating termJ áE is power absorbed
per unit volume , and, accordingly,# J áE is power injected per
unit volume .

Ð Likewise,± JsáE can be interpreted aspower absorbed/injected
per unit area on a surface.

In Example 1 above we calculated an instantaneous injected power
density of

6



# Js áE = 2%cos2($t )
W
m2.

Clearly, its time-average works out as

'# Js áE( = %
W
m2 = 120'

W
m2.

Ð Note that '# Js áE( exactly matches the sum of|' E ! H (| calcu-
lated on both sides of the current sheet, in conformity with energy
conservation principle (Poynting theorem).
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21 Monochromatic waves and phasor notation Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Recall that we reached the traveling-wave dÕAlembert solutions

E, H ! f (t "
z
v

)

via the superposition of time-shifted and amplitude-scaled versions of

f (t) = cos(!t ),

namely themonochromatic waves

A cos[! (t "
z
v

)] = A cos(!t " "z ),

with amplitudesA where

" #
!
v

= !
$

µ#

can be calledwave-number in analogy withwave-frequency ! .

T =
2!
"

cos("t )

t

1

-1

Period

! =
2"
#

cos(#z)

z

1

-1

Wavelength

Ð As depicted in the margin, monochromatic solutionsA cos(!t " "z )
are periodic in position and time, with thewave-number" being
essentially aspatial-frequency, the spatial counterpart of! .

This is an important point that you should try to understand
well Ñ it has implications for signal processing courses rel ated
to images and vision.

1



Ð In general, monochromatic solutions of1D wave-equationsob-
tained in various branches of science and engineering can all be rep-
resented in the same format as above in terms of wave-frequency
/ wave-wavenumber pairs! and " having a ratio

v #
!
"

recognized as thewave-speed and speciÞcdispersion relations
such as:

T =
2!
"

cos("t )

t

1

-1

Period

! =
2"
#

cos(#z)

z

1

-1

Wavelength

Dispersion relations
between
wave frequency !
and
wavenumber "
determine the
propagation veloc-
ity

v =
!
"

= $f

for all types of
wave motions.

1. TEM waves in perfect dielectrics:

" = !
$

µ#,

2. Acoustic waves in monoatomic gases with temperatureT (K)
and atomic massm (kg):

" = !
!

m
5
3KT

,

3. TEM waves in collisionlessplasmas (ionized gases) with plasma

frequency! p =
"

Ne2

m#o
:

" =
1
c

"
! 2 %! 2

p.

2



Ð For any type of wave solution Ñ TEM, acoustic, plasma wave
Ñ once the dispersion relation is available (meaning that ithas
been derived from fundamental physical laws governing the speciÞc
wave type), wave propagation velocity is always obtained as

v =
!
"

or, equivalently, as

v =
$
T

= $f

where
$ #

2%
"

Wavelength

and
T =

2%
!

#
1
f

Waveperiod.

cos(!t ! "z )

z

cos(!t ! "z )|t=0

!
"

t

z

3
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¥ Monochromaticx-polarized waves

E = Eo cos(!t " "z ) öx
V
m

can also be expressed in phasor form as

÷E = Eoe" j"z öx
V
m

such that
Re{ ÷Eej!t } = Eo cos(!t " "z ) öx = E

in view of EulerÕs identity.

Example 1: Study the following table to understand monochromatic wave
Þelds and their phasors.

Field Phasor Comment
E = cos(!t + "y ) öz ÷E = ej"y öz z-polarized wave propagating in %y direction

÷H = %ej!y

& öx magnetic phasor that accompanies ÷E above
H = sin(!t %"z ) öy ÷H = %je%j"z öy wave propagating in +z direction

÷E = %j&e%j"z öx electric Þeld phasor of ÷H above
E = &sin(!t %"z ) öx which is an x-polarized Þeld (see the right column)
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Example 2: Given that

H = öxH + cos(!t %"z ) + öyH % sin(!t + "z )

representing the sum of wave Þelds propagating in opposite directions, the corre-
sponding phasor

÷H = öxH + e%j!z %j öyH %ej!z .

The correspondingE-Þeld phasor is

÷E = %öy&H+ e%j!z + j öx&H%ej!z ,

from which

E = %öy&H+ cos(!t %"z ) % öx&H% sin(!t + "z ).

Make sure to check that all the signs make sense, and if you think you have

caught an error, let us know.

¥ In general, we transform between plane TEM wave phasors÷E and ÷H
as follows:

1. To obtain ÷H from ÷E: divide ÷E by & and rotate the vector direction
so that vector÷S # ÷E & ÷H ' points in the propagation direction of the
wave Ñ more on complex vector÷S later on.

2. To obtain ÷E from ÷H : multiply ÷H by &and rotate the vector direction
so that vector÷S # ÷E & ÷H ' points in the propagation direction of the

6



wave.
y

z

E+ = ! öx
!
2

f (t !
z
v

)

H ! = öy
1
2
f (t +

z
v

)
E! = ! öx

!
2

f (t +
z
v

)

Js = öxf (t)

S+

S!

Example 3: On z = 0 plane we have a monochromatic surface current speciÞed as

Js = öxf (t) = öx2 cos(!t )
A
m

= Re{ öx2ej"t } .

Determine wave Þeld phasors÷E± and ÷H ± for plane TEM waves propagating away
from the z = 0 surface on both sides (assumed vacuum).

Solution: We know that anx-polarized surface currentf (t) produces

Ex = %
&
2

f (t "
z
v

) and Hy = "
1
2

f (t "
z
v

)

in surrounding regions. Given thatf (t) = 2 cos(!t ), this implies

Ex = %&cos(!t " "z ) and Hy = " cos(!t " "z )

where
" =

!
c

and &= &o ( 120%!

since the current sheet is surrounded by vacuum. Convertingthese into phasors,
we Þnd

÷E± = %&e" j!z öx and ÷H ± = " e" j!z öy.
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y
z

E+ = ! öx
!
2

f (t !
z
v

)

H ! = öy
1
2
f (t +

z
v

)
E! = ! öx

!
2

f (t +
z
v

)

Js = öxf (t)

S+

S!

¥ In the last lecture we calculated the time-averageE & H and Js áE of
the Þelds examined in Example 3 using a time-domain approach. The
same calculations can be carried out in terms of phasors÷E, ÷H , and ÷Js

as follows:

)E & H * =
1
2
Re{ ÷E & ÷H ' } and )Js áE* =

1
2
Re{ ÷Js á÷E' }

where÷E & ÷H ' # ÷S is called complex Poynting vector. Instantaneous power

p(t) = v(t)i (t)

with time-harmonic signals is

v(t)i (t) = (
V ej!t + cc

2
)(

Iej!t + cc
2

)

where V and I are phasors ofv(t) and
i (t) and cc indicates the conjugate of
the term to the left of + sign.
This can be expanded as

v(t)i (t) =
V I ! + cc

4
+

V Iej 2!t + cc
4

.

The second term has a zero time aver-
age. It follows that time-average power

)v(t)i (t)* =
V I ! + cc

4
=

1
2

Re{ V I ! }

since

V I ! + cc = V I ! + V ! I = 2 Re{ V I ! } .

(Also see ECE 210 text.)

Ð The proof of these are analogous to the proof of

)p(t)* =
1
2

Re{ V I ' }

for the average power of a circuit component in terms of voltage and current
phasorsV and I (see margin).

For, instance, given that

÷Js = 2öx
A
m

and ÷E± (z) = %&e" j"z öx
V
m

in Example 3, it follows that

)%Js(t) áE(0, t)* =
1
2
Re{%÷Js á÷E' (0)} = &( 120%

W
m2,

in conformity with the result from last lecture.
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22 Phasor form of MaxwellÕs equations and damped
waves in conducting media Copyright ©2024 Reserved Ñ no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ When the Þelds and the sources in MaxwellÕs equations are all monochro-

! á D = !
! á B = 0

! " E = #
" B
"t

! " H = J +
" D
"t

.

matic functions of time expressed in terms of their phasors,MaxwellÕs
equations can be transformed into the phasor domain.

Ð In the phasor domain all

"
"t

$ j#

and all variablesD , ! , etc. are replaced by their phasors÷D , ÷! ,
and so on. With those changes MaxwellÕs equations take the form
shown in the margin.

! á ÷D = ÷!

! á ÷B = 0
! " ÷E = # j# ÷B

! " ÷H = ÷J + j# ÷D

Ð Also in these equations it is implied that

÷D = $÷E
÷B = µ ÷H
÷J = %÷E

where$, µ, and %could be a function of frequency# (as, strictly
speaking, they all are as seen in Lecture 11).

Ð We can derive from the phasor form MaxwellÕs equations shown
in the margin the TEM wave properties obtained earlier on using
the time-domain equations by assuming÷! = ÷J = 0.
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We will do that, and and after that relax the requirement÷J = 0 with
÷J = %÷E to examine how TEM waves propagate in conducting media.

¥ With ÷! = ÷J = 0 the phasor form MaxwellÕs equation take their simpli-
Þed forms shown in the margin.

! á ÷E = 0
! á ÷H = 0

! " ÷E = # j#µ ÷H
! " ÷H = j#$ ÷E

Ð Using

! " [! " ÷E = # j#µ ÷H ] % #! 2÷E = # j#µ ! " ÷H

which combines with the AmpereÕs law to produce

! 2 ÷E + #2µ$÷E = 0.

Ð For x-polarized waves with phasors

÷E = öx ÷Ex(z),

the phasor wave equation above simpliÞes as

" 2

"z 2
÷Ex + #2µ$÷Ex = 0.

Ð Try solutions of the form

÷Ex(z) = e# &z or e&z

where& is to be determined.

2



Ð Upon substitution into wave equation both of these lead to

(&2 + #2µ$) ÷Ex = 0,

which yields

&2 + #2µ$ = 0 % &2 = # #2µ$

from which one possibility is

& = j', with ' & #
'

µ$.

Thus viable phasor solutions are

÷Ex(z) = e( j'z

as we already knew.

Ð Furthermore, using the phasor form FaradayÕs law it is easy to
show that

÷Hy = ±
e( j'z

(
with ( =

!
µ
$

.

Note that we have recovered above the familiar properties of
plane TEM waves using phasor methods.

Next, the phasor method carries us to a new domain that cannotbe
easily examined using time-domain methods.
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¥ With ÷! = 0 but ÷J = %÷E )= 0, implying non-zero conductivity%, the
pertinent phasor form equations are as shown in the margin.

! á ÷E = 0

! á ÷H = 0
! " ÷E = # j#µ ÷H

! " ÷H = %÷E + j#$ ÷E
= ( %+ j#$) ÷E

Ð This is the same set as before, except that

j#$ has been replaced by%+ j#$.

Thus, we can make use of phasor wave solutions above after ap-
plying the following modiÞcations to& and ( :

1.

&2 = # #2µ$ = ( j#µ )(j#$)
%%
%)= 0

& =
"

(j#µ )(%+ j#$)

2.

( =

!
µ
$

=

#
j#µ
j#$

%%
%)= 0

( =

#
j#µ

%+ j#$
.

Note that the modiÞed& and ( satisfy

µ =
&(
j#

% = Re{
&
(

}

$ =
1
#

Im{
&
(

}

&( = j#µ and
&
(

= %+ j#$

leading to useful relations shown in the margin (assuming real
valued%and $).
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¥ In terms of& and ( above, we can express anx-polarized plane wave
propagating inz direction in terms of phasors e! !z

e! !z cos("t ! #z)|t=0

z

z

e! !z cos("t ! #z)

(a) Damped wave snapshot at t=0
    together with exponential envelope

(b) Snaphot at t>0, with t=0 waveform
    for comparison

Ð ' appears within cosine
argument and deter-
mines the wavelength

) =
2*
'

and propagation speed

vp =
#
'

.

Ð + controls wave attenu-
ation by

e! !z

factor in propagation
direction.

÷E = öxEoe( &z and ÷H = ± öy
Eo

(
e( &z

whereEo is an arbitrary complex constant (complex wave amplitude).

¥ In expanded forms& and ( appear as:

& =
"

(j#µ )(%+ j#$) & ++ j', so that + = Re{ &} and ' = Im{ &} ,

and

( =

#
j#µ

%+ j#$
& | ( |ej, so that |( | = |

#
j#µ

%+ j#$
| and , = !

#
j#µ

%+ j#$
.

1. In the special case of aperfect dielectric with %= 0, we Þnd

& = j#
'

µ$ & j' and ( =

!
µ
$

,

and, therefore,

÷E = öxEoe( j'z and ÷H = ±
öyEoe( j'z

(

as before. In this case+ = , = 0.
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2. Another case ofimperfect dielectric (or ÒlousyÓ conductor) occurs
when%is not zero, but it is so small that are justiÞed in using

(1 ± a)p * 1± pa, if |a| + 1,

with p = 1
2 as follows: For%

#$ + 1,

& =
"

(j#µ )(%+ j#$) = j#
'

µ$(1# j
%
#$

)1/ 2 * j#
'

µ$(1# j
%

2#$
) =

%
2

!
µ
$

+ j#
'

µ$;

hence

÷E * öxEoe( (++ j' )z with + =
%
2

!
µ
$

and ' = #
'

µ$;

also in the same case

÷H * ±
öyEoe( (++ j' )z

(
with ( =

!
µ

$(1 # j %
#$)

*

!
µ
$

(1+j
%

2#$
) *

!
µ
$

ej tan# 1 !
2"# ,

such that

|( | *

!
µ
$

and , = ! ( *
%

2#$
.

Note: & and ( both are complexvalued, the consequences of which
will be examined later on.

3. A third case ofgood conductor corresponds to%
#$ , 1. In that case,

& = j#

!

µ$(1 # j
%
#$

) * #

!

jµ
%
#

= (1+ j )

!
#µ%

2
and ( *

!
µ

# j %
#

=

!
j#µ
%

=

!
#µ
%

ej*/ 4.
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Hence,

+ * ' *

!
#µ%

2
=

"
*fµ% while |( | =

!
#µ
%

and , = ! ( = 45o.

4. Finally, perfect conductor case corresponds to%$ - , in which case
÷Ex $ 0 as we will show later on. Wave Þelds cannot exist in perfect
conductors.

e! !z

e! !z cos("t ! #z)|t=0

z

z

e! !z cos("t ! #z)

(a) Damped wave snapshot at t=0
    together with exponential envelope

(b) Snaphot at t>0, with t=0 waveform
    for comparison

¥ ' appears within cosine
argument and deter-
mines the wavelength

) =
2*
'

and propagation speed

vp =
#
'

.

¥ + controls wave attenu-
ation by

e! !z

factor in propagation
direction.

¥ Summarizing, in ahomogeneous medium with arbitrary but con-
stant µ, $, and %, time-harmonic plane TEM waves are in terms of

E = öxRe{ Eoe( (++ j' )zej#t } = öx|Eo|e( +z cos(#t ( 'z + ! Eo)

and accompanying magnetic Þelds

H = ± öyRe{
Eo

(
e( (++ j' )zej#t } = ± öy

|Eo|
|( |

e( +z cos(#t ( 'z + ! Eo # ! ( ).

¥ Propagation velocity

vp =
#
'

=
#

Im{
"

(j#µ )(%+ j#$)}
,

now depends on frequency# and it describes the speed of thenodes
(zero-crossings, not modiÞed by the attenuation factor) ofthe Þeld
waveform. Subscriptp is introduced to distinguishvp Ñ also called
phase velocityÑ from group velocityvg discussed in ECE 450 (velocity
of narrowband wave packets).
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¥ Wavelength

) =
2*
'

=
vp

f
now depends on frequencyf via both the numerator and the denomi-
nator, and measures twice the distance between successive nodes of the
waveform.

e! !z

e! !z cos("t ! #z)|t=0

z

z

e! !z cos("t ! #z)

(a) Damped wave snapshot at t=0
    together with exponential envelope

(b) Snaphot at t>0, with t=0 waveform
    for comparison

Ð ' appears within cosine
argument and deter-
mines the wavelength

) =
2*
'

and propagation speed

vp =
#
'

.

Ð + controls wave attenu-
ation by

e! !z

factor in propagation
direction.

¥ Penetration depth (also calledskin depthif very small)

- &
1
+

=
1

Re{
"

(j#µ )(%+ j#$)}

is the distance for the Þeld strength to be reduced bye# 1 factor in its
direction of propagation.

Ð For a Þxed%, and a su!ciently large#, the penetration depth

- *
2

%
" µ

$

Imperfect dielectric formula

which can be very small if%is large Ñ with small - the wave is
severely attenuated as it propagates.

Ð For a Þxed%, and a su!ciently small#,

- *

!
2

µ#%
=

1
'

*fµ%
Good conductor "skin depth" formula

which, although small with large%, increases as# decreases, mak-
ing low frequencies to be preferablein applications requiring prop-
agating through lossy media with large%, such as in sea-water.
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23 Imperfect dielectrics, good conductors Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Condition ! " |#| $ %= 2&
! ' = 1

"

Perfect
dielectric

( = 0 )
!

*µ 0
! µ

* 0 2&
)

!
*µ "

Imperfect
dielectric

(
)* # 1 $ )

!
*µ ! 1

2
(
)* = (

2

! µ
* $

! µ
* $ (

2)* $ 2&
)

!
*µ

2
(

"
*
µ

Good
conductor

(
)* % 1 $

!
&fµ( $

!
&fµ(

! )µ
( 45& $ 2&!

&fµ( $ 1!
&fµ(

Perfect
conductor

( = " " " 0 - 0 0

¥ The table above summarizes TEM wave parameters in homogeneous
conducting media where the propagation velocity x-polarized phasor

÷E = öxEoe' "z e' j!z

accompanied by

÷H = ± öyEo
# e' "z e' j!z .

vp =
)
!

(note that it can be frequency dependent) and Þeld phasors can be
expressed in formats similar to that shown in the margin, keeping in
mind that propagation direction coincides with vector

÷S ( ÷E ) ÷H *

such that
+S, = +E ) H , =

1
2
Re{ ÷S}

is the average energy ßux per unit area (time-average Poynting vector).
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Example 1: Consider the plane TEM wave

÷E = öy2e- !z e- j"z V
m

,

in an imperfect dielectric . Determine ÷H and time-average Poynting vector
+S, . Compute+S, at z = 0 and z = 10 m, if * = 4*o, µ = µo, ( = 10- 3 S/m,
and ) = 2& á109 rad/s

Solution: Using right hand rule, so thatE ) H points in propagation directionöz, we
Þnd that

÷H = - öx
2
#

e- !z e- j"z . - öx
2

!
µ/*

e- !z e- j"z e- j# A
m

using|#| =
! µ

$ from the table above for a perfect dielectric.

The avg. Poynting vector is

+S, =
1
2

Re{ ÷E ) ÷H *} =
1
2

Re{ öy2e- !z e- j"z ) (- öx
2

!
µ/*

e- !z e- j"z e- j# )* }

= -
1
2

Re{ öy2e- !z ) öx
2

!
µ/*

e- !z ej# } = öz
2

!
µ/*

e- 2!z cos$.

With the given parameters,

(
)*

=
10- 3 á36&) 109

2& á109 á4
=

9
2

10- 3 # 1,

$ .
(

2)*
.

9
4

10- 3 rad

|#| .

#
µ
*

=
#

µo

4*o
=

#o

2
= 60&!

" .
(
2

#
µ
*

=
1
2

10- 360& = 30&á10- 3 1
m

.

2



Hence, atz = 0,

+S, = öz
2

!
µ/*

cos$ . öz
2

60&
= öz

1
30&

W
m2

,

whereas, atz = 10 m,

+S, = öz
2

!
µ/*

e- 2á30%á10! 3á10 cos$ . öz
2

60&
e- 6%/10 . öz

0.15
30&

W
m2

.

¥ Note that in above example power transmitted per unit area has dropped
to 15% of its value upon propagating over a relatively short distance of
10 m.

Ð In the physical terms, the lost power of the wave is gained by the
propagation medium in the form of heat Ñ average Joule heating / This is what we

want to happen in a
microwave oven.

+J áE, in the medium will be positive and account for the loss of
the wave power (as seen in a HW problem).

From a communications perspective, this rapid attenuationis problematic
since it is evident that the signal energy is being wasted as heat in the
medium rather than being transmitted e!ciently to distant communication
targets.

As the next example shows, we are better o" using lower frequencies in
under-water communications.
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Example 2: Repeat Example 1 for) = 2& á103 rad/s and ( = 4 S/m (sea water) in
which case the propagation medium becomes agood conductor .

Solution: Using right hand rule, so thatE ) H points in propagation directionöz, we
have

÷H = - öx
2
#

e- !z e- j"z . - öx
2

|#|
e- !z e- j"z e- j# A

m
as well as

+S, =
1
2

Re{ ÷E ) ÷H *} =
1
2

Re{ öy2e- !z e- j"z ) (- öx
2

|#|
e- !z e- j"z e- j# )* }

= -
1
2

Re{ öy2e- !z ) öx
2

|#|
e- !z ej# } = öz

2
|#|

e- 2!z cos$.

With the given parameters,

(
)*

=
4 á36& ) 109

2&á103 á4
= 18 á106 % 1,

which conÞrms that the medium behaves as a good conductor at this small ) ,
and using the appropriate formulae from the table,

$ .
&
4

rad

|#| .

#
)µ
(

=

#
2& á103 á4& á10- 7

4
= &

!
2 ) 10- 4 .

&
!

2
100

!

" .
!

&fµ( =
!

& á103 á4& á10- 7 á4 =
!

42&210- 4 =
&
25

1
m

.

Hence, atz = 0,

+S, = öz
2

|#|
cos$ . öz

200

&
!

2
cos

&
4

= öz
100
&

W
m2,

4



whereas, atz = 10 m,

+S, = öz
100
&

e- 2á!
25 á10 . öz

100
&

0.081
W
m2

.

¥ As Example 2 illustrates, at a frequency of) = 2&á103 rad/s or f = 1
kHz, wave power is reduced to about 8% over a 10 m distance in sea
water. Less reduction in power is possible over the same distance if at
a smaller frequencyf since" 0

!
f .

Ð The disadvantage of being forced to use smaller frequenciesis of
course having a smaller available bandwidth at small frequencies.
Thus communication with submarines at great depths will only be
possible at very slow rates.

The next example identiÞes the penetration depth in sea water at 1 kHz.
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Example 3: What is the penetration depth ' = " - 1 in a medium with( = 4 S/m,
* = 81*o, and µ = µo for ) = 2&á103 rad/s.

Solution: With the given parameters we have

(
)*

=
4 á36& ) 109

2& á103 á81
=

72) 109

81) 103 . 106 % 1,

i.e., good conductor situation. Hence the penetration depth is

' .
1

!
&fµ(

=
1

!
&103 á4&á10- 74

=
1

!
42&2 á10- 4

=
100
4&

=
25
&

. 7.95m.
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24 Signal transmission, circular polarization Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Since in perfect dielectrics the propagation velocityvp = v and the intrinsic
impedance! are frequency independent (i.e., propagation is non-dispersive),
dÕAlembert plane wave solutions of the form

E = öxf (t !
z
v

) and H = öy
f (t ! z

v)
!

are valid in such media.

t

t

-4 -2 2 4 6

-6

-4

-2

2

4

6

-4 -2 2 4 6

-6

-4

-2

2

4

6

m(t)

m(t) cos(!t )

¥ Consider a waveform

f (t) = m(t) cos("t ),

where

Ð " is some speciÞc frequency having a corresponding periodT = 2#
" ,

Ð m(t) is some arbitrary signal (e.g., a voice signal, a message)
changing slowly compared to periodT.

In that case,

Ð f (t) speciÞed above can be callednarrowband AM , and

Ð " the carrier frequency of modulating cosine of the message
signalm(t).

1



The correspondingx-polarized wave Þelds propagating inz direction
can then be represented as Field 1

E = m(t !
z
v

) cos("t ! $z)öx and H =
m(t ! z

v)
!

cos("t ! $z)öy

where$ = "
"

µ%as usual1.

¥ With reference to the expressions above, we could say that the AM
wave Þeld has anx-polarized carrier .

¥ By contrast, Field 2
E = m(t !

z
v

) cos("t ! $z)öy

represents an AM wave Þeld with ay-polarized carrier , and so does Field 3

E = m(t !
z
v

) sin("t ! $z)öy

but with a carrier that has been time-delayed by a quarter period.

¥ Suppose Fields 1 and 3 above were transmitted simultaneously and
therefore superpose. In that case we will have a wave Þeld with Circular

polarized
carrierE = m(t !

z
v

)[cos("t ! $z)öx + sin("t ! $z)öy]

1In dispersive media where$ is a non-linear function of" , narrowband AM can propagate as

m(t !
z
vg

) cos("t ! $z)öx where vg #
&"
&$

is known asgroup velocity Ñ covered in detail in ECE 450.
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which has acircular polarized carrier . Since this is just a superpo-
sition of two dÕAlembert waves, the accompanyingH is easily found to
be

x

y
z

t = 0

t > 0

CIRCULAR POLARIZATION:

Field vector rotates instead
of oscillating. 

The rotation frequency is also 
the wave frequency.

cos(!t ! "z )öx + sin(!t ! "z )öy

RIGHT CIRCULAR

E

H = m(t !
z
v

)[cos("t ! $z)öy ! sin("t ! $z)öx]/!.

Ð Circular-polarized AM wave Þelds just introduced are in some
practical applications better to use than the linear-polarized waves
because of, say, the peculiarities of a propagation medium (e.g,
EarthÕs ionosphere or the interplanetary medium).

Ð Since a circular-polarized wave Þeld is a linear combination of
linear-polarized waves, it has a phasor that is a linear combination
of phasors of its linear components, as in Right-circular

cos("t ! $z)öx+sin("t ! $z)öy $ e! j$z öx! je! j$z öy = (öx! j öy)e! j$z

or Left-circular

x

y
z

t = 0

t > 0

cos(!t ! "z )öx ! sin(!t ! "z )öy

LEFT CIRCULAR

When left-hand thumb is pointed
along propagation direction z
the fingers curl in the rotation
direction of the field vector.

E

cos("t ! $z)öx! sin("t ! $z)öy $ e! j$z öx+ je! j$z öy = (öx+ j öy)e! j$z .

¥ In the last step above, we have introduced two ßavors of circularly
polarized waves, which correspond to Þelds vectors rotating in opposite
directions at any position in space when viewed toward the direction the
wave propagatesÑclockwise for right-circular , counter-clockwise
for left circular .
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¥ Also,

x

y
z

t = 0

t > 0

öx ! j öy

RIGHT CIRCULAR

x-comp leads y-comp because of -j 
 

E

Ð for the right-circular wave propagating inz direction, the Þeld
vector simpliÞed atz = 0 as

cos("t )öx + sin("t )öy $ öx ! j öy

rotates in the direction that yourright-hand Þngers curl when
the thumb is directed in propagation directionz, whereas

Ð for the left-circular wave propagating inz direction, likewise,
vector

cos("t )öx ! sin("t )öy $ öx + j öy

rotates in the direction that yourleft-hand Þngers curl when the
thumb is directed in propagation directionz.

x

y
z

t = 0

t > 0

öx + j öy

LEFT CIRCULAR

x-comp lags y-comp because of +j

E

In general, the Òhandedness or ÒhelicityÓ of a circular polarized
wave is always obtained by matching your right or left hand to
the speciÞed propagation and rotation directions Ñ see exam ple
below.

Furthermore, the rotation direction is most easily seen if t he
wave is expressed in phasor form by seeing which component le ads
(or lags) which. Here is an explanation by example:
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Example 1: A circular polarized wave Þeld vector is given as

÷E = (öz + j öy)ej!x .

Determine the propagation and rotation directions of the Þeld vector as well as
its helicity.

Solution: The propagation direction is! x since the exponent inej!x lacks a minus
sign.

At x = 0, the wave Þeld vector rotates as

E = Re{ (öz + j öy)ej"t } = öz cos("t ) ! öy sin("t ),

of which they-component leads thez-component by90%of phase, or, equivalently,
by a quarter period in time Ñ therefore, the vector points iny-direction before it
points in z-direction (or in z-direction before it points in! y-direction), rotating
from y- toward z-axis.

When I direct my right thumb in ! x direction, my Þngers curl fromz- toward y-axis,
which is curling in the wrong direction. Hence this wave is not right-circular! It
is left-circular .

x

yz
t = 0

t > 0

öz + j öy

LEFT CIRCULAR

(i) z-comp lags y-comp because of +j.

(ii)E-vector rotates from y towards z.

(iii) since the wave propagates in -x
direction it is LEFT CIRCULAR

E

Given any propagation direction, a carrier Þeld of an arbitrary polar-
ization can always be expressed as weighted superpositionsof any pair of
orthogonal polarized carrier Þelds Ñ such orthogonal pairs are considered
to be complete sets ofbasis functions for expressing waves with arbitrary

5



polarizations.

¥ EXAMPLE: Right- and left circular waves propagating inz directions
are weighted superpositions oforthogonal x- and y-polarized Þelds
as in (expressed in terms of phasors): basis functions Circulars

in terms of
linears

öxe! j$z and öye! j$z

superpose to form right- and left-circular waves

(öx ! j öy)e! j$z and (öx + j öy)e! j$z

using the weights
1, ! j and 1, j

respectively.

¥ EXAMPLE: x- and y-polarized waves propagating inz directions
are weighted superpositions oforthogonal right- and left-circular
Þelds as in (expressed in terms of phasors): basis functions Linears

in terms of
circulars

(öx ! j öy)e! j$z and (öx + j öy)e! j$z

superpose to form linear polarized waves

öxe! j$z and öye! j$z

using the weights
1
2
,

1
2

and !
1
2j

,
1
2j

respectively.

6



¥ It can be argued that right- and left-circular wave pair forms an in-
trinsically more fundamental set of basis functions than, say, öx- and
öy-polarized waves, because while the selection of which direction is x
and which direction isy can be arbitrary, there is no arbitrariness in
how helicity is assigned to circular polarized modes propagating in a
given direction2.

¥ Also, oscillating charges will radiate linear-polarizedÞelds, whereas ro-
tating charges will radiate circular-polarized Þelds (in the direction nor-
mal to the rotation plane) Ñ so, source dynamics selects the radiated
wave polarization.

¥ Wave polarization is important because

Ð it depends on physical geometry and dynamics of the wave source,

Ð it may depend on the physical properties of the region the wave
propagates through,

Ð it will determine the direction of Lorentz force on any test charge
or electrical load,

Ð angular momentum carried by the wave depends on polarization,
etc.

2Also, from a fundamental particle physicsperspective, the photons constituting the RCP and LCP
plane waves are spin-1 particles carryingspin angular momentaof + ! and ! ! , respectively, corresponding
to the eigenvalues of the quantum mechanical spin operator, while the photons constituting LP waves will
be in a Òsuperposition stateÓ of theeigenstates± ! of the spin operator Ñ upon spin measurements the
photons of a LP wave will reveal one of+ ! and ! ! states with equal (50%) probabilities, unlike the RCP
and LCP wave photons furnishing+ ! and ! ! , respectively, with 100% probabilities.
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Note that this Þgure
only shows one linear
component of the sur-
face current on
z = 0 plane. One linear
component causes a lin-
ear polarized radiation.
An orthogonal pair of
linear components will
conspire to radiate a cir-
cular polarized wave as
in Example 2 when they
are90%out of phase.

y
z

E+ = ! öx
!
2

f (t !
z
v

)

H ! = öy
1
2
f (t +

z
v

)
E! = ! öx

!
2

f (t +
z
v

)

Js = öxf (t)

S+

S!

Example 2: On z = 0 plane we have a time-varying surface current density

Js(t) = m(t)[cos("t )öx + sin( "t )öy]
A
m

with a carrier frequency of" . Determine the radiated wave ÞeldsE± and the
polarization (and the helicity if appropriate) of the carrier.

Solution: We have already learned that a surface currentJs(t) on z = 0 plane will
produce TEM wave Þelds

E± = !
!
2

Js(t &
z
v

)

in surrounding regions. With the givenJs(t) , this implies

E± = !
!
2

m(t &
z
v

)[cos("t & $z)öx + sin( "t & $z)öy]
V
m

,

which has a circular-polarized carrier

cos("t & $z)öx + sin( "t & $z)öy

that varies, onz = 0 plane, as

cos("t )öx + sin( "t )öy.

This vector rotates fromx- toward y-axis, and therefore the carrier ofE+ is
right-circular and the carrier ofE! is left-circular.
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Example 3: In Example 2, what is the average power density of the circular polarized
carrier signal

Ec = cos("t ! $z)öx + sin( "t ! $z)öy
V
m

in the regionz > 0, assumed to be vacuum?

Solution: In phasor notationEc and is given as

÷Ec = (öx ! j öy)e! j!z V
m

.

The correspondingH c phasor is

÷H c =
1
! o

(öy + j öx)e! j!z V
m

.

Therefore, the average power density is found to be

1
2

Re{ ÷Ec ' ÷H (
c} =

1
2! o

Re{ (öx ! j öy) ' (öy + j öx)( } =
1

2! o
(öz + öz) =

1
! o

öz.

This is twice the power content of a linearly polarized wave Þeld of an equal
amplitude!

Make sure you check and follow all the sign changes that take place in
Example 3.
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25 Wave reßection and transmission Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

In this lecture we will examine the phenomenon of plane-wavereßections at
an interface separating two homogeneous regions where MaxwellÕs equations
allow for traveling TEM wave solutions. The solutions will also need to

ön á(D + ! D ! ) = ! s

ön á(B + ! B ! ) = 0

ön " (E+ ! E! ) = 0

ön " (H + ! H ! ) = Js

satisfy the boundary condition equations repeated in the margin. We will
consider a propagation scenario in which (see margin):

Region 1 Region 2

H i

x

y

z

Ei Et

H t

H r

Er

1. Region 1 wherez < 0 is occupied by a perfect dielectric with medium
parametersµ1, "1, and #1 = 0,

2. Region 2 wherez > 0 is homogeneous with medium parametersµ2, "2,
and #2,

3. Interfacez = 0 contains no surface charge or current except possibly
in #2 # $ limit which will be considered separately at the end.

¥ In Region 1 we envision anincident plane-wave with linear-polarized Þeld phasors

÷Ei = öxEoe! j$ 1z and ÷H i = öy
Eo

%1
e! j$ 1z,

where

Ð Eo is the wave amplitude due to far away source located inz # !$ region,

Ð %1 =
!

µ1
! 1

and $1 = &
%

µ1"1.

1



Fields above satisfy MaxwellÕs equations in Region 1, but ifthere were no
other Þelds in Regions 1 and 2boundary condition equations requiring
continuous tangentialE and H at the z = 0 interface would be violated.

In order to comply with the boundary condition equations we postulate
a set of reßected and transmitted wave Þelds in Regions 1 and 2as follows: Incident:

÷Ei = öxEoe! j$ 1z,

÷H i = öy
Eo

%1
e! j$ 1z,

Reßected:

÷Er = öx! Eoej$ 1z,

÷H r = ! öy
! Eo

%1
ej$ 1z,

Transmitted:

÷Et = öx'E oe! ( 2z,

÷H t = öy
'E o

%2
e! ( 2z.

¥ In Region 1 we postulate areßected plane-wave with linear-polarized Þeld phasors

÷Er = öx! Eoej$ 1z and ÷H r = ! öy
! Eo

%1
ej$ 1z

including an unknown! that we will refer to asreßection coe!cient .

Ð Note that the reßected wave propagates in! z direction (direction of ÷H r and
the exponential terms have been adjusted accordingly).

¥ In Region 2 we postulate atransmitted plane-wave with linear-polarized Þeld

phasors

÷Et = öx'E oe! ( 2z and ÷H t = öy
'E o

%2
e! ( 2z

including an unknown' that we will refer to astransmission coe!cient .

Ð Note that the transmitted wave propagates inz direction, and

Ð since Region 2 is conducting we have

%2 =

"
j&µ 2

#2 + j&" 2

and
( 2 =

#
(j&µ 2)(#2 + j&" 2) = ) 2 + j$ 2.

2



¥ To determine the unknowns! and ' we enforce the following boundary
conditions atz = 0 where the Þelds simplify as shown in the margin:Incident at z = 0:

÷Ei = öxEo, ÷H i = öy
Eo

%1
,

Reßected at z = 0:

÷Er = öx! Eo, ÷H r = ! öy
! Eo

%1

Transmitted at z = 0:

÷Et = öx'E o, ÷H t = öy
'E o

%2

1. Tangential ÷E continuous at z = 0: This requires÷Eix + ÷Erx = ÷Etx ,
leading to

(1 + !) Eo = 'E o & 1+! = '

2. Tangential ÷H continuous at z = 0: This requires÷Hiy + ÷Hry = ÷Hty,
leading to

(1 ! !)
Eo

%1
= '

Eo

%2
& 1-! = %1

%2
'

Replacing' by 1 + ! in the second equation, we can solve for the
reßection coe!cient as

! = %2! %1
%2+ %1

and substituting this in turn in the Þrst equation we can solve for the
transmission coe!cient as

' = 2%2
%2+ %1

The results are summarized in the margin on the next page.
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Reßection coe!.:

! =
%2 ! %1

%2 + %1
,

Transmission coe!.:

' =
2%2

%2 + %1
.

Memorize the ! for-
mula, and memorize
' as Òone plus! Ó.

Above,

%1 =
$

µ1

"1

and

%2 =

"
j&µ 2

#2 + j&" 2
.

Special cases:

1. Region 2 is a perfect conductor with #2 # $ : In that case
%2 # 0, and consequently

! = ! 1 and ' = 0.

Incident wave cannot penetrate theperfect conductor , and it reßects
totally back into Region 1 Ñ we will study this idealized limiting case
more carefully later on.

Practical application of total reßection: mirrors

2. Region 2 is the same as Region 1: In that case%2 = %1, and
consequently

! = 0 and ' = 1.

This is thematched impedance case when no reßection takes place
and the incident wave is transmitted in its entirety.

3. Region 2 is lossless, i.e., #2 = 0: Unless%2 = %1 there will be
reßected as well as transmitted waves.

Partial reßections can be reduced by applying a Òanti-glareÓ coat-
ing1 on the surface, a practice known as Òimpedance matchingÓ.

1This is a */ 4 thick layer of a material having a characteristic impedancegiven by
%

%1%2 Ñ the reason
for why this Òquarter-wave matchingÓ works will be discussed when we study transmission lines later on.
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Region 1 Region 2

H i

x

y

z

Ei Et

H t

H r

Er

Example 1: An plane-wave in vacuum,

÷Ei = öx
%

120+e! j" 1z V
m ,

is incident atz = 0 on a dielectric medium withµ = µo and " = 9
4"o. Determine

the average Poynting vectors' Si (, ' Sr (, and ' St( of the incident, reßected, and
transmitted Þelds.

Solution: The intrinsic impedance of the second medium occupyingz > 0 is

%2 =
$

µo
9
4"o

=
2
3

%o.

Therefore, the reßection coe!cient is

! =
%2 ! %1

%2 + %1
=

2
3%o ! %o
2
3%o + %o

=
2
3 ! 1
2
3 + 1

=
2 ! 3
2 + 3

= !
1
5

and the transmission coe!cient is

' = 1 + ! = 1 !
1
5

=
4
5

.

The reßected wave therefore has the Þeld phasors

÷Er = !
1
5

öx
%

120+ej" 1z and ÷H r =
1

5%o
öy
%

120+ej" 1z

and
' Sr ( =

1
2

Re{ ÷Er " ÷H )
r } = ! öz

1
2

(
1
5

)2120+
%o

* ! öz
1
2

(
1
5

)2 W
m2.
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The transmitted wave, likewise, has the Þeld phasors

÷Et =
4
5

öx
%

120+e! j" 2z and ÷H t =
4

52
3%o

öy
%

120+e! j" 2z

and
' St( =

1
2

Re{ ÷Et " ÷H )
t } = öz

1
2

(
4
5

)23
2

120+
%o

* öz
1
2

(
4
5

)23
2

W
m2

.

As for the incident wave

÷Ei = öx
%

120+e! j" 1z and ÷H i =
1
%o

öy
%

120+e! j" 1z

and
' Si ( =

1
2

Re{ ÷Ei " ÷H )
i } = öz

1
2

120+
%o

* öz
1
2

W
m2

.

Note: We have

|' Sr (| + |' St (| =
1
2

(
1
25

+
16
25

3
2

) =
1
2

(
1
25

+
24
25

) =
1
2

= |' Si (|

in compliance with energy conservation (as expected) Ñenergy ßux per unit
area of the transmitted and reßected waves add up the that of t he
incident wave!
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26 Standing waves, radiation pressure Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

We continue in this lecture with our studies of wave reßection and transmis-
sion at a plane boundary between two homogeneous media.

¥ In case oftotal reßectionfrom a perfectly conducting mirror placed at
z = 0 surface,! = ! 1, and the incident and reßected waves inz < 0
region combine to producestanding waves of electric and magnetic
Þeld:

Region 1 Region 2

H i

x

y

z

Ei Et = 0

H t = 0

H r

Er

Ð Incident wave (a traveling wave going inz-direction):

÷Ei = öxEoe! j! 1z and ÷H i = öy
Eo

" 1
e! j! 1z,

Ð Reßected wave (a traveling wave going in! z-direction):

÷Er = ! öxEoej! 1z and ÷H r = öy
Eo

" 1
ej! 1z,

Ð Standing wave:

÷E = ÷Ei+ ÷Er = öxEo(e! j! 1z! ej! 1z) and ÷H = ÷H i+ ÷H r = öy
Eo

" 1
(e! j! 1z+ej! 1z)

which simplify as

Standing
waves

÷E = ! j öx2Eo sin(! 1z) and ÷H = öy
2Eo

" 1
cos(! 1z).

1



These are calledstanding wave phasors because when we go
to the time-domain (by multiplying withej#t and taking the real
time as usual) we obtain:

E(z, t) = öx2Eo sin(! 1z) sin(#t ) and H (z, t) = öy
2Eo

" 1
cos(! 1z) cos(#t );

these, unlike dÕAlembert solutions of the formatf (t " z
v), describe os-

cillations in time t, with di!erent amplitudes at di!erent positionsz
(see margin and the animation linked in class calendar).

!
2

z

Ex(z, t) ! sin(!z ) sin("t )

z

Hy(z, t) ! cos(!z ) cos("t )

! =
2"
#

Note: Nulls in Ex and Hy are
separated by half wavelength.

Adjacent nulls of Ex and Hy 
are separated by quarter
wavelength. 

It is useful to think of nulls
of Ex as "shorts" in analogy
to shorts in circuits where v=0.

Conductor shorts Ex on its 
surface where a current flows.

Also useful to think of nulls
of Hy as "opens" in analogy
to opens in circuits where i=0.

Ð Standing waves carry no net energy, that is, with standing wave
Þelds we have

#E $ H %= 0,

because of the cancellation of the power transported by its travel-
ing wave components in opposite directions.
VeriÞcation: Using the phasors

÷E = ! j öx2Eo sin(! 1z) and ÷H = öy
2Eo

" 1
cos(! 1z),

we have

#E $ H % =
1
2

Re{ ÷E $ ÷H &} =
1
2

Re{! j öx2Eo sin(! 1z) $ öy
2Eo

" 1
cos(! 1z)}

= öz
2E 2

o

" 1
sin(! 1z) cos(! 1z)Re{! j } = 0.
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Ð Note that E(0, t) = 0 on z = 0 surface satisfying the tangential
electric boundary condition as expected (recall that the Þelds are
zero within the perfect conducting mirror).

!
2

z

Ex(z, t) ! sin(!z ) sin("t )

z

Hy(z, t) ! cos(!z ) cos("t )

! =
2"
#

Note: Nulls in Ex and Hy are
separated by half wavelength.

Adjacent nulls of Ex and Hy 
are separated by quarter
wavelength. 

It is useful to think of nulls
of Ex as "shorts" in analogy
to shorts in circuits where v=0.

Conductor shorts Ex on its 
surface where a current flows.

Also useful to think of nulls
of Hy as "opens" in analogy
to opens in circuits where i=0.

Ð Also note that
H (0, t) = öy

2Eo

" 1
cos(#t )

on z = 0 surface. Since this tangential magnetic Þeld is not zero,
boundary condition equations imply that there must be an oscil-
lating surface current

Js = öx
2Eo

" 1
cos(#t ) A

m,

satisfying
! öz $ H (0, t) = Js.

Js on mirror surfaces is really a convenientidealizationof volume cur-
rents ßowing in thin layers Ñ just a few skin depths Ñ near good-
conductor surfaces (real-life mirrors are good but not perfect conduc-
tors!). Radiation due toJs in e!ect causes the reßected wave and also
cancels out the incident wave Þeld inz > 0.

Next we examine reßections from a good conductor and see of ho w
the limiting case of a perfect conductor is naturally reache d.
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÷Et = öx$Eoe! %2z

÷H t = öy
$Eo

" 2
e! %2z

÷Jt = &2
÷Et = öx&2$Eoe! %2z

÷B t = µ2
÷H t = öy

µ2$Eo

" 2
e! %2z

¥ Going back to the partial reßection case, consider the transmitted Þelds
÷Et and ÷H t in Region 2 shown in the margin. Also shown in the margin
are the phasors for current densityJt and magnetic ßux densityB t.

In the box below we integrate the volumetric current densityJt of a good
conductor fromz = 0 to ' and Þnd out that this Òdepth integralÓ matches
the surface current density found above for the case of perfect conductor. In
this calculation we assume that Region 1 is vacuum, and also takeµ2 = µo:

E!ective surface current: Assuming that Region 2 is a good conductor,

" 2 =

!
j#µ 2

&2 + j#' 2
(

"
j#µ 2

&2
and %2 =

#
j#µ 2(&2 + j#' 2) (

#
j#µ 2&2

and therefore

$ =
2" 2

" o + " 2
(

2" 2

" o
and &2$ (

2&2" 2

" o
=

2
)

j#µ 2&2

" o
=

2%2

" o
.

The depth integral of the volumetric current density in Region 2, that is, thee!ective
surface current of the region is then

$ '

0

÷Jtdz = öx
$ '

0
&2$Eoe! ! 2zdz = öxEo

1
%2

(&2$) = öx
2Eo

" o

in phasor form, matching the phasor of the time-domain result from above, namely

Js = öx
2Eo

" o
cos(#t ) A

m

representing the surface current on an idealized perfect conductor surface.
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Surface resistance: Let ÷Js stand for the e!ective surface current of a good con-
ductor with a propagation constant

%(
#

j#µ& = ( + j! = ( + j(

and a volumetric current density÷J(z) such that

÷Js =
$ '

z=0

÷J(z)dz =
$ '

z=0

÷J(0)e! !z dz =
÷J(0)

%
.

In that case
÷J(z) = ÷Js%e! !z and E(z) =

÷Js%
&

e! !z

inside the good conductor in terms of the e!ective surface current ÷Js, and the average
power dissipated per unit volume (Joule heating) is

#J(z) áE(z)%=
1
2

|÷Js%|2
e! 2"z

&
=

1
2

|÷Js|2
2( 2e! 2"z

&
.

The depth integral of the same quantity, that is thepower dissipated per unit area ,
is then $ '

0
#J(z) áE(z)%dz =

1
2

Rs|÷Js|2,

with

Rs *
(
&

=
)

)fµ&
&

=

"
)fµ

&
(!)

called thesurface resistance .
The surface resistance concept is useful to model loss e!ects in waveguides and

cavity resonators as studied in ECE 450. Also, we can make useof surface resistance
when modeling lossy transmission lines (see Lecture 39).
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¥ LetÕs Þnally calculate the magnetic component of the Lorentz force on
charge carriers of a good conductor due to the penetrating Þelds: Radiation pressure propor-

tional to

#Si %/c

shows that plane-TEM waves
not only carry and transport
energy, but also momentum.

TEM waves not only
heat , but also push !

((It can also be shown that the momen-
tum density of the wave is

#Si %/c 2 N.s/ m3

and (spin) angular momentum density

±#Si %/#c N.s/ m2

for right- and left-circular waves. Mo-
mentum per photon of energy! # can be
obtained by dividing the above expres-
sions by|#Si %|/#c ! , the number density
of photons in the wave Þeld.))

Radiation pressure: If there areN free charge carriers per unit volume inside a
reßecting mirror, then

N F = Nqv $ B t = Jt $ B t

will be the force per unit volume of the mirror, expressed in terms of current density
Jt = Nqv and the magnetic ßux densityB t.

Its integral over allz can be interpreted as the totalforce per unit area of the
mirror,

Prad =
$ '

0
Jt $ B t dz,

having a magnitude known asradiation pressure of the reßecting wave. This is a
time-varying quantity, with a time-average

#Prad% =
$ '

0

1
2

Re{ ÷J $ ÷B &} dz

= öz
$ '

0

1
2

Re{ (&2$Eo)(
µ2$Eo

" 2
)} e! 2" 2zdz

= öz
|Eo|2

2
Re{ (

2%2

" o
)(

µ2

" 2

2" 2

" o
)}

1
2( 2

= öz2
|Eo|2

2" o

Re{ %2}
( 2

µ2

" o

= öz2
|Eo|2

2" o

µo

" o
= 2#Si%/c,

where

#Si % * öz
|Eo|2

2" o

is the time-average Poynting vector of the incident wave reßected from the mirror (factor
of 2 in #Prad%is due to the recoil of the wave o! the mirror; see Rothman and Boughn,
Am. J. Phys., 77, 122, 1977).
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27 Guided TEM waves on TL systems Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ An öx polarized plane TEM wave propagating inz direction is depicted in the mar-

gin.

Ð A pair of conducting plates placed atx = 0 and x = d would not perturb
the Þelds except that charge and current density variationswould be induced
on plate surfaces atx = 0 and x = d (on both sides) to satisfy MaxwellÕs
boundary condition equations.

z

x

y

E ! H

E

H
Unguided uniform plane
wave propagation in a 
homogeneous medium

W

d

z

x

y

Plate 2

Plate 1E ! H

E

H I

I

¥ If charge and currents were conÞned only to interior surfaces of the plates facing one

another, ÞeldsE and H accompanying them would be restricted to the region in

between the plates, constituting what we would callguided waves .

Ð Such a guided wave Þeld conÞned to the region between the plates will sat-
isfy MaxwellÕs equations including a minor fringing component that can be
neglected when the plate widthW is much larger than plate separationd.

In the following discussion of guided waves in parallel-plate transmission lines
(TL) we will assumeW ! d and neglect the e!ects of fringing Þelds.

Ð Guided waves produce wavelike surface charge and current variations on plate
surfaces.

Ð Conversely, wavelike charge and current variations on plate surfaces would
produce guided wave Þelds.

It is su"cient to apply a time-varying current and/or chargedensity at some location
z on a parallel-plate TL Ñ e.g., by a time-varying voltage or current source Ñ in
order to ÒexciteÓ the TL with propagating guided Þelds.

1



How such excitations propagate away from their Òsource pointsÓ on TL systems will
be our main subject of study for the rest of the semester.

¥ In a parallel-plate TL we ignore any fringing Þelds and assume that
TEM wave Þelds W

d

z

x

y

Plate 2

Plate 1E ! H

E

H I

I

E = öxEx(z, t) and H = öyHy(z, t)

occupy the region between the plates. For these Þelds uniform in x and
y, FaradayÕs and AmpereÕs laws reduce to scalar expressions

" # E = $ µ
! H
!t

%
!E x

!z
= $ µ

!H y

!t
and

" # H = " E + #
! E
!t

% $
!H y

!z
= "E x + #

!E x

!t
.

¥ Now, multiply both equations byd and let Note that voltage drop

V =
! 1

2
E ádl = Exd

is uniquely deÞned Ñ inde-
pendent of integration path
Ñ on constant z surfaces be-
cause with TEM Þelds

Bz = µH z = 0,

and consequently circulation
"

C
E ádl = $

d
dt

!

S
B ádS = 0

when C is on constant z plane

and dS = ± dxdyöz.

V & Exd voltage drop from plate 2 to plate 1

to obtain
!V
!z

= $ µd
!H y

!t
and $ d

!H y

!z
= #

!V
!t

+ "V.

¥ Next, multiply these withW and let

I & HyW current in z-direction on plate 2

(becauseJsz = Hy on plate 2) to obtain

W
!V
!z

= $ µd
!I
!t

and $ d
!I
!z

= #W
!V
!t

+ "W V.
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¥ We can re-write these equations as

$
!V
!z

= L
!I
!t

and $
!I
!z

= C
!V
!t

+ GV

utilizing

L = µ
d
W

, C = #
W
d

, G = "
W
d

appropriate for the parallel-plate TL Ñ we recognize these parameters
as inductance, capacitance, and conductance of the parallel plate TL. TelegrapherÕs

equations:

$
!V
!z

= L
!I
!t

$
!I
!z

= C
!V
!t

Ð In the equations above theGV term accounts for Ohmic losses of
wave Þelds having to do with currents leaking between the wires
(plates) of the TL.

Ð Another possible loss term that we have not picked up Ñ because
we assumed inÞnite conducting plates Ñ is a missingRI term in
the right-hand-side of the Þrst equation.

Rather than correcting for that at this stage, we will drop theGV term
from the second equation, and focus our attentionfor a while (until
the last day of the semester, in fact) onideal lossless transmission lines
governed by the equations shown in the margin Ñ they are knownas
known astelegrapherÕs equations1.

1TelegrapherÕs equations were Þrst compiled by Oliver Heaviside (of close-up method, unit-step, and
countless other contributions) in 1880Õs. Telegraphy was being used worldwide by 1850Õs as a means of
rapid communications.
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¥ Except for$ !
!z on the left, the telegrapherÕs equations look like the

V $ I relations of inductors and capacitors (which is the best wayof
remembering them). TelegrapherÕs

equations:

$
!V
!z

= L
!I
!t

$
!I
!z

= C
!V
!t

where

C = #GF , L =
µ

GF
,

with Ògeometrical factorÓ

GF =
W
d

parallel-plate

=
2$
ln b

a

coax

=
$

cosh! 1 D
2a

twin-lead

¥ The equations can be readily combined to obtain a 1D scalar wave
equation

! 2V
!z 2 = LC

! 2V
!t 2 .

In analogy to
! 2Ex

!z 2 = µ#
! 2Ex

!t 2 ,

the wave equation forV has dÕAlembert wave solutions

V(z, t) = f (t '
z
v

) where v &
1

(
LC

=
1

(
µ#

.

¥ In that case the second telegrapherÕs equation demands

$
!I
!z

= C
!V
!t

= Cf )(t '
z
v

)

implying an anti-derivative

I (z, t) = ±Cv f (t '
z
v

) = ±
f (t ' z

v)
Zo

with

Zo &
1

Cv
=

(
LC
C

=

#
L
C

=
1

GF

#
µ
#

.
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¥ In summary, dÕAlembert wave solutions of telegrapherÕs equations are

V(z, t) = f (t '
z
v

) and I (z, t) = ±
f (t ' z

v)
Zo

with a propagation speed

v =
1

(
LC

=
1

(
µ#

that equals the wave speed of the associated electric and magnetic Þelds,
and voltage-to-current ratio representing acharacteristic impedance

Zo =

#
L
C

=
1

GF

#
µ
#

.

TelegrapherÕs equations and their dÕAlembert solutions provide us with a
ÒhandleÓ on the followingphysics:

¥ Suppose that + and - terminals of a 3 V battery makes contact with
the terminals of a charge neutral TL att = 0 as depicted in the margin.
We will assume thatV(z, t) = I (z, t) = 0 on the TL for t < 0.

As soon as contact is made between the terminals of the battery and the
TL, the excess + and - charges on battery terminals will Òspill ontoÓ the TL
terminals as shown in the Þgure fort = 0+ :

Wire 2

Wire 1

++

--

t < 0a)

Wire 2

Wire 1

++

--

t = 0+b)
++

--

3 V

3 V

I

I

V

Wire 2

Wire 1

++

--

t > 0+c)
+++++

-----

3 V

I

I

V z = vt

0 z

¥ what really happens is,

5



Ð electrons move from the - terminal of the battery onto the bottom
wire of the TL,

Ð replenished by an equal amount of electrons moving from the top
wire into the battery via its + terminal,

giving the overall impression of current ßowsI (in opposite direction
to electron motion) as marked on the two wires in the diagram.

Ð currentsI and voltageV marked in the diagram are conÞned only
to location z = 0+ at t = 0+ , while there is still zero current on
the rest of the TL!!!

Wire 2

Wire 1

++

--

t < 0a)

Wire 2

Wire 1

++

--

t = 0+b)
++

--

3 V

3 V

I

I

V

Wire 2

Wire 1

++

--

t > 0+c)
+++++

-----

3 V

I

I

V z = vt

0 z

Having unequal currents on a length of wire is in conßict withour
notions from earlier circuit courses, but thatÕs because earlier courses
taught us Òlumped-circuit analysis Ó, an approximate technique jus-
tiÞed when itÕs OK to ignore certain time delays of charge movements
in the circuit (when wire lengths are su!ciently short).

Having unequal currents on the TL wire is really what happens

Ð because, for instance, electrons at somez > 0 on the top wire will
start moving towards the battery terminal only after the neighbor-
ing electrons atz$ deplete the region leaving some excess positive
charge.

Thus, currentsI on the wires, and voltageV deÞned and measured
across the wires, spread out ofz = 0 region at a Þnite speedv, in

6



analogy with ripples spreading out on a pond surface when perturbed
by a falling pebble.

¥ TelegrapherÕs equations and their dÕAlembert solutions wi ll
allow us to calculate how I and V evolve on the TL in quan-
titative terms.

To appreciate the distinction between lumped anddistributed circuit anal-
ysis, we next develop a lumped circuit model of a very short lengthof a TL
over which lumped circuit notions may be applicable:

$
!V
!z

= L
!I
!t

$
!I
!z

= C
!V
!t

! zC

z z + ! z

V(z)

I (z)

! zL+

-

I (z + ! z)
Wire 2

Wire 1

¥ Let us re-write the Þrst telegrapherÕs equation as

$ ! V & V(z, t) $ V(z + ! z, t) = ! zL
!I
!t

after approximating the left side as a ratio of inÞnitesimals.

Ð This relation shows that in the current ßow direction there is an
inÞnitesimal inductive voltage drop of! zL !I

!t between pointsz
andz+! z on the wire carrying currentI & I (z, t) * I (z+! z, t).

¥ Likewise, the second equation re-arranged as

$ ! I & I (z, t) $ I (z + ! z, t) = ! zC
!V
!t

,

Ð this shows that an inÞnitesimal capacitor current! zC!V
!t ßows out

of a node located betweenz and z + ! z on the wire with current
I into a node on the second wire at the same location.
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Evidently, a short section! z of the TL has an equivalent T-network with

1. a series inductance! zL carrying a currentI (z, t) * I (z + ! z, t), and

2. a shunt capacitance! zC carrying a voltageV(z + ! z, t) * V(z, t)

as shown in the margin.

! zC

z z + ! z

V(z)

I (z)

! zL+

-

I (z + ! z)
Wire 2

Wire 1

This lumped-circuit equivalent is only accurate for! z so small that

I (z, t) * I (z + ! z, t) and V(z + ! z, t) * V(z, t)

are both true, which is of course possible only if! z + %, %being the shortest
wavelength inI (z, t) , H (z, t) and V(z, t) , E(z, t) waveforms. TLÕs can also support non-TEM

modes having non-zero compo-

nents of Hz or Ez . These modes

are non-propagating (evanescent)

at low frequencies and remain lo-

calized near their excitation re-

gions (e.g., discontinuity points on

the line) if d < !
2 (pp TL) or if

a + b < !
" (coax). At high frequen-

cies when these modes cannot be

avoided with practical dimensions

d, a, and b, it may be practicable

to use them rather than the TEM

mode. Use single-wire waveguides

in that case instead of two-wire

TLÕs.

¥ Going back to parallel-plate TL in TEM mode, observe that the total
power transported in the guide will be the Poynting vectorE # H =
ExHyöz times the cross-sectional area of the guide, namely,W d.

Thus, power transported inz direction is

p(z, t) = W dEx(z, t)Hy(z, t),

= ( Ex(z, t)d)(Hy(z, t)W) = V(z, t)I (z, t)

the familiar formula from circuit theory.

Hence, the circuit theory formula

P =
1
2
Re{ ÷V ÷I - }

for average power will also hold in sinusoidal-steady stateTL problems when
we use phasors÷V(z) and ÷I (z) to represent theV(z, t) andI (z, t) waveforms.
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28 Distributed circuits and bounce diagrams Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Last lecture we learned that voltage and current variationson TLÕs are gov-
erned by telegrapherÕs equations and their dÕAlembert solutions Ñ the latter
can be expressed as

V(z, t) = f (t !
z
v

) + g(t +
z
v

) and I (z, t) =
f (t ! z

v)
Zo

!
g(t + z

v)
Zo

in terms of

v =
1

"
LC

and Zo =

!
L
C

and functionsf (t) andg(t) corresponding to signal waveforms propagated in
+z and ! z directions, respectively.

+-

Wire 2

Wire 1

+

-

0
f i (t)

Rg

RL

I (z, t)

V(z, t)

zl

Source
ckt

Transmission line

Load

Zo
I (z, t)

+

-

I L

VL

¥ In this lecture we will learn how to solvedistributed circuit prob-
lems containing TL segmentsand two terminal elements such as resis-
tors and voltage (or current) sources. In solving the problems, we will
apply the usual rules of lumped circuit analysis at element terminals
and treat the TLÕs in terms of dÕAlembert solutions above.

¥ Consider a TL with a characteristic impedanceZo extending fromz = 0
to z = l, where a two-terminalsourcecircuit (e.g., a receiving antenna)
modeled by a Thevenin equivalent with voltagef i (t) and resistance
Rg is connected between the TL terminals atz = 0 and a load (e.g.,
a receiver circuit) modeled by a resistanceRL terminates the line at
z = l (see margin).
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Ð We want to determine voltage and current signalsV(z, t) and
I (z, t) on the TL and the loadRL for time t > 0 in terms of
source signalf i (t) assuming thatf i (t) = 0 for t < 0.

¥ Using the dÕAlembert solutionsV(z, t) and I (z, t) from above atz = l,
we have

V(!, t )
I (!, t )

=
f (t ! !

v) + g(t + !
v)

f (t! !
v )

Zo
! g(t+ !

v)
Zo

= Zo
f (t ! !

v) + g(t + !
v)

f (t ! !
v) ! g(t + !

v)
=

VL

I L
= RL,

from which we obtain

+-

Wire 2

Wire 1

+

-

0
f i (t)

Rg

RL

I (z, t)

V(z, t)

zl

Source
ckt

Transmission line

Load

Zo
I (z, t)

+

-

I L

VL

g(t +
l
v

) =
RL ! Zo

RL + Zo" #$ %
f (t !

l
v

) # g(t) = ! L f (t !
2l
v

)

! L

where
! L =

RL ! Zo

RL + Zo

is the load reßection coe!cient in the TL circuit. We can re-write
the dÕAlembert solution forV(z, t) and I (z, t) in terms of onlyf (t) as

V(z, t) = f (t!
z
v

)+! L f (t+
z
v

!
2l
v

) and I (z, t) =
f (t ! z

v)
Zo

!
! L f (t + z

v ! 2l
v )

Zo
.

¥ Assuming thatf i (t) = 0 = f (t) for t < 0, we can relatef (t) to f i (t) in
t > 0 interval using the KVL equation atz = 0 that states

f i (t) = RgI (0, t) + V(0, t),
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which is, usingV(z, t) and I (z, t) at z = 0,

f i (t) = Rg (
f (t)
Zo

!
! L f (t ! 2l

v )
Zo

)
" #$ %

+ f (t) + ! L f (t !
2l
v

)
" #$ %

.

I (0, t) V(0, t)

Now, sincef (t ! 2l
v ) = 0 for t ! 2l

v < 0, we Þnd out that for theepoch
(or time interval) 0 < t < 2l

v ,

f i (t) = Rg
f (t)
Zo

+ f (t) # f (t) =
Zo

Rg + Zo" #$ %
f i (t)

"g

where

+-

Wire 2

Wire 1

+

-

0
f i (t)

Rg

RL

I (z, t)

V(z, t)

zl

Source
ckt

Transmission line

Load

Zo
I (z, t)

+

-

I L

VL

"g =
Zo

Rg + Zo

is the injection coe!cient of the TL circuit1.

¥ Thus, for the epoch0 < t < 2l
v , we have the voltage and current

solutions

V(z, t) = "gf i (t!
z
v

)+! L"gf i (t+
z
v

!
2l
v

) and I (z, t) =
"gf i (t ! z

v)
Zo

!
! L"gf i (t + z

v ! 2l
v )

Zo

on the line.
1Note how f (t) appears to be related tof i (t) according to a voltage division rule withZo representing

the resistance across which voltagef (t) is measured.
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Ð So farf i (t) function is arbitrary and the above results would also
be valid forf i (t) = #(t), DiracÕs impulse, in which case

V(z, t) = "g#(t!
z
v

)+! L"g#(t+
z
v

!
2l
v

) and I (z, t) =
"g#(t ! z

v)
Zo

!
! L"g#(t + z

v ! 2l
v )

Zo

would be the voltage and currentimpulse response functions
of the TL circuit for the0 < t < 2l

v epoch.

¥ To extend the impulse response functions above to the ÒnextepochÓ
2l
v < t < 4l

v , we note that atz = 0 the KVL equation with f i (t) = #(t)
reads as

+-

+

-

0
! (t)

Rg I (z, t)

V(z, t)

zl

Zo

I (z, t)
RL

+

-

I L

VL

3l
v

! g! 3
L ! 2

g

z
l

t

! g

! g! L

! g! L ! g

! g! 2
L ! g

! g! 2
L ! 2

g

2l
v

4l
v

l
v

Bounce diagram#(t) = Rg (
f (t)
Zo

!
! L f (t ! 2l

v )
Zo

)
" #$ %

+ f (t) + ! L f (t !
2l
v

)
" #$ %

.

I (0, t) V(0, t)

which can be re-arranged as

#(t) = (1 +
Rg

Zo
)f (t) + (1 !

Rg

Zo
)! L f (t !

2l
v

)
" #$ %

,

"g#(t !
2l
v

)

where forf (t ! 2l
v ) we used a delayed copy off (t) = "gf i (t) solution

for f (t) from theprevious epochin view of the time delay2l
v contained

within f (t ! 2l
v ).
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Ð Hence, solving this forf (t), we Þnd, forthis epoch,

f (t) = "g#(t) +
Rg ! Zo

Rg + Zo" #$ %
! L"g#(t !

2l
v

),

! g

where
! g =

Rg ! Zo

Rg + Zo

is thesource reßection coe!cient of the TL circuit.

Ð Substituting f (t) for the epoch2l
v < t < 4l

v within voltage and
current formulae

V(z, t) = f (t!
z
v

)+! L f (t+
z
v

!
2l
v

) and I (z, t) =
f (t ! z

v)
Zo

!
! L f (t + z

v ! 2l
v )

Zo

we obtain the ÒextendedÓ voltage and current impulse response
functions

V(z, t) = "g#(t!
z
v

)+! L"g#(t+
z
v

!
2l
v

)+! g! L"g#(t!
z
v

!
2l
v

)+! g! 2
L"g#(t+

z
v

!
4l
v

)

and

I (z, t) = Z ! 1
o ["g#(t!

z
v

)! ! L"g#(t+
z
v

!
2l
v

)+! g! L "g#(t!
z
v

!
2l
v

)! ! g! 2
L "g#(t+

z
v

!
4l
v

)]

respectively.
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$ At this point the algebra is pretty messy, but a straightforward
pattern is emerging (to obviate the need for algebraic analysis
for the upcoming epochs) that is best appreciated with the
help ofbounce diagrams explained next:

+-

+

-

0
! (t)

Rg I (z, t)

V(z, t)

zl

Zo

I (z, t)
RL

+

-

I L

VL

3l
v

! g! 3
L ! 2

g

z
l

t

! g

! g! L

! g! L ! g

! g! 2
L ! g

! g! 2
L ! 2

g

2l
v

4l
v

l
v

Bounce diagramÐ A bounce diagramis a plot of the ÒtrajectoriesÓ of traveling im-
pulses found on transmission line segments excited by impulse in-
puts.

Ð The horizontal axis represents positionz of the traveling impulses
while timet is represented by a downward pointing axis.

Ð The Þrst slanted line on the top of the diagram, representingthe
traveling impulse

"g#(t !
z
v

),

(Þrst term ofhz(t) = V(z, t)) is ÒreßectedÓ at timet = !
v from load

RL to turn into a backward propagating impulse

"g! L#(t +
z
v

!
2!
v

)

represented by the second line of the diagram.

Ð The backward propagating impulse reachesz = 0 at t = 2!
v and is

reßected once more with a reßection coe!cient

! g =
Rg ! Zo

Rg + Zo

6



to become a forward propagating impulse

"g! L ! g#(t !
z
v

!
2!
v

)

represented by the third line of the diagram.

$ Reßection atRg is in e"ect the same physical process as re-
ßection atRL and therefore its coe!cient! g is identical with
! L except for the replacement ofRL by Rg.

Ð The bounce diagram is advanced in time with further reßections
occurring at both ends.

+-

+

-

0
! (t)

Rg I (z, t)

V(z, t)

zl

Zo

I (z, t)
RL

+

-

I L

VL

3l
v

! g! 3
L ! 2

g

z
l

t

! g

! g! L

! g! L ! g

! g! 2
L ! g

! g! 2
L ! 2

g

2l
v

4l
v

l
v

Bounce diagram
Ð We show the calculated weights of traveling impulses directly on

the diagram just above the slanted lines representing the trajec-
tories of each traveling impulse (each having a lifetime of!/v )

¥ Using the bounce diagram, the full expressions for the voltage and
current impulse response functions of the circuit can be written as

V(z, t) = "g

%&

n=0

(! L ! g)n#(t !
z
v

! n
2!
v

)

+ "g! L

%&

n=0

(! L ! g)n#(t +
z
v

! (n + 1)
2!
v

)

and

I (z, t) = "g

Zo

%&

n=0

(! L ! g)n#(t !
z
v

! n
2!
v

)

!
"g

Zo
! L

%&

n=0

(! L ! g)n#(t +
z
v

! (n + 1)
2!
v

).
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¥ Although these series formulae look daunting, only the lower order
terms usually matter Ñ that is true because|! L | & 1 and |! g| & 1 and
thus (! L ! g)n is typically a rapidly diminishing function ofn (unless
the ckt is Òdissipation freeÓ and resonant, a concept explored in Lecture
31).

+-

+

-

0
! (t)

Rg I (z, t)

V(z, t)

zl

Zo

I (z, t)
RL

+

-

I L

VL

3l
v

! g! 3
L ! 2

g

z
l

t

! g

! g! L

! g! L ! g

! g! 2
L ! g

! g! 2
L ! 2

g

2l
v

4l
v

l
v

Bounce diagram¥ We typically rely on the bounce diagram technique more so than the
series expressions developed above. This will be illustrated by several
examples in the next lecture.

Ð The main idea is to combinedelayedversions of the circuit input
f i (t) with the impulse weights indicated on the bounce diagram,
since, in general, the convolution#(t ! Tz) ' f i (t) = f i (t ! Tz) for
any z-dependent delay such asz

v, z
v ! 2!

v , etc...
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29 Bounce diagram examples Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

+-

+

-

0
f (t)

Zo I (z, t)

V(z, t)

zl

Zo

I (z, t)
RL

For t = 1 µs:

200 400 600 800

! 1.0

! 0.5

0.0

0.5

1.0

For t = 2 µs:

200 400 600 800

! 1.0

! 0.5

0.0

0.5

1.0

See an animated version of
this and another where
! L = ! 1
linked in the class calendar.

Example 1: A transmission line of length! = 900 m and speedv = c hasRL = 2Zo.
It is excited by a generator having an open circuit voltagef i (t) = sin( "t )u(t) and
Thevenin resistanceRg = Zo. The source frequency is!2" = 1MHz. Determine
the voltage responseV(z, t) in the circuit after Þrst determining the impulse
response functionhz(t).

Solution: In the circuit, the injection coe!cient is

#g =
Zo

Rg + Zo
=

Zo

Zo + Zo
=

1
2

.

The load and generator reßection coe!cients are

! L =
RL ! Zo

RL + Zo
=

2Zo ! Zo

2Zo + Zo
=

2 ! 1
2 + 1

=
1
3

and ! g =
Rg ! Zo

Rg + Zo
=

Zo ! Zo

Zo + Zo
= 0,

respectively. Also, time-delay
2!
v

=
2 á900m
300m/µ s

= 6 µs.

The corresponding bounce diagram is shown in the margin. Note that the dia-
gram terminates att = 2#

v becauseZo is matched toRg and ! g = 0. From the
diagram we deduce the impulse response

hz(t) =
1
2

$(t !
z
c
) +

1
6

$(t +
z
v

! 6µ).

Convolvinghz(t) with sin("t )u(t), we obtain the voltage response of the TL to
the sinusoidal input as (see plots in the margin)

V(z, t) = hz(t)" sin("t )u(t) =
1
2

sin" (t!
z
v

)u(t!
z
v

)+
1
6

sin" (t+
z
v

! 6)u(t+
z
v

! 6).

1



+-

+

-

0
u(t)

I (z, t)

V(z, t)

zl

Zo = 50 !I (z, t)
RL = 100 !

z = 1200 m

3l
v

z
l

t

1

1
3

2l
v

4l
v

l
v

Bounce diagram

! g = ! 1 ! L =
1
3

!
1
3

!
1
9

1
9

1
27

!
1
27

0 10 20 30 40 50 60
t us

0.5

1.0

1.5

2.0
v!4,t"

Animated version of this is
linked in the class calendar.

Example 2: Consider a TL circuit whereZo = 50 " , v = c, l = 2400 m, Rg = 0, and
RL = 100 " . Determine and plotV(1200, t) if f (t) = u(t).

Solution: For this circuit

#g =
Zo

Rg + Zo
= 1, ! g =

Rg ! Zo

Rg + Zo
= ! 1, and ! L =

RL ! Zo

RL + Zo
=

1
3

.

Also, the transit time across the TL is

l
v

=
2400m

300# 106 m/s
= 8 µs.

From the bounce diagram shown in the margin, the impulse response forz = 1200
m (the location marked by the vertical dashed line) is found to be

V(1200, t) = $(t ! 4) +
1
3

$(t ! 12)!
1
3

$(t ! 20)!
1
9

$(t ! 28) +
1
9

$(t ! 36) + á á á

Replacing the$(t) in this expression with the unit-stepu(t), the speciÞed source
function f (t), we get

V(1200, t) = u(t ! 4) +
1
3

u(t ! 12)!
1
3

u(t ! 20)!
1
9

u(t ! 28) +
1
9

u(t ! 36) + á á á

which is plotted in the margin.
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3l
v

z
l

t

1

1
3

2l
v

4l
v

l
v

Bounce diagram

! g = ! 1 ! L =
1
3

!
1
3

!
1
9

1
9

1
27

!
1
27

0 10 20 30 40 50 60
t us

0.5

1.0

1.5

2.0
v!4,t"

¥ Note that ast $ % , V(1200, t) $ 1 V in Example 1, as if DC condi-
tions prevail and the TL becomes a pair of wires in the lumped circuit
sense.

Ð DC steady-state corresponds to" = 0 and signal wavelength%$
%. In that limit l & %is always valid and TL can be treated like
an ordinary lumped circuit.

Ð Of course this simpliÞcation can only occur withf (t) ' u(t), or
its delayed versions, which are all asymptotically DC int $ %
limit. The simpliÞcation does not apply forf (t) = sin("t )u(t), for
example.

3



Example 3: In the TL circuit described in Example 1, determineV(z, t) and I (z, t)
for a new source signalf (t) = rect( t

T )+2 rect( t! T
T ), T = 1 µs. Plot V(z, t) versus

z at t = 3 µs and t = 11 µs.

Solution: With #g = 1, ! g = ! 1, ! L = 1
3, and 2l

c = 16 µs, we obtain, by convolving
with the general impulse response, the voltage response

V(z, t) =
%!

n=0

(!
1
3

)nf (t !
z
c

! n16) +
1
3

%!

n=0

(!
1
3

)nf (t +
z
c

! (n + 1)16)

wherez
c is to be entered inµs units. Also,

I (z, t) =
1
50

%!

n=0

(!
1
3

)nf (t !
z
c

! n16) !
1
50

1
3

%!

n=0

(!
1
3

)nf (t +
z
c

! (n + 1)16).

At t = 3 µs, the voltage variation is

V(z,3) =
%!

n=0

(!
1
3

)nf (3 !
z
c

! n16) +
1
3

%!

n=0

(!
1
3

)nf (3 +
z
c

! (n + 1)16),

which is plotted in the margin usingf (t) = rect(t) + 2 rect(t ! 1). Likewise, at
t = 11 µs,

V(z,11) =
%!

n=0

(!
1
3

)nf (11 !
z
c

! n16) +
1
3

%!

n=0

(!
1
3

)nf (11 +
z
c

! (n + 1)16).

! 2 ! 1 1 2 3 4
t us

0.5

1.0

1.5

2.0

f !t"

500 1000 1500 2000
z m

0.5

1.0

1.5

2.0

V!z,3"

0 500 1000 1500 2000
z m

0.5

1.0

1.5

2.0
V!z,11"

Animated version of this is
linked in the class calendar.
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30 Multi-line circuits Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ In this lecture we will extend the bounce diagram techniqueto solve
distributed circuit problems involving multiple transmission lines.

¥ One example of such a circuit is shown in the margin where twodistinct
TLÕs of equal lengths have been joined directly at a distancel

2 away
from the generator.

Ð The impulse response of the system can be found by Þrst con-
structing the bounce diagram for the TL system as shown in the
margin.

Ð In this bounce diagram,z = l
2 happens to be the location of ad-

ditional reßections as well as transmissions because of thesudden
change ofZo from Z1 to Z2 = 2Z2.

These reßections and transmissions between linej and k Ñ transmis-
sion fromj to k, and reßection fromk back to j Ñ can be computed
with reßection coe!cient

+-

0

f (t)

Rg = 2Z1

RL = Z2

zl

Load
Z1 Z2 = 2Z1

0 l

4
81

! g = ! g = ! 12 =
1
3

! 12 =
4
3

! L = 0

1
3

1
9

1
27

1
81

4
9

t

l/ 2

v2 = 2v1v1

! jk =
Zk ! Zj

Zk + Zj

and transmission coe!cient

! jk = 1 + ! jk

that ensure the voltage and current continuity at the junction

1



Ð Zj is the characteristic impedance of the line of the incident pulse,
while

Ð Zk is the impedance of the cascaded line into which the transmitted
pulse is injected.

VeriÞcation:

+-

0

f (t)

Rg = 2Z1

RL = Z2

zl

Load
Z1 Z2 = 2Z1

0 l

4
81

! g = ! g = ! 12 =
1
3

! 12 =
4
3

! L = 0

1
3

1
9

1
27

1
81

4
9

t

l/ 2

v2 = 2v1v1

Ð Let
V +

j (1 + ! jk ) and V +
j (1 ! ! jk )/Z j

denote the total voltage and current on lineZj expressed in terms
of incident voltage waveV + (of dÕAlembert type), and

Ð let
V +

j ! jk and V +
j ! jk /Z k

denote the voltage and current on lineZk adjacent to lineZj .

This notation identiÞes! jk and ! jk as reßection and transmission coef-
Þcients at the junction.

Ð Taking
V +

j (1 + ! jk ) = V +
j ! jk

and
V +

j (1 ! ! jk )/Z j = V +
j ! jk /Z k

in order to enforce voltage and current continuity, we can solve for
! jk and ! jk expressions stated above.

2



+-

0

f (t)

Rg = 2Z1

RL = Z2

zl

Load
Z1 Z2 = 2Z1

0 l

4
81

! g = ! g = ! 12 =
1
3

! 12 =
4
3

! L = 0

1
3

1
9

1
27

1
81

4
9

t

l/ 2

v2 = 2v1v1

Example 1: In the circuit shown in the margin with two TL segments, line 2has twice
the characteristic impedance and propagation velocity of line 1, i.e.,

Z2 = 2Z1 and v2 = 2v1.

DetermineL 2 and C2 in terms ofL 1 and C1.

Solution: We have
Z2 = 2Z1 "

L 2

C2
= 4

L 1

C1

and
v2 = 2v1 "

1
L 2C2

= 4
1

L 1C1
.

The product of the two equations gives

1
C2

2
= 16

1
C2

1
" C 2 =

1
4

C1,

while their ratio leads to
L 2 = L 1.
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+-

0

f (t)

Rg = 2Z1

RL = Z2

zl

Load
Z1 Z2 = 2Z1

0 l

4
81

! g = ! g = ! 12 =
1
3

! 12 =
4
3

! L = 0

1
3

1
9

1
27

1
81

4
9

t

l/ 2

v2 = 2v1v1

t

500 1000 1500 2000
z m

! 1.0

! 0.5

0.5

1.0
V!z,3 us"

Example 2: In the circuit of Example 1, determineV(z, t) and I (z, t) if

f (t) = sin(2 "t )u(t), t in µs,

and l = 2400 m, v1 = 150 m/µ s, andZ1 = 25 ! .

Solution: From the bounce diagram we infer the following impulse-response for the
voltage variable:

V(z, t) =
1
3

#!

n=0

(
1
3

)2n[#(t !
z
v1

! n
l
v1

) +
1
3

#(t +
z
v1

! (n + 1)
l
v1

)]

for z < l
2, and

V(z, t) =
1
3

#!

n=0

(
1
3

)2n 4
3

#(t !
z
v2

! (4n + 1)
l/ 2
v2

)

for l
2 < z < l . The impulse response for the current is

I (z, t) =
1

3Z1

#!

n=0

(
1
3

)2n[#(t !
z
v1

! n
l
v1

) !
1
3

#(t +
z
v1

! (n + 1)
l
v1

)]

for z < l
2, and

I (z, t) =
1

3Z2

#!

n=0

(
1
3

)2n 4
3

#(t !
z
v2

! (4n + 1)
l/ 2
v2

)

for l
2 < z < l . Using

l
v1

=
2400
150

= 16 µs

and replacing#(t) with f (t) = sin(2 "t )u(t) the plot depicted in the margin was
obtained.
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RZ1 Z2

z

V ++

V + ! V !

Z1

V ++

Z2

V + + V !
+

-

+

-Example 3: Two TLÕs with characteristic impedancesZ1 and Z2 are joined at a junc-
tion that also includes a ÒshuntÓ resistanceR as shown in the diagram in the
margin. Determine the reßection coe!cient" 12 and transmission coe!cient! 12

at the junction.

Solution: Consider a voltage wave
V + (t !

z
v1

)

coming from the left producing reßected and transmitted waves

V ! (t +
z
v1

) and V ++ (t !
z
v2

)

on lines 1 and 2 traveling to the left and right, respectively, on two sides of the
junction. Using an abbreviated notation, KVL and KCL applied at the junction
can be expressed as

V + + V ! = V ++ and
V +

Z1
!

V !

Z1
=

V ++

R
+

V ++

Z2
,

where in the KCL equation the Þrst term on the right is the current ßowing down
the resistorR, and the second term is the TL current on line 2 (as marked in the
circuit diagrams in the margin). The equations can be rearranged as

V + + V ! = V ++

V + ! V ! =
Z1

Zeq
V ++ ,

where
Zeq $

RZ2

R + Z2

5



is the parallel combination ofR and Z2. Solving these equations, we Þnd that

" 12 $
V !

V + =
Zeq ! Z1

Zeq + Z1

and

! 12 =
V ++

V +
=

2Zeq

Zeq + Z1
.

By, symmetry, the coe!cients

" 21 =
Zeq ! Z2

Zeq + Z2

and
! 21 =

2Zeq

Zeq + Z2

would describe reßection and transmission when a wave is incident from right
provided that

Zeq $
RZ1

R + Z1

is used. R

Z1 Z2

z

V ++

V + ! V !

Z1

V ++

Z2

V + + V !
+

-

+

-

Hint: in this ckt " 12 has the
usual form in terms of Zeq $
R+ Z2. For ! 12, we need 1+" 12

multiplied by a voltage divi-
sion factor Z2/ (R + Z2).Exercise: Two TLÕs with characteristic impedancesZ1 and Z2 are joined at a junction

that also includes a series resistanceR as shown in the margin. Determine the

reßection coe!cient" 12 and transmission coe!cient! 12 at the junction.
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31 Periodic oscillations in lossless TL ckts Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ LosslessLC circuits (see margin) can support source-free and co-sinusoidal
voltage and current oscillations at a frequency of

! =
1

!
LC

known asLC resonance frequency.
V(t)I (t)
+

-

C
L

¥ Lossless TL circuits can also support source-free voltageand current
oscillations, but the number of resonance frequencies isinÞnite and the
oscillation waveforms are not restricted to co-sinusoidalforms.

Open!
4

|I |

|V (z, t)|

zl0

Open

A TL segment Ñ a ÒstubÓ,
so to speak Ñ open circuited
at both ends can support
voltage and current oscilla-
tions such that the current
waveform vanishes at both
ends. Absolute values of a
possible set of voltage and
current waveforms satisfying
this boundary condition are
depicted above.

Ð Resonance frequencies of lossless TLÕs areharmonically related ,
and therefore superpositions of resonant oscillations on TLÕs can
add up to arbitrary periodic waveforms as in Fourier series repre-
sentation of periodic functions.

In this lecture we will examine the periodic oscillations and resonances
encountered in lossless and source-free TL circuits.

1



¥ Consider Þrst a TL segment of some length" having no electrical con-
nection to any elements at either end, as shown in the margin.

Ð E!ectively, both ends of the TL have been Òopen circuitedÓ, and
thus TL current I (z, t) needs to vanish atz = 0 and z = ". Since

I (z, t) =
f (t " z

v)
Zo

"
g(t + z

v)
Zo

in general, these boundary conditions

Open!
4

|I |

|V (z, t)|

zl0

Open

A TL ÒstubÓ open circuited
at both ends can support
voltage and current oscilla-
tions such that the current
waveform vanishes at both
ends. Absolute values of a
possible set of voltage and
current waveforms satisfying
this boundary condition are
depicted above.

I (0, t) =
f (t)
Zo

"
g(t)
Zo

= 0

and

I (l, t ) =
f (t " "

v)
Zo

"
g(t + "

v)
Zo

= 0

require that

# g(t) = f (t)

# f (t " "
v) = f (t + "

v) $ f (t) = f (t + 2"
v ).

Ð the Þrst condition says that forward and backward going waves
are described in terms of a single time functionf (t),

Ð while the second condition indicates that functionf (t) is neces-
sarily periodic with a

# period T = 2"
v

# fundamental frequency ! o = 2#
T = #v

"

2



Since no other constraint is imposed, any waveform with the spec-
iÞed period is admissible, and the most general such expression is
given by theFourier series

f (t) = Fo +
%!

n=1

Fn cos(n! ot + $n)

having harmonically related frequenciesn! o and arbitraryFourier
coe!cients Fn and $n.

Ð Hence, in general, the line current

I (z, t) =
f (t " z

v) " f (t + z
v)

Zo

=
%!

n=1

Fn

Zo
[cos(n! ot + $n " n%oz) " cos(n! ot + $n + n%oz)]

where%o & ! o/v = #/" is the fundamental wavenumber.

Ð The same result written in phasor form is

÷I (z) =
%!

n=1

Fn

Zo
ej$n[e" jn%oz " ejn%oz] =

%!

n=1

Fn

Zo
ej$n(" 2j ) sin(n%oz),

which also means that (back in the time domain)

I (z, t) =
%!

n=1

2Fn

Zo
sin(n! ot + $n) sin(n%oz).
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Also1

V(z, t) =
%!

n=1

2Fn cos(n! ot + $n) cos(n%oz)

from the phasor÷V(z) =
"

n Fnej$n[e" jn%oz + ejn%oz].

In summary:

50 100 150 200 250 300
z !m"

! 1.0

! 0.5

0.5

1.0

A time-snapshot of the cur-
rent standing wave modes
n = 1, 2, 3, 4 on a TL segment
300 m long, open ended on
both sides. Each mode n has
n half wavelengths Þtted into
the line length l and high n
modes oscillate with higher
frequencies. See animation
of these modes linked in the
class calendar.

Ð Periodic variations of arbitrary complexity Ñ ortimbre, in analogy
with musical instruments Ñ inV(z, t) andI (z, t) are allowed on an
open circuited (on both ends) TL segment of length" and consist
of superpositions ofresonant modes (see margin)

cos(n
#v
"

t + $n) cos(n
#
"

z) and sin(n
#v
"

t + $n) sin(n
#
"

z),

respectively, in the rangen ' 1, each one being astanding wave .

Ð Each resonant mode or standing wave of indexn ' 1 has a

# resonance frequency

! =
#v
"

n rad/s or f =
v
2"

n Hz

# resonance wavelength

& =
v
f

=
2"
n

,

1Note that an arbitrary DC term can also be included inV(z, t).
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implying that

" = n
&
2

,

that is, the line length is an integer multiple of half-
wavelength at each resonance .

¥ The resonances examined above also apply to TLÕs of length" shorted
at both ends, provided that the mode equations above are swapped
between voltage and current Ñ that is, periodic variations of arbitrary
complexity inI (z, t) andV(z, t) consist of superpositions ofresonant
modes

cos(n
#v
"

t + $n) cos(n
#
"

z) and sin(n
#v
"

t + $n) sin(n
#
"

z),

respectively, in the rangen ' 1.

Note that in this case the voltage modes vanish atz = 0 and z = " as
required by the boundary conditionV(0, t) = V(", t ) = 0 imposed by
having shorts at both ends.
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¥ For TLÕs of length" open at one end shorted at the other end,
resonant wavelengths and frequencies can be identiÞed by requiring "
to be an odd multiple of&4

Short!
4

|I |

|V |

zl0

Open

A TL stub open at one end
short at the other can sup-
port voltage and current os-
cillations such that the cur-
rent waveform vanishes at
the open end while the volt-
age waveform vanishes at the
shorted end. Absolute values
of a possible set of voltage
and current waveforms sat-
isfying this boundary condi-
tion are depicted above. Res-
onant standing waves modes
on this line will have voltage
and current nulls separated
by an odd multiple of a quar-
ter wavelength.

Ð the reason for this is, the nulls of waveforms( cos(%z) andsin(%z)
are separated by odd multiples of

&
4

=
2#/%

4
=

#
2%

.

Ð Hence, resonance condition is

" =
&
4

(2n + 1), n ' 0,

and since
f& = v

it follows that the resonance frequencies are

f =
v
2"

(
1
2

+ n) and ! =
#v
"

(
1
2

+ n) for n ' 0.
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100 200 300 400 500 600
z !m"

! 1.0

! 0.5

0.5

1.0

A time-snapshot of the volt-
age standing wave modes n =
0, 1, 2, 3 on a TL segment 600
m long, open ended at z =
0 and shorted at z = 600
m. Each mode n has 2n +
1 quarter wavelengths Þtted
into the line length l and the
high n modes oscillate with
higher frequencies. See ani-
mation of these modes linked
in the class calendar.

Example 1: A lossless TL of600 m length is left open atz = 0 and shorted at
z = l = 600 m. Determine (a) resonant frequencies of the line, (b) resonant
current modes, (c) resonant voltage modes obtained from thecurrent modes
using the telegrapherÕs equations. The line has a characteristic impedance of
Zo = 50 ! and a propagation velocityv = c.

Solution: (a) The line must be an odd multiple of quarter wavelengths atthe resonant
frequencies. Therefore,

600m = (2 n + 1)
&
4

$ 600m = (2 n + 1)
c/f
4

leading to

f = (2 n + 1)
300m/µ s
4 á600m

= (2 n + 1)
1
8

MHz, n ' 0.

(b) Since the current modes need to vanish atz = 0, we can express them in terms
of a sine function as

sin(%z) sin(!t )

where
! = 2#f = (2 n + 1)

#
4

Mrad/s,

and
%=

2#
&

= (2 n + 1)
#

1200
rad/m.

In explicit terms, current modes are

I n(z, t) = sin((2 n + 1)
#

1200
z) sin((2n + 1)

#
4

t)

wherez is in m andt in µs.
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(c) LetÕs Þnd the voltage modesVn(z, t) from the current modes above using one of
the telegrapherÕs equations,

"
'V
'z

= L
'I
't

.

Substituting I n(z, t) into this equation and di!erentiating we Þnd

'V
'z

= " (2n + 1)
#
4

L sin((2n + 1)
#

1200
z) cos((2n + 1)

#
4

t).

Next Þnding the anti-derivative of the above, we conclude

Vn(z, t) = 300L cos((2n + 1)
#

1200
z) cos((2n + 1)

#
4

t).

A snapshot of the animation of resonant voltage modes is shown in the margin.

Note that the amplitudes of current and voltage modes cannotbe assigned independent
of one anotherÑ above we set the current amplitudes to unity and obtained300L
for voltage amplitudes. 100 200 300 400 500 600

z !m"

! 1.0

! 0.5

0.5

1.0
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¥ How can one get source free oscillations in a TL?

One answer is, the TL might have been connected to a source in the
past before being disconnected from it.

t = 1 µs

3 V

0
z

t = 0

600 m

V(z,1)

Ð Consider the circuit shown in the margin where a 3V battery is
switched in and out for 1µs on a line of lengthl = 600 m. Also, resistors R at tempera-

ture T connected to TL ter-

minals can transfer thermal

noise energy to the TL. If

the resistors are disconnected

at some point in time, the

energy left on the TL will

be shared between its res-

onant modes (up to a fre-

quency limit KT/ ! imposed

by quantum mechanics) at an

average level of KT joules

(per mode) where K is the

Boltzmann constant . Lossy

lines with Þnite conductivity

also produce thermal noise.

Thermal noise is easy to

detect and routinely inter-

feres with weak communi-

cation signals that we care

about!

For v = c, we can write the voltage and the current on the line at
t = 1 µs (by inspection) as

V(z,1) = 3rect(
z " 150

300
) V and I (z,1) =

3rect(z" 150
300 )

Zo
A.

After t = 1 µs both ends of the TL will be open, and, therefore, only
periodic waveforms with a

Ð fundamental period ofT = 2"
v = 1200

300 = 4 µs and

Ð fundamental frequency of! o = 2#
T = #

2 Mrad/s

will be allowed on the source free line.

Therefore,V(z, t) andI (z, t) for t > 1µs can be expressed as a weighted
superposition of the resonant modes of the line with resonant frequen-
cies n! o, subject to the initial conditionsV(z,1) and I (z,1) given
above.
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32 Input impedance and microwave resonators Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ The input impedance and admittance of the series and parallel
LC resonators shown in the margin are, respectively,

Zs = j (!L !
1

!C
) and Yp = j (!C !

1
!L

),

both of which vanish at the common resonance frequency of these net-
works, namely

! =
1

"
LC

# ! o.

Ð Recall thatLC resonators play an important role in the design of
Þlter and tuning circuits.

Series Parallel

C

L

L C

In this lecture we will examine the input impedance of microw ave
resonators consisting of open or short circuited TL stubs.

¥ First let us consider a shorted stub of some length" as a two-terminal
circuit element as depicted in the margin.

Short

l

Input
port Zo

Ð If the circuit containing this element is in sinusoidal steady-state
at a source frequency ! matching one of theresonant fre-
quencies

! n = (2n + 1)
#v
2l

, n $ 0,

of the shorted stub Ñ the resonances corresponding to an odd
number of quarter wavelengths Ñ then the element will draw no

1



current from the source circuit in analogy with theparallel LC
network , and consequently theinput admittance of the element
will be zero (open condition), which we will indicate by

Y(l) = 0.

This type of resonant behavior of the shorted stub will be called
parallel resonance because of the analogy just mentioned.

Short

l

Open
input

ZoY(l) = 0

Odd # of quarter wavelengths

Short

l

Short
input

ZoZ (l) = 0

Integer # of half wavelengths

Parallel resonance

Series resonance

Ð By contrast, if the circuit containing the element is in sinusoidal
steady-state at a source frequency! matching one of the other
resonant frequencies

! n = n
#v
l

, n $ 1,

of the shorted stub Ñ the resonances corresponding to integer mul-
tiples of half wavelengths Ñ then the voltage across the element
terminals will be identically zero in analogy with theseries LC
network , and consequently theinput impedance of the element
will be zero (short condition), which we will indicate by

Z(l) = 0.

This alternate type of resonant behavior of the shorted stubwill
be calledseries resonance.

We will next examine howZ(l) andY(l) # 1
Z(l) varies with! for frequencies

not matching any of the resonant frequencies of the shorted stub.
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¥ If the stub is a part of a circuit in sinusoidal steady-stateat an arbitrary
frequency! , then dÕAlembert solutions of voltage and current on the
line are

V(z, t) = Re{ V + ej! (t! z
v )} +Re{ V ! ej! (t+ z

v )} % ÷V(z) = V + e! j$z +V ! ej$z

and

I (z, t) =
Re{ V + ej! (t! z

v )} ! Re{ V ! ej! (t+ z
v )}

Zo
% ÷I (z) =

V + e! j$z ! V ! ej$z

Zo
,

where

Ð $ = !
v = !

"
LC is the wavenumber at frequency! , and

Ð V + and V ! are complex constants to be determined.

We have expressed the phasor counterparts of co-sinusoidalwavesV(z, t)
and I (z, t) above on the right, for it will be necessary to use phasors in
deÞning an input impedance Ñ the impedance concept belongs to the
frequency domain!

¥ Before applying the boundary condition at the shorted end of the TL
stub, it will be convenient to shift the origin of our coordinate system
to coincide with the shorted termination rather than the input port of
the TL.

Short

l

Input
port Zo

! l z0

0ld

LOADGENERATOR,
Circuit

¥ It will also be convenient to refer to Ò! zÓ as ÒdÓ, with the variabled
growing to the left from the short termination toward the input terminal
of the line.
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In that case, the input impedance can be denoted as

Z(l) =
÷V(d = l)
÷I (d = l)

,

where

÷V(d) # V + ej$d + V ! e! j$d and ÷I (d) #
V + ej$d ! V ! e! j$d

Zo
.

¥ An immediate beneÞt of our new notation comes when we apply the
voltage boundary condition at the short termination.

Short

l

Input
port Zo

! l z0

0ld

LOADGENERATOR,
Circuit

Ð We apply it as

V(0, t) = 0 % ÷V(0) = V + + V ! = 0

from which it follows that

V ! = ! V +

and thus

÷V(d) # V + (ej$d ! e! j$d ) = j 2V + sin($d)

and
÷I (d) #

V + (ej$d + e! j$d )
Zo

= Yo2V + cos($d),

where
Yo #

1
Zo

Characteristic admittance.

4



Ð Finally the input impedance of the shorted stub is

Z(l) =
÷V(l)
÷I (l)

= jZ o tan($l).

Note that: input impedanceZ(l) = 0 + jX (l) is (see margin forX (l))

!

4

!

2

3 !

4
! 5 !

4

3 !

2

7 !

4
2 !

" l

# 5

5

tan! " l"

1. purely reactive for alll ,

2. has a positive imaginary part and therefore it isinductive for

$l =
2#
%

l <
#
2

rad = 90o & 0 < l <
%
4

= Quarter wavelength.

3. has a negative imaginary part and therefore it iscapacitive for

#
2

< $l =
2#
%

l < # rad = 180o &
%
4

< l <
%
2

= Half wavelength.

4. is periodic with a period of%2 over l , which means that

all possiblereactive impedances of the form jX are realized for
0 < l < %

2.

¥ a shorted TL stub of length0 < l < %
2 spans all possible impedances

that can be provided by all possible inductors and capacitors!

for a lengthl ' %
4 shorted stub is a pure inductor with impedance

Z(l) = jZ o tan($l) ( jZ o$l = j

!
L
C

!
"

LCl = j! L l.

5



¥ here we usedtan($l) ( $l, which is valid when$l ' 1 in radians.

5. at l = %
4 the input admittance of the shorted stub,

Y(l) =
1

Z(l)
=

1
jZ o tan($l)

= ! jYo cot($l),

vanishes, meaning that

¥ a shorted stub of lengthl = %
4 appears at its input terminals like

an open(see margin).

Short
termn.

l =
!
4

Open
input

ZoY(l) = 0

Z(l) = 0 Open
termn.

l =
!
4

Short
input

Zo

6. at l = %
2 the input impedance of the shorted stub returns back to

zero, which in turn indicates, in view of (5), that

¥ an open ended stub of lengthl = %
4 must appear at its input

terminals like ashort (see margin).

Next set of examples illustrate the uses of shorted/opened TL stubs as circuit
elements.
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+-

short

f (t)

l

RL VL(t)
+

-

50 100 150 200 250 300
f !MHz"

0.2

0.4

0.6

0.8

1.0

Amplitude Resp.

Example 1: A shorted TL stub of lengthl = 3 m is connected inserieswith a resistor
RL = 50 ! as shown in the diagram in the margin. Plot the magnitude of the
frequency responseH (! ) =

÷VL
÷F

as a function of frequencyf = !
2" if Zo = 50 !

and v = c on the stub. Interpret the amplitude response curve|H (! )| in terms
of resonance frequencies of the shorted line.

Solution: Using$ = !
c and voltage division, we Þnd that frequency response

H (! ) =
÷VL

÷F
=

RL

RL + jZ o tan($l)
=

1
1 + j tan( !

c l )
.

The plot of |H (! )| with the given parameters is shown in the margin. The peaks
of the amplitude response occur at the series resonance frequencies of the shorted
stub when its input impedance is zero (an e!ective short). The nulls of the
amplitude response correspond to parallel resonances of the stub when it appears
like an open at its input terminals.
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short

L l

Series network:

short

L

l

Parallel network:

Example 2: Consider a shorted TL connected atd = l to an inductor L. Determine
the resonances of the combined network.

Solution: The input impedance of the shorted line is

Z (l) = jZ o tan($l) = jZ o tan(!
"

LCl)

whereas inductorL has an impedanceZL = j!L . If the inductor and shorted stub
are connected in series (see margin), then theseries resonancesof the network
will be observed when the network input impedance

ZL + Z(l) = j!L + jZ o tan(!
"

LCl)

equals zero. Theparallel resonancesof the network will be observed when the
impedance is inÞnite. While the series resonance frequencies of the stub will be
shifted because of the inductor, parallel resonances will not shift (inÞnities due
to tan function cannot be shifted by the Þnite additive term due to the inductor).
The shifted series resonance frequencies! n can be found graphically by plotting
ZL + Z(l) and looking for the zero crossings.

If the inductor and shorted stub are connected in parallel, to then theparallel reso-
nancesof the network will be observed when the network input admittance

YL + Y(l) =
1

j!L
+

1

jZ o tan(!
"

LCl)

equals zero. Theseries resonanceswill be observed when the admittance is
inÞnite. Series resonances of the stub will not be shifted with, unlike the parallel
resonances. The shifted parallel resonance frequencies! n will equal the series
resonance frequencies of the series connected network (described above).
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+-

short

f (t)

l

C
RL VL(t)

+

-

Can change the short
location on the stub
to tune the filter

50 100 150 200 250 300
f !MHz"

0.2

0.4

0.6

0.8

1.0

Amplitude Resp.

Example 3: A shorted TL stub of lengthl = 3 m is connected inseries with a a
capacitorC = 10 pf and a resistorRL = 50 ! as shown in the diagram in the
margin. Plot the magnitude of the frequency responseH (! ) =

÷VL
÷F

as a function
of frequencyf = !

2" if Zo = 50 ! and v = c on the stub. Interpret the amplitude
response curve|H (! )| in terms of resonance frequencies of the shorted line.

Solution: Using$ = !
c and voltage division, we Þnd that frequency response

H (! ) =
÷VL

÷F
=

RL

RL + 1
j!C + jZ o tan($l)

=
1

1 + 1
j!R L C + j tan( !

c l )
.

The plot of |H (! )| with the given parameters is shown in the margin. The peaks
of the amplitude response occur at theshifted series resonance frequencies of the
shorted T.L. stub. The nulls of the amplitude response correspond to parallel
resonances of the stub when it appears open.
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Example 4: (a) If in the TL circuit shown in the marginI R = 2! 0o A, what is the
line length l in terms of wavelength%of the given source frequency on the line?

(b) Repeat forI R = 0.

Note: starting in this example we are dropping the tildes on
the phasors.

Solution: (a) If I R = 2! 0o A, then KCL application at the source terminal implies
that I (l ) = 0 .

In that case the TL has anopen at d = l. Sinced = 0 is also an open,
we need to havel to be an integer multiple of#2.

In other words, the condition ofI R = 2! 0o will only be realized in the
above circuit if the source frequency is such that the TL length l happens to be
some integer multiple of#2 at the given frequency.

(b) If I R = 0, then V(l) = (50 !) I R = 0, implying that the T.L. has ashort at d = l.

Sinced = 0 is an open, we need to havel some odd multiple of#4.

0
d

+

-

+

-

2! 0 A

50 !

V (0)

I (0) = 0

V(l)

I (l )

l

I R

10



33 TL circuits with half- and quarter-wave trans-
formers Copyright ©2024 Reserved Ñ no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Last lecture we established that phasor solutions of telegrapherÕs equa-
tions for TLÕs in sinusoidal steady-state can be expressed as

V(d) = V + ej!d + V ! e! j!d and I (d) =
V + ej!d ! V ! e! j!d

Zo

in a new coordinate system shown in the margin.

By convention the load is located on the right, atz = 0 = d, and the
TL input connected to a generator or some source circuit is shown on
the left at d = l.

We have replaced the short termination of the previous lecture with an
arbitrary load impedance

l

Input
port Zo

! l z0

0ld

LOADGENERATOR,
Circuit

ZL = RL + jX L

I (d)

V(d)
+

-

ZL = RL + jX L.

In this lecture we will discuss sinusoidal steady-state TL c ir-
cuit problems having arbitrary reactive loads but with line
lengths l constrained to be integer multiples of "

4 (at the op-
eration frequency).

The constraint will be lifted next lecture when we will de-
velop the general analysis tools for sinusoidal steady-sta te TL
circuits.
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¥ In the TL circuit shown in the margin an arbitrary loadZL is connected
to a TL of lengthl = "

2 at the source frequency.

Given that
e± j! !

2 = e± j 2"
!

!
2 = e± j# = ! 1,

the general phasor relations

V(d) = V + ej!d + V ! e! j!d and I (d) =
V + ej!d ! V ! e! j!d

Zo

imply

+

-

0

ZL

I in

Vin

!
2

Zo

I L = ! I in

+

-
VL = ! Vin

Half-wave transformer:

Vin " V (
"
2

) = ! V + ! V ! = ! V(0) = ! VL,

I in " I (
"
2

) =
! V + + V !

Zo
= ! I (0) = ! I L .

We conclude that a"
2-transformer

Ð inverts the algebraic sign of its voltage and current inputsat the
load end (and vice versa), and

Ð has an input impedance identical with the load impedance since

Zin "
Vin

I in
=

! VL

! I L
= ZL.

These very simple results are easy to remember and use.
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¥ In the TL circuit shown in the margin an arbitrary loadZL is connected
to a TL of lengthl = "

4 at the source frequency.

Given that
e± j! !

4 = e± j 2"
!

!
4 = e± j "

2 = ± j,

general phasor relations

V(d) = V + ej!d + V ! e! j!d and I (d) =
V + ej!d ! V ! e! j!d

Zo

imply

+

-

0

ZL

I in

Vin

!
4

Zo

I L = ! j
Vin

Zo

+

-
VL = ! jI in Zo

Quarter-wave transformer:

Zin ZL = Z 2
o

Vin " V(
"
4

) = jV + ! jV ! = jI (0)Zo = jI LZo,

I in " I (
"
4

) =
jV + + jV !

Zo
= j

V(0)
Zo

= j
VL

Zo
.

We conclude that a"
4-transformer Quarter-wave

current-forcing
equation:

I L = ! j
Vin

Zo
.

Load voltage

VL = ZLI L

once I L is available
from above equation.

Ð has an input impedance

Zin "
Vin

I in
=

jI LZo

jVL/Z o
=

Z 2
o

VL/I L
=

Z 2
o

ZL
,

Ð and provides a load current

I L = ! j
Vin

Zo
,

proportional to input voltageVin but independent of load impedance
ZL.
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+

-

0

ZL = 50 + j 50 !

I in

Vin

!
4

Zo = 50 !

+

-

Zin =
Z 2

o

ZL

0

50 + j 50 !

!
4

Zo = 50 !

+

-

+-Vg = 100" 0 V

Example 1: Given ZL = 50 + j 50 ! , what is Zin for a !
4 transformer withZo = 50 ! ?

Solution: It is

Zin =
Z 2

o

ZL
=

502

50 + j 50
=

50
1 + j 1

=
50

1 + j 1
1 ! j 1
1 ! j 1

= 25 ! j 25 ! .

Notice that an inductive ZL has been turned into acapacitive Zin by !
4 trans-

former.

Example 2: The load and the transformer of Example 1 are connected to a source
with voltage phasorVg = 100! 0o V at the input port. What is the load current
I L and what is the average power absorbed by the load?

Solution: SinceVin = Vg = 100! 0o V, the current-forcing formula for the quarter-wave
transformer implies

I L = ! j
Vin

Zo
= ! j

100
50

= ! j 2A.

To Þnd the average power absorbed, we Þrst note that load voltage

VL = ZL I L = (50 + j 50)(! j 2) = 100 ! j 100V.

Thus,

PL =
1
2

Re{ VL I #
L } =

1
2

Re{ (100! j 100)(j 2)} = 100 W.
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Zo = 50 !

00.75!d

ZL =

I (d)

V(d)
+

-

0.5! 0.25!

+-

Zg = 25 !

j 10 V 100 !
Vg =

Example 3: Load ZL = 100 ! is connected to a T.L. with lengthl = 0.75" . At the
generator end,d = 0.75" , a source with open circuit voltageVg = j 10 V and
Thevenin impedanceZg = 25 ! is connected. DetermineVL and I L if Zo = 50 ! .

Solution: First we determine input impedanceZin by noting that ZL = 100 ! trans-
forms to itself, namely100 ! at d = 0.5" , but then it transforms fromd = 0.5"
to 0.75" as

Zin =
Z 2

o

Z (0.5" )
=

502

100
= 25 ! .

Hence, using voltage division, we Þnd,

Vin = Vg
Zin

Zg + Zin
= j 10

25
25 + 25

= j 5V.

Next, using half-wave transformer rule, we notice that

V(0.25" ) = ! Vin = ! j 5V,

and Þnally applying the quarter-wave current forcing equation with V(0.25" ) we
get

I L = ! j
V(0.25" )

Zo
= ! j

! j 5
50

= ! 0.1A.

Clearly, then, the load voltage is

VL = ZL I L = (100 !)( ! 0.1A) = ! 10V.

5



+

-

0

ZL1Vin

!
4

I L1 = ! j
Vin

Zo

ZL2

I L2 = ! j
Vin

Zo

Zo2

Zo1

Example 4: In the circuit shown in the margin,ZL1 = 50 ! , ZL2 = 100 ! , and Zo1 =
Zo2 = 50 ! . DetermineI L1 and I L2 if Vin = 5 V. Both T.L. sections are quarter-
wave transformers.

Solution: Using the current-forcing equation, we have

I L1 = I L2 = ! j
Vin

Zo
= ! j

5
50

= ! j 0.1A.

Consequently,
VL1 = I L1ZL1 = ! j 0.1A $ 50 ! = ! j 5V

and
VL2 = I L2ZL2 = ! j 0.1A $ 100 ! = ! j 10V.

Thus, total avg power absorbed is

P =
1
2

Re{ VL1I #
L1} +

1
2

Re{ VL2I #
L2}

= =
1
2

Re{! j 5 $ j 0.1} +
1
2

Re{! j 10$ j 0.1} = 0.75W.

6



34 Line impedance, generalized reßection coef-
Þcient, Smith Chart Copyright ©2024 Reserved Ñ no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Consider a TL of an arbitrary lengthl terminated by an arbitrary load

ZL = RL + jX L.

as depicted in the margin.

Voltage and current phasors are known to vary on the line as

V(d) = V + ej!d + V ! e! j!d and I (d) =
V + ej!d ! V ! e! j!d

Zo
.

In this lecture we will develop the general analysis tools ne eded
to determine the unknowns of these phasors, namely V + and
V ! , in terms of source circuit speciÞcations.

l

Input
port Zo

! l z0

0ld

LOADGENERATOR,
Circuit

ZL = RL + jX L

I (d)

V(d)
+

-

¥ Our analysis starts at the load end of the TL whereV(0) and I (0)
stand for the load voltage and current, obeying OhmÕs law

V(0) = ZLI (0).

Hence, usingV(0) and I (0) from above, we have

V + + V ! = ZL
V + ! V !

Zo
" V ! =

ZL ! Zo

ZL + Zo
V + .

1



Ð DeÞne aload reßection coe!cient ÒLoad reßection coe!cientÓ

is a well justiÞed name for

! L since the forward travel-

ing wave with phasor V + ej!d

gets reßected from the load.

! L #
ZL ! Zo

ZL + Zo

and re-write the voltage and current phasors as

V(d) = V + ej!d [1+ ! Le! j 2!d ] and I (d) =
V + ej!d [1! ! Le! j 2!d ]

Zo
.

Ð DeÞne ageneralized reßection coe!cient The term Ògeneralized reßec-

tion coe!cientÓ is also well

justiÞed even if there is no

reßection taking place at ar-

bitrary d Ñ the reason is, if

the line were cut at location

d and the stub with the load

were replaced by a lumped

load having a reßection co-

e!cient equal to !( d), then

there would be no modiÞca-

tion of the voltage and cur-

rent variations on the line to-

wards the generator.

!( d) # ! Le! j 2!d

and re-write the voltage and current phasors as

V(d) = V + ej!d [1 + !( d)] and I (d) =
V + ej!d [1! !( d)]

Zo
.

Ð Line impedance is then deÞned as

Z(d) =
V(d)
I (d)

= Zo
1 + !( d)
1 ! !( d)

for all values ofd on the line extending from the load pointd = 0
all the way to the input port atd = l.

With the dependence ond of Z (d) as well as!( d) tacitly implied,
we can re-write this important relation and its inverse as Each location d on the line

has an impedance Z and a re-

ßection coe!cient ! linked by

these equations.

Z
Zo

=
1 + !
1 ! !

$ ! =
Z ! Zo

Z + Zo
.

2



Properties of Z (d) = R(d) + jX (d) and !( d) = ! Le! j 2!d linked by the
relations

Z
Zo

=
1 + !
1 ! !

$ ! =
Z ! Zo

Z + Zo
:

1. For real valued Zo and R(d) % 0 , |!( d)| & 1:

VeriÞcation :

|! | =
|Z ! Zo|
|Z + Zo|

=
|(R ! Zo) + jX |
|(R + Zo) + jX |

=

!
(R ! Zo)2 + X 2

!
(R + Zo)2 + X 2

.

Since withR % 0
!

(R ! Zo)2 + X 2 &
!

(R + Zo)2 + X 2 " | ! | & 1.

2. Since
|! | = |! L | and ! !( d) = ! ! L ! 2!d

property (1) implies that!( d) is a complex number which is constrained
to beon or within the unit-circle on the complex plane .

3. Relationships
Z
Zo

=
1 + !
1 ! !

$ ! =
Z ! Zo

Z + Zo

between! andZ are known asbilinear transformations Ñ here the
term bilinear refers to the numeratoras well asthe denominator of
these transformations beinglinear in the variable being transformed
(from right to left).

3



Bilinear (or Mšbius) transformations are known to have the general
property of mappingstraight lines into circles on the complex num-
ber plane.

¥ Bilinear transformations between

! # ! r + j ! i # (! r , ! i )

and
Z
Zo

# z # r + jx,

known asnormalized impedance, lead to an ingenious graphical aid
known as theSmith Chart .

Ð On a Smith Chart (SC), straight lines on the right hand side of
the complex number plane (see margin), represented by

Re

Im

Unit 
Radius
Circle

x=const.

r=const.

z=r+jx

r = const. and x = const.,

are mapped onto circular loci of

(! r , ! i ) = ! =
Z ! Zo

Z + Zo
=

z ! 1
z + 1

occupying the region of the plane bordered by the unit circle.

Circles corresponding toz = const.+ jx and z = r + j const.constitute
a gridding of the unit circle and its interior. By means of thisgrid ,
the normalized impedancez corresponding to every possible! can be
directly read o! the SC.

4



¥ SC can be constructed by Þrst noting that

! =
z ! 1
z + 1

=
r + jx ! 1
r + jx + 1

=
[(r ! 1) + jx ][(r + 1) ! jx ]

(r + 1)2 + x2 =
(r 2 + x2 ! 1) + j 2x

(r + 1)2 + x2 # ! r+ j ! i ;

thus

! r =
(r 2 + x2 ! 1)
(r + 1)2 + x2 and ! i =

2x
(r + 1)2 + x2,

and by direct substitution we can verify the following equations

(! r !
r

r + 1
)2 + ! 2

i = (
1

r + 1
)2 and (! r ! 1)2 + (! i !

1
x

)2 = (
1
x

)2

describingr and x dependent circles, respectively, on complex plane
constituting the grid lines of the SC.

¥ Typical SC usage:

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.447214, 0.0368959"

2.# 1.$

0.4" 0.2$

2.61803

SmithChart

1-1

! i

! r

Smith Chart is the unit cir-
cle and its interior on the
complex number plane corre-
sponding to the generalized
reßection coe!cient ! . The
gridding allows direct identi-
Þcation of the bilinear trans-
form of ! , namely the nor-
malized line impedance z.

1. Locate and markz(0) Ñ normalized load impedance Ñ on the
SC, which places you at a distance|!(0) | = |! L | from the origin
of the complex plane (and the SC), at an angle of" = ! !(0) .

2. Draw a constant|! | = |! L | circle with a compass going through
point z(0) on the SC (the read circle in the margin). Rotate clock-
wise on the circle by an angle of

2!d =
4#
$

drad =
d

$/ 2
360'

to land onz(d) that can be read o! using the SC gridding.

5



Ð Rotation by an angle of2!d amounts to
rotation by full circle ford = $

2,
rotation by half circle ford = $

4,
rotation by quarter circle ford = $

8, etc.

3. Also, .2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.447214, 0.0368959"

2.# 1.$

0.4" 0.2$

2.61803

SmithChart

y(d) #
1

z(d)

which is thenormalized line admittance is located on the SC
on the constant|! | = |! L | circle across the point corresponding to
z(d).

VeriÞcation: Since

z =
1 + !
1 ! !

" y =
1
z

=
1! !
1 + !

=
1 + (! !)
1 ! (! !)

;

hence whereasz is the transform of! , y is the transform of! ! ,
having the same magnitude as! but an angle o! by± 180' .

Ð Therefore,ÒreßectÓ on the SC across the originto jump
from z(d) to y(d) if you need the value of the normalized
admittance.

Our Þrst SC example is given next.
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Zo = 50 !

0d

ZL = 50 + j 100 "

I (d)

V(d)
+

-

0.125!

(a) At load point:

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.707107, 0.0625"

1.# 2.$

0.2" 0.4$

5.82843

SmithChart

(b) at input point:

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.707107," 0.0625"

1." 2.$

0.2# 0.4$

5.82843

SmithChart

Example 1: A transmission line is terminated by an inductive load of

ZL = 50 + j 100 " .

Determine the input impedanceZin = Z (l) of the line at a distance

d = l =
$
8

if the characteristic impedance of the line isZo = 50 " . Also determine the
normalized input admittancey(l).

Solution: The normalized load impedance is

z(0) =
ZL

Zo
=

50 + j 100
50

= 1 + j 2.

Enter z(0) on the SC and then rotate clockwise by!8 $ (quarter circle) to obtain
the normalized input impedance

z(l) = 1 ! j 2,

and the normalized input admittance

y(l) = 0 .2 + j 0.4

right acrossz(l). The input impedance is

Zin = Zoz(l) = 50(1 ! j 2) = 50 ! j 100 " .

7



Blow up of the SCÕs used in Example 1:

(a) At load point

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.707107, 0.0625"

1.# 2.$

0.2" 0.4$

5.82843

SmithChart

(b) at input point

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.707107," 0.0625"

1." 2.$

0.2# 0.4$

5.82843

SmithChart

¥ A SmithChartTool linked from the class calendar (a javascript util-
ity that requires a Safari or Firefox browser to work properly) marks
and prints z(d) in red and y(d) in magenta across fromz(d) on the
constant-|! L | circle (shown in red) as in the above examples. Also

Ð printed in black is the real valued normalized impedancez(dmax) discussed in
the upcoming lectures (also known as VSWR).

Ð also printed inred is |! L |! !( d) where the second entry is expressed in terms
of an equivalentd! such that d

! = 0.5 corresponds to an angle of 360' . This
way of referring to! !( d) will be convenient in many SC applications that we
will see.

8



35 Smith Chart examples Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.447214, 0.0368959"

2.# 1.$

0.4" 0.2$

2.61803

SmithChart

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.447214, 0.136896"

0.600056# 0.663401$

0.749913" 0.829077$

2.61803

SmithChart

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.361132, 0.176393"

0.555603# 0.368536$

1.24991" 0.829077$

2.13054

SmithChart

Example 1: A load ZL = 100 + j 50 ! is connected across a TL withZo = 50 ! and
l = 0.4! . At the generator end,d = l, the line is shunted by an impedance
Zs = 100 ! . What are the input impedanceZin and admittanceYin of the line,
including the shunt connected element.

Solution: Normalized load impedance

z(0) =
ZL

Zo
=

100 + j 50
50

= 2 + j 1

is entered in the SC shown in the margin on the top. Clockwise rotation (from
load toward generator) at Þxed|" | (red circle) by

0.4! ! 0.8 " 360# = 288#

takes us to
z(l) $ 0.6 + j 0.66 and y(l) $ 0.75%j 0.83

as shown on the SC in the middle. Hence, including the shunt element with
normalized input impedancezsi = 2 and admittanceysi = 1

2, we obtain

yin = y(l) + ysi $ 1.25%j 0.83

for the overall normalized input admittance of the shunted line as shown on the
SC in the bottom Ñ the corresponding normalized input impedance is

zin =
1
yi

$ 0.56 + j 0.37.

Hence, the unnormalized input impedance and admittance are

Zin = Zozin $ 27.8 + j 18.4 ! and Yin = Yoyin $ 0.025%j 0.017S.

1



Zo = 50 !

00.4!d

ZL =

I (d)

V(d)
+

-

+-

Zg = 25 !

100! 0 V 100 +j 50 !
Vg = Zs = 100 !

Example 2: The TL network described in Example 1 is connected to a generator with
open circuit voltage phasorVg = 100! 0 V and internal impedanceZg = 25 ! .
What is the average power (a) input of the shunted line, (b) delivered to the
shunt element, delivered to the load.

Solution: (a) Using the input impedance

Zin $ 27.8 + j 18.4 ! ,

from Example 1, we can write

Vin = Vg
Zin

Zg + Zin
and I in =

Vg

Zg + Zin
.

Therefore, the average power input of the shunted line is

P =
1
2

Re{ Vin I &
in } =

1
2

Re{
VgZin

Zg + Zin
(

Vg

Zg + Zin
)&}

=
|Vg|2

2|Zg + Zin |2
Re{ Zin } =

1002

2|25 + 27.8 + j 18.4|2
27.8 $ 44.44W.

(b) The shunt elementZs = 100 ! sees the same voltageVin and conducts a current
Vin /Z s. Therefore it absorbs an average power of

P =
1
2

Re{ Vin (
Vin

Zs
)&} =

|Vin |2

2Zs
=

|VgZin |2

2Zs|Zg + Zin |2

$
|100á(27.8 + j 18.4)|2

2 á100á |25 + 27.8 + j 18.4|2
$ 17.78W.

The remainder of 44.44 W will be absorbed inZL .

2



.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.447214, 0.0881041"

1.# 1.$

0.5" 0.5$

2.61803

SmithChart

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.447214," 0.111896"

0.759461" 0.837617$

0.594079# 0.655216$

2.61803

SmithChart

Zo = 50 !

00.3!d

ZL =?

I (d)

V(d)
+

-

Zin = 50 + j 50 !

Example 3: A TL of length l = 0.3! has an input impedanceZin = 50 + j 50 ! .
Determine the load impedanceZL = Z(0) and YL = Y(0) given that Zo = 50 !
for the line.

Solution: First enter the normalized input impedance

zin =
Zin

Zo
=

50 + j 50
50

= 1 + j

in the SC as shown in the margin on the top. Counter-clockwiserotation (from
generator toward load) at Þxed|" | (red circle) by

0.3! ! 0.6 " 360# = 216#

takes us to
z(0) $ 0.76%j 0.84 and y(0) $ 0.59 + j 0.66

as shown on the next SC at the load point. Hence, we Þnd

ZL = Zoz(0) $ 50á(0.76%j 0.84) = 37.97%j 41.88 !

and
YL = Yoy(0) $

1
50

(0.59 + j 0.66) = 0.012 + j 0.013S.
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Zo = 50 !

00.2!d

" L = 0.5

I (d)

V(d)
+

-

0.5!

Zo = 50 !

" Ls = " 0.5

Zin =?
.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.5, 0"

3.0.333333

3.

SmithChart

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.5, " 0.2"

0.364251" 0.285469$

1.70075# 1.3329$

3.

SmithChart

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.5, 0.25"

0.333333 3.

3.

SmithChart

Example 4: A TL of length l = 0.5! and Zo = 50 ! has a load reßection coe!cient
" L = 0.5 and and a shunt connected TL atd = 0.2! . The shunt connected TL
hasl = 0.3! , Zo = 50 ! , and a load reßection coe!cient" L = %0.5. Determine
the input impedance of the line.

Solution: Recall that the SC covers the unit circle of the complex planeand therefore
the complex number

" L = 0.5 + j 0 = 0.5

can be entered directly in the SC as shown on the top SC in the margin. Clockwise
rotation (from load toward generator) at Þxed|" | (red circle) by

0.2! ! 0.4 " 360# = 144#

takes us to

z(0.2! ) $ 0.36%j 0.29 and y(0.2! ) $ 1.7 + j 1.33

as shown on the SC in the middle. Likewise, entering

" Ls = %0.5 + j 0 = %0.5
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.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.5, " 0.05"

1.70075" 1.3329$

0.364251# 0.285469$

3.

SmithChart

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.558955," 0.209976"

0.3" 0.235114$

2.065# 1.61837$

3.53468

SmithChart

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.558955," 0.00997561"

3.38216" 0.687537$

0.283936# 0.0577194$

3.53468

SmithChart

for the shunt connected stub in the third SC and rotating clockwise by

0.3! ! 0.6 " 360# = 216#

we obtain

zs(0.3! ) $ 1.7 %j 1.33 and ys(0.3! ) $ 0.36 + j 0.29.

We proceed by combining the normalized admittances as

yc = y(0.2! ) + ys(0.3! ) $ (1.7 + j 1.33) + (0.36 + j 0.29) = 2.065 + j 1.61837,

and entering it in the next SC. Finally rotating clockwise once again by

0.3! ! 0.6 " 360# = 216#

we obtain, from the last SC

zin $ 3.38%j 0.69 ' Zin = zin Zo $ 169%j 34.4 ! .

5



Example 5: What is the load impedanceZLs terminating the shunt connected stub
in Example 4?

Solution: Given that the corresponding reßection coe!cient is

" Ls = %0.5,

it follows from the bilinear transformation linkingzLs and " Ls that

zLs =
1 + " Ls

1 %" Ls
=

1 %0.5
1 + 0.5

=
1
3

.

Hence, the impedance is

ZLs = ZozLs =
50
3

! .

Example 6: What is the load impedanceZL in Example 4?

Solution: This is similar to Example 5. Given that the load reßection coe!cient is

" L = 0.5,

it follows from the bilinear transformation linkingzL and " L that

zL =
1 + " L

1 %" L
=

1 + 0.5
1 %0.5

= 3.

Hence, the impedance is
ZL = ZozL = 150 ! .
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36 Smith Chart and VSWR Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ Consider the general phasor expressions

V(d) = V + ej!d (1 + ! Le! j 2!d ) and I (d) =
V + ej!d (1 ! ! Le! j 2!d )

Zo

describing the voltage and current variations on TLÕs in sinusoidal
steady-state.

Ð Unless! L = 0, these phasors contain reßected components, which
means that voltage and current variations on the line ÒcontainÓ
standing waves.

+-

Wire 2

Wire 1

+

-

0
F = Vg

Zg
ZL

I (d)

V(d)

l

Transmission line

Load

Zo

Generator

d

dmax

|V(d)|

dmin

|V (d)|min

|V (d)|max

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0 VSWR

SmithChart

1

!( d)
1 + !( d)

|1 + !( d)| maximizes ford = dmax

!( dmax) = |! L |

|1 + !( d)| minimizes ford = dmin

such that !(dmin ) = ! !( dmax)

Complex addition displayed
graphically superposed on a
Smith Chart

z(dmax)
=VSWR

In that case the phasors go through cycles of magnitude variations as a
function ofd, and in the voltage magnitude in particular (see margin)
varying as

|V(d)| = |V + ||1 + ! Le! j 2!d | = |V + ||1 + !( d)|

takes maximum and minimum values of

|V(d)|max = |V + |(1 + |! L |) and |V(d)|min = |V + |(1 ! | ! L |)

at locationsd = dmax and dmin such that

!( dmax) = ! Le! j 2!d max = |! L | and !( dmin ) = ! Le! j 2!d min = !| ! L |,

and
dmax ! dmin is an odd multiple of

"
4

.
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Ð These results can be most easily understood and veriÞed graphi-
cally on a SC as shown in the margin. +-

Wire 2

Wire 1

+

-

0
F = Vg

Zg
ZL

I (d)

V(d)

l

Transmission line

Load

Zo

Generator

d

dmax

|V(d)|

dmin

|V (d)|min

|V (d)|max
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1

!( d)
1 + !( d)

|1 + !( d)| maximizes ford = dmax

!( dmax) = |! L |

|1 + !( d)| minimizes ford = dmin

such that !(dmin ) = ! !( dmax)

Complex addition displayed
graphically superposed on a
Smith Chart

z(dmax)
=VSWR

¥ We deÞne a parameter known asvoltage standing wave ratio , or
VSWR for short, by

VSWR "
|V(dmax)|
|V(dmin )|

=
1 + |! L |
1 ! | ! L |

# | ! L | =
VSWR! 1
VSWR+ 1

.

Notice that the VSWR and|! L | form abilinear transform pair just
like

z =
1 + !
1 ! !

# ! =
z ! 1
z + 1

.

Since

!( dmax) = |! L | $ VSWR =
1 + !( dmax)
1 ! !( dmax)

,

this analogy between the transform pairs also implies that

z(dmax) = VSWR,

as explicitly marked on the the SC shown in the margin . Consequently,

Ð the VSWR of any TL can be directly read o! from its SC plot
as the normalized impedance valuez(dmax) on constant-|! L | circle
crossing the positive real axis of the complex plane.
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¥ The extreme values the VSWR can take are:

1. VSWR=1 if |! L | = 0 and the TL carries no reßected wave.

2. VSWR=% if |! L | = 1 corresponding to having a short, open, or
a purely reactive load that causes a total reßection.
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1

!( d)
1 + !( d)

|1 + !( d)| maximizes ford = dmax

!( dmax) = |! L |

|1 + !( d)| minimizes ford = dmin

such that !(dmin ) = ! !( dmax)

z(dmax)
=VSWR
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¥ In the lab it is easy and useful to determine the VSWR anddmax or
dmin of a TL circuit with an unknown load, since +-

Wire 2

Wire 1

+

-

0
F = Vg

Zg
ZL

I (d)

V(d)

l

Transmission line

Load

Zo

Generator

d

dmax

|V(d)|

dmin

|V (d)|min

|V (d)|max
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1

!( d)
1 + !( d)

|1 + !( d)| maximizes ford = dmax

!( dmax) = |! L |

|1 + !( d)| minimizes ford = dmin

such that !(dmin ) = ! !( dmax)

Complex addition displayed
graphically superposed on a
Smith Chart

z(dmax)
=VSWR

1. given the VSWR,

|! L | =
VSWR! 1
VSWR+ 1

is easily determined, and

2. givendmax or dmin the complex! L or its transformzL can be easily
obtained.

Say dmax is known: then,

¥ since (as we have seen above)

!( dmax) = ! Le! j 2!d max = |! L |

it follows that

! L = |! L |ej 2!d max $ zL =
1 + ! L

1 ! ! L
.

¥ alternatively,zL can be obtained directly on the SC by rotating counter-
clockwise bydmax from the location of

z(dmax) = VSWR.

These techniques are illustrated in the next example.
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Example 1: An unknown loadZL on aZo = 50 ! TL has

V(dmin ) = 20 V, , dmin = 0.125" and VSWR=4.

Determine (a) the load impedanceZL , and (b) the average powerPL absorbed
by the load.

Solution: (a) As shown in the top SC in the margin, VSWR=4 is entered in theSC
as z(dmax) = 4 + j 0, and constant|" L | circle is then drawn (red circle) passing
through z(dmax) = 4 .

Right acrossz(dmax) = 4 on the circle isz(dmin ) = 0 .25.

A counter-clockwise rotation fromz(dmin ) = 0 .25 by one fourth of a full circle corre-
sponding to a displacement ofdmin = 0.125" (a full circle corresponds to a"/ 2
displacement) takes us to

zL & 0.4706! j 0.8823

as shown in the second SC. Hence, this gives

ZL = ZozL = 50(0.4706! j 0.8823) = 23.53! j 44.12 ! .

(b) We will calculatePL by usingV(dmin ) and I (dmin ). Since

z(dmin ) = 0 .25 it follows that Z (dmin ) =
1
4

50 ! = 12 .5 ! .

Therefore the voltage and current phasors at the voltage minimum location are

V(dmin ) = 20 V and I (dmin ) =
20V

12.5 !
.
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Average power transported toward the load atd ! dmin is, therefore,

P(dmin ) =
1
2

Re{ V(dmin )I (dmin )' } =
1
2

Re{ 20
20

12.5
} =

400
25

W = 16 W.

Since the TL is assumed to be lossless we should have

PL = P(dmin ) = 16 W.

+-

Wire 2

Wire 1

+

-

0
F = Vg

Zg
ZL

I (d)

V(d)

l

Transmission line

Load

Zo

Generator

d

dmax

|V(d)|

dmin

|V (d)|min

|V (d)|max

Example 2: If the TL circuit in Example 1 hasl = 0.625" , and a generator with an
internal impedanceZg = 50 ! , determine the generator voltageVg.

Solution: Given that l = 0.625" and dmin = 0.125" , we note that there is just one
half-wave transformer betweenl = 0.625" and dmin = 0.125" . Therefore

Vin = ! V(dmin ) = ! 20V and Zin = Z (dmin ) = 12.5 ! .

But also
Vin = Vg

Zin

Zg + Zin
.

Consequently,

Vg = Vin
Zg + Zin

Zin
= ! 20

50 + 12.5
12.5

= ! 20
62.5
12.5

= ! 100V.
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Example 3: DetermineV + andV ! in the circuit of Examples 1 and 2 above such that
the voltage phasor on the line is given by

V(d) = V + ej!d + V ! e! j!d .

Solution: Looking back to Example 1 (also see the SCÕs in the margin), weÞrst note
that

|" L | =
VSWR ! 1
VSWR + 1

=
4 ! 1
4 + 1

= 0.6 = "( dmax) = ! "( dmin ).

Hence, evaluatingV(d) at d = dmin , we have

V(dmin ) = V + ej!d min (1 + "( dmin ))

= V + (ej 2!
"

"
8 )(1 + ( ! 0.6)) = 0 .4ej !

4 V + = 20 V,

from which
V + = 50e! j !

4 V.

Since
" L = "(0) = "( dmin )ej 2!d min = ! 0.6ej !

2 ,

it follows that

V ! = " L V + = ! 0.6ej !
2 ( 50e! j !

4 = ! 30ej !
4 V.

7



.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.6, 0.25"

0.25 4.

4.

SmithChart

.2 .5 1 2 r! 5

x!" 5

" 2

" 1

" .5

" .2

x! 5

2

1

.5

.2

0

!0.6, " 0.125"

0.470588" 0.882353#

0.470588$ 0.882353#

4.

SmithChart

Example 4: Determine the load voltage and currentVL = V(0) and I L = I (0) in the
circuit of Examples 1-3 above.

Solution: In general,

V(d) = V + ej!d ! V ! e! j!d and I (d) =
V + ej!d ! V ! e! j!d

Zo
.

Therefore,

VL = V(0) = V + + V ! and I L = I (0) =
V + ! V !

Zo
.

UsingZo = 50 ! and

V + = 50e! j !
4 V and V ! = ! 30ej !

4 V

from Example 3, we Þnd that

VL = 50e! j !
4 ! 30ej !

4 V and I L =
50e! j !

4 + 30ej !
4

50
= e! j !

4 + 0 .6ej !
4 A.
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37 Smith Chart and impedance matching Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ In lossless TL circuits the average power inputPin at the generator end
precisely matches the average power delivered to the load,PL.

In fact, Pin and PL also match the average powerP(d) transported on
the line at an arbitraryd.

+-

+

-

0

F = Vg

Zg
ZL

I (d)

V(d)

l

Load

Zo

d

Power txÕed toward the load:

|V + |2

2Zo
.

Power txÕed toward the gen-

erator:

|V ! |2

2Zo
.

Power reßection coe!cient:

|! L |2.

Power transmission coe".:

1 ! | ! L |2.

¥ We have in general

P(d) =
1
2
Re{ V(d)I " (d)}

=
1
2
Re{ (V+ ej!d + V ! e! j!d )(

V+ ej!d ! V ! e! j!d

Zo
)" }

=
1
2
Re{

|V+ |2

Zo
!

|V ! |2

Zo
+

V ! V + " e! j 2!d ! (V ! V + " e! j 2!d )"

Zo
}

=
|V + |2

2Zo
!

|V ! |2

2Zo
.

Ð Note that P(d) is the di!erence of power transported
|V+ |2

2Zo
toward the load by the Òforward-goingÓ wave, and

|V! |2

2Zo
toward the generator by the reßected wave.

Ð Also note that

P(d) =
|V + |2

2Zo
!

|V ! |2

2Zo
=

|V + |2

2Zo
(1 ! | ! L |2)

so that |! L |2 is an e!ectivepower reßection coe!cient .
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¥ In TL circuits with load impedancesZL unmatched to the character-
istic impedanceZo, the reßected power

|V + |2

2Zo
|! L |2

will be non-zero and the VSWR>1.

+-

+

-

0

F = Vg

Zg
ZL

I (d)

V(d)

l

Load

Zo

d

This a condition not favored by practical signal generators used in
TL circuits.

¥ Most generators aredesigned(in their biasing arrangements) to oper-
ate in circuits with low VSWR (close to unity), requiringZin closely
matched toRg, most frequently50 " , an optimal characteristic impedance
value for coax-lines (when line losses are taken into account).

¥ Thus a standard procedure is to use TLÕs withZo = Rg, and uti-
lize alosslessimpedance matching network on the TL if the load
impedanceZL #= Zo.

Ð This practice is calledimpedance matching .

Impedance matching achieves VSWR=1 between the generator and the match-
ing network inserted at a location between the load and the generator.

¥ The inserted network should be designed to yield an input impedance
equalZo at its input terminals.

The following examples illustrate di"erent ways of achievi ng an
impedance match.
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ZLZo

d1

Zq =
!

ZoZ (d1)

Quarter-wave matching

!
4

0ld

Example 1: Quarter-wave matching of resistive loads:

Consider a TL with ZL = 25 ! and Rg = Zo = 50 ! . SinceZL #= Zo the load is
unmatched and the VSWR>1.

To reduce the VSWR on the line connected to the generator to unity, we can insert
a quarter-wave transformer right after ZL Ñ i.e., at d1 = 0 in the circuit
shown in the margin Ñ with a characteristic impedance

Zq =
$

25%50 =
$

1250 = 35.35 ! .

The impedance at the input terminals of the quarter-wave transformer (on the left)
is thenZo, i.e., 50! , implying a perfect impedance match.

¥ Quarter-wave matching illustrated above is a very commonly used match-
ing technique.

¥ It is a straightforward application of the quarter-wave transformer impedance
formula

Zin =
Z 2

q

ZL

for a transformer with characteristic impedanceZq.
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ZLZo

d1

Zq =
!

ZoZ (d1)

Quarter-wave matching

!
4

0ld
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Note that:

z(d1) = z(dmax ) = VSWR & 2.62

as marked on the SC.
Also

dmax & 0.088"

since, as marked on the SC,
the angle of " L is 0.088" .

Example 2: Quarter-wave matching of reactive loads:

Consider a TL withZL = 50 + j 50 ! and Rg = Zo = 50 ! . SinceZL #= Zo the load
is unmatched and the VSWR>1.

We cannot insert the quarter-wave transformer right after the load because then we
would need a complex valuedZq implying a lossy matching network.

Instead, we insert aquarter wave transformer a distanced1 to the left of ZL ,
whered1 is selected, using a SC, to have a purely resistiveZ (d1). In that case,
the quarter-wave transformer impedance formula

Zq =
!

Z (d1) %50

yields a real valuedZq as needed. This procedure leads to havingd1 = dmax or
d1 = dmin corresponding to the positions of voltage maxima and minimaon the
line.

As shown in the margin,

Z (d1) = 50(2.62 + j 0) = 131 ! .

for
d1 & 0.250" ! 0.162" = 0.088"

is a suitable choice for quarter-wave matching. In that casewe need

Zq =
$

131%50 = 50%
$

2.62 !

for the quarter wave transformer in order match to load to a line with Zo = 50 ! .
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ZLZo

Shorted
stubls

y(d1) + ystub = 1Want

d1 0ld

Single-stub 
tuning
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Example 3: Single-stub tuning:

Consider a TL withZL = 100 ! j 50 ! and Rg = Zo = 50 ! . SinceZL #= Zo the load
is unmatched and the VSWR>1.

We will insert ashorted-stub a distanced1 to the left of ZL in parallel with the line
to achieve an impedance match.

Distanced1 will be selected, using a SC, to have a normalized admittanceof

y(d1) = 1 + jb

so that a stub, with a normalized input admittance

ystub = ! jb,

can be added in parallel to have a combined admittance of

y(d1) + ystub = 1 + j 0

and achieve a perfect impedance match (i.e., VSWR=1).

In speciÞc

zL =
ZL

Zo
= 2 ! j 1 and yL =

1
zL

= 0.4 + j 0.2

as shown on the SC on the top in the margin. We rotate clockwiseon the SC by
an amount corresponding tod1 to obtain

y(d1) = 1 + j 1

on the Òg = 1Ó or Òy = 1 + jbÓ circle as shown in the bottom SC. From the
amount of rotation we determine

d1 & 0.162" ! 0.037" = 0.125".
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The required input impedance of the shorted stub to achieve

y(d1) + ystub = 1 + j 0

is
ystub = ! 1j.

To achieve this input admittance the required stub length is

ls =
"
8

= 0.125"

as determined from the SC Ñ start aty = ' point on the SC on the far right
(corresponding to the short termination), and then rotate clockwise (toward the
generator) until the normalized admittance reads! j 1; the amount of rotation
indicates the requiredls.

¥ Another matching technique calleddouble-stub tuning usestwo
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shorted stubs of lengthsl1 and l2 located at Þxed values ofd1 and d2.

Ð Typically d1 is zero or"4, and

Ð d2 = d1 + 3"
8.

Vary l1 and l2 until VSWR is reduced to 1 near the generator end.

The advantage of double-stub tuning is avoiding changes of stub loca-
tions whenZL is changed. ItÕs implementation on a SC is considerably
more complicated than single-stub tuning.
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38 Distribution networks Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ A corporate ladder network that combines 4
identical loadsZL into a single equivalent input
impedanceZL is shown in the margin.

¥ In this network 6 di!erent quarter-wave trans-
formers with arbitrary but identical characteris-
tic impedancesZo are utilized.

You should be able to compute the load volt-
agesVL in the network in terms of input volt-
ageVin applied across the input port by using
the current-forcing formula for the quarter-wave
transformer introduced earlier on.

ZL ZL ZLZL

Zin = ZL

Loads

Quarter-
wave txÕs

Quarter- 
wave txÕs All quarter-wave

txÕs have the 
same Z_o

Input impedance is the
same as load impedance

By symmetry, the loads absorb equal avg power,
a quarter of the input power each.

CORPORATE LADDER NETWORK

Input
port

¥ If, in a corporate ladder network,ZL = Zo, then TL segment lengths
connected to eachZL can be varied at will without a!ecting the input
impedanceZL = Zo (why?).

¥ Allowing variable length TLÕs connected to eachZL makes it possible to
adjust and vary the phase of the voltage and current of eachZL Ñ this
is useful, for instance, in feeding phased antenna arrays (ZL represents
an antenna load) to achieve steerable radiation patterns.
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¥ A hybrid combiner network shown in the mar-
gin can be used toexcitetwo identical TL loads
R (e.g., antenna arrays impedance matched to
have input impedancesR) with independent sig-
nal generatorsVA and VB having equal internal
resistancesR matched to the load resistance.

¥ The hybrid Òrat-raceÓ combiner is built with 6
quarter-wave transformers of identical

Zo =
!

2R,

in which case the generatorsVA and VB see
impedance-matched loads (at the hybrid inputs
where they are connected) and produce load
voltages proportional toVA ± VB as shown in
the diagram.

+-

+-
!
4

VA

VB

R
R

R

R

VA

2

VB

2

! j
VA ! VB

2
"

2
! j

VA + VB

2
"

2

Zo =
"

2R Zo =
"

2R

Zo =
"

2R Zo =
"

2R

Zo =
"

2R

Zo =
"

2R

LOAD LOAD

INPUT A

INPUT B

HYBRID COMBINER --- SUM and DIFFERENCE OF ISOLATED
GENERATOR SIGNALS V_A AND V_B ARE APPLIED TO LOADS R

¥ Generators A and B with open ckt voltagesVA andVB areisolatedfrom one anotherÕs inßuence
because of Òdestructive interferenceÓ between the two paths from each generator to the other one
(two paths have a!

2 length di!erence).

¥ This very special situation allows one to calculate the various terminal voltages on the hybrid
due toVA andVB one-at-a-time as if loadsR were isolated from generator-B and -A (by Òvirtual
shortsÓ existing across generator terminals whenVB and VA are suppressed) in turns, and then
superpose the results.
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¥ Terminal voltages obtained with that procedure (those shown on the diagram) turn
out to be valid when both generators are active as can easily be checked for self-
consistency by using the current-forcing equations introduced earlier. For instance,
the total current into generator-A terminal (ßowing from both sides) is

I A = "
j

R
!

2
(" j

VA " VB

2
!

2
) "

j

R
!

2
(" j

VA + VB

2
!

2
) = "

VA

2R
,

and hence the voltage drop from the same terminal to the ground is

I AR + VA = "
VA

2R
R + VA =

VA

2

as marked explicitly on the diagram. All self-consistency tests that can be applied
with the given expressions are passed, and so the results given are valid.

¥ The input and output ports of a
hybrid combiner can be swapped
while still maintaining the proper-
ties of the hybrid Ñ namely, input
impedanceR, and output signals the
sum and di!erence of generator volt-
ages.

+-

+-
!
4

VA

VB

R
R

R

R

VA

2

VB

2

! j
VA ! VB

2
"

2
! j

VA + VB

2
"

2

Zo =
"

2R Zo =
"

2R

Zo =
"

2R Zo =
"

2R

Zo =
"

2R

Zo =
"

2R

LOAD LOAD

INPUT A

INPUT B

HYBRID COMBINER --- SUM and DIFFERENCE OF ISOLATED
GENERATOR SIGNALS V_A AND V_B ARE APPLIED TO LOADS R
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39 Lossy lines Copyright ©2024 Reserved Ñ no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

¥ LosslessTLÕs we have been studying so far are idealizations ofreal TLÕs
which are invariablylossy.

Ð Here, we are making reference toOhmic energy losses in the
conducting wires of the TL, as well as to losses in the imperfect
dielectric separating the two conductors.

¥ The e!ect of wire losses in TLÕs is modeled by adding a! zR resis-
tance in series with! zL inductor in the equivalent circuit model of an
inÞnitesimal (! z ! ! ) TL section as shown in the margin.

¥ In addition, a shunt conductance! zGin parallel with capacitance! zC
accounts in the lossy model for dielectric losses.

¥ While the phasor form of telegrapherÕs equations for a lossless TL is

! zC

z z + ! z

! zL+

-

! zC

z z + ! z

V(z)

I (z)

! zL+

-

I (z + ! z)! zR

! zG

IDEAL LOSSLESS T.L.:

REALISTIC LOSSY T.L.:

I (z + ! z)I (z)

V(z)

Using perturbation theory, it can
be shown that for a coax of inner
and outer radii a and b,

R =

!
fµ
!"

(
1
a

+
1
b

),

while for a parallel-plate transmis-
sion line of width W ,

R =
4!
W

!
fµ
!"

,

in terms of conductivity " and per-
meability µ of the T.L. conductors.

"
"V
"z

= j# L I and "
"I
"z

= j# CV,

for lossy lines Ñ where impedance per unit lengthj# L must be replaced
by j# L + R and conductance per unit lengthj# C by j# C+ G Ñ the
equations take the form

"
"V
"z

= ( j# L + R)I and "
"I
"z

= ( j# C+ G)V.

¥ We will next show that
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1. lossless line solutions can be readily modiÞed to accountfor loss
e!ects introduced by Ohmic energy losses inR and G,

2. lossless line results we have learned up till now are by andlarge
valid even on lossy lines provided that

(a) frequency# is su"ciently large, and

(b) voltage and current solutionsV ± e± j$d and V±

± Zo
e± j$d are mod-

iÞed by multiplying an attenuation terme± %dwhich only mat-
ters in practice whend # ! .

¥ Note that lossless line solutions of telegrapherÕs equations can be re-
stated as

V = V ± e± &d and I =
V ±

± Zo
e± &d,

where

& = j$ = j#
$

LC =
"

(j# L )(j# C) and Zo =

!
L
C

=

#
j# L
j# C

.

Ð Replacingj# L by j# L + R, and j# C by j# C+ G, we obtain

& =
"

(j# L + R)(j# C+ G) and Zo =

#
j# L + R
j# C+ G

in the lossy case.
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While waves governed by lossy& and Zo (see margin) can exhibit substan-
tially di!erent behavior than the lossless waves (examinedin the previous
sections), at high frequencies the wave properties are reasonably similar as
alluded in item (2) above. We next examine this simpliÞed high-frequency
limit.

& =
"

(j# L + R)(j# C+ G)

Zo =

#
j# L + R
j# C+ G

¥ At high frequencies#, such that#L # R and #C # G, we have

Ð characteristic impedance

Zo =

#
j# L + R
j# C+ G

%

!
L
C

just as in the lossless case1, and

Ð complex propagation constant

& =
"

(j# L + R)(j# C+ G) = j#
$

LC

#

1 +
R

j# L

#

1 +
G

j# C

% j#
$

LC(1 +
R

j 2#L
)(1 +

G
j 2#C

) % j#
$

LC +
1
2
(
R
Zo

+ GZo)

= j$ + %

with

$ % #
$

LC and %% $(
R

2#L
+

G
2#C

) =
1
2
(
R
Zo

+ GZo).

1In fact Zo =
$

L
C is exact even for a lossy line ifLR = C

G.

3



¥ Note that$ = 2'
! is the same as in the lossless case, and since

%% $(
R

2#L
+

G
2#C

) ! $,

the Òpenetration depthÓ( & 1
% of voltage and current waves on the TL

is much longer than a wavelength! = 2'
$ in this regime.

In summary , in the high-frequency regime, characteristic impedanceZo

and wavenumber$ are (practically) the same as they are on lossless lines,
but signals do attenuate by a factore± %d which should not be (and cannot
be) neglected over long distancesd exceeding many wavelengths! .

¥ At lower frequencies where the above approximations cannot be justi-
Þed, a more careful analysis of lossy line equations is warranted.

¥ Finally, for anair-Þlled coaxwith inner and outer radiia and b, it can
be shown that the attenuation constant

%=
1
2

R
Zo

=
1
2

$
fµ o
')

1
b(1 + b

a)
*o
2' ln(b

a)
,

which minimizes, at a Þxed outer radiusb, for b
a % 3.6, which in turn

results in an ÒoptimalÓ characteristic impedance of

Zo =
*o

2'
ln(

b
a

) = 60 ln(
b
a

) " % 75 "

for the same coax. Note that this result is independent of) , the con-
ductivity of inner and outer conductors of the coax.
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Ð For a dielectric Þlled coaxhaving + = 9
4+o Ñ implying vp = 2

3c =
2' 108 m/s Ñ the same ratiob

a % 3.6 of outer and inner conductor
radii leads toZo % 50 " , the most commonZo encountered in
practical applications.

Ð The above result should also explain why having a thicker coax Ñ
largerb Ñ is better when losses are a concern.
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