ECE 329 Lecture Notes — Summer 06/04/24, Erhan Kudeki

Fields and waves 1in nature and
engineering — the big picture:

Fundamental building blocks of matter — electrons and protons at atomic
scales — interact with one another gravitationally and via “electromagnetic”
forces. These interactions are most conveniently described in terms of suit-
ably defined “vector fields” that permeate space and time, or simply the
spacetime (x,y, z,t) = (r,t). Interactions attributed to particle masses can
be formulated by gravitational fields g(r,t) specified in reference frames!
where spatial coordinates r = (z,y, z) are defined. Far stronger interactions
attributed to particle charges, on the other hand, are formulated in terms of
a pair of vector fields, E(r,t) and B(r,t), known as electric and magnetic

fields, respectively.

Electric and magnetic fields:

A particle with charge ¢ and mass m as well as position and velocity vectors
r and v = % specified at an instant ¢ within a measurement frame (or “lab”

1., having a set of mutually orthogonal z—, y—, z—axes (taken to be right-handed by convention) used
for locating objects or field positions relative to an origin O assigned (z,y, z) = (0,0, 0) coordinates.
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frame) will be accelerated in accordance with

dv

m = q(E(r,t) +v x B(r, 1)), (1)

which is Newton’s 2nd law of motion? for a particle under the influence of
Lorentz force

F=¢E+v xB). (2)

In view of (1), the operational definitions of fields E(r,t) and B(r,t) arise
from particle acceleration a = ‘Cll—;’ that can be measured in the lab frame:
the electric field E is evidently force per unit stationary charge (i.e., v.=0)
whereas field B describes an additional force per charge in transport (i.e.,
qv) that acts in a direction perpendicular to v.

There are important differences between gravitational and electromag-
netic interactions: Gravitational interactions are always attractive indicating
that particle masses m that generate the gravitational field g(r, ) must all
have the same algebraic sign (taken to be positive by convention). Electro-
magnetic interactions, on the other hand, are attractive or repulsive depend-
ing on particle charges ¢ which can be positive or negative. By convention
a positive charge ¢ = e ~ 1.6 x 107! C is attributed to the fundamental
particle know as proton, while, again by convention, ¢ = —e for an electron,

the sole companion of the proton within a hydrogen atom?®. Protons and

2Valid so long as |v| < ¢ where c is the speed of light in vacuum.

3Hydrogen atom exists as a consequence of mutual attraction between proton and electron counterbal-
anced by quantum mechanical constraints on allowed energy states.



electrons are charged elementary building blocks? of all atoms (hydrogen as
well as atoms of heavier elements) that constitute the matter around us. In a
collection of fundamental particles the total mass is always a monotonically
increasing function of the number of particles. However, that is not the case
with total charge since individual particle charges can be positive or nega-
tive. In fact, the net charge density p(r,t) found in macroscopic amounts of
matter is typically close to zero as a result of having nearly equal numbers of
protons and electrons in ordinary matter composed of charge-neutral atoms
and molecules’.

4 Atoms can also contain in their nuclei varying numbers of an uncharged particle known as the neutron
which is responsible for different isotopes of chemical elements (e.g., the hydrogen isotope known as
deuterium contains a neutron in addition to a proton and an electron). While neutrons have no net
charge, they consist of charged sub-nuclear particles known as up (%e) and down (—%e) quarks whose
motions within the neutron establish currents and a magnetic moment.

°The reason why intrinsically weaker gravity becomes dominant in the macro world.
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Fields are relative:

Physical laws that we use to describe our surroundings have been developed
to have identical forms in all reference frames in uniform motion with respect
to one another. For instance, Lorentz force law on a charge g is

F=¢gE+vxB) and F' =¢E +v' x B (3)

in terms of unprimed and primed variables measured in two such reference
frames. Moreover, particle charge ¢ and the speed of light ¢ are assigned
invariant® values in reference frames in relative motion (thus ¢’ and ¢ are
unnecessary to invoke in physical models).

e The ramifications of these restrictions constituting the special the-
ory of relativity (first described by Einstein in 1905 and covered at
UIUC in PHYS 225) are in full accord with experimental measurements.
They are also well matched by Newtonian relations (approximate
but more intuitive laws of dynamics covered in PHYS 211) if and when
the relative speed |v/ — v| of primed and unprimed frames is negligible
compared to the speed of light c.

Since in Newtonian descriptions mass m and acceleration % have invariant
values in all reference frames, it follows that F' = F if and when |v/ —v| < ¢,

60ther “relativistic invariants” between different reference frames include particle (rest) masses and the
so-called “spacetime interval” /12 — L2/c? = \/t” — L'?/c? between two events occurring at two locations
and two times separated by a distance L and time-delay ¢, respectively. Relativistic invariants are the
most prized physical quantitites to focus on in relativistic models (simply because they remain fixed in all
reference frames). Note that distances L # L’ and time-delays t # t’ are not relativistic invariants!
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in which case (3) implies
E'+v xB' =E+v xB. (4)

Accordingly, a charge g which is stationary in the primed frame will have a
primed frame velocity v/ = 0 and therefore see an electric field

E=E+vxB (5)

in terms of unprimed frame fields E and B and velocity v of the primed
frame seen within the unprimed frame.

Thus, electric and magnetic fields needed in the formulation of charged
particle interactions are not unrelated to one another — rather, they intermix
in a manner that depends on the reference frame’ being used for analysis
purposes. Note that charges ¢ which are stationary in one reference frame
(and therefore carry no electrical current) will appear to be in motion in
another frame and thus carry electrical currents I. It must therefore be
evident that the equations for EE and B in any reference frame must be cross-
coupled and depend on both charge and current densities that are measured
in the same frame.

"Given E and B measured in the lab, E' and B’ measured by an observer moving through the lab
with a constant velocity v are well approximated by E' ~ E+ v x B and B’ ~ B — "CX2E so long as
[v|] < ¢ =3 x 10® m/s, the speed of light in free space (shown by relativistic analysis discussed in PHYS

225 — exact transformation formulae are Ej = E, B| = B, E, =v(E. +vxB,), B =7(B. - xR,

where y = ).
2
(&




Maxwell’s field equations:

The required set of coupled equations governing E and B was “discovered” in
1864 by James Clerk Maxwell to be (first introduced in PHYS 212 in integral
form and discussed throughout this course)

V-E=2£ | Divergence eqn’s V-B=0

VxE=-28 Curl eqn’s V X B = p,J + ,uoeo at

where

1 1 F
=47 x107"—= and ¢, = —~ ———
m ,LLOCQ 36m x 10° m

in mksA units and

~ 3% 1082
N S

is the speed of light in free space. Furthermore p = p(r,t) refers to the net

CcC =

charge density and J = J(r,t) to the current density in the measurement
frame, whereas V - E and V X E refer to the divergence and curl of vector
field E generated by partial differentiation of the orthogonal components of
E (concepts introduced in MATH 241 and reviewed in Lecture 4).



Solutions of Maxwell’s equations — waves and static fields (AC/DC):

Maxwell’s partial differential equations shown above, describing the coupled
dynamics of electric and magnetic fields E and B in response to space and
time varying source fields p and J, require an extended study to appreciate
their full ramifications and predictions. All predictions of these equations
have been experimentally verified and it has been found out that everything
that is known and observed about electricity and magnetism can be explained
in terms of these equations and their quantized forms.

One of their predictions, derived specifically in Lecture 18, is that they
support traveling wave solutions of the form

E(r,t) o« B(r,t) o< cos(2m f(t — g)) (6)

in regions where J = p = 0. These are co-sinusoidal field perturbations hav-
ing oscillation frequencies f, oscillation periods T = %, wavelengths A = %,
and they travel in 3D space with the speed of light ¢ in free space. Since
Maxwell’s equations are linear, superpositions of co-sinusoidal waves with
different wavelengths provide additional solutions — these can have arbi-
trary spatial variations and still travel at a fixed speed c. Any such field
perturbation will travel across a region of size L during a time interval L/c
as illustrated in the margin.

Another prediction of Maxwell’s equations is that fields established by
static — i.e., non-time-varying — charge and current densities p = p(r) and

J = J(r) satisfy two separate sets of decoupled equations

(a)

(b)

(c)
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Electrostatics Magnetostatics

V-E=£% | Divergence eqn’s V-B=0

0

VXE=0 Curl eqn’s V xB=pu,J

shown in the left and right columns above — these were obtained by sim-
ply setting the terms OE /0t and 0B /0t in the curl equations to zero. In-
dependent “curl-free” static electric fields E(r) and “divergence-free” static
magnetic fields B(r) satisfying these simplified equations are naturally far
casier to determine than the coupled dynamic fields E(r,¢) and B(r, t) to be
encountered in response to time-varying sources p(r,t) and J(r,t).

Quasi-static fields:

Even though in practical cases of interest (in physics and engineering) time-
varying sources are the “rule” and static sources an “exception”, learning to
solve the simplified set of electrostatics and magnetostatics equations turns
out to be invaluable. The reason is, static solutions often provide accurate
approximations — known as quasi-static approximation — for time-varying
field problems involving slowly-varying sources p(r,t) and J(r, ).

More specifically, if the source variation period 7' is much longer than the
travel time L /c of field perturbations across a region of size L, that is, if

L
T> -, (7)
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then field calculations for the entire region can be done statically using the
instantaneous (as opposed to retarded or previous) values of field sources
p and J. This is true because under the given condition source strengths
will remain nearly constant over time intervals needed to communicate the
new fields to the most distant corners of the region of interest. We can also
re-state the same inequality (7) as

L<cl=5=) (8)
f
using the definition of wavelength A\ introduced earlier. The indication is
then, any system with a physical size L that is small in terms of wavelength
A of the applied field variations can be analyzed quasi-statically by starting
from Maxwell’s static equations.

Fields and circuits:

Lumped circuit analysis techniques introduced in ECE 110 and 210 constitute
practical applications of the quasi-static approach suitable for “electrically
small circuits” consisting of capacitors, inductors, and resistors and slowly
varying AC sources. By contrast, the analysis of “electrically large circuits”
with physical dimensions L approaching or exceeding A\ requires taking a
proper account of propagation time delays L/c in the system by developing
a distributed circuit approach based on the full set of Maxwell’s equations.
One practical application area where this need is most acute nowadays
is in chip (integrated circuit) design and packaging suitable for high-speed



computing®. While the physical dimensions of electronic chips and micro-
circuits are generally very small, such elements can still be electrically large
in the sense that L ~ X\ because of reduced wavelengths A at high clock
speeds f = 1/T. Thus, even the computer engineers (CompE’s) amongst us
need to understand and learn how to mitigate (and take advantage of) the
ramifications of Maxwell’s equations.

Details and study plan:

So much for the big picture about fields and waves encountered in nature
and engineering systems and circuits. Working details of how fields and wave
effects can be computed and characterized will be provided in the remaining
parts of these notes.

Over the course of 39 lectures we will develop and study, in succession,
the equations and applications of electrostatics (Lectures 1-11), magnetism
(Lectures 12-15), and electromagnetics (Lectures 16-39) with a focus on time
varying (quasi-static as well as wave-like) phenomena.

ECE 329:

We start by finding out how the equations of electrostatics arise from the
familiar Coulomb’s law (like charges repel, unlike charges attract) and the

8E.g., Taflove, “Why study electromagnetics”, IEEE APM, 44, 132, 2002.

10



idea of field superpositions. We learn to solve electrostatic problems using the
notion of electrostatic potential (voltage) and develop the notions of polariza-
tion, conduction, charge continuity, and capacitance in quasi-static settings
of practical importance.

Next we learn how magnetic fields arise from charges in motion (a relative
concept depending on the reference frame of the observer) and develop the
governing laws of magnetostatics (also an extension of Coulomb’s law seen
from different reference frames). The vector potential is introduced for mag-
netic field calculations from prescribed current configurations, and notions
of magnetization and inductance are subsequently developed and applied in
quasi-static settings.

Just like time-varying electric fields imply time-varying charge densities
(or wice versa) in electro-quasi-statics (EQS), time-varying currents imply
time-varying magnetic flux in magneto-quasi-statics (MQS). We also learn
that time-varying magnetic-flux is accompanied by time varying electric fields
— a key finding of Faraday’s called induced field with paradigm shifting
ramifications and applications — and requires the modification of curl-free
electric field condition into a dynamic equation known as Faraday’s law.

Finally, the full set of Maxwell’s equations is reached after adding a
time-varying electric field term to the curl equation of magnetostatics. This
change, first introduced by Maxwell in order to make sure that the govern-
ing equations of electricity and magnetism are consistent with conservation
of charge, acknowledges the two-way coupling and feedback between electric
and magnetic fields: time-varying magnetic fields induce time-varying elec-
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tric fields — Faraday effect — and time-varying electric fields in turn induce
time-varying magnetic fields (call it the “Maxwell effect”) in order to sustain
electromagnetic field variations in regions far away from charges and current
loops — that is the way nature seems to work (and here we are to observe
all that thanks to Maxwell effect allowing us to be here).

A study of wave solutions of Maxwell’s equations follows, including plane
TEM waves in free space, linear and circular polarized waves, waves in con-
ducting media, normal incidence of waves on planar interfaces of homoge-
neous regions, energy and momentum transfer, gquided waves in two-wire
transmission-line (TL) systems, transient response on TL circuits, resonant
oscillations in TL cavities, sinusoidal steady-state analysis of TL’s and dis-
tributed circuits, Smith Chart applications, and finally losses in TL systems.

That is the full scope of the 39 lectures of ECE 329 — the course ends
with an intensive study of distributed circuit concepts based on transmission
lines, a study that complements the lumped circuit techniques examined and
mastered in earlier courses.

ECE 329 is only the first half of our first-pass study of the fields and waves
topics essential in electrical engineering education. Important topics such as
radiation and antennas (generation details of electromagnetic waves by time-
varying currents) and dispersion (frequency dependence of wave propagation
speeds in material media) are barely mentioned or not at all in ECE 329.
These constitute the main topics of the follow-on course, ECE 350.
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ECE 350:

ECE 350 starts with the discussion of electromagnetic radiation theory and
transmaission antennas, continues with propagation and wave guidance ef-
fects (including dispersion, phase and group velocities, Doppler shifts, oblique
incidence, evanescence and tunneling effects, guided modes in parallel-plate,
rectangular, and dielectric slab waveguides), treats cavity fluctuations (in-
cluding resonant modes, blackbody radiation in 3D cavities, thermal noise),
and concludes with a discussion of antenna reception (including effective area,
available power, link equations).

Beyond ECE 329 and 350:

Students having gone through ECE 329 and 350 will find themselves ready to
encounter higher level courses in our curriculum focusing on different applica-
tion areas and frequency regimes of the implications of Maxwell’s equations.
[t is a life-long endeavor to master these relationships which have precipitated
the scientific upheavals of the 20th century (relativity and quantum mechan-
ics) and have remained intact and essential despite the upheavals unlike most
aspects of classical physics. Our high speed electronics and communication
networks and devices are intrinsically and fundamentally based on fields and
wave concepts. Progress and innovation in these areas will require a deep
understanding of fields and waves and how they interact with novel materials
and structures.
Learn the basics and then go and invent the next thing!
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ECE 329 Lecture Notes — Summer 06/04/24, Erhan Kudeki

1 Vector fields and Lorentz force

e Interactions between charged particles can be described and modeled?
in terms of electric and magnetic fields just like gravity can be
formulated in terms of grawvitational fields of massive bodies.

— In general, charge carrier dynamics and electromagnetic field vari-

10

ations™ account for all electric and magnetic phenomena observed

in nature and engineering applications.

e Electric and magnetic fields EE and B generated by charge carriers —
electrons and protons at microscopic scales — permeate all space with
proper time delays, and combine additively.

— Consequently we associate with each location of space having Carte-
sian coordinates

(z,y,2) =t
a pair of time-dependent wvectors

E(r,t) = (B,(r,1), B, (r.1), E.(r,1)

9Interactions can also be formulated in terms of past locations (i.e., trajectories) of charge carriers.
Unless the charge carriers are stationary — i.e., their past and present locations are the same — this
formulation becomes impractically complicated compared to field based descriptions.

0T ime-varying fields can exist even in the absence of charge carriers as we will find out in this course
— light propagation in vacuum is a familiar example of this.
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and
B(r,t) = (B,(r,t), By(r,t), B.(r,t))

that we refer to as E and B for brevity (dependence on position
r and time ¢ is implied).

e Field vectors E and B and electric charge and current densities p and
J — describing the distribution and motions of charge carriers — are
related by (i.e., satisfy) a coupled set of linear constraints known as
Maxwell’s equations, shown in the margin.

— Maxwell’s equations are expressed in terms of divergence and curl
of field vectors — recall MATH 241 — or, equivalently, in terms
of closed surface and line integrals of the fields enclosing arbitrary

volumes V' and surfaces S in 3D space, as you have first seen in
PHYS 212.

o Maxwell’s equations were “discovered” as a consequence of ex-
perimental and theoretical studies led by 19th century scien-
tists including Gauss, Ampere, Faraday, and Maxwell.

They remain intact and essential despite the scientific upheavals
(paradigm shifts) of 20th century: relativity and quantum physics!!.

"Fields are are utilized in different ways in classical and quantum electrodynamics, but Maxwell’s field
equations remain the same under both paradigms. Relativity theory is an updated model of space and
time relations developed to achieve consistency with the implications of Maxwell’s equations.
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Maxwell’s equations:

vE =
€o
vV-B = 0
0B
VxE = ——
. a1
oE
VxB = pu,J 0€o—-
X Hod + pio€ ot
such that

F =¢(E+v x B),
with
H
fho = 4w x 1077 =,
m

and

1 1 F
€o = ~ )
Hoc® 36w x 109 m

in mksA units, where

is the speed of light in free space.

(In Gaussian-cgs units % is used

in place of B above, while ¢, = ﬁ
_ 1 _ 4rx
and p, = oz =



Given the charge and current densities p and J, Maxwell’s equations can be

solved for the fields E and B.

e Field solutions E and B in turn determine how a “test charge” ¢ with
mass m, position r, and velocity v =1 = % accelerates in accordance
with Lorentz force
F=qE+v xB)

imv

and Newton’s 2nd law F = Tl

(in classical electrodynamics). As
such

— electric field E at any location r is the vector force per stationary
(i.e., v.=0) unit charge (i.e., ¢ =1 C),

— magnetic field B describes an additional force per unit charge
which is experienced by charges in motion (v # 0) in the reference
frame — typically called the “lab frame” — where E and v are
measured.

Since Lorentz force equation has the same algebraic form in all inertial ref-

1

erence frames'? — like all laws of physics including Maxwell’s equations —

while the charge velocity v is clearly frame-of-reference dependent, it follows
that the values of fields E and B must also be dependent on the reference

framels.

12 . in which particles not subjected to any force F (i.e., “free particles”) appear to be stationary or in
uniform unaccelerated motion in compliance with Newton’s 2nd Law F = ma.

13Given E and B measured in the lab, E’ and B’ measured by an observer moving through the lab
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Lorentz
force

Units in mksA sys-
tem:

— q[=]C=sA,
— E[=|N/C=V/m,
— B[=|V.s/m*=Wb/m?=T,
— pl=]C/m?,
— J[=]A/m?,
where
C,N,V, Wb, and T
are abbreviations for
Coulombs, Newtons, Volts, We-

bers, and Teslas,
respectively.

Charge q is quantized in units of
e = 1.602 x 107 C, a relativistic
invariant.



F
m’

as forces F, fields E and B, and current density J are all described, in

e Charge carrier positions r, velocities r, and accelerations ¥ = =, as well

general, in terms of 3D vectors.

e In Cartesian coordinates such vectors and vector functions (of posi-
tion r and/or time t) can be expressed in terms of mutually orthog-
onal unit vectors z, ¢, and Z as in

r=(z,y,2) =za+yy+2z and E=(L,,E, E.)=E,2+E,y+E.2 etc.,

where

— |r| = /22 +y2 + 22 and |E| = \/E§ + B2 + B2 etc., are vector
magnitudes,

— 7= ﬁ and F = % etc., are associated unit vectors,

— with dot products

>

A

oxT - Y=r-2=

N
N>
I
-

— and cross products

o & X {=2
o yYXz=uz,
0 ZXT =1,
with a constant velocity v are well approximated by E' ~ E+ v x B and B’ = B — VCXQE so long as

|v] < ¢ =3 x 10% m/s, the speed of light in free space.
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r=(x,y,2)
=ax +yy+ 22

Y

UNIT VECTORS AND A POSITION
VECTOR IN RIGHT-HANDED
CARETESIAN COORDINATES



adopting a right-handed convention (see the margin note in
the next page).

e Recall that

— Dot product A - B is defined as |A| times |B| times the cosine of
angle 6 between A and B.

o Thus dot product is zero when angle 6 is 90°, as in the case
of z and y, etc.

— Cross product A x B is defined as a vector with a magnitude
|A| times |B| times the sine of angle 6 between A and B and a
direction orthogonal to both A and B in a right-handed sense
(see margin note) .

o Thus cross product is zero when the vectors cross multiplied
are collinear (6 = 0°) or anti-linear (6 = 180°).

Example 1: Given the vectors v = (5,10,0) and B = (0,0, 2) compute the cross and
dot products v x B and v - B.

Solution: Since we can also write v = 52 4+ 10y and B = 22, it follows that

v x B = (5& +10§) x 22 = 102 x 2 + 20§ x 2 = —10§ + 204.
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Right handed con-

vention: cross product vec-
tor points in the direction indi-
cated by the thumb of your right
hand when you rotate your fin-
gers from vector A toward vector
B through angle # you decide to
use.

A -B=|A||B|cost
DOT PRODUCT:product of
projected vector lengths

A x B = |A||B|sinfa x n
CROSS PRODUCT: right-handed
perpendicular area vector of
the parallelogram formed

by co-planar vectors

r=(z,9,2)
=aT +yy+ 22

Yy

UNIT VECTORS AND A POSITION
VECTOR IN RIGHT-HANDED
CARETESIAN COORDINATES



Alternatively, using the well known determinant method for cross products,
Ty z
vxB=1]5 10 0|=2(10-2—0-0)—9(5:2—0-0)+2(5-0—10-0) = 202 — 10y.

0 0 2

Also, v-B = (5,10,0) - (0,0,2) =5-0+10-0+0-2 = 0.

Example 2: A particle with charge ¢ = 1 C passing through the origin r = (z,y, 2) =
0 of the lab frame is observed to accelerate with forces

when the velocity of the particle is
vi =0, vy =2y, V3 :3,2?,
in turns. Use the Lorentz force equation
F =q¢E+v xB)
to determine the fields E and B at the origin.

Solution: Using the Lorentz force formula first with F = F; and v =vy, we note that

2 = (1)(E+0 x B),
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Having three non-colinear
force measurements F; cor-
responding to three distinct
test particle velocities v; is
sufficient to determine the
fields E and B at any location
in space produced by distant
sources as illustrated by this
example.

zZ
A
Y
V1:0
> - > T
F1:25L’
zZ
A
Y
VQ—QCIQ
> T




which implies that

N \Y
E=2r—-=21—.
xC xm
Next, we use
F F
vxB=——-E=—-22
q q

with Fy = 22 — 62 and vy = 29, as well as E = 22 V/m, to obtain
2y x B=—-6z2 = yxB=-32
likewise, with Fg = 22 4 9y and vy = 32,
32xB=9y = 2zxB=3y.
Substitute B = B,% + B,y + B.Z in above relations to obtain
yx (Byz+ Byy+ B.2) = —-B,2+ B, = —3%

and
Z x (B2 + Byy+ B.2) = B,y — B, = 3y.

Matching the coefficients of Z, ¢, and 2 in each of these relations we find that

b
Bx:?)W—z, and B, = B, = 0.
m
Hence, vector
Wb
m

z
A
Y
V1:0
> - > T
F1—2$
z
A
Y
vy =2y
> T
Fo=21—-62
i
Y
V3 =432 Fy =22 +97
> T

e [n your first homework you will be asked to do a sequence of vector
exercises, including problems on volume, surface, and line integrals of
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vector or scalar functions of space (i.e., “fields”). These problems should
be worked out with the help of your PHYS 212 and /or MATH 241 texts
and notes.

— This course assumes a background of PHYS 212 and MATH
241 (on electromagnetic fields and vector calculus) as well
as ECE 210 (lumped circuits and linear systems con-
cepts including time- and frequency-domain approaches
and phasors).

The main objective of the course is to build up a firm understand-

ing of electromagnetic field concepts introduced in PHYS 212,

and to learn how to use Maxwell’s equations under static and

time-varying conditions associated with unguided (i.e., wireless) and

guided (mainly transmission lines) electromagnetic waves. The study Prerequisites:
of guided waves is the key to extend the familiar lumped-circuit MATH 241
concepts into the realm of distributed circuits. This is the first half PHYS 212

of a sequence of core electromagnetics courses in our curriculum, the ECE 210
second course being the 3-of-5 elective ECE 350.

— Topical outline: Follow-on:

1. Static electric fields, potential, polarization, quasi- ECE 350
static applications (10 lectures)
2. Static currents and magnetic fields (3 lectures)

3. Time-varying fields and Maxwell’s eqns (4 lectures)
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4. Plane wave solutions of Maxwell’s eqns (9 lectures)

5. Guided waves in transmission lines and distributed
circuits (13 lectures)

22



2 Static electric fields — Coulomb’s and Gauss’s
laws

Static electric fields E(r) are produced by static (non-time-varying) distri-
bution of charges and obey and the electrostatic laws shown in the margin
where p(r) denotes the net charge density in 3D volume. Over the next few
lectures we will find out how these laws emerge from Coulomb’s law.

At the most elementary level, each stationary point charge (electron or
proton) @ is surrounded by its radially directed electrostatic field E given
by Coulomb’s law, and in the presence of multiple charges the field vectors
of all the charges are added vectorially (linear superposition holds) to obtain
a superposition field E.

e Coulomb’s law specifies the electric field of a stationary charge @) at
the origin as

E(r) = ¢ T
(r) Amre, r?
as a function of position vector r = (x,y, ), where €, & ——= F/m

is a scaling constant known as permittivity of free space,

r=|r| = a2+ y?+ 22

is radial distance from the charge, and 7 =  radial unit vector pointing
away from the charge.

— This Coulomb field E(r) will exert a force F = ¢E(r) on any

1
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stationary “test charge” ¢ brought within distance r of @ (see
figure in the margin). If gqQQ > 0, force F is

repulsive (directed along
The existence of a Coulomb field accompanying each charge carrier initsrest #) if ¢QQ < 0 it is at-

frame! is taken to be a fundamental property of charge carriers established tractive — [like charges
by measurements. repel, unlike charges at-
tract.

e When multiple static charges (), are present in a region, the force
on a stationary test charge g can be described as gE in terms of a
superposition field

E(I‘) _ Z Qn r—r,

dre,lr — 1|2 v — 1|

n

where r and r,,’s denote the locations of ¢ and @),,’s with respect to a

common origin and the last term represents the unit vector pointing
from @), to ¢ — this form is applicable for the static electric field Position vectors of gg:;ggi
E computed at arbitrary locations r (independent of the test charge  to a common origin o

notion).

L. in a flat spacetime, that is in the absence of gravity. In curved spacetime, in the presence of gravity,
the Coulomb field lines will “sag” in the direction of gravitational pull by an order of rg/c? as compared
to the undistorted Coulomb field expressed in terms radial distance r, speed of light ¢, and gravitational
acceleration g (=9.8 m/s? on Earth’s surface). See in Boyer, Am. J. Phys., 47, 129 (1979) a discussion of
this effect which is undetectably small in Earth-based labs as well as its derivation using the equivalence

principle (of gravity and acceleration) from the field of a charge accelerating with —g.

2



Example 1: Charges ()1 = 4me, and Qo = —2(); are located at coordinates r; =
(1,0,0) = 2 and ro = (0, 1,0) = g, respectively. What is the expression for E(r)
and what is the explicit value of vector E(0)?

Solution: Field E due to ()1 and () at an arbitrary point r can be obtained as

Qi(r—11) | Qa(r—r)
E(r) =
(x) 4me,|r — 1y )3 * 4me,|r — rof3
— 1 2(r—1yg —1 2 —1
_(r fl_(rA@::Ct ,%@3_ (z,y ﬂLVML
r—zP  [r—gP |(e-1Ly 2 |[(z,y-12)

At the origin where r = (0,0, 0), this result gives

(—1,0,0) 2(0,—1,0) ) .
- — —%+2)V/m.
CLo.0fF o —Lop L HWV/m

E(0,0,0) =

SUOSONONNN \2. /////W

R ////it\

e The vector map shown in the margin depicts samples of unit vec- :

tors B(r) = % for the field E(r) obtained in Example 1 on a suit-
able grid established on xy-plane — such plots are useful or visualiza-
tion purposes. Note that arrows emanate out of the positive charge at

(z,y) = (1,0) and converge upon the negative charge at (z,y) = (0, 1).

— Electrostatic fields can be alternatively visualized in terms of so-
called field lines or flux lines, continuous curves which are drawn

3
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tangential to unit vectors E(r) at every position r. Iry tracing
out the flux lines over the vector map shown in the margin!

e According to Coulomb’s law, electrostatic field of a charge () placed at
the origin points out in the radial direction 7 away from the origin and

Q

Amre, r?

has a magnitude

E, =

that depends on radial distance r, but it does not depend on direction
r. The product of E, with €, and the surface area of a sphere at radius
r, namely, S = 47r?, yields

e, B.S =0
independent of the radius of the sphere. Let’s re-write the same result
as
€0 7{ E-dS=0Q,
S
where

— the “closed surface integral” fﬁs E - dS is called the flux of E over
surface S bounding the volume V = 4?? s,

— which in turn denotes the limiting value of the sum of dot products
E;-AS; computed over all surface elements of .S having incremen-
tal areas |AS;| and unit vectors AS;/|AS;| pointing away from

volume V' — the limiting value is obtained as all |AS;| approach

4

E. dS
v fE-ds =Y
(b) g s’
(s =Y
€
(c) S//
m/, o
(d)
. S///
Q

Surface integral depends
only on the net amount of
charge contained within
the surface --- charges
outside the surface don't

matter; surface shape doesn’t

matter; also charge motion
within the surface does not
matter.



zero (i.e., with increasingly finer subdivision of S into |AS;| ele-
ments).

Although we obtained the equality €, 555 E-dS = () above only for a spherical
surface S centered about charge (), we can easily convince ourselves — see the
sketches on the right — that the equality should hold even when we distort
the shape of surface S and/or displace () away from the center so long as
we do not move () outside of S. All such variations are permitted because
of inverse r-square dependence of the Coulomb’s law and additive nature of
fields, and if @ is moved outside the surface then the surface integral (flux)
simply goes to zero.

e Hence, given an arbitrary shaped volume V enclosed by an arbitrary
shaped surface S and including a net electrical charge (Qy, and defining

a displacement field
D = ¢, E,

we obtain

jl{D -dS = Qy, Gauss’s law
S

a constraint known as Gauss’s law. At this stage, the introduction of
D is simply a notational convenience.

Gauss’s law offers an alternative to implementing an explicit sum of Coulomb
fields for calculating static field distributions E or D = ¢,E — the alternative
method can be used when charge distributions have simplifying symmetry
properties as will be illustrated in the next set of examples.

5

Displacement

D = ¢,E[- LY =

Gauss’s law



Also, later on we will learn that Gauss’s law is valid even when charges
(v within volume V" are non-static (i.e., in motion), a condition under which
Coulomb’s law is no longer valid.

Example 2: Charged particles () are located uniformly along the z-axis with an
average line density of A C/m extending from z = —oo to +00. We will compute
the electrostatic field E of this charge distribution at a distance r from z-axis.

Having an average charge density of A C/m implies that individual charges Q)
are spaced from one another by a distance Az = % along the z-axis. Assuming
that charge locations are z = nAz, where n is any integer, and using Coulomb’s
law, we find that

E(r) — i Q r—zinAz i AAzZ(r — ZnAz)

4rey|r — ZnAz? |r — 2nAz| . dre,|r — ZnAz|3

n=—00 =—00
which, for position r = (& cos ¢ + ysin¢) on xy-plane, at a distance r to the

z-axis, reduces to

oo

Ar(Z cos ¢ + ysin @)
E —
Z 4re,(r? + n2A22)3/2

Az (microscopic field)
because the Z component of E proportional to nAz cancels out (as a result of
summation) due to symmetry in n. This field is “purely radial” in the direction

7= Zcos¢+ ysin ¢
perpendicular to z-axis, and it can be evaluated, for r > Az, as an integral
(remember that sums of infinitesimals are in effect definite integrals)

. / > Ar g L Ar / > dz A ( s
7 2 = P =7 . (macroscopic fie
oo dmey (12 4 22)3/2 drey [ oo (12 + 22)3/2 2Te,T P

\

2/7“2

r = 7(Zcos ¢+ ysin @)

d)

> T
() point charge in C

A charge density in C/m



e The result
A

2me, T

E=r

obtained above, valid for r > Az, and labelled as macroscopic
field, also represents at any r (and z) the space average of the ma-
croscopic field taken over small volumes having dimensions of many
AZz’s (inter-particle separations).

— In such a spatial average the rapidly varying structure of micro-
scopic field (in particular at small 7, caused by the discrete nature
of charge distribution) is smoothed out as if electrical charge were
distributed in space with a continuous density of A C/m.

— In realistic applications involving colossal numbers of charge car-
riers (of the order of 10%® in macroscopic chunks of solids) it is
practical (and desirable) to focus our attention on macroscopic
rather than microscopic fields.

We next illustrate how to obtain the macroscopic field E = fzmor

directly by using Gauss’s law.



A
Solution using Gauss’s law: We first notice that macroscopic electric field of a : :_;EII r
charge distribution along the z-axis having an average charge density of A C/m ! ,
should be pointing in radial direction 7 away from the z-axis (why?). : i—>
Also its magnitude E, should be independent of azimuth angle ¢ by symmetry. I y"‘

.
o*
Ry
A

As a consequence, we can apply Gauss’s law

]iD-dS:QV

e B2mrL = AL

as

over the surface S of a cylindrical volume V' of some length L and radius r
centered about the z-axis as shown in the margin — notice that our “clever”
choice of surface S in this problem resulted in the evaluation of the flux integral
in Gauss’s law without doing any calculus.

Clearly, this leads to (as obtained before using a line integral)

A and E = A

2me,r 2me,r

E, =

.‘3>




3 Gauss’s law and static charge densities

We continue with examples illustrating the use of Gauss’s law in macroscopic
field calculations:

Example 1: Point charges () are distributed over x = 0 plane with an average surface
charge density of p, C/m?. Determine the macroscopic electric field E of this
charge distribution using Gauss’s law.

Solution: First, invoking Coulomb’s law, we convince ourselves that the field produced
by surface charge density ps C/m? on o = 0 plane will be of the form E = 2 E,(z)
where E,(z) is an odd function of x because y- and z-components of the field will
cancel out due to the symmetry of the charge distribution. In that case we can
apply Gauss’s law over a cylindrical integration surface S having circular caps of
area A parallel to x = 0, and obtain

j{D dS=Qv = el (v)A— e b(—1)A = Aps,
S

which leads, with E,(—x) = —E,(x), to
E.(z)= 2'0—8 for z > 0.

€o

Hence, in vector form

E = £2’08 sgn(x),

o

where sgn(x) is the signum function, equal to £1 for x = 0.

Note that the macroscopic field calculated above is discontinuous at x = 0 plane
containing the surface charge ps, and points away from the same surface on both
sides.

Copyright (©)2024 Reserved — no parts of this
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Example 2: Point charges () are distributed throughout an infinite slab of width W

located over —% <z < % with an average charge density of p C/m3. Determine
the macroscopic electric field E of the charged slab inside and outside.

Solution: Symmetry arguments based on Coulomb’s law once again indicates that we
expect a solution of the form E = 2 F,(x) where FE,(x) is an odd function of z.

In that case, applying Gauss’s law with a cylindrical surface S having circular caps
of area A parallel to x = 0 extending between —z and = < %, we obtain

% D-dS=Qy = e FE.(v)A—¢e,E.(—x)A=p2xA,
S

which leads, with E,(—x) = —E,(x), to

W
Ez(x):g for 0 <z < —.

€o 2
For x > %,
j[D dS =Qv = FE(0)A— e E.(—x)A=AWp,
s
leading to
%4
E.(x) = '0260 for © > CR
These results can be combined as
—32%, forx < ¥
E=1E,(z) = 2%, for — % <z<¥
ig?/, for x > %

pT
=
I':
w w
2 2

‘EI(LE) pW
2¢,

W W

2 2




Note that the field solution depicted in the margin in terms of F,(x) plot is a con-
tinuous function of x as opposed to the discontinuous E,(x) solution obtained in
Example 1 for the macroscopic field of a surface charge.

e In future calculations of electrostatic fields, we can use our previous
results, namely

— Coulomb field

E=r of a point charge @,
Ame, r?
— Field \
E=r of constant line density A,
2TELT
— Field
E = i‘zp—ssgn(x) of constant surface density ps,
€o

— Field

x
E = 22 of constant volume density p
6O
as building blocks — that is, the above field equations can be super-
posed to determine the field structure of charge distributions p(z,y, 2)
that can be expressed as superpositions of simpler charge distributions
with known field structures. Some examples...

3



Example 3: Consider a pair of surface charges ps > 0 and —p, C/m? of equal mag-

nitudes placed on x = —% and z = % surfaces. Determine the electric field of

this charge distribution depicted in the margin.

Solution: The field of charge density p, C/m? on z = —% plane should be

s 14
E, = :f:p—sgn(x +—),

2€, 2
pointing away from the discontinuity surface at x = —% on both sides. Likewise,
the field of charge density —p, C/m? on x = % plane should be
~ Ps W
E =—-1—s ——),
x2€0 gn(z 5 )
pointing toward z = % surface from both sides. Superposing the two fields, we
find that
gl for — W << W P x
E=E, +E_={ ¢’ 2 27 = g %rect(—
" {0, otherwise, €o ( W)

as depicted in the margin.

Note that the field lines of our solution point from positive charges on one surface to
the negative charges resting on the other surface — this field has the structure
of fields encountered in parallel plate capacitors that we will be studying soon.

HHH
HHHHHH




Example 4: An infinite charged slab of width W7, located over —W; < x < 0, has
a negative volumetric charge density of —p; C/m?, p; > 0. A second slab of
width W5 and positive charge density po is located over 0 < x < W5 as shown
in the margin. Compute the electric field of this static charge configuration if

Wip1 = Wapso, implying that the entire system is charge neutral (i.e., a net charge
of zero).

Solution: We note that the field of slab W; can be written as

Fo for v < —W;
N w
_ ~ p1(z+—t
E, = —xM, for —Wi<xz<0
—ipé—zvl, for x > 0

as depicted in the margin. Likewise, the field of slab W5 is

—i’%zv?, for x < 0
B, — 56—
2= 1——=2, for0<z<Ws
.@%—ZVQ, for x > W5s.

Note that field strengths 7 ’“Wl and pi% showing up in the expressions for E; and Es
are equal because of the charge neutrahty condition Wip; = Wops.

Consequently, when we superpose E; and E,, the fields cancel out outside the region
—W; < x < Ws, so that the total field becomes (as depicted in the margin)

et o W <2 < 0

E=E, +E,={ 22" ,0<z <,

€o )

0, otherwise.

—p1 <0

p2 >0

xr
piWi
2¢,
—w,
$Es(z)
p2Wo
2¢,
WQ xr
W, A W,
xr
mWi




Gauss’ Law in terms of

e Charge density formalism which we find convenient to use for macro- charge density:

scopic field calculations can also be “adjusted” to describe the distri-
butions of isolated point charges via the use of impulses or delta

functions in space. %D -dS = / pdV
S 1%
— For example

plx,y,2) = Q(x — x,)0(y — y,)0(z — 2,)

can be regarded as a 3D volumetric charge density function rep-
resenting a point charge () located at a coordinate

r=(2,Y,2) = (T, Yo, 20) = To.

o This is justified because we can regard d(x — x,) to be zero
everywhere except at * = x,. By extension, the product

5<$ —-1@)5(y-——y0)5(z _'Zo>

3D impulse here

is zero everywhere except at r = r, = (x,, Yo, 2o) — therefore where point charge
. . Q is localized over
the density function p(z,y, z) defined above behaves correctly a region of zero

to indicate the absence of charges everywhere with the ex- volume

ception of r,. Furthermore, the area property of the impulse
implies that the volume integral of the charge density yields

/pdV:///Q5(x—xo)é(y—yo)g(z_%)dxdydz:Q

as 1t should.



o Notice that the shifted impulses d(z — z,), etc.,

—1

m~ units in order to maintain dimensional consistency in the

above expression.
— Another example is
p(z,y, 2) = ps(y, 2)0(z — )

representing a surface charge density of p,(y, z) C/m? on z = z,
plane.

ps >

must have 0@, y,2) = ps(y, 2)6(z — x,)

-
=
.

1

Example 5: Figure in the margin depicts (for the d = 1) the E-field of a pair of
charges +@) located at (0,0, i%) derived from

Qr—%2)  —Q(r+%2)
Ame,|v — 4213 dme,|r + 423

. Q (SU,y,Z-%) . (I y7Z+d)
= Tl DF Tyt hp "

E(r) =

Determine the electric flux f E - dS across the entire xy-plane using dS =
—Zzdxdy.

Solution: Because of linearity, the flux we want to calculate equals the sum of the flux
due to charge @ at (0,0, g) above xy-plane and the flux due to charge —(@) at

(0,0, — g) above xy-plane.
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Since by Gauss’s law fs E-dS = EQ for any S surrounding (), we can, by symmetry,

infer that Q
/x y (—zdzdy) = 2

when only charge ) is considered — the logic here is, half of flux § E-dS =
emanating from charge @) should go up and the remaining half should go down
crossing the xy-plane in downward direction. Likewise, since fs E.-dS = 6? for
any S surrounding —@), again by symmetry, we can infer

/ E . (—zZdzdy) = @
wy

€o

due to charge —() only — the logic in this case is, half of flux Q “entering” charge
—( is “coming from” above crossing the xy-plane in downward direction.

Thus, by superposition, we find total

/ E . (—zZdxdy) =
zy

Q L Q _Q
e T T o

The above result can be confirmed directly by evaluating the integral

_d d
/ E(z,y,0) - (~2dzdy) = 47?6 | (j 5’__))|3 |((5’yy’ ))‘3] (—zdady)
xy o ) ’
_ _Qd r
- 4weo/ e ENIEE

Just before the last step we have replaced dxdy by rdrd¢, where r = /2% + 42, and
carried out the ¢ integration before completing the r integration as a last step (which
you should verify).




4 D ivergence and Curl Copyright (©)2024 Reserved — no parts of this
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Expressing the total charge (Jy contained in a volume V as a 3D volume
integral of charge density p(r), we can write Gauss’s law examined during
the last few lectures in the general form

j{D-dS:/pdV.
S V

This equation asserts that the flux of displacement D = ¢,E over any closed
surface S equals the net electrical charge contained in the enclosed volume
V' — only the charges included within V' affect the flux of D over surface
S, with charges outside surface S making no net contribution to the surface

integral 9% D - dS.

e Gauss’s law stated above holds true everywhere in space over all sur-
faces S and their enclosed volumes V', large and small.

e Application of Gauss’s law to a small volume AV = AxAyAz sur-
rounded by a cubic surface AS of six faces, leads, in the limit of van-
ishing Ax, Ay, and Az, to the differential form of Gauss’s law expressed

in terms of a divergence operation to be reviewed next:

— Given a sufficiently small volume AV = AxAyAz, we can assume
that

/ pdV = pArAyAz.
AV



— Again under the same assumption
%DdS ~ (Dxm—Dx‘1)AyAZ—|—(Dy‘4—Dy‘g)ACI?AZ—I—(DZ‘@—Dz|5)A$Ay
S

with reference to displacement vector components like Do shown
on cubic surfaces depicted in the margin. Gauss’s law demands
the equality of the two expressions above, namely (after dividing

both sides by AxAyAz)
Dx|2 - Dx|1 i Dy|4 - Dy|3 I Dz|6 - Dz|5

Ax Ay Az =P
in the limit of vanishing Az, Ay, and Az. In that limit, we obtain
oD, N oD, 0D, .

Ox Oy i 5. "

which is known as differential form of Gauss’s law.

A more compact way of writing this result is

V-D=p,
where the operator 5 5 5
vz(aaj?ay?az))

known as del, is applied on the displacement vector
D= (D,,D,,D.,)
2



following the usual dot product rules, except that the product of —and Dy,

for instance, is treated as a partial derivative 8D 2 In the left Slde above

oD, oD, 0D, ,
D= f
V-D o T 9y +>, (divergence of D)

is known as divergence of D.

Example 1: Find the divergence of D = £52 + 12 C/m?

Solution: In this case
D, =5z, D,=12, and D, =0.

Therefore, divergence of D is

oD, 0D, 0D

D = z y z NANANEN
v 8x+8y+8z ANANAN
ANANEN

0 K 8 TN
NN

C ANANAN

BANENEAN
ANANAN
Note that the divergence of vector D is a scalar quantity which is the volumetric ANANAN

charge density in space as a consequence of Gauss’s law (in differential form). ,;Ei :i
ANANAN
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Example 2: Find the divergence V - E of electric field vector

- pi(z+W)

—ie—, for =W <2 <0
E = @M, for 0 < x < Ws
0, otherwise,

from Example 4, last lecture (see margin figures).

Solution: In this case £, = F, = 0, and therefore the divergence of E is

on o _alztW) 2 for — W < <0
V- E="—""2= e _Jde  f(go<z<W, |,
or  Ox €o €o _
0, 0, otherwise,

which provides us with p(r)/e, of Example 4 from last lecture (in accordance
with Gauss’s law).

e Summarizing the results so far, Gauss’s law can be expressed in integral
as well as differential forms given by

%D-dS:/pdV & V-D=p.
S V

— The equivalence of integral and differential forms implies that (af-
ter integrating the differential form of the equation on the right

4

Wi
2¢,

—W,
 Eoo(2)
p2Wo
2¢,
Wy g
7W1 A WQ




over volume V" on both sides)

jl{D dS = /V DdVv

which you may recall as the divergence theorem from MATH
241. Divergence thm.

— Note that according to divergence theorem, we can interpret di-
vergence as flux per unit volume.

— We can also think of divergence as a special type of a derivative
applied to vector functions which produces non-zero scalar results
(at each point in space) when the vector function has components
which change in the direction they point.

o A second type of vector derivative known as curl which we re-
view next complements the divergence in the sense that these
two types of vector derivatives collectively contain maximal
information about vector fields that they operate on:

Given their curl and divergences, vector fields can be uniquely recon-
structed in regions V' of 3D space provided they are known at the
bounding surface S of region V', however large (even infinite) S and V
may be — this is known as Helmholtz theorem (proof outlined in
Lecture 7).

e The curl of a vector field E = E(x,y, 2) is defined, in terms of the del



operator V, like a cross product
T oy Z
VXEE(aa,aa,aa)x(Ex,Ey,Ez): % a% % (curl of E)
ray s E, E, E.
., OE. OE, L OE, OF, OE, OF,
_x((‘?y_(‘?z) y(ax 8z)+z(8x (9y>

Example 3: Find the curl of the vector field

E =2Zcosy+ 9l
2 R R AR SR NN O S SN SRR |
|l et e ettt s B e |

Solution: The curl is

Ty z

9 9 9

COSy]-O HesaAownHsanAenn AonnAsasAvsaAosnson oo Aonn AawsAvsaA
0 0 0 0 0 0

= 2(=—0——1)—g(=—0— =— 2(=—1— —
x(ay 0z ) y(ﬁx 0z COSy)+Z(8m Jy cos y)
= 20— 90+ 2(0 +siny) = Zsiny

which is another vector field.

The diagram in the margin depicts E = Zcosy + yl as a vector map

superposed upon a density plot of |V x E| = |Zsiny| = | siny| indicating the
strength of the curl vector V x E (light color corresponds large magnitude).
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[t is apparent that curl V x E is stronger in those regions where E is rapidly
varying in directions orthogonal to the direction of E itself.

e As the above example demonstrates the curl of a vector field is in
general another vector field.

— The only exception is if the curl is identically 0 at all positions
r=(z,y,2)!

o In that case, ie., if V x E = 0, vector field E is said to be
curl-free.

IMPORTANT FACT: All static electric fields E, obtained from
Coulomb’s law, and satisfying Gauss’s law V - D = p with static
charge densities p = p(r), are also found to be curl-free without
exception.

e The proof of curl-free nature of static electric fields can be given by
first showing that Coulomb field of a static charge is curl-free, and then
making use of the superposition principle along with the fact that the
curl of a sum must be the sum of curls — like differentiation, “taking
curl” is a linear operation.

— You should try to show that V x E = 0 with the Coulomb field
of a point charge () located at the origin.



o The calculation is slightly more complicated than the following

example (although similar in many ways) where we show that A

the static electric field of an infinite line charge is curl-free. Si b
| LB
] T
anr)

Example 4: Recall that the static field of a line charge A distributed on the z-axis is | VS ‘
A
B(w,y,2) = T27T€07“7
where

r?=az*+y? and 7 = Zcos¢ + gsing = (f,—,O).
r

Show that field E satisfies the condition V x E = 0.

Solution: Clearly, we can express vector E as

A x oy
E = (ﬁaﬁa

2me,

0).

Since the components 5 and % of the vector are independent of z, the corre-
sponding curl can be expanded as

Ty Z Ty Z
A A 0 0
Vol 8% 8% % ~ 2re % ‘% % :271'62%%_8—@/%).
E, E, E. ol 1 0
But,
oy Oz 01 01 —2x —2y
N = )
oxr?  Oyr? ox r? Oy r? ré ré

so V x E = 0 as requested.




5 Curl-free fields and electrostatic potential Gopyright @202 Reserved — no partsof this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

e Mathematically, we can generate a curl-free vector field E(x,y, z) as

oV oV oV

E:_(ﬁx’ oy’ 82)’

by taking the gradient of any scalar function V(r) = V(x,y, z). The
gradient of V(x,y, z) is defined to be the vector

ov oV (9V)

ox’ Oy’ 0z

pointing in the direction of increasing V'; in abbreviated notation, curl-
free fields E can be indicated as

VV =(

E=-VV.

— Verification: Curl of vector VV is

V x (VV) = — 0 — g0 — 20 = 0.

SEERE

Ox

— If E = —VV represents an electrostatic field, then V is called
the electrostatic potential.
o Simple dimensional analysis indicates that units of electro-

static potential must be volts (V).
1



— The prescription E = —VV | including the minus sign (optional,
but taken by convention in electrostatics), ensures that electro-
static field E points from regions of “high potential” to “low po-
tential” as illustrated in the next example.

Example 1: Given an electrostatic potential
Vi(z,y, z) =2 —6yV

in a certain region of space, determine the corresponding electrostatic field E =
—VV in the same region.

Solution: The electrostatic field is

o 0 0

- 2 _ - (2 = =

) (2% — 6y) = (—22,6,0) = —2 22 + 96 V/m.

Note that this field is directed from regions of high potential to low potential. Also note

that electric field vectors are perpendicular everywhere to “equipotential” contours.

Given an electrostatic potential V(x, y, ), finding the corresponding elec-
trostatic field E(z,y, z) is a straightforward procedure (taking the negative
gradient) as already illustrated in Example 1.

The reverse operation of finding V' (z,y, z) from a given E(x,y, z) can be

accomplished by performing a vector line integral

/E-dl
p

2

Electrostatic fields E
point from regions of
“high V” to “low V”’

Light colors indicate “high V'
dark colors “low V”



in 3D space, since, as shown below, such integrals are “path independent” for

curl-free fields E = —VV.

e The vector line integral

/E-dl
p

over an integration path C' extending from a point p = (2, yp, 2,) in
3D space to some other point 0 = (x,, y,, 2,) 18 defined to be

— the limiting value of the sum of dot products E;-Al; computed over
all sub-elements of path C having incremental lengths |Al;| and
unit vectors Al;/|AL;| directed from p towards o — the limiting
value is obtained as all |Al;| approach zero (i.e., with increasingly
finer subdivision of C' into |Al;| elements).

e Computation of the integral (see example below) involves the use of
infinitesimal displacement vectors

dl = zdx + ydy + 2dz = (dz, dy, dz)
and vector dot product
E-dl=(FE,, E,FE.) - (dv,dy,dz) = E,dx + E,dy + E.dz.

The integral

/ E.-dl= / (E.dx + E,dy + E.dz)
p p

3
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Curl-free: path-independent

will in general be path dependent except for when E is curl-free.
line integrals

0

G
»»»»» /////'////“/
Example 2: The field E = 2y + gz is curl-free with the + sign, but not with — as | [} -~ -~ ~ oSS ;ﬁ
verified below by computing V x E. Calculate the line integral of E (for both N eSSt j j ;; [, 1
signs rom a point o = o point p = or two different paths | . . . . - PP
igns, +) f point (0,0,0) to point p = (1,1,0) for two different path
~ : - - el . e
C going through points u = (0,1,0) and I = (1,0,0), respectively (see margin). | | -~~~ o : : e
. 5 | PP B A / (-
Solution: First we note that B | I I AV AT A
v v ¢ ¢ 1 A4 A A A 1/ f /
Ty Z I A A AR A
. . o 9 0 5 e e
Vx(@y+gr)=|g5 3 5,|=2F1-1) R
y :tCL" 0 (Y} S S Y W S S f‘?‘f‘f‘
which confirms that B = 2y & gz is curl-free with with + sign, but not with —. | «gyr1y»: path—depxendent line
In either case, the integral to be performed is integrals
p p p 10 ! L Cu L . U
E-dl= E.dx+ E,dy + E.dz) = dr + x dy). ' R
/ [ o+ By + Baz) = [ s+ ady Tt
osl{ I N N
For the first path C), going through v = (0, 1,0), we have I, N : ? § § ¥
h N
p 1 1 0.6—:1::\\\\\\\\\\\
/(ydx:txdy):/ (ix)dy|x_0+/ ydx|1/:1:0+1:1 | ol NN ::::::?:“? Al
0 1/:0 =0 71 \\\\\\\\\:
For the second path C; going through [ = (1,0, 0), we have N : : : ? -
0‘2,"*«\\\\§\\\x\
p 1 1 R S R R LR * %
(ydr £ xdy) = y dx),— & rdy,— =0£1==£1. S
0 =0 y= 0‘07‘”"3"‘ ‘v‘v‘t‘v‘v‘ ‘+‘¢,M¢‘¢‘+"
Clearly, the result shows that the line integral [ f E - dl is path independent for | | |
E = 2y + gz which is curl-free, and path dependent for E = 2y — ¢z in which
case V x E #£ 0.




e The mathematical reason why curl-free fields have path-independent
line integrals is because in those occasions the integrals can be written
in terms of exact differentials:

— for curl-free E = 2y + yx we have E - dl as an exact differential
ydz + xdy = d(zy) of the function xy, in which case [VE - dl =
zyll = (1-1—=0-0) =1 over all paths.

— for E = 2y — yx with V X E = =22 # 0, on the other hand,
E - dl = ydx — xdy does not form an exact differential —dV', and
thus there is no path-independent integral —V || nor an underlying
potential function V.

E-dl is guaranteed to be an exact differential if E = —VV = (—%—Z, _%7 —%—Z

since in that case the differential of V' (z,y, z), namely

v
dV = a—da:—i—a—vdy—i—a—vdz, is precisely —F,dv—E,dy—F.dz = —E-dl.
ox Jy 0z

— In that case

0 o p
/E-dl:—/dV:/dV:vp—VO
p 4 0

is independent of integration path; thus, if we we call o the “ground”,

and set V, = 0, then
Vp:/ E - dl
p

denotes the potential drop from (any) point p to ground o.
5
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e The physical reason why this integral formula for potential V), works
with any integration path is the principle of energy conservation:

— integral prE - dl, namely the “voltage drop” from p to o, repre-
sents the work domne per unit charge by the field E in moving

charges from location p to location o'

, so if the line integral were
path-dependent (in reaching from p to o) there would be ways
of creating net energy by making a charge ¢ follow special closed
paths within the electrostatic field E, in violation of the general
principle of energy conservation (that permits energy conversion

but not creation or destruction).

'Either to increase the kinetic energy of the charge if charge transport from p to o is unimpeded (as
for a test charge accelerating between a pair of capacitor plates) or else in pushing the charge against
frictional forces (as through a resistive wire) both at the expense of the energy stored in the field. On the
other hand, work done by the field (i.e., the voltage drop) would be negative if charges ¢ > 0 could be
moved from p to o against the field (as within a battery), in which case there would be a positive voltage
rise from p to o representing energy gain for the field per unit charge transported from p to o.

6

As long as E is curl-free, line
integral is path-independent and
produces the voltage drop from
point p to "ground" o.



Example 3: Given that V, = V(0,0,0) = 0 and

= | <

E = 22# 4 320 + 3(y + 1)2

determine the electrostatic potential V, = V(X,Y, Z
volts.

~—

at point p = (X,Y,Z) in

Solution: Assuming that the field is curl-free (it is), so that any integration path can
be used, we find that

0 4 p
V, = / E-dlz—/ E-dl:—/ (2xdr+3zdy+3(y + 1) dz)
p 0 o

X Y A
= —/ 2x dx|y,z:0 — / 3z dy|x:X,z:O — / 3(y + 1) dZ|x:X7y:Y
0 0 0
= - X*-0-3(Y+1)Z

This implies
V(z,y,r) = —2* =3y + 1)z V.

Note that

—V(—x2 —3y+1)z) = V(J:2 +3(y+1)z2)
220 +y3z 4+ 23(y + 1)

yields the original field E, which is an indication that E is indeed curl-free.

) V,=—['E-dl
Fy
: Yy
Z
oY X
X xr

A wvoltmeter with its (4 /red)
probe contacting point p and
its (-/black) probe contact-
ing point o would display (by
analog or digital means) the
numerical value of

vp:/ E-dl
p

with the integration path
consisting of the path defined
by the probe wires. The volt-
meter reading would be inde-
pendent of the path config-
uration when the field E is
electrostatic.

For the voltmeter not to per-
turb the field it is probing,
its input impedance need to
be much greater than the
impedance between points p
and o.



Alternate Solution — Exact Differential Method: Note that

E-dl = 222+ 329+ 3(y+1)2) - (2dx + ydy + 2dz)
2xdx + 3zdy + 3(y + 1)dz = 2xdx + 3(ydz + zdy) + 3d=
= d(z® +3yz +3z2) = —dV.

Therefore
V(z,y,2) = —2* = 3yz — 32+ C,

where the integration constant C' should chosen so that V'(0,0,0) = 0. The result
1S
V(a,y,z) = —2° = 3(y+ 1)z

as before.




Example 5: According to Coulomb’s law electrostatic field of a proton with charge
() = e (where —e is electronic charge) located at the origin is given as

€ A
E= 5T,
4dme,r

where

r=+/22+y2+ 22 and 7= (x,y,z).
r
Determine the electrostatic potential field V' established by charge () = e with

the provision that V' — 0 as r — oo (i.e., ground at infinity).

Solution: Field E and its potential V' will exhibit spherical symmetry in this problem.
Therefore, with no loss of generality, we can calculate the line integral from a
point p at a distance r from the origin to a point o at co (the specified ground)
along, say, the z-axis. Approaching the problem that way, the potential drop

from r to oo is
e
V(r) = / ——Z-Zdz
z

_, Ame 22
e o e
 dme,z'" Admer’

0] 0]

e To convert electrostatic potential V,, (in volts) at any point p to poten-
tial energy of a charge ¢ brought to the same point, it is sufficient to
multiply V,, with ¢ (or just the sign of ¢, depending on which energy
units we want to use — see the next example).

9

Or else (exact differential
method):

(& —€

E-dl = (——7)-rdr = = —d
(47reor2r) rar d(47reor) v
leading to
e
vir) = dme,r

(using an integration con-
stant of zero).



Example 6: In view of Example 5, what are the potential energies of a proton e and
an electron —e placed at distance r = a away from the proton at the origin,
where distance

— =0.529%x 107" m

stands for Bohr radius — it is the mean distance of the ground state electron in
a hydrogen atom from the center of the atom. Recall that e = 1.602 x 1071 C
and €, ~ 1077/367 F/m.

Solution: Let’s first evaluate the potential V(r) at r = a:

Vi) = —“ ~ (1.6 x 107 19)36m x 10° 9 x 1.6

— ~ = =27.2V.
Admeqa 47 x 0.53 x 10~10 0.53

For the proton, potential energy in Joules is calculated by multiplying V' (a) = 27.2
V with ¢ = e = 1.602 x 1071 C. However, by referring to 1.602 x 1071 J of
energy as 1 eV (electron-volt), it is more convenient to refer to potential energy
eV (a) of the proton at r = a as

eV (a) = 27.2¢eV.

Likewise, for a particle with charge ¢ = —e, i.e., an electron, potential energy at the
same location is

—eV(a) = —27.2¢eV.

Factoid: The -13.6 €V ground state energy of the hydrogen atom, corresponding to
one half of its potential energy of -27.2 eV, also includes the sum of the average

kinetic energies of the electron and proton within the atom amounting to 13.6
eV!

10




6 Circulation and boundary conditions

Since curl-free static electric fields have path-independent line integrals, it
follows that over closed paths C' (when points p and o coincide)

%E-dl:(),
C

where the fﬁCE - dl is called the circulation of field E over closed path C
bounding a surface S (see margin).

Example 1: Consider the static electric field variation

E(z,y,2) = :f:pe—x
that will be encountered within a uniformly charged slab of an infinite extent in
y and z directions and a finite width in x direction centered about x = 0. Show
that this field E satisfies the condition fCE -dl = 0 for a rectangular closed
path C' with vertices at (z,y,2) = (—=3,0,0), (3,0,0), (3,4,0), and (—3,4,0)
traversed in the order of the vertices given.

Solution: Integration path C' is shown in the figure in the margin. With the help of
the figure we expand the circulation fo E - dl as

3 4 -3 0
3 3
%E-dl - / f;@-aedx+/ a}p—-gdy+/ @@-@dx+/ 3
C $:_3 60 yZO 60 x:?) 6O y:4_ 6O

3 -3
- / @da;+o+/ PYae+0=0.
z=-3 €o =3 €o

Copyright (©)2024 Reserved — no parts of this

set gf lecture notes (Lects. 1-39) may be re-
procFuced without permission from the author.
A o= b
oPF=::::: :i:::
£ %:ﬂal --...-’=
NG Al
' E; %
X

Closed loop integral over path
C enclosing surface S.

Note that the area increment
dS of surface S is taken by
convention to point in the
right-hand-rule direction
with respect to "circulation"
direction C.

ZA Y

,0) /(L;,o)
d

A

(3,0,0) C (3,0,0) T




Note that in expanding §C E - dl above for the given path C, we took dl as zdx
and gdy in turns (along horizontal and vertical edges of C, respectively) and
ordered the integration limits in x and y to traverse C' in a counter-clockwise
direction as indicated in the diagram. N

Z
Y
e Vector fields E having zero circulations over all closed paths C are d4S_
known as conservative fields (for obvious reasons having to do with ¢ f;ﬁ
their use in modeling static fields compatible with conservation theo- % I
rems). —>E g
X

STOKE'S THM:

Circulation of E around close
path C equals the flux over
enclosed surface S of the curl

f E-dl =0 N VXE=0 of E taken in direction of ds.
C

dS points in right-hand-rule

— The concepts of curl-free and conservative fields overlap, that is
diJ.cection_with respect to
over all closed paths C' and at each r. circulation® direction C.

e The above relationship between circulation and curl is also a conse-
quence of Stoke’s theorem (discussed in MATH 241) which asserts
that Stoke’s thm.

fE-dl—/VxE-ds,
C S

— the integration surface S on the right is bounded by the closed

where

integration contour C' of the left side, and

2



— the incremental area element dS on the right points across area S
in the direction indicated by a right-hand rule as follows:

Point your right thumb in chosen circulation direction C'; then your
right fingers point through surface S in the direction that should be
adopted for dS.

— Given Stoke’s theorem, §CE - dl = 0 follows immediately for all
C,if V x E =0 is true over all r.

Stoke’s theorem clearly implies that curl is circulation per unit
area, just as the divergence theorem showed that divergence is flux
per unit volume.

— The only difference is, curl also has a direction, which is the normal
unit of the plane that contains the maximal value of circulation
per unit area found at that location (over all possible orientations

of dS).

We will verify Stoke’s thm after explaining the circulation per unit
area notion in steps:

— Let us first calculate the circulation of a vector field E taken about
an arbitrary point (x,y, z) on a constant x plane around a square
contour with small edge dimensions Ay and Az parallel to y and
z axes as shown in the margin.

3

»
|

X

STOKE'S THM:

Circulation of E around close
path C equals the flux over
enclosed surface S of the curl
of E taken in direction of dsS.

dS points in right-hand-rule
direction with respect to
"circulation" direction C.

z 4,'?0
;o2 .
(x,y,z+ Az) 43 = AyAzz
Yo/ (xy+ Ay, 2)
3

(2.9, 2)

\



— For a small rectangular contour “C,” on a constant x plane with
sufficiently small Ay and Az dimensions parallel to y and z axes
(see figure in the margin), we have

y|4Ay — EZ|1AZ + Ey‘gAy

7{ E-dl ~ EzAz—E

yla — Ey3)Ay.

[t follows that

E..,—FE. E,,—F
1 j’{ B.dl ~ (2272 Byt = Byis)
AyAz Jo. Ay Az

and

1 ok, OFE
Ii E.-dl= D=z E
Ay A0 AyAz %x ( Jdy 0z )=2-VxE,

meaning that the x component of V x E is the circulation of E
per unit area on a constant x surface.

— Likewise, y and z components of V x E are circulations of E per
unit area on constant y and z surfaces, and in general

\

1 1 1
E= 1 E-dl E-dl E-dl).
VX Ax,A;{gz+0<AyAz j{;x " AxAz 72 " ArAy 72 )

— Furthermore, based on the above result, we can recognize that vec-
tors V X E point everywhere in directions perpendicular to planes
of maximum circulations per unit area in the E field and have

4



magnitudes corresponding to the maximum values of circulations
per unit area at every point.

e Now, to confirm Stoke’s theorem

fE-dI:/VxE-dS
C S

pertinent for a closed path C and its enclosed surface S, we will make
use of the diagram shown in the margin.

— The circulations over small squares shown in the diagram are ap-
proximately equal to the products of their areas and the normal
components of V x E calculated at the center points (based on
what we learned above).

— When all such circulations covering surface S are added up, the
result is | ¢ V X E-dS in the limit of vanishing size for the squares,

— as well as fCE - dl because in the grand sum of the circulations
over all the squares, all the contributions mutually cancel out (like
the overlapping edges of red and blue squares) except for those
calculated along the periphery C'

We can now summarize the general constraints governing static electric fields

VXxE((r)=0, V-D(r)=p(r), where D(r) = ¢,E(r).

C
T
S

i

E

/]
(

Sum of circulations over small
squares cancel in the interior
edges and only survive around the
exterior path C. This way,
circulation around C matches

the sum of the fluxes of curl E
calculated over the small squares.

Laws of

electrostatics:
VXE =0
V-e,E = p

They also apply “quasi-statically”
over a region of dimension L
when a time-varying field source
p(r,t) has a time-constant T much
longer than the propagation time
delay L/c of E(r,t) field varia-
tions across the region (c is the
speed of light).

In electro-quasistatics  (EQS)
E(r,t) will be accompanied by
a slowly varying magnetic field
B(r,t) (to be studied starting in
Lecture 12).



e Vector fields E(r) and D(r) governed by these equations will in general
be continuous functions of position coordinates r = (z,y, z) except at
boundary surfaces where charge density function p(r) requires a repre-
sentation in terms of a surface charge density ps(r).

— For instance, according to our earlier results, static electric field
of a charge density (see sketch at the margin)

P1EN NU N N O O O T . A A A e

NG N N N N U S T T Y A A A ad

p(r) = p5(5<2) B N N N B A A . g

FS N X X " A g A 7T

17\\\ XX XN A g A T T

would be N N N N N N A A A A A A
[N N X X " A g A 7 77

B R ps . /\ps ~ 0j<—<7<7 - = - - e - - > > >

E(I’) = Z—SgH(Z> = D(I’) = Z-Sgﬂ(Z). lor s 2 4 F F ¥ 4NN N M

60 2 T &~ 2 ¥ ¥ F ¥ ¥ ¥ U O S

_17/// ¥ ¥ F F ¥ U U N N N

o Consider a superposition of these fields with fields E,(r) and [Z222 77 70000l l00
D,(r) = €E,(r) produced by arbitrary continuous sources, 777777 11110110

(NS
N}
o

namely (macroscopic) fields

E(r) = 22p—ssgn(z)+EO(r) and D(r) = é%sgn(z)wLeoEo(r).
€o

Since fields E,(r) and D,(r) vary continuously, these field expressions
must satisfy

- (DT—D7)=p, and Zx (ET—E7)=0

where

E"=E(z,y,0") and E” = E(z,y,07)
0



refer to limiting values of E at z = 0 plane from above and below,
respectively, and likewise for

D" =D(z,y,0") and D™ =D(z,y,07).

The above “boundary condition equations” can be written in a more
general form (see margin for justification) as

n-(DT—D7)=p, and nx (ET—E7) =0

where n denotes a unit vector normal to any surface of an arbitrary
orientation carrying a surface charge density ps, while field vectors with
superscripts + and — indicate limiting values of fields measured on
either side of the charged surface (with n pointing from — to +).

— The equations can be further simplified as
DI — D, =p, and E/ =E;

where D,, and E; refer to normal component of D and tangential
component of E, respectively. Clearly, these boundary condi-
tions say that at any surface S,

o tangential component of electric field E needs to be continu-
ous, but

o normal component of D can change by an amount equal to
the charge density ps carried by the surface.

7

Constraint

j{E-dl:O
c

around the dotted path yields
Ef =FE;

in w — 0 limit.

Gauss’s law

jiD-dS:QV

applied over the dotted volume (seen in
profile) yields

D;—_D;:ps

in w — 0 limit.




Example 2: Measurements indicate that D = 0 in the region x < 0.

Also, z = 0 and = 5 m planes contain surface charge densities of p, = 2 C/m? and
Pso, Tespectively.

Determine pg, and D for —oo < o < oo if there are no other charge distributions.

Solution: Since the normal component of D must increase by ps = 2 C/m? when
we cross the charged surface x = 0, we must have D = 22 C/m? in the region
0<zx<)dHm

Having D = 0 in the region x < 0 requires that the field due to surface charge ps,
on x = 5 m plane must cancel the field due p, = 2 C/m? on 2 = 0 plane — this
requires that ps, be —2 C/m?.

In that case D = 0 in the region x > 5 m, because D must increase by ps, = —2
C/m? when we cross the charged surface at x = 5 m.

D=0forxz<0.

1

ps =2C/m* - frg ="

i
Inmni

I
pNE.




Example 3: In the region z < 0 measurements indicate a constant displacement field
D = 3 C/m? Also, z = 0 and z = 5 m planes contain surface charge densities
of ps =2 C/m? and p; = —6 C/m? respectively. Determine D for x > 0 if D is
known to be uniform in the intervals 0 < x < 5 m and x > 5 m.

Solution: First we note that E = 2 = ;Qg V/m is tangential to x = 0 and z = 5 m

€o
surfaces. Since the tangential component of E cannot change at any boundary,
we will have a uniform F, = g in all regions, —oco < x < oo, implying that

D, = 3 C/m? throughout (caused by charges at |y| — oo).

Second, we note that normal component of D with respect to x = 0 and x = 5 m
surfaces, namely D,, is zero in z < 0. Since the normal component of D must
increase by an amount p; when we cross a charged surface, we must have D, = 2
C/m? in the region 0 <z < 5m, and D, =2+ (—6) = —4 C/m? in x > 5 m.

In summary;,
U3, for z < 0,

D=dq22+93, for0<z<5m
—z24+ 93, forx>>5m

C

m?

D = 3y for x < 0.
Ps = 2C :Em Ps = _6_§/m2

1

2

i
Inmn;

T




7 POiSSOﬂ ’ S and Laplace ’ S equations Copyright (©)2024 Reserved — no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Summarizing the properties of electrostatic fields we have learned so far, they

satisfy the laws of electrostatics shown in the margin and, in addition, Laws of
electrostatics:
E = —VV as a consequence of V x E = 0.
) ) ) , V-E= P/EO
e Using these relations, we can re-write Gauss’s law as VxE =0
V-E=-V-(VV)=2,
€o
from which it follows that
VAV = —E, (Poisson’s eqn)
€o
where PV PV BV
ViV = + +
ox?  Oy? 022
is known as Laplacian of V. Poisson’s eqn:
— A special case of Poisson’s equation corresponding to having ViV = _P
€o

p(a?, Y, Z) =0
Laplace’s eqn:

everywhere in the region of interest is

V=0
V2V = 0. (Laplace’s eqn) v



Focusing our attention first on Laplace’s equation, we note that the equation
can be used in charge free-regions to determine the electrostatic potential
V(x,y, z) by matching it to specified potentials at boundaries as illustrated
in the following examples:

zﬂ

##/ (d) = =3V

:::::
s

Example 1: Consider a pair of parallel conducting metallic plates of infinite extents
in x and y directions but separated in z direction by a finite distance of d = 2
m (as shown in the margin). The conducting plates have non-zero surface charge
densities (to be determined in Example 2), which are known to be responsible for
an electrostatic field E = ZFE, measured in between the plates. Each plate has
some unique and constant electrostatic potential V' since neither E(r) nor V(r)
can dependent the coordinates x or y given the geometry of the problem.

Using Laplace’s equation determine V' (z) and E(z) between the plates if the potential
of the plate at z = 0 is 0 (the ground), while the potential of the plate at z = d
is =3 V.

Solution: Since the potential function V' = V(z) between the plates is only dependent
on z, it follows that Laplace’s equation simplifies as
0’V 0V 9’V 9%V
+——+ — = 0.
ox?  Oy: 022 022
This equation can be satisfied by

VIV =

V(z)=Az+ B

where A and B are constants to be determined. Now applying the given boundary
conditions, we first notice that (at the lower plate)

V(0) = (Az+ B)._g= B = 0.

z=d=2m




Applying the second boundary condition (at the top plate) we find

V(2) = (Az+0)y =24=—3V = A= 3V

2m’
The upshot is, potential function

Vi(z) = —gz, for 0 < z < 2m.

Finally, we determine the electric field between the plates as

E:—VV:—V&;ﬂ:%%éﬂzd

Example 2: In Example 1 what are the surface charge densities of the metallic plates
located at z = 0 and z = 2 m surfaces?

Solution: Since the electric field

3V
E=:-—
2 m
in between the plates, comparing this field with the field
E=:>
€o

of a pair of parallel surfaces carrying surface charge densities ps and —p, (at
z=0and z = 2 m), we find that

on the surface at z = 0. The surface at z = 2 m has p; = —%eo.

z 4

#/ (d) = =3V
, w2/ (0) = 0
Viz) = z=10
. T
A Z
z=d=2m
T e & g
3 V(z) = —57
E|= —V(—gz) = 5%
. - V(2)




Notice that our solution with equal and opposite charge densities on the parallel
surfaces implies that electrostatic fields are zero within the conducting plates
where the fields due to two charged surfaces are canceling out. This conclusion is

consistent with having constant electrostatic potentials within conducting regions
as will be discussed in the next lecture.

Example 3: A pair of copper blocks separated by a distance d = 3 m in x direction
hold surface charge densities of p, = &2 C/m? on surfaces facing one another as
shown in the margin. The blocks are assigned constant potentials V, = 0 and V,
(see figure). What is the potential difference V,?

Solution: Let D' = ¢, E, denote the displacement vector in between the blocks, and

let D™ = 0 denote the displacement vector within the block with a surface at
x = 0. Then the boundary condition equation used at x = 0 implies that
C 2
i-(D*—D_):cOEJC:2—2 = Fk,=—.
m €o

In that case, potential difference between the blocks is

2 6
V=Fd=—3=—.
6O 6O
Since the block on the left is at a higher potential (electric field vectors point
from high to low potential) assigned as V, = 0, we must have




Poisson’s equation

vy = -2

60
is used in regions where the charge density p(r) is non-zero. The following
example illustrates a possible use of Poisson’s equation.

Example 4: An infinite charged slab of width W7, located over —W; < x < 0, has a
negative volumetric charge density of —p; C/m3, p; > 0. A second slab of width
Wy and positive charge density po is located over 0 < z < W5 as shown in the
margin. The electric field of this static charge configuration under the constraint
Wip1 = Wypy was computed in an earlier section as

B —i%twl), for =W <2<0
T pla=We) for 0 < x < Wy

€o )

and is depicted in the margin. Determine the electrostatic potential in the re-
gion and the potential difference Vo1 = V(W3) — V(—W7) satisfying Poisson’s
equation.

Solution: This is a one dimensional geometry where E and potential V' depend only on

coordinate x. Therefore, Poisson’s equation V2V = —p/e, takes the simplified
form

&’V p(x)

de2 e,
Integral of this equation over x yields in the left % = —F,, which implies, given

the electric field result from above,

av. M, for — Wi <x<0
dv —M, for 0 <z < W,

o

W
2¢,
-W g
“EQJ; (:L‘)
p2Wo
2¢,
Wy g
E.(x)
-W A W,
! |44}




Integrating % once more (i.e., finding suitable anti-derivatives with integration
constants), we find

_ pa(z—Wy)?

Vi) sl W Ly for — Wy <2 <0
€Tr) =
5. + Vy, for0 <o < Wy

where the integration constants included on each line have been selected so that
Vo =V(Ws), Vi =V (=W).

Requiring a unique potential value at x = 0 (we can only associate a single potential
energy level with each position in space) compatible with this expression for V(x),

we obtain 04 T2 02

+ —

PO pO-WaP

2€, 2€, >

from which
Vo — Vo — Vs — paW3 + py W} _ paeWo (W7 + W) _ piWi (Wh + W)
21 2 1 260 260 260 : _016W1
Note that the equation above can be solved for Wy, W5, and W5 4+ W7 in terms of
Via, p2, and py, providing useful formulas for diode design (see ECE 440). We TV(z) v
can also get useful specific formulae for V3 and V4 by imposing V(0) = 0, i.e., ?
choosing x = 0 to be the reference point. T
T
Vi

e The solution of Poisson’s equation

vy =L

€o




with an arbitrary p existing over a finite region in space can be obtained

V(r) = / p(r') Br’

dre,r — 1/

as

where d°r’ = dx'dy’'dz’ and the 3D integral on the right over the primed
coordinates is performed over the entire region where the charge density
1s non-zero.

— Verification: The solution above can be verified by combining a
number of results we have seen earlier on:

1. In Lecture 5 we learned that the electric potential V(r) of a
point charge e at the origin is

€

V(r)

B dre,|r|

Clearly, this singular result is a solution of Poisson’s equa-
tion above (and the stated boundary condition) for a charge
density input of
p(r) = ed(r).
2. Using ECE 210-like terminology and notation, the above re-
sult can be represented as

1
47, |r|

d(r) — | Poisson’s Eqn| —




identifying the output on the right as 3D “impulse response”

of the linear and shift-invariant (LSI) system represented

by Poisson’s equation.

3. Because of shift-invariance, we have

o(r—r1') —

1

Poisson’s Eqn| —

dre,|r — 1|

meaning that a shifted impulse causes a shifted impulse re-

sponse.

The shifted impulse response is usually called “Green’s
function” G(r,r’) in EM theory.

4. Because of linearity, we are allowed to use superpositioning

arguments like

/p(r’)é(r—r’)d?’r’ = p(r) — | Poisson’s Eqn

1
= [ o) s = Vi)

which concludes our verification of the electrostatic! potential

solution. Note how we made use of the sifting property of the

impulse (from ECE 210) in above calculation.

L Also, in quasi-statics we use p(r',t) to obtain V(r,t) over regions small compared to A = ¢/ f, with f

the highest frequency in p(r’,t).



e As an application of the general solution of Poisson’s equation, namely
/
r
vy =-2 = v :/Ld?’r’,
€o 4e,|r — 1|
we next provide an outline of the proof of Helmholtz theorem (see Lecture

4) which states that any vector field F(z,y,2) that vanishes in the limit r =

\/ 2% 4+ y? + 22 — oo can be reconstructed uniquely from its divergence and curl:
— First, we claim that any vector field F = F(z,y, z) in 3D can be expressed as
a sum
curl-free part of F
F="VV+V xA
——
divergence-free part of F

in terms of some scalar field V' (z,y, z) and some vector field A(z,y, z) — this
is known as Helmholtz decomposition of F and can be justified as follows:

o Given any vector field G = G(z,y, z), a well known vector identity

=V
,—/! 9
Vx(VxG)=V(V-G)-V°G
=A =F

implies the above stated Helmholtz decomposition of another vector
field F = —V?G as a difference of some V x A (with A=V x G+ VU
since V x (VV¥) = 0 with any W) and some VV (with V =V -G+ C
since VC = 0 with any constant C'). QED

o Note: since arbitrary C' and ¥ can be permitted, V and A of Helmholtz
decomposition are not unique, even though the curl-free (or irrotational)
—VV and divergence-free (or solenoidal) V x A parts of F will always
be unique!

Helmholtz
Decomposition



— Second, taking the divergence of
F=-VV+VxA
and using V -V x A = 0, we find that

V' F(r)
R v 2 2y, . _
V.-F=-V¥ = VV=-V.E = V()=

like p/e,

d3 /
4r|r — 1| g

in analogy with Poisson’s equation (with V' - F(r) replacing p(r')/e, where
V' is “del” in (2, 4/, 2')-space).
— Likewise, the curl of
F=-VV+VxA

with V x VV =0, leads us to, using a divergence-free A, to

VXxF=VXxVxA=V V- -A)-VA =V’A=-VxF = A(r)=
=0

once again in analogy with Poisson’s equation2.

— These results, jointly, validate the Helmholtz theorem for fields F vanishing
at infinity, since, evidently, V' and divergence—free3 A needed to reconstruct F

can be specified in terms of V - F and V X F, respectively.

2While the vector field A identified above is divergence-free, V x A in Helmholtz decomposition of F = —VV 4+ V x A
can be swapped with a V x A’ with some A’ = A 4+ V'V since V x V¥ is unconditionally zero independent of the choice of
W. However it is possible to specify ¥ so that A’ = A+ V'V is not divergence free. Such an A’ would be a divergent solution
of the 3D pde V x V x A = V x F but it would lead to the same F as the divergence-free A since V x A’ = V x A when
A’ = A +VVU ! The additive term V¥ in A’ is analogous to allowing a constant number to be added to V! The freedom to
specify W, and thus V- A’, at will is known as gauge freedom and any choice of ¥ making V- A’ = 0 is known as Coulomb’s

10

V' x F(r')

4r|r — 1|

Helmholtz
Theorem



— The results also validate the Helmholtz theorem even if F does not vanish at
infinity in terms of V and A solutions of Poisson’s-like pde’s V2V = -V - F
and V2A = —V x F with forcing terms depending only on the divergence and
curl of F, respectively.

o for example: E field of an infinite charge slab of a finite width does

not vanish at infinity, but we know that it can be represented in the form
E = -VV +V x A with A = 0 (since the static E is curl-free) and
V o« p x V - E within the slab!

gauge.
3To check and confirm V - A = 0 directly, use the identity V- (¢G) = aV - G 4+ G - Va to expand A(r) as
v. V' x F(r /V’XF 1 /V’XF v /V’ (V' x F(r ))d3r’:0
47T|r—r’| |r—r’| r—r’| 4| — 1|

after using a symmetry relation V|r — r/|7% = —V'|r — r/|~! (which is easy to confirm), an integration by parts for an

integrand that vanishes as |r'| — oo, and noting that the divergence of curl is zero within the integrand!

11



8 Conductors, dielectrics, and polarization

So far in this course we have examined static field configurations of charge
distributions assumed to be fixed in free space in the absence of nearby
materials (solid, liquid, or gas) composed of neutral atoms and molecules.

In the presence of material bodies composed of large number of charge-
neutral atoms (in fluid or solid states) static charge distributions giving rise
to electrostatic fields can be typically! found:

1. On exterior surfaces of conductors in “steady-state”,

2. In crystal lattices occupied by zonized atoms, as in depletion regions of
semiconductor junctions in diodes and transistors.

In this lecture we will examine these configurations and response of materials
to applied electric fields.

Conductivity and static charges on conductor surfaces:

e Conductivity o is an emergent property of material bodies containing
free charge carriers (e.g., unbound electrons, ionized atoms or molecules)
which relates the applied electric field E (V/m) to the electrical current
density J (A/m?) conducted in the material via a linear relation?

J=0E. (Ohm’s Law)

'More generally, materials containing charge carriers exhibiting divergence free flows will also exhibit
static charge distributions.

2Linear behavior is possible provided charge carriers suffer occasional collisions within the medium.

1
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e

A conducting slab inserted into a
region with field E_o (as shown
in b)develops surface charge which
cancels out E_o within the slab.

E o relates to surface charge
as dictated by Gauss'’s law and
superposition principle.



e Simple physics-based models for o will be discussed later in Lecture 11.
For now it is sufficient to note that: s

— 0 — oo corresponds to a perfect electrical conductor® (PEC) for
which it is necessary that EE = 0 (in analogy with V' = 0 across a
short circuit element) independent of J.

+ + + + + + + + o+ o+ Py

— 0 — 0 corresponds to a perfect insulator for which it is necessary 3 - - - - - - - ip P
that J = 0 (in analogy with I = 0 through an open circuit element) p, 2 N
independent of E. %/ // ///

P ‘E,

e While (macroscopic) E = 0 in PEC’s unconditionally, a conductor with — + + + + + + + + + +p,
a finite o (e.g., copper or sea water) will also have E = 0 in “steady-
A conducting slab inserted into a

state” after the decay of transient currents J that may be initiated region with field E o (as shown

in b)develops surface charge which

within the conductor after applying an external electric field E, (see cancels out E o within the slab.

1 E o relates to surface charge
IrnirguIl). as dictated by Gauss'’s law and
superposition principle.

— The reason is, mobile free charges (e.g., electrons in metallic con-
ductors) within the conductor will be pulled or pushed by the
applied field E, to pile up on exterior surfaces of the conductor
until a surface charge density p, that is generated produces a sec-
ondary field —E, that exactly cancels out the applied E, within
the interior of the conductor.

SPEC is an “idealization” that has no real counterpart, even though it is convenient to treat high
conductivity materials such as copper as PEC in certain approximate models and calculations. For “su-
perconducting materials” ¢ — oo only in the low frequency limit.



— E = 0in the interior at steady-state implies that potential V' =const.,**> = =~ =~ =~ =~ = = 7 ~ —ps
aswellas p=V -D=V-¢E =0. "

— Surface charge density ps and the exterior field on a conductor
surface will satisfy the boundary condition equations

+ + + + + + + + o+ o+ Py

n-D=p; and n x E =0,

by - = - = - - - = - — s
with n denoting the outward unit normal. E, P

’ }
e The transient “time-constant” 7 for the decay of charge density p (and ) %//%////////%%

hence E, as claimed above) in a homogeneous* conductor (constant o) AE,

+ 0+ + + + + o+ o+ o+ + Py

can be obtained using the continuity equation

é) A conducting slab inserted into a
P region with field E_o (as shown
e + V : J — O in b)develops surface charge which
at cancels out E_o within the slab.

E o relates to surface charge

representing the mathematical statement of charge conservation (de- as dictated by Gauss's law and
superposition principle.
rived in Lecture 16). Using J = oE and V - E = p/¢,, we have

V-JzUV-E:Ep
€o

above, from which it follows that

0 0
a/t? ap = 0 with a damped solution p(t) = p(())e—at.
60

1See Fisher and Varney, Am. J. Phys., 44, 464 (1976), for a discussion of contact potential between
different metals.



The decay time-constant

L&
o

is typically very short (~ 1071% s) in metallic conductors, which is why

such conductors are usually considered to be in steady-state (and have

zero interior fields).

e As a consequence: in electrostatic> problems conducting volumes
of materials (e.g., chunks of copper) can be treated as equipotentials
having zero internal fields and finite surface charge densities p; = n-D
expressed in terms of external fields D normal to the surface.

®Also applicable quasi-statically when externally applied fields E, () change slowly with time-constants
much longer than €,/0. The way conductors are treated in high frequency electromagnetic problems will
be described later on.



Dielectric materials and polarization:

e Dielectric materials consist of a large number of charge-neutral atoms

or molecules and ideally contain no mobile charge carriers (i.e., o = 0). tE

e Electric fields produced by charges located outside or within a dielectric
material will polarize the dielectric — meaning that its constituent

{ E=E,
atoms or molecules will be “stretched out” to expose their internal or * + * + * + + + + +

A dielectric slab inserted into a

“bound” charges, electrons and protons — which will in turn cause the region with an initial field E o

. . . . . will become polarized.
electric field inside the dielectric to become weaker than (but not zero,

Inside the polarized dielectric the

as in conductors) what the field would have been in the absence of field will be weaker than E o

outside, but not reduced to zero

polarization effect. as in a conductor.

We will next examine this polarization process and see how Gauss’s law can
be re-stated to facilitate field calculations in dielectric materials containing
bound charge carriers, i.e., atomic/molecular electrons and protons which
are not free to drift away from one another indefinitely (neglecting possible
ionization events).

e Consider a static free-charge density p(z) = ps that would produce a
macroscopic field E, satisfying p = ¢,V -E, in some region of free space.
The same density p(z) = ps will produce some other field E = ZE,
within the same region of space when occupied by a dielectric medium
composed of an array of neutral atoms or molecules.

Our objective is to relate the field E to E, and p;, and find a way
of calculating E when p; is given.

5



e In the presence of an electric field E = ZE. in the dielectric each neutral
atom of the medium will be in a distorted (but not ripped apart) state Az
forming a Zz oriented electric dipole, which can be visualized as a »rs "+ +
proton-electron pair with a small proton displacement d in z direction s
with respect to the electron.

— Consider a regular array of such dipoles
p = edz,
with Az, Ay, and Az spacings between the dipoles (see margin),

so that the volumetric dipole density is 7T Audy

1 -3
=—— m °,
AxAyAz
within the array, and, furthermore,
e C
Ps = AzAy m?
is the magnitude of charge density of the adjacent proton and

electron layers (see margin again) formed by arrays of adjacent
dipoles displaced in z by intervals Az.

Ny

— Assuming that the array is infinite in extent in  and y directions,
the proton and electron layers with surface charge densities £p,
will produce interior electric fields

~Ps N 6/60
E = —0— = —
! Zeo ZAxAy




(pointing in opposite direction to E = ZE,), and exterior fields
E;, =0

in between the dipole layers. Space averaged macroscopic electric
field within the array (with a spatial weighting proportional to
the size of regions with the fields E; and Es) produced by the
polarized dipoles will then be

d Az —d . edfe,  Ngedz P

E,—E,— +E _ Y
b 1Az+ Az ZAajAyAz €, €,

where

P = Nyed? = Nyp

is, by definition, macroscopic polarization field of the dielectric,
measured in units of C/m? (same units as a surface charge density).

The total macroscopic field E in the dielectric is then the sum
of field E, produced by the free charge density p¢ in the region
and the macroscopic polarization field E, = —g produced by
bound charge carriers of the neutral atoms and/or molecules of

the dielectric, i.e.,

P
E = EO )
6O
a result that shows a “reduced field strength” E (compared to E,)

inside the dielectric since P and E, are collinear.

TE E,

+ + 4+ + + + + o+ o+ o+

A dielectric slab inserted into a
region with an initial field E o
will become polarized.

Inside the polarized dielectric the
field will be weaker than E o
outside, but not reduced to zero

as in a conductor.



e Let’s re-arrange the expression for E from above as
cE+P=¢E,

after multiplying it with €, and moving P to the left. Now, the term on
the right is € ,E, = D, representing the displacement vector outside the
dielectric slab®, and if we were to “adopt” the left hand side expression
as the “displacement vector” for the interior, i.e, take

D=¢E+P
in regions with non-zero P, then we would see that

— D =D,, i.e., the displacement is the same inside and outside the
slab, while electric fields E and E, inside and outside differ by a
non-zero —P /¢,, and, furthermore,

— this generalized definition of electric displacement (a macroscopic
field since P is macroscopic) is consistent with (by now familiar)
D = ¢,E for free space since in free space P = 0.

e To express Gauss’s law V - (¢,E) = p in a form applicable with our
new revised D = ¢, E+ P, we first note that Gauss’s law (derived from

6This is true for the infinite dielectric slab geometry we are considering here where the external field
E, is not influenced by the polarized slab.

Outside a dielectric sphere, on the other hand, the external field will differ from the applied field E,
(see Purcell, Electricity and magnetism, 1965, Chapter 9) because of external fringing fields of finite sized
bound charge layers of the dielectric sphere (giving rise to a non-zero external E, in regions where P = 0,
and E, = —% within the sphere, which in turn leads to D = ¢,E + P = ¢, E, + %P within the sphere,
differing from unperturbed displacement D, = ¢,E, to be seen far away from the sphere).

8

A dielectric slab inserted into a
region with an initial field E o
will become polarized.

Inside the polarized dielectric the
field will be weaker than E o
outside, but not reduced to zero

as in a conductor.



Coulomb’s law via superposition over all microscopic charges) should
hold in any type of medium so long as p is understood to be the total
charge density p = ps+pp, asum of charge densities py and py associated
with free and bound charge carriers that could exist in the region. As
such:

— outside dielectrics, Gauss’s law is V - (¢,E) = py, since p, = 0 in
that case, and this can be expressed as V-D = p;, with D = ¢, E
as usual for free space where P = 0;

o using V - (¢,EE) = ps outside the dielectric provides us with
the charge densities ps of positive and negative charge sheets
on the bottom and on the top since E, jumps from 0 to FE,
and then back to 0 as we move from bottom to top across the
two charge sheets.

— evaluating V - D = py with the macroscopic displacement field
D = ¢,E+ P within a dielectric, we obtain V- (¢,E) = p; —V - P,
implying, in view of Gauss’ law V- (¢,E) = ps+ p, in macroscopic
form, a macroscopic bound charge density’ p, = —V - P expressed
in terms of P.

e In conclusion, the macroscopic form of Gauss’s law can be written for

"Note that if P is a constant inside a dielectric and zero outside, then p, = —V - P will be a surface
charge density confined to the surface of the dielectric. Also py = 0 within and outside the dielectric slab
in the region in between the charge sheets producing E,.



any type of medium as
V . D = pf,

with the understanding that D = ¢,E + P, “including” the effects of
bound charge density p, = —V - P that may exist within or on the
boundaries of the medium.

— Typically subscript f of p; is dropped in Gauss’s law, with the un-
derstanding that p refers to p; because any non-zero p, = -V - P
effects have already been “lumped” into D = ¢,E + P (as men-
tioned above).

The differential form of Gauss’s law that we will now write (without
the subscript f on py) as

V-D =p, |Gauss’s law inside material medium]|

appears in integral form (after applying Divergence theorem to volume
integral of the differential form) as

jqu S = /pdV,

where the right side denotes the net free charge inside volume V.

In a large class of dielectric materials macroscopic polarization P and
electric field E turn out to be linearly related (see Lecture 11) as

P = ¢, x.E,
10

+ + + + + o+ + o+ o+ o+

A dielectric slab inserted into a
region with an initial field E o
will become polarized.

Inside the polarized dielectric the
field will be weaker than E o
outside, but not reduced to zero

as in a conductor.



where x,. > 0 is a dimensionless quantity called electric susceptibil-
ity. For such materials

D=¢E+P=¢,(1+ x.)E = €E,
where
€ = €,(1+ xe) = €6,

is known as the permittivity of the dielectric, and
er =1+ Xe
its relative permittivity or dielectric constant.

— Dielectric constant of free space is 1,

o for air €, =~ 1.0006,
o for glass 4 — 10,
o dry-to-wet earth 5 — 10, silicon 11 — 12, distilled water 81.

In certain materials x,. and € are found to be tensors — mean-
ing that P and D are no longer aligned with E. Such materials
are said to be anisotropic, but they will not be studied in this
course. Also, there is an exception to the condition y, > 0 — in
collisionless plasmas x. < 0, as discussed in ECE 350.

e In Gauss’s law V - D = p applicable in material media p denotes the
free charge carrier density only (after the revisions we have agreed to
make).

11



— Considering the integral form of Gauss’ law applied to a “pillbox”

where the right hand side is the total free charge to found inside
pillbox, the boundary condition equation relavant for D = eE+ P
— see figure in the margin — can be shown to be

ﬁ'<D+_D_):ps

(as we have seen before) in general, where p, denotes a surface
charge density consisting only of free charge carriers.

However, in perfect dielectrics there are no mobile free charge car-
riers and Gauss’s law typically reduces to V - D = 0, while the
corresponding boundary condition equation for surfaces sepa-
rating perfect dielectrics becomes

A-D"—D7)=0 = D' =D,

which says that normal component of displacement D is continu-
ous on such surfaces. This is accompanied by

Ax (Ef—E)=0 = Ef =&

stating the continuity of tangential components of E, which is
universally true as we have seen earlier.

12
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e Summarizing important results from last lecture:

— within a dielectric medium, displacement
D=cE=¢E+P,

and if the permittivity € = €,€, is known, D and E can be calcu-
lated from free surface charge ps or volume charge p in the region
without resorting to P.

— on surfaces separating perfect dielectrics, n- (DT —D™) =0 typ- D"
ically, while n - D™ = p; on a conductor-dielectric interface (with n D-
n pointing from the conductor toward the dielectric).

— Gauss’s law V- D = p (and its integral counterpart) includes only
the free charge density on its right side, which is typically zero in
many practical problems.

— once D and E have been calculated (typically using the boundary
condition equations), polarization P can be obtained as

P=D —¢E

if needed.

These rules will be used in the examples in this section.



A

Example 1: A perfect dielectric slab having a finite thickness W in the x direction
is surrounded by free space and has a constant electric field E = 182 V/m in
its exterior. Induced polarization of bound charges inside dielectric reduces the
electric field strength inside the slab from 182 V/m to E = 32 V/m. What are
the displacement field D and polarization P outside and inside the slab, and
what are the dielectric constant €, and electric susceptibility y. of the slab?

Solution: Displacement field outside the slab, where € = ¢,, must be

D =¢,E = 218¢, %
m

The outside polarization P is of course zero. Boundary conditions at the interface
of the slab with free space require the continuity of normal component of D and
tangential component of E — both of these conditions would be satisfied if we
were to take D = #18¢, C/m? also within the dielectric slab. Thus, with E = 3%
V/m inside the slab, the condition D = €44, E within the slab requires that

€slab = 660-

Consequently, the dielectric constant of the slab is

€slab -

6

GT:1+X€:

€o

and its electric susceptibility is
Xe =€ — 1 =05.

Finally, since D = ¢,E + P in general, polarization P inside the slab is

P=D—-¢E =1218¢, — ¢,37 = 215¢, %
m




e Our revised definition of displacement D = €E, where € = €,¢,, implies,
when combined with E = —VV and V - D = p, a revised form of
Poisson’s equation

vy = -2
€ 9
— provided that dielectric constant ¢, is independent of position so
that V-D =V - (eE) = €V - E is a valid intermediate step in the
derivation of Poisson’s equation.

— Under the same condition Laplace’s equation V2V = 0 also re-
mains valid.

— Dielectrics where €, is independent of position are said to be ho-
mogeneous.

o In inhomogeneous dielectrics where € varies with position
neither equation is valid, and one has to resort to the full
form of Gauss’s law in field and potential calculations.

In other words, don’t use Laplace’s/Poisson’s equations
in inhomogeneous media.

In the next example we have two homogeneous slabs side-by-side
making up an inhomogeneous configuration. In that case we can
use Laplace/Poisson within the slabs one at a time and then match
the results at the boundary using boundary condition equations
as shown.



Example 2: A pair of infinite conducting plates at z = 0 and z = 2 m carry equal
and opposite surface charge densities of —2¢, C/m? and 2¢, C/m?, respectively.
Determine V(2) if V(0) = 0 and regions 0 < z < 1 mand 1 < z < 2 m are
occupied by perfect dielectrics with permittivities of €, and 2¢,, respectively.

Solution: Given that V(0) = 0, we assume V(z) = Az, for some constant A in the
homogeneous region 0 < z < 1 m, since V(z) = Az satisfies the Laplace’s
equation as well as the boundary condition at z = 0.

This gives V(1) = A at z = 1 m, which then implies that we can take V(z) =
A+ B(z—1) for the second homogeneous region 1 < z < 2 m having a different
permittivity than the region below.

To determine the constants A and B, we will make use of boundary conditions at

z =0 and z = 1 m interfaces:

® In the region 0 < z < 1 m, the electric field E = —V(Az) = —AZ, and,
therefore displacement D = ¢;E = —¢,AZ. Hence, the pertinent boundary
condition 2 - D(0) = py yields

z2-D(0) = —€A=—-2¢, = A=2.

e Just below z = 1 m the displacement is D(17) = —¢,AZ = —2¢,2 as we
found out above. Above z = 1 m, the electric field is E = —V(A 4+ B(z —
1)) = —BZ, and, therefore, D(17) = —2¢,B% just above z = 1 m. Hence,
the pertinent boundary condition 2 - (D(1%) — D(17) = 0 yields

Z-(—2¢,Bz — (—2¢,2)) = —2¢,B+2,=0 = B=1.

Ps = _260




Based on above calculations of constants A and B, the potential solution for the
region 1s
22V 0<z<1
V()= " i
24+ (z-1)V, 1<z<2.

It follows that V' (2) =3 V.

Note that electric fields —22 V/m and —2 V/m in the bottom and top layers point
from high to low potential regions. Electric field E is discontinuous at the bound-
ary at z = 1 m while displacement D is continuous — the continuity of normally
directed D is demanded by boundary condition equations in the absence of sur-
face charge.

Example 3: A pair of infinite conducting plates at z = 0 and z = d are grounded
and have equal potentials, say, V' = 0. The region 0 < z < d is occupied by
free space (i.e., € = €,) except that an infinite charge sheet with a static surface
charge density p; is located at z = d; < d. Determine (a) the electrostatic field
E(z) in regions 0 < z < d; and dy < z < d, and (b) the surface charge densities
pso and pgg at z = 0 and z = d on conductor surfaces if d; = d/2.

Solution: (a) Laplace’s equation for the given geometry requires a linear (in z) poten-
tial solution in regions 0 < z < d; and d; < z < d. Since electrostatic E = —VV,
we can therefore represent the electric field in these regions as

o —2‘/0/d1, 0<z<d
- +2‘/0/d2, di < z<d

Y

psd:?

dy

E="

"3 /

If ps in Example 3 is a slowly-
varying function of time, then
slowly varying E, p,g, and p,q cal-
culated with instantaneous values
of ps would constitute quasi-static
solutions which are valid so long
as d < c¢/f, with f the highest
frequency in p,(t).

Ps



where V, = V(d;) and dy = d — d;. Hence,

D—cE— —,fGOVO/dl, 0<z<d |
+Z€O‘/O/d2, di < z<d

and Maxwell’s boundary condition equation applied on z = d; surface is

. _ 1 1
2-(Ddf) =D(d)) =ps = Vol o+ =prs
do  dy

Thus

€o d_2 d_l 6_odl_f—d2_€0 d

Substituting V, back into the expression for E, we have

E —2%%, 0<z<d
b g < 2 < d.

V2&<1—1— 1>_1:,03 d1d2 _&dldQ

(b) The surface charge at z = 0 can be found by evaluating 2-D = 2 - ¢,E at z = 0.

Hence,
d — s
pso = 2 - €, E(0) = ——2p5 dy=d/2 — Ps
d 2
Likewise,

. d —2 .
Psd = —%= - EoE(d> = —jps di = d/Q — %




Example 4: Between a pair of infinite conducting plates at 2 = 0 and z = 2 m, the
medium is a perfect dielectric with an inhomogeneous permittivity of

4e,
€(z) = :
(2)=71—;
Determine the electric potential V(2) on the top plate if V(0) = 0 and the
surface charge density is ps = 2¢, C/m? on the bottom plate at z = 0. Note
that Laplace’s equation cannot be used in this problem since the medium is
inhomogeneous.

Solution: Consider Gauss’s law
V- (eE) =p

with p = 0 in the region 0 < z < 2 m. Assuming that E = ZF,(z), because the
geometry is invariant in x and y, we have

V- (E)=0 = 2(EEZ) =0 = eF, = constant.

0z
Thus the product €FE, is invariant with respect to coordinate z, which implies
that
€(0) 2
€(2)Ex(z) = e(0)E(0) = E.(2) = —=E.(0) = E-(0)(1 - )

4

after substituting for €(z). To identify F.(0), we apply the bottom boundary
condition Z - D(0) = ps, and obtain
26

Dz(o) - E(O)Ez<0> = 260 = Ez<0) - 6(0) =2

=

Ps = —2¢,

a0
|||||

||||||

Panus
|||||

||||||

Ps = 260 T

\




To determine V(2), we integrate E = 22(1 — ) V/m from top to bottom plate
(grounded), obtaining

V() = /ZO2E-d1:/ZO 2(1—2)6&




10 Capacitance and conductance Gopyrght @202 Regorval — o parts ofthis

set of lecture notes (Lects. 1-39) may be re-
producedAvithout permission from the author.

Parallel-plate capacitor: Consider a pair of conducting plates with surface :
areas A separated by some distance d in free space (see margin). 2| ﬁ

The plates are initially charge neutral, but then some amount of electrons
are transferred from one plate to the other so that the plates acquire equal
and opposite charges () and —(), distributed with surface densities of :t% on & 4
plate surfaces facing one another (as shown in the margin).

e That way, in steady state and for d < VA, a field configuration con- A .
fined mainly to the region between the plates is acquired, satisfying the [ -
condition that static field inside a conductor should be zero. A weak
“fringing field” can be ignored if d < v/A and thus the geometry well
approximates the case with infinite plates.

— A constant displacement field

@
D=z—
A
satisfies the normal boundary condition at the left plate boundary
as well as Gauss’s law V - D = 0 in the region between the plates.
The corresponding electrostatic field is
D
E=—=x2x ¢

€ €, A’

and the voltage drop from (positive charged) left plate to (negative



charged) right plate is

(d,0,0) d g
V = / E-dl = ¢ dr = Q.
(0,0,0) 0 €A €, A

The last result can be expressed as a lznear charge-voltage relation

Q=CV
with 4
O = EOE

representing the capacitance of the parallel conducting plate ar-
rangement that we call parallel plate capacitor.

e By differentiating () = C'V we obtain the charging rate of the capacitor
as
,_dQ_ v
dt dt
which is only possible, for ideal capacitors, if the capacitor plates are
externally connected to a circuit supplying a current as shown on the
right where the direction of I = % is in the direction of voltage drop V'
across the capacitor, from the positively charged plate to the negatively

charged plate as shown.

— In lossy capacitors when the medium between the plates is con-
ducting, the charging rate of the capacitor plate will be smaller as




given by

d@) dv

— =0C—=1-GV,

dt dt
where G stands for the conductance of the capacitor (derived later
in this lecture) and I the external current flowing into the non-
ideal capacitor.

T\\\WQ

S

A

e )
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— Therefore, for non-ideal capacitors the external current d

dv V(t)
] == Cd— + GV, + | -
t I=GV(t)+ C% ol

meaning that part of I goes into changing stored charge ) = —~
C'V of capacitor plates and the rest to conduct a GV amount of —/ V-

leakage current of the capacitor plates, and the equivalent circuit R =

of the non-ideal capacitor then contains a “shunt resistance” R = é
accompanying C' as shown in the margin.

e Returning to the I'V-relation

av
I =(C-—
Cdt

of the ideal capacitor, this IV -relation was obtained from the QV-
relation above quasi-statically assuming that VA < A = ¢/ f, where f
is the highest frequency of V(¢). The power absorbed by the capacitor
is then calculated as

dv d 1
P=VI=V(0— = —(=CV*
1% vcdt dt(zCV),



implying a stored energy of
[ 2
W ==-CV* = —¢,|E,|"Ad
2 2
when the capacitor is in a charged state.

e Notice that stored energy is
1 1
560E§ = ;6B E

times the volume Ad occupied by the field E between the capacitor
plates. That suggests that

1
w = _60E ° E
2

can be interpreted as stored electrostatic energy per unit volume in
general.

— Also both capacitance C' and stored energies W and w would have
e replacing €, in dielectric media.

A capacitor with a perfect dielectric between its plates will hold its charge
and stored energy indefinitely. However, if the dielectric is imperfect and
has a finite conductivity o, charge will be transported from the positive to
negative plate by a volumetric current density

J =0oE,
4



which will result in a quasi-static discharge of the capacitor and the loss of
the stored energy W to Ohmic dissipation in the imperfect dielectric.

Just as capacitance C' characterizes the energy and charge storage “ca-
pacity” of the capacitor, we can define a conductance G that relates the
quasi-static discharge current I in between the plates of a capacitor to po-
tential drop V:

e Discharge current [ is the product of current density

J, =0k,
in A/m? units and the plate area A. Since E, = %, we obtain a linear
current-voltage relation
I =GV
with conductance
O = A
— 00—
d

for the parallel plate capacitor.

— Notice that G = 2C, a relation that will hold true for other types
of capacitors that we will be examining.

— Also,
1 d

~ G Ao
is the corresponding resistance that scales inversely with con-
ductivity o of the material — large o materials will have small

5

O
|
&

7
—%i J-oF :Z—>
T "/
/+ —/
%:wmmmw;%
d
V()
+ | -
I—GV(t)JrC% ol
_\AM

System above behaves like a resis-

tor R =1/G for

G 1 o
“SCTRCO T
and like a capacitor C' in the com-
plementary frequency band. To
obtain capacitor behavior at low
frequencies make sure that o is
sufficiently small.

Alternatively, with large o the
system becomes a good electri-
cal connector, a resistor R with
a small resistance R o< 1/0.



resistance, but for a given o, R increases with length d and de-
creases with increasing cross-sectional area A. Simple conductivity ;[ ¢ fr

models and J will be discussed next lecture.

Ny

Coaxial Cable: When we study guided wave propagation later in the course / ¢

we will learn about coaxial cables.

e A coax cable consists of two conducting regions — a central cylindrical
conductor with a cross-sectional radius a, enclosed by a conducting
pipe of a radius b > a (see margin), with some dielectric € filling in
the space. We will next calculate the capacitance and conductance of
a coax segment of some length /.

e For / > b, field E can be assumed to point out radially away from
the inner conductor with radius a to the outer conductor with radius b.
In that case Gauss’s law in integral form can be utilized to determine
the radial field E,. Considering a cylindrical integration surface with a
radius » > a centered about the inner conductor, we re-write Gauss’s
law

€%E°dS:QV

as
cE,2mrl = Q)

where () is the total charge distributed over the inner conductor and e
the permittivity of the dielectric separating the two conductors.



— It follows that
Q

2melr’
and voltage drop from inner to outer conductor is

b b b
V:/ E.dr = ¢ dr = ¢ @ ¢ lné.

o, 2wl 2mle J,_, T T rle a

E, =

Clearly, once again Q = C'V, with
2
C = —Wbﬁe
In 0

representing the capacitance of the coax segment of length [.

e The capacitance of the coax per unit length is

— Conductance of the coax per unit length can likewise be shown
to be

This result is a consequence of the general relation G = ZC' men-
tioned earlier.

— Per length parameters C and G of the coax will play an important
role when we study guided wave propagation in coaxial transmis-
sion lines with lengths for which quasi-static approximation may
be violated.



Diode junctions: In Example 4 in Lecture 7 we derived the expression
for potential drop V' across a charged region of a total width of W7 + W5,
such that in region 1 where —W; < x < 0 the charge density p = —p; is
negative, while in region 2 where 0 < x < W, the charge density p = p9
is positive, with the additional constraint that the entire region is charge
neutral, meaning that piW7 = poWh.

By solving Poisson’s equation for this charge density configuration (see
margin) encountered in junction regions of semiconductor diodes (described
in detail ECE 440) we had established that the voltage drop from x = W,

to x = —WWj across the junction is given by
v paWo (W1 + Wo) _ pi Wi (W + Wo)
2€, 2€, '

The above equation implies that

260V 2€0V

W, = and Wy =
! (W1 + Wg)p1 2 (W1 + Wg)pg

= Wi+Wy = \/2€0V
P1P2

Using the expressions above for junction voltage V' and width W7 + W,
we will next derive an expression for small signal capacitance of the diode
junction:

e In region 2 where z > 0, the junction holds a total positive charge of
Q) = poWo A per cross-sectional area A.

e Therefore, substituting % for poWs in the expression for V' above, and

P1 + P2

— Wl

Vi




also using the Wy + Wy ox vV expression derived above, we obtain

_I_
v pQWQ(Wl + WQ) B Q \/ Qeovp;1p22

2¢, 2¢,A ’

which can be re-arranged as

2€,p1P2 JV

= A
“ p1+ P2

representing a non-linear charge-voltage relation (for a given charge
profiles satisfying p1 Wy = paWhs).

— In a linear charge-voltage relation () = C'V, the capacitance pa-
rameter C' represents the slope % of a @ vs V curve.

The slope of any ) vs V curve is given by the derivative %, whether or

not the curve is linear. The slope % of a mon-linear charge-voltage curve

can be interpreted as a small signal capacitance C. For a diode junction,

differentiating the above equation, we find that

C_Q_A\/eo prp2__
dv 2V (p1+ p2)
Small changes dV in junction voltage will accompany small changes d() =

C'dV in stored charge () of the junction, but the amount C'dV will itself
depend on V because C o< V12,

—W;

Vi




11 Lorentz-Drude models for conductivity and
susceptibility and polarization current

In this lecture we will describe simple microscopic models for conductivity o
and electric susceptibility x. of material media composed of free and bound
charge carriers. The models were first developed by Lorentz and Drude prior
to the establishment of quantum mechanics. In these models free charge
carriers motions are described using Newtonian dynamics and atoms are
represented as electric dipoles p = —er (r is electron displacement from
atomic nucleus) behaving like damped 2nd order systems.

Conductivity: Conducting materials such as copper, sea water, ionized
gases (plasmas) contain a finite density N of mobile and free charge carriers
at the microscopic level (in addition to neutral atoms and molecules sharing
the same macroscopic space) — these elementary mobile carriers can be
electrons, positive or negative ions, or positive “holes” (in semi-conductor
materials).

e Each elementary charge carrier with a charge ¢ and mass m and subject
to a macroscopic electrical force gE will be modeled by a dynamic

equation
dv \%
m— = qE — m—,
dt 1 T
which is effectively Newton’s second law — “force equals mass times
acceleration” — in which v denotes the macroscopic velocity! of charge

'Think of microscopic velocity of each charge carrier as v + dv, where v is an independent zero-mean

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
presluced wit ermission from the author.

q>0

In the absence of an applied electric
field E, free charge g exhibits a
"random walk" between collisions such
that its average velocity v is zero.

By collisions we refer to the inreactions
of g with zero-mean miscroscopic electric
fields within the conductor due to charges
entrapped in the lattice.

(b)

q>0

In the presence of an applied electric
field E, the mean position of free charge
g>0 drifts in the direction of field
vector E with some non-zero mean
velocity v.

Avg. drift velocity v reperesents a
balance between acceleration force due
to E and an opposing friction force
produced by collisions of g with the
lattice at random intervals with

some mean value 7 .



carriers and —m< denotes a macroscopic friction force proportional to
—v. Friction is a consequence of “collisions” of charge carriers with
other particles at a frequency of v = % collisions per unit time, which

causes the exponential decay of v as
v(t) = v(0)e /"

in the absence of field E. Therefore, when E = 0, the carriers settle
down to a steady state with v .= 0 (in £ > 7 limit), meaning that
no macroscopic current density J will be found in steady state in the
absence of E in regions with homogeneous charge carrier densities.

e With a constant but non-zero E, steady-state solution of the above
equation is

-
v=1 —E, where \—\ is known as mobility.

m m
— Assuming N charge carriers per unit volume each moving (on the
average) with this steady-state velocity in a given material, we can
calculate the average flux density of charge through the region as

N2
J = Ngqv =

myr  m?

which is commonly referred to as current density (see margin).
If a given material contains several species of carriers with charge,

random variable for each charge carrier whereas macroscopic velocity v corresponds to the statistical
average of all v + dv.

A cube of unity volume contains

N charge carriers g each moving
with an average velocity of

v=1 m/s towards the shaded surface
of the cube of a unity surface area.

In 1 second all N charges in the
volume cross the shaded surface,
transporting Ng Coulombs of charge
per second per unit area.

By contrast, charge transport rate
across the same surface is

Nqv C/s/m* = Nqv A/m*

if the average charge velocity
is an arbitrary v.

Thus, in vector notation, we can

define the current density in the
region as

J = Ngv

such that current I (in A) across
any surface S having area elements
dS is given by

I=/,J-dS



mass, collision frequency, and number density of g5, my, v, and

N, respectively, then current density can be expressed as Ohm’s Law

and
J = O'E, DC

conductivity

with

N 2
a:ZJS and o, = 54
S

msls

denoting the medium and species conductivities, respectively, un-
der DC conditions.

e With a time varying field E the corresponding current density will also
be time varying, in which case conductivity ¢ should be defined in the
frequency domain using phasor techniques (remember ECE 210).

— Briefly, using phasors E and J such that
E(t) = Re{Ee™'} and J(t) = Re{Je™'}, etc.,
we have a phasor transformed Newton’s force balance equation

dv v

m— =qE —m— = mjw{f:q]i)—m
dt T

v
7_ 9
from which it follows that

J =oE,



with

N,q?
0:203 and o, = qs, .
ms(Vs‘l‘]w)
§ AC

— Note that the AC conductivity just derived can be approximated conductivity
by the DC conductivity derived earlier for all AC frequencies w
much smaller than species collision frequencies vs.

o In many cases of practical interest, this condition can be easily
met, and we are often well justified to ignore the frequency
dependence and complex character of conductivity o revealed
in above derivation.

— More advanced quantum mechanical derivations of o, give the
same results except with effective masses specified by quantum
theory replacing the particle masses mg used in classical models.

e Typical DC conductivities:

— For silver, copper, gold, o ~ several x 107 S/m
— For seawater o &~ 4 S/m

— For intrinsic silicon o = 1.6 x 1073 S/m

— For dry earth o ~ 107> S/m

— For glass 0 ~ 1071 — 107 S/m

Superconductivity occurs in certain materials at low temperatures

4



when the DC conductivity vanishes as a consequence of correlated
charge carrier motions which are ignored in the Lorentz-Drude

model.
Susceptibility: In perfect dielectrics there are no free charge carriers and so | E
o = 0. However, in general such materials are polarizable and therefore they *
have a non-zero susceptibility x. and a dielectric constant €, =1+ x, > 1. _e..L.e
P e
e In Lorentz-Drude model, each polarized atom or molecule is considered + .- T
to be a dipole p = —er, with r representing the displacement vector | =€ ST
of an atomic electron from atomic nucleus when the atom is polarized e T

because of an applied electric field.

e [f the polarizing force on the atom is removed, observations indicate
that the dipole field of the atom E, oc p oc r will decay as a damped

co-sinusoid with a decay time constant 7; = é and a characteristic
damped frequency /w2 — o? &~ w, satisfying a condition w, > o = Tid

(strongly underdamped).

— Possible values of w, for a given atom can be obtained from the en-
ergy levels of bound states of the atom (calculated using standard
quantum? models like in PHYS 214) and time constants 74 = é
(which are finite because energies hw, radiated away are also finite)
are related to observed line widths (2«v) in the emission spectra of
excited atoms.

2For a quantum mechanical derivation of susceptibility, see, e.g., Mott, “Elements of Wave Mechanics”,
Chapt 4, Sect 10 (1958); Miller, “Quantum Mechanics for Scientists and Engineers”, Sect 7.3 (2008).

5



Electron displacement having the inferred damped co-sinusoid form

r(t) = roe 7 cos(y/w2 — a2t) & roe” T cos(w,t)

is “zero-input response” (remember ECE 210) of a linear second-order
ODE that can be constructed using Newton’s second law of classical
mechanics:

d?r

=7 of a displaced

— If we assume that mass m times acceleration
electron equals the sum of a

o force —eE exerted by an applied macroscopic electric field E,
2

o a spring-like restoring force —mw?

r responsible for the binding

of the electron to the nucleus, and

dr

o a friction-like dissipative force —m2a;,

we get

d°r dr

m—— = —eE — mw’r — m2a—
dt? 0 dt’

for which r(t) given above is the zero-input solution in the absence

of E.

e To find the DC susceptibility of a dielectric composed of dipoles con-
strained by the above equation, we note that steady-state solution of
the equation with a non-zero constant field E is

e
r=———E.
mws

+++++++++ A+

_E,
<€ Nr_'e__
‘;._6 0<r—o€ __________________
_________ - r .



Consequently, dipole moment of a single polarized atom is

o2
= —er = —E,
p mw? ¥ E
i
and polarization field in a dielectric with a dipole density of Ny is T e T~
+ OG-
N, e? R
P=N;p=—-E o e
mw3 b RIS S I
T meree
This result can also be written as ’
P =e¢,x.E,
where ) DC
Ye = Nde—/meo susceptibility
€ — (,d2
o

is DC susceptibility. AC susceptibility can be derived using phasor
techniques, but at frequencies w < w,, AC susceptibility is well ap-
proximated by the DC susceptibility derived above.

Polarization current: Consider the case of a time varying electric field
E(t) in a dielectric medium at a frequency w < w, such that the relations

€

r— —

mwQE and P = ¢, x.E

from above are accurate.



e Time variation of E will imply the time variation of electron displace-
ment r, so that there will be in effect a non-zero electron velocity

dr_ e dE

V= — =
dt mw? dt

capable of producing a current.

— With Ny such electrons per unit volume, each carrying a charge
—e, we will have a net flux density of charge in the region given
by

Nye? dE _dP

mw? dt  dt’

This flux is effectively an AC current density carried by bound

J, = —eNyv =

charges found in a dielectric medium. Even though, a DC cur-
rent is not possible in a perfect dielectric containing only bound

charges, evidently AC currents Polarization
JP current
J, = ’r Polarization current density density

are possible — we call this type of AC current as polarization
current density.

e [n our studies of time-varying electromagnetic fields we will include the
effects of polarization currents % along with the effects of conduction
currents oE.



12 Magnetic force and fields and Ampere’s law

Pairs of wires carrying currents I running in the same (opposite) direction
are known to attract (repel) one another. In this lecture we will explain the
mechanism — the phenomenon is a relativistic! consequence of electrostatic

'Brief summary of special relativity: Observations indicate that light (EM waves) can be
“counted” like particles (photons) and yet travel at one and the same speed ¢ = 3 x 108 m/s in all reference
frames in relative motion. As first recognized by Albert Einstein, these facts preclude the (commonsense)
possibility that a particle velocity u measured in a “lab frame” could appear as

v =u—v (Newtonian)

to an observer approaching the particle with a velocity v within the same frame; instead, © must transform
into the observer’s frame as
/ u—"v L.
u = ——, (relativistic)

uv ?

c2
so that if u = ¢, then v/ = ¢ also. This “relativistic” velocity transformation formula in turn requires that
positions x and times ¢ of physical events transform (between lab and observer frames) as

o = y(z —vt) and ¢ = y(t %m), (relativistic)

1

£/ 1—v2/c? ’

where v = rather than as

¥ =x—ovt and t' =1t, (Newtonian)

so that Z—f = u and Cfl—“’g = o’ are related by the relativistic formula for ' given above.

Relativistic transformations imply a number of “counter-intuitive” effects ordinarily not noticed unless
|v| is very close to ¢. One of them is Lorentz contraction, ' = x/v, obtained from 2’ = ~(z — vt) for
t' =7(t — %x) = 0: since v > 1, 2’ < z, indicating that a ruler stationary in the lab frame with a length
x appears as moving and having a shorter length 2’ < z (measured at time ¢ = 0) in the moving frame.
A second one is time dilation, t' = t/, obtained from t' = v(t — 5x) for 2’ = y(x — vt) = 0: since v > 1,
t' < t, indicating that a clock stationary in the moving frame at ' = 0 will run slower than the stationary
clocks of the lab frame all displaying identical clock times ¢t > ¢'. In short, mowving rulers shrink and
moving clocks tick slower compared with stationary duplicates (and these are (of course) reciprocal effects
since all clocks and rulers are stationary in their own reference frames and are in motion in other frames).

Copyright (©)2024 Reserved — no parts of this
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“Things should be made as simple
as possible — but no simpler.”
— Albert Einstein



charge interactions, but it is more commonly described in terms of magnetic
fields. This will be our introduction to magnetic field effects in this course.

e Consider a current carrying stationary wire in the lab frame:

— the wire has a stationary lattice of positive ions,

— electrons are moving to the left through the lattice with an average
speed v, and

— a current [ > 0 is flowing to the right as shown in the figure.

o If the wire is electrically uncharged — which will be true if
electron and ion charge densities in the wire, A_ < 0 and
A > 0, respectively, have equal magnitudes — then the wire
will produce no electrostatic field E, and any stationary charge

q placed near the wire will not be subject to any force?.

o The current carried by the wire is I = v|A_| = v\, in terms
of the magnitudes of electron velocity and charge density.

e An uncharged wire in the lab frame appears as “charged” in the refer-
ence frame of the electrons carrying the current:

— this is a relativistic effect due to “Lorentz contraction” of the dis-
tances between the charges in the wire.

2This is true for zero-resistivity wires. Current carrying wires with finite resistivity will however support
surface charge densities with axial gradients to produce the static field within the wire needed to drive
the current — e.g., in Am. J. Phys.: Jefimenko, 30, 19 (1962); Parker, 38, 720 (1970); Preyer, 68, 1002
(2000).

(a) Neutral wire carrying current I
in the "lab frame":
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— In the electron frame the wire is found to have a positive charge
density X, and thus it has a radial electrostatic field

A/

2TE,T

/ A
E = r

implying an electrostatic force F/ = ¢E’ on a stationary charge q.

— Relativistic calculations® Show that

YALV? <\ v? I v?
T T W 2meqr

N =

c2

3(i) Electron spacings dz’ measured in the electron reference frame will appear as Lorentz contacted to

2
dxzy/l—v—zdx'
c

spacings in the lab frame where the electrons are in motion. As a consequence the electron charge density
seen in the lab frame is

)\/
N ==
V1—v2/c?
and exceeds the density A’ seen in the electron frame. Furthermore, \_ = —\, in order to maintain a

charge neutral wire in the lab frame. (ii) Once again because of Lorentz contraction, the charge density
of positive ions will appear in the electron frame as

At
V1—0v%/c?

and exceed the lab frame density A, . (iii) Thus, the total charge density of the wire in the electron frame
is

N=XN_+X —)\7++)\ \/1—02/02—7)\+ — A/ 1=0v?/c2 = AMUJE e
T 1= - /102 i 1= A

a positive charge density — e.g., articles in Am. J. Phys.: Webster, 29, 262, 1961; Matzek and Russel,
36, 905, 1968; Arista and Lopez, 43, 525, 1975; Zapolsky, 56, 1137, 1988.
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and force F/ = q‘;"h”r can be transformed back? to the lab frame,

where ¢ appears to be moving with a velocity v, as (with no ap-
proximation®)

I? —

27TT

where ¢E is the unit vector in the direction given by the right-hand-
rule (see margin) and ju, = 47 x 1077 H/m is permeability of free
space.

e We find it convenient to define

,LLOI i
2WT¢

to be the “magnetic flux density” of current filament I at a distance r,
and attribute the force

B =

F=qgvxB

on the moving charge ¢ to the magnetic field B produced by current [
(rather than to the electrostatic field of the wire seen by ¢ in its own
reference frame).

While we assumed ¢ to be stationary in the reference frame of the electrons
in the above discussion (for the sake of simplicity), the results obtained above
are found to be valid for all particle velocities v measured in the lab frame.

‘using F = F'/~.
®We also get the same result using the approximation F &~ F’ that can be justified when |v| < ¢, which
is typically true by a large margin for electron speeds in current carrying conducting metals — see HW.

4

(a) In the "electron frame" the wire
appears positively charged and
repelsa test charge g with

force F'=qE’

v — 1 N _7)\+

—> = = — —> fnding
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d 27T€07“T qv27rr
27
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(b) In the lab frame force F~F'’ of
moving charge g is attributed to
magnetic field B produced by
current I and velocity v of the
charge in F=qvXB combination.

QUL (st L O
d pol -

< _
VI B_27r7“¢
F=qgvxB

—

Magnetic field B curls around
current I in a right handed
direction designated by azimuthal
unit vectorg

Magnetic field lines close upon
themselves unlike electric field
lines which start and stop on
point charges.
Right hand rule: point your
right thumb in the direction
of current flow; your fingers

will point in direction ¢.



Also, if there are multiple current filaments I,,, each generating its own field
B,,, force F on ¢ can be calculated using a superposition method as with
electrostatic fields.

Magnetic field B of the infinite current filament I obtained above can
also be obtained by superposing the magnetic field increments

oldl X 7
qB =t X" (Biot-Savart law)
4qrr?

of directed current increments Idl, where r = rr is a position vector extend-
ing from the location of the current increment to the field position where dB
is being specified — this formula, known as Biot-Savart law, is only valid
when used in terms of infinitesimal segments Idl of time-unvarying current
loops.

e Magnetic field B of the infinite line current I “derived” above satisfies
a circulation relation

B.dl=ulc,
C

with Io = 1.

This integral for the circulation of static magnetic field B is found to be
valid (experimentally) for all closed circulation paths C'; and is known
as Ampere’s law (for static magnetic fields). In Ampere’s law

— I¢ stands for the net sum of all filament currents I,, crossing any
surface S bounded by path C,

o flowing in the direction given by the “right-hand-rule”:
5
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when the right thumb is pointed in the direction of dl along path
C, the direction of filament current I, is specified as the direction
of the fingers of your right hand through surface S bounded by
contour C.

o Filament currents not crossing S — i.e., current filaments not
“linked” to path C' — should not be included on the right hand
side of Ampere’s law.

e Ampere’s law can also be expressed as

%H-dlz/J-dS,
C S

where

— we have defined

AVAYAYAR

H=, B ’
for the sake of convenience, and Q

— J is the volumetric current density measured in A/m? units (e.g.,

oE in a conducting region as discussed in last lecture) having a

total flux
Io = /J - dS
S

across any surface S bounded by a path C,

o with dS pointing across S in the direction compatible with
right-hand-rule as in Stoke’s theorem (recall Lecture 6).

6



e Stoke’s theorem re-stated for a vector field H as

jQ{H-dl:/VxH-dS
C S

implies that the differential form of Ampere’s law should be
VxH=J.

This differential relation is accompanied by
V- -B=0,

satisfied by static magnetic field of the line current as well as by any
other magnetic field — static as well as non-static, as determined ex-
perimentally and described in more detail later on.

e Current density vector field J invoked above in Ampere’s law expres-
sions, measured nominally in units of A/m?, can also be adjusted to
describe the distributions of surface or line currents in 3D space.

— For example,
J(x, Y, Z) = Js(ya Z>5($ - 5170)

can be regarded as volumetric current density representation
of a surface current density J(z,y) measured in A/m units
flowing on x = «x, surface.

Laws of
magnetostatics:
VxH =1J
V-B =0

They also apply “quasi-statically”
over a region of dimension L
when a time-varying field source
J(r,t) has a time-constant T
much longer than the propagation
time delay L/c of field variations
across the region (c is the speed

of light).

In magneto-quasistatics (MQS)
B(r,t) = p.H(r,t) will be ac-
companied by a slowly varying
electric field E(r, t) (derived from
Faraday’s law discussed in Lec-
ture 14).



— Likewise,
J<x7 Y, Z) - 2](Z>5(5E - CEo>5(y - yo)
represents a line current I(z) measured in A units flowing in z-

direction along a filament defined by the intersections of z = z,,
and y = y, surfaces.

— As a most extreme case,

J(x,y,2,t) = Qvi(x — x,)0(y — y,)0(z — 2,)

represents the time-varying current density of a point charge @)
at coordinates (z,y, 2) = (x,(t), yo(t), 2o(t)) moving with velocity
v = (@(1), Yolt), 2o(t)).

Example 1: Consider a surface current density of
Js = Zyrect(y —0.5) A/m

flowing on x = 0 plane (as shown in the margin). What is the total current /
flowing on the same plane measured in A units?

Solution: To go from a surface current density Js in A/m to a total current I in A,
we need to perform an appropriate integration operation on the surface were Jj
is defined. For the specified J, in this problem we find that

00 1 2
1
1:/ Js-édyz/ ydy =20 = Z A,
y=—00 y=0 2 2

J = Zyrect(y —0.5) §(x)




13 Current sheet, solenoid, vector potential and
current loops
In the following examples we will calculate the magnetic fields B = u,H

established by some simple current configurations by using the integral form
of static Ampere’s law.

Example 1: Consider a uniform surface current density J;, = J;Z A/m flowing on
x = 0 plane (see figure in the margin) — the current sheet extends infinitely in
y and z directions. Determine B and H.

Solution: Since the current sheet extends infinitely in y and z directions we expect B
to depend only on coordinate x. Also, the field should be the superposition of the
fields of an infinite number of current filaments, which suggests, by right-hand-
rule, B = gB(x), where B(z) is an odd function of z. To determine B(x), such
that B(—z) = —B(z), we apply Ampere’s law by computing the circulation of
B around the rectangular path C' shown in the figure in the margin. We expand

j{B-dlzuofc
C

B(x)L+0— B(—z)L + 0 = p,JsL,

from which we obtain

as

OJS A oJS AJS
B(x) = ,u2 = B= y'u sgn(z) and H = y?sgn(x).
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As shown in Example 1 mag-
netic field of a current sheet
is independent of distance |z|
from the current sheet.

Also tangential component
of H changes discontinuously
across the current sheet by
an amount J, — this fore-
shadows a boundary condi-
tion equation

Ax (HT—H) =J,

accompanying

derived in Lecture 16.



Example 2: Consider a slab of thickness W over —% <z < % which extends in-

finitely in y and z directions and conducts a uniform current density of J = 2.J,
A/m?. Determine H if the current density is zero outside the slab.

Solution: Given the geometric similarities between this problem and Example 1, we
postulate that B = yB(x), where B(z) is an odd function of x, that is B(—zx) =
—B(z). To determine B(x) we apply Ampere’s law by computing the circulation
of B around the rectangular path C' shown in the figure in the margin. For
r < %, we expand

j{ B-dl = u,lc
C
as
B(x)L+0—B(—z)L+0 = p,J,2xL = B(x) = p,Jox. 2
A y
For z > %, the expansion gives 1 4
B(x)L+0 = B(=2)L+0 = oo WL = B(x) = pioo B /4 Ly B=iB
2 L -
Hence, we find that
. W W
i )it 2] < 5 3 Bl
JJo% sgn(z), otherwise. 4B,(x) HodoW
2
Note that the solution plotted in the margin shows no discontinuity at x = i% -
or elsewhere. W W o
2 2

The figure in the margin depicts a finite section of an infinite solenoid.
A solenoid can be constructed in practice by winding a long wire into a



multi loop coil as depicted. A solenoid with its loop carrying a current [
in gﬁ direction (as shown), produces effectively a surface current density of
J, = In¢ A/m, where n is the number density (1/m) of current loops in the
solenoid. In Example 3 we compute the magnetic field of the infinite solenoid
using Ampere’s law.

Example 3: An infinite solenoid having n loops per unit length is stacked in z-
direction, each loop carrying a current of I A in counter-clockwise direction when
viewed from the top (see margin). Determine H.

Solution: Since the total current linking path C is zero, Ampere’s law indicates

% B-dl =0,
O

which can be satisfied with B = 0 in the exterior of the solenoid and B = 2B,
in the interior for an appropriate choice for constant B,.

We then determine B, from Ampere’s law applied to path Cs since
7{ B-dl=ulec = B.,L=umnIL = B,=uml
Co
with B = 0 in the exterior. Hence

B =Zumnl and H=2znl
for the fields within the solenoid if the fields are zero in the exterior.
However fcl B - dl = 0 would also be satisfied with any constant B = 2B, in the

exterior, caused by some additional current system, in which case the interior
flux density of the solenoid would also be raised by 2B, (but not related to I).
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Infinite solenoid
with n loops per
unit length carrying
I amps per loop

B = uonl



Finally, the fields at the center of a finite length solenoid caused by solenoid current [
would match the infinite solenoid fields, e.g., H = Znl, and have weak fringing
exterior fields (looping back to interior field lines since magnetic field lines always
form closed loops).

e Static electric fields: Curl-free and are governed by
VXE=0, V-D=p where D = ¢E
with € = €,€,.
e Static magnetic fields: Divergence-free and are governed by
V-B=0, VxH=J where B=uH

with u = p.u, — relative permeabilities p, other than unity (for free
space) will be explained later on.

Mathematically, we can generate a divergence-free vector field B(z,y, 2)
as

B=VxA

by taking the curl of any vector field A = A(z,y, ) (just like we can generate
a curl-free E by taking the gradient of any scalar field =V (x,y, 2)).



Verification: Notice that

o 0 0

or 0Oy 0z

V'VXA:E(VXA)x—Fg(VXA)y—I—Q(VXA)Z: 9 aé g
Ox Jy 0z vooy oz

A, A, A

0 (GAZ B GAy> 0 (GAZ B (‘9Ax> N 0 <8Ay 04,
ox " Oy 0z 0y Ox 0z 0z Ox oy

) =0,

o [f B =V X A represents a magnetostatic field, then A is called mag-
netostatic potential or vector potential.

— Vector potential A can be used in magnetostatics in similar ways
to how electrostatic potential V' is used in electrostatics.

o In electrostatics we can assign V' = 0 to any point in space
that is convenient in a given problem.

o In magnetostatics we can assign V - A to any scalar that is
convenient in a given problem.

— For example, if we make the assignment!
V- -A=0,
then we find that

VxB=VxVxA=V(V-A)-V?A =-V*A.

IWith this assignment — known as Coulomb gauge — A acquires the physical meaning of “potential
momentum per unit charge”, just as scalar potential V' is “potential energy per unit charge” (see Konopinski,
Am. J. Phys., 46, 499, 1978).




This is a nice and convenient outcome, because, when combined with
VxH=J = VxB=yu,

it produces

VQA — —/'LOJ7
which is the magnetostatic version of Poisson’s equation
vy =L
€o

— In analogy with solution

V(r) = / p(r') B!

de,|r — 1/

of Poisson’s equation, it has a solution

A(r) = /Md?’r’.

drtlr — 1/

Given any static’ current density J(r), the above equation can be used to
obtain the corresponding vector potential A that simultaneously satisfies

V-A=0and V x A =B.

Once A is available, obtaining B =V X A is then just a matter of taking a
curl.

2Also, in quasi-statics we use J(r’,t) to obtain A(r,t) and B = V x A over regions small compared to
A =c/f, with f the highest frequency in J(r’, ).



e Magnetic flux density B of a single current loop I can be calculated
after determining its vector potential as follows:

— For a loop of radius a on z = 0 plane, we can express the corresponding current

density as
(_ylvxlv 0)
J(') =16(2")o(\/ 2% + y? — a)——2
/1'12 +yl2

where the ratio on the right is the unit vector (;g’ :

— Inserting this into the general solution for vector potential, and performing
the integration over z’, we obtain

,U‘OI/ (—y/,SU,,O) / /
A r = 5 xl2 + 2 a dxd
oI _af !
= IU/_/(S(T/_GJ) ( y’x’()) T/dT/d¢/
V(e =22+ (y—y)?+ 22
(—asing,acos .0 S
- dg = 2 A,(r) + yA,(r).
\/SIS—CLCOS¢/ (y—a81n¢/)2+z2 ¢ ( ) y y( )

— Given that A, = 0, it can be shown that B =V x A leads to

0A, DAy DA,
Y O oy

T g Y=
oz Y 0z

— From the expected azimuthal symmetry of B about the z-axis, it is sufficient
to evaluate these on, say, y = 0 plane — after some algebra, and dropping the
primes, we find, on y = 0 plane,

woal ™ 2 COS ¢
B, = do,
4t /_W (22 + a2 + 22 — 2ax cos ¢)3/2 ¢

woal ™ zZsin ¢
B = d )
Y 4n /_W (22 4+ a2 + 2% — 2ax cos ¢)3/2 ¢

7




and

3 _,uoal/7T a — T COS @
C dr ) (22 +a? + 22— 2axcosg)d

— We note that B, = 0 since the B, integrand above is odd in ¢ and the
integration limits are centered about the origin. Hence, the field on y = 0
plane is given as

B =2B,+ 2B,
with B, and B, defined above.
— There are no closed form expressions for the B, and B, integrals above for an
arbitrary (z, 2).

o However, it can be easily seen that if z = 0 (i.e., along the z-axis), B, = 0
(as symmetry would dictate) and

_ pead [T a  pold®
B, = / 3/2d¢ T (a2 £ 22327 s NN ]

i | T A =
For |2 > a NN
e N
B, ~ IEE 5 ST TN
e SN ]
which is positive and varies with the inverse third power of distance |z|. K ku\gg b /l ) )
SRRSOV RN
— Also, B, and B, integrals can be performed numerically. Figure | e ;; ;;;Qi«K
in the margin depicts the pattern of B on y = 0 plane for a loop | o j; N §§§§§§

of radius @ = 1 computed using Mathematica.

e Note that circulation §,B - dl around each closed field line (“linking”
the current loop) equals a fixed value of u,I — this dictates that the
average field strength |B| of a current loop is stronger on shorter field



lines closer to the current loop than on longer field lines linking the —w-—~>> 001147777
loop further out. As a result [B| can be shown to vary as ™ for large w700 S 2 L
N S,
T. wf T N
s //“if\\\\ ///?i?\\\\
/ SN N \
' ' nes of WO SN
[t can be shown that the equations for magnetic field lines of a current 28 g};f?{\ ) )
loop on, say, y = 0 plane, can be expressed as T l\::/f;; Rf«;/ o
ol e AN
-9 S / / \ \\\\\\‘\*\*\
r = Lsin”0 S SRR

—-600 —400 —-200 0 200 400 600

in terms of radial distance r from the origin and zenith angle 6
measured from the z axis. Clearly, parameter L in this formula is the
radial distance of the field line on 8 = 90° plane, and the field line Bol
formula is accurate only for » > a. The Earth’s magnetic field had
such a magnetic dipole topology as shown.

Lorentz force due to the magnetic fields of a pair of current loops — also
known as magnetic dipoles — turns out to be “attractive” when the cur-
rent directions agree (see margin). Bar magnets carrying “equivalent”

Loops with parallel

current loops of atomic origins interact with one another in exactly the currents attract one

another

same way — i.e., as governed by the second term of Lorentz force.



14 Faraday’s law and induced emf

Michael Faraday discovered (in 1831, less than 200 years ago) that a chang-
ing current in a wire loop induces current flows in nearby wires — today
we describe this phenomenon as electromagnetic induction: the current
change in the first loop causes the magnetic field produced by the current to
change, and magnetic field change, in turn, is said to induce® (i.e., produce)
electric fields which drive the currents in nearby wires.

e While static electric fields produced by static charge distributions are
unconditionally curl-free, time-varying electric fields produced by cur-
rent distributions with time-varying components are found to have, in
accordance with Faraday’s observations, non-zero curls specified by

B
VXE= —%—t Faraday’s law

at all positions r in all reference frames of measurement. Using Stoke’s
theorem, the same constraint can also be expressed in integral form as

B
% E-dl=- 8_ -dS Faraday’s law

for all surfaces S bounded by all closed and directed paths C' (with
the direction of C, indicated by an arrow, and direction of vector dS

related by right hand rule).

IRelativistic derivation of static B given in Lecture 12 can be extended to show that Coulomb interactions of charges
in time-varying motions require a description in terms of time-varying B and E — see, e.g., Am. J. Phys.: Tessman, 34,
1048 (1966); Tessman and Finnel, 35, 523 (1967); Kobe, 54, 631 (1986). Thus, the cause of induced E is not really the
time-varying B, but rather the time-varying current J that is also producing the variation in B.

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
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Definitions of E and
B have not changed:

recall that

® E is force per unit sta-
tionary charge

® B gives an additional
force v x B per unit
charge in motion with
velocity v in the mea-
surement frame.



e The right hand side of the integral form equation above includes the
flux of rate of change of magnetic flux density B over surface
S. If contour C bounding S is “fixed” (unchanging) in the measurement
frame, then the equation can also be expressed as

fE-dl:—i/B-dS, = JsB(r,0) - dS, and
C dt Js :/S (r,Al)-dS + [, B(r,At) - dS.
where the right hand side is now expressed in terms of the rate of change (AL — H(0)
of magnetic flux e B(rAAtt) Bzr ) "
U= /B . dS Js N S+ [ Blr, A1)
S Hence in limit At — 0

linking contour C over any surface S bounded by C'. .

—_/ -dS — [,v x B-dl,
: : : : : : dt I at Je
e This modification (the exchange of the order of integration and time
. . . . . . since
derivative on the right side) would not be permissible if path C were Aty xal
: o : . B(r S e
moving within the measurement frame or being deformed in time — hs Bt =B At
but in such cases we could still express Faraday’s integral form equation 1 - _/0 vxB)-d
Decause
with —2¥ on the right side, provided that we also modify the left side B (v dl) = dl. (B x ¥,
as 1n d both representing the volume of
a parallelepiped formed by the vectors
(E+VXB)CZ1:—_ Bds dl, v, and B.
C dt Js
. . . Note that velocity v does not have to be
where v denotes the velocity of motion or deformation of path C'. constant around contour C.

— This is equivalent to the original equation, since, as shown in the margin,

/— dS——/B-dS—f—j{VXB-dl
dt Jg C

when C' is changing continuously with velocities v

2



e A physical interpretation of the final equation

d
%(E +vxB)-dl = — B.dS  Integralform Faraday’s Law
C N S J/
dv
iy Faraday’s eqn.
1s as follows: Magnetic field lines con-

tributing to V¥ form links

— the circulation integral on the left is the “voltage drop” once with path C (bounding S)

around the directed closed path C|, representing the work done
per unit charge (by the Lorentz force « E + v x B) taken a
tull circle around C', which was denoted by Michael Faraday with a
symbol £ and called the emf (short for electro-motive force, which
is a bad name since £ is work, and not force, per unit charge) for

like the links in an ordinary

chain — hence, ¥ is said to

be the flux linking path C.

the closed path, equaling the decay rate —% of its linked mag-
netic flux ¥ (due to all sources of magnetic flux density B in the
region).

— if/when path C is occupied by a conducting wire loop of some

1 1
R G
I =GE = % will flow around the loop in the circulation direction?,

total conductance G = and a resistance R = a current

?Derivation of I = GE: Note that I = Ac|E +v x B| for a homogeneous wire loop with a conductivity
o and cross sectional area A using E' = E 4+ v x B. If the loop length is L, then the loop conductance is

G = 42 and therefore we find that I = G&, as claimed, since [E+v x B|L is the emf £ = §, (E+v xB)-dl
around a homogeneous loop.



driven by the non-zero field E+ v x B within the wire accounting

for the non-zero &£ if/when —% IS non-zero.
— in equivalent circuit models of conducting wire loops, Faraday’s
equation, re-written as RI = —%, is effectively Kirchhoft’s volt-

age law (KVL) applied to the loop, with RI on the left denoting

the (sum of all) voltage drops in circulation direction C, while —‘3—%’

on the right denoting a wvoltage rise also in direction C.

o note that the emf £ describes both the voltage drop RI and

voltage rise —LL appearing in the circuit model for the con-

dt
_dv

ducting wire loop since & = RI and £ = — are both true.

— in modern parlance (since Maxwell) the term emf and its symbol
& are used to refer to and denote sources of energy, e.g., battery
voltages and magnetic flux rate —‘3—%’ that drive currents I = %
around closed circuits®.

o If path C is fized in the measurement frame, then v = 0, and KVL for
such a stationary loop reads as

%E-dl:—d—qj;
c dt

— otherwise, that is if C' is in motion, then

3see Saslow, Am. J. Phys., 58, 22 (2021), for a discussion of Maxwell’s interpretation of emf and
electrical energy production in batteries. Also see Scanlon et al., Am. J. Phys., 37, 689 (1969) for a

discussion of € = §,(E+v x B) - dl vs £ = -4



AV
E B)-dl=-L
ji( +v x B) yy

because in that case force per unit charge advected with path C'
will be E+4 v x B according to Lorentz force (note: any additional
velocity v, of a moving charge along C does not contribute because

(v x B) - dl =0 if dl and v, are parallel).

— In either case, if C' is a physical conducting path with a total
resistance R, then the emf —‘3—%’ drives a current

around C' in the circulation direction (determined by dl and dS
directions used in accordance with the right-hand-rule).

— ‘fi—‘f, assures that

induced current I produces an induced magnetic field that opposes the

e The minus sign present in Faraday’s equation, & =

flux change producing the emf — this fact is known as Lenz’s rule

and is in full accord with observations?.

4Faraday’s law not having the minus sign (or in conflict with Lenz’s rule) would be non-physical, as it
would lead to unbounded growth of induced currents and fields (by aiding rather than opposing the flux
change producing the emf).

C [:§

R

Think of EMF as the sum of all the "voltage
rises" around the loop traversed in the
direction of loop current I that needs to
match the total "voltage drop" RI around
the same loop traversed in the same
direction.

That way, KVL which states that
Sum of voltage rises = Sum of voltage drops,

is fulfilled.



e According to Faraday’s law it appears that magnetic flux variations

_dv
dt

produced — the possibilities are:

can produce a non-zero emf independent of how the variations are

1. Fixed C, but time-varying B,

2. B =const. (in space and time), but time-varying C' (rotating or
changing size),

3. An inhomogeneous static B = B(r) in the measurement frame
and C' in motion.

e Note that even in the absence of any electric field E in the measurement
frame, a non-zero emf

U
B) dl=-""
jli(v < B) dt

can exist because of the motion of C' through an imhomogeneous mag-
netic field (if the field is homogeneous then % will be zero, implying
zero &), which will of course appear as an emf

!%Emu—@f
g dt

for a second observer moving with C' who sees a time varying electric
field E' = v x B in her own frame (in addition to the inhomogeneous




but constant magnetic field B of the first frame appearing as a time-
varying magnetic field B’)°.

— Thus, having non-zero electric field circulations

j{ E - dl
C

under time-varying magnetic field conditions appears to be quite
comprehensible after alll

— Magnetic fields B in one frame will morph into electric fields E in
other frames because of (near) invariance of Lorentz force between
reference frames.

— Moreover a morphed E’ can even be non-conservative — i.e., non
curl-free — when B is inhomogeneous in space (or time) as we
have just seen.

®See Scanlon et. al., Am. J. Phys., 37, 698 (1969), for a discussion of I’ = % for rigid C' with resistance
R observed from different reference frames.



Example 1: If
B = B,e "2,

what is the emf £ taken over a stationary circular loop C of radius » = 10 m on
z = 0 plane in counter-clockwise direction (looking down on z = 0 plane)? What
is current [ if the loop resistance is R?

Solution: Since counter-clockwise circulation is requested we take dS pointing in 2
direction to be consistent with the right hand rule. We then have

U = / B-dS = (B,e /"2) - (710%2) = 710?B,e /"
S

over the circular surface S. Thus, the emf

The loop current will be I = % in counter-clockwise direction of the computed cir-

culation £, which will be positive and counteract (i.e., strengthen) the weakening
B..

Bye 72

/1IN

NI




Example 2: Consider the magnetic flux density

ol -

B =
2wr¢

produced by current I flowing along the x axis. What is the emf £ of a square
loop C' of area 4 m? moving on zy-plane with edges parallel to a- and y-axes, if
its center is located at y = 2t m as a function of time? Compute the emf & first
as —° and then as §,(v x B) - dl to verify that the same values are obtained.

Solution: Given the described geometry, we have
2t+1
o . 2t+1
/ dx / A In( il ).
o 27Ty 7 2t — 1
Thus, the emf & is

_av /LOI( 2t—1.0 2t+1 Lol 4 Lol

Cdt 2t+1)8t(2t—1) T (2t +1)(2t—1) :w(ﬁ—i)’

Alternatively, since v =2y m/s, and v x B = 25# 7,

and +ydy in turns,

= +zdx

/’LOI ,LLOI /’[/OI
&= B -dl=2————2— 9 —
7{;(‘, < B) 27(2t — 1) 2r(2t 4+ 1) m(t2 — 1)

in consistency with the above result.

Y
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Example 3: A conducting loop of a radius » = 0.1 m (see figure in the margin) is
being rotated about the x axis with frequency of f = 5= = 60 Hz in a region
with a DC magnetic field of B = 102 T. Determine the induced current in the
loop if the loop resistance is 12 ).

Solution: The maximum value of the magnetic flux linking the loop should be
¥, = 7(0.1)%10 = 0.17 Wh.
The time-varying flux linking the rotating loop is therefore
U(t) = W, cos(wt) = 0.1 cos(1207t).

The corresponding emf is

U
£ = —‘fi—t = (1207)0.17 sin(1207t).

Therefore, the induced current around the loop must be

_ 12a%sin(1207t)

£
==
R 12

= 7% sin(1207t) A.

B =10z2;]

10




Example 4: A conducting bar of resistance R; = 12 ohms is moved in the x-direction

with a velocity v = 3% m/s on a pair of perfect conducting (R = 0) stationary
rails 2 m apart terminated with a load resistance Ry at x = 0, all constituting a
rectangular contour C' to be taken counterclockwise. A constant magnetic field
of B = 1y T is linked through contour C' such that the flux ¥ = —1 x 2 x 3t
and the emf & = —dV¥/dt = 6 V. Hence, Faraday’s law demands that

%C(E—'_VXB).dl:/bt(E—'_VXB)l‘dl—l—/tb(E)Q-d]:(j

where the two integrals (with b and ¢ referring to bottom and top rail contact
points) correspond to voltage drops across resistors Ry and Ry, respectively. But
since

t
/(va)l-d1:3><1><2:6,
b
it follows that
' b
b '

i.e., identical static fields within the moving and stationary bars across the perfect
conducting rails. This may be a surprising claim /result — let’s give two examples
to illustrate how this happens:

. Let Ry =2Q ohms. Then I =6/3 =2 A. It follows that voltage drops (E+v x B); - 22 =2
V across Ry = 1Q and (E)s - (—22) =4 V across Ry = 22, yielding F,; = E,, = —2 V/m.

. Let Ry = 0o — open ckt load to the moving conductor. Then I = 6/0c0 = 0 A. It follows that
(E4+vxB);-22=0V across Ry and (E)y - (—22) =6 V across Ry, yielding F,; = F, = —3
V/m. Note that in this case the entire emf appears across the open termination (gap in the
loop C' and the emf fbt(E + v x B); - dl = 0 across resistor Ry).

11

Moving bar in the presence
of a constant magnetic field
produces an emf and electric
fields in the lab frame that
drive a loop current /.

Example 4 illustrates how the
§ E-dl part of emf § (E+v x
B)-dl caused by a motion v =
3% m/s is zero (with non-zero
static £, components)!!



Example 5: An infinite solenoid producing a constant —Cil—\f = 8 V, passes through

small a loop consisting of a 1 €2 resistor on the right and a 3 €2 resistor on the
left, connected in series — see margin plot. What is the current I. through this
resistor loop, and what voltages would be measured (by a voltmeter) across the
individual resistors?

Solution: The magnetic flux produced by the solenoid will be confined to its interior

as long as dI /dt (and hence dW/dt) is constant and emf & = —d¥/dt is non-time

varying (see below). In that case, with constant emf & = —%4 = 8 V of the

encircling resistor loop in the setup, the loop current I, is the ratio of £ and the

total loop resistance 4 €, i.e., I, = % = % = 2 A. Consequently, 1 and 3 €2

resistors will develop 2 and 6 V drops, respectively, in the direction of the 2A

current!! Note that:

® the loop has no battery to support this current flow — it has instead been excited
“inductively”.

® what a voltmeter measures across the resistors — whether 2 or 6 V — depends on
whether its probes contacting points A and B are placed to the right or to the left of
the solenoid!! That’s because the field E produced by the time-varying current () is
no longer conservative across the system and consequently the line integral of E is path
dependent — we have to be more careful about what we mean by voltage in these new
situations! See the next example to explore this concept in more detail.

® with constant dI/dt, there is zero magnetic field at the locations of the loop wire and

resistors (because the static E in the solenoid exterior due to static _% is curl-free!)

— thus, the emf & of the loop is not being produced by a time varying local magnetic
field; & is rather a consequence of the time-varying current I() in the solenoid (which is

also responsible for time-varying W), with the relation £ = —dV¥/dt being “incidental”!

12
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Transformers which operate
based on an inductive cou-
pling principle, and electric
dynamos (and motors) which
produce motion induced emfs
(and rotating coils) are stud-
ied in depth in power courses
starting with ECE 330.
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Example 6: Consider a square conducting loop of 1 m? cross sectional area bordered

by Ry = 2Q and Ry = 1) resistors as shown in the margin. The loop is
linked with a magnetic flux W due to time varying magnetic field described as
B=(12-3t)z T.

Hence, ¥ = 12 — 3t Wb and the emf & = —d¥/dt =3 V.
Loop current I = 3V/3Q2 =1 A in the circulation direction C'
Voltage drop Vi = 2 V across R; from point A to point B.
Voltage drop Vo = —1 V across Ry from point A to point B.

A voltmeter connected from A (positive lead) to B will read 2 V if and only if its
leads form a path identical to the path defined by R; (from A to B).

A voltmeter connected from A (positive lead) to B will read -1 V if and only if
its leads form a path identical to the path defined by Rs.

A voltmeter connected from A (positive lead) to B will read 0.5 V if its leads
form a diagonal path from A to B.

— To see this, notice that Faraday’s law applied for the triangular loop in-
cluding the voltmeter and Ry would have an emf of 1.5 V equaling the sum
of voltmeter reading Vz and 1 V drop across resistor Rs.

13
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In the presence of time vary-
ing magnetic flux, voltage of
a path P, defined as [,(E +
v X B) - dl, will in general be
path dependent!

A voltmeter reads and dis-
plays the voltage of its
own path constituted by the
placement of its own probe
wires contacting the mea-
surement nodes A and B.



15 Inductance — coil, solenoid, shorted coax

e Given a circular coil with some resistance R and conducting some cur-
rent I, the magnetic flux ¥ produced by I and “linking” the coil itself
— see figure on the right — can be expressed as

V=1Ll

using a non-negative proportionality constant

v
I = —
I

termed the self-inductance of the coil measured in units of Henries
(H=Wb/A)L.

e Given W = LI, and its time derivative

AV dl
R Sl
dt dt’
Faraday’s equation applied to the coil is

AV dl
= - = ——-l;————
£ dt dt’

indicating a self-emf —L% representing a voltage rise around the
coil in the direction of current flow I = £/R — see an equivalent circuit
model for the coil derived from these relations shown on the right.

! As opposed to a mutual inductance M, also measured in Henries, relating the flux linking a coil C' to
a current [, flowing in a second coil C,,.

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

(a) A one turn coil with current I
generates its own linked magnetic
flux LI as shown, where a non-
negative L is the inductance of
the coil.
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(b) An equivalent circuit model
for the coil expressed in terms of
lumped resistor R and inductor L
forming a loop carrying the loop
current I

[ e--1Y

, dt
YY)

+ dl -
t)=L"
V(t) =L,

The emf RI=-LdI/dt of the coil
appears as a voltage rise across
the inductor in the ckt model,

as well as a voltage drop across
the resistor, both taken in the
direction of current I. Voltage
drop V across the inductor in the
current direction is LdI/dt, as
we learned in our circuit courses.




— The current I and self-emf? £ are then the solutions of differential
equations

RI = —Lﬂ and RE = —Lﬁ,

dt dt
respectively, and exhibit an exponential decay with a time constant
of 7 = L/R (just like in LR circuits seen in ckt courses, and in
analogy with time constant 7 = RC that governs voltage decays

in RC circuits).

o Note that 7 = L/R implies that when the inductance L is
large, so is time constant 7, and current decay in the induc-
tor is slow — inductors with large L will behave like slowly
time-varying current sources (just like capacitors behaving like
time-varying voltage sources) as they release their stored en-
ergy (while maintaining a voltage rise —L% determined by
other elements in their connected circuits).

e For an inductor consisting of N-loops, the emf £ measured across all
N-loops is naturally (since N emf’s add up)

d d dl
E=N(——V)=——NV=—-L—
( dt ) dt dt
implying an inductance N
-1

2also referred to as back-emf (in physics books mostly) to distinguish it from emf caused by additional
flux linked by external sources.

(a) A one turn coil with current I
generates its own linked magnetic
flux LI as shown, where a non-
negative L is the inductance of
the coil.
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(b) An equivalent circuit model
for the coil expressed in terms of
lumped resistor R and inductor L
forming a loop carrying the loop
current I

I
re--14
o dt
Y Y Y
+ ar -
—= L—
V(t) o

The emf RI=-LdI/dt of the coil
appears as a voltage rise across
the inductor in the ckt model,
as well as a voltage drop across

the resistor, both taken in the
direction of current I. Voltage
drop V across the inductor in the
current direction is LdI/dt, as
we learned in our circuit courses.



Example 1: An N-turn coil has a resistance R = 1) and inductance of 1 pH. If it is
conducting 3 A current at ¢t = 0, determine I(t) for ¢ > 0.

Solution: Current flow in the resistive n-turn coil will be driven by self-emf £ = —L%

matching a voltage drop RI. Hence

o d[ d[ R o o —%t o —106¢
RI——L% “ dt—l—Ll—O = I(t)=1(0)e " =3e A.

e As illustrated by above example, current I around a resistive loop C'
will in general be obtained by solving a differential equation constructed

using the emf of the loop.

£ solution used last lecture assumed that self-

— The algebraic I = &
emf —L% produced by the induced current I(¢) is small compared

to an externally produced emf.

We continue with typical inductance calculations.



Inductance of long solenoid: Consider a long solenoid with a finite
length £, cross-sectional area A, and a density of n loops per unit length
as examined in Example 3 of Lecture 12 (see figure in the margin). As
determined in Example 3, the magnetic flux density in the interior of an
infinite solenoid is

B=umniz

which can also be taken as the flux density linking the N = nf turns of

the finite length solenoid ignoring edge effects (which are minor when the
solenoid is long compared to its radius). Hence, having N = nf turns, the
inductance of the long solenoid becomes

NU  nb(unl)A  n*u,JAl 5
— = = = n Al = N p,—.
I I r Moy

e As we know from our circuit courses, an inductor L such as the solenoid

A
L

coil considered above can be used to store energy. An inductor con-
nected to an external circuit with a quasi-static current I develops a
voltage drop V = L% across its terminals® and absorbs power at an
instantaneous rate

dl ~ d 1
P=VI=L—I=—(zLI"
dt dt(2 )
implying a stored energy of
1 1 (npol)? | B.|? 1
= —LI? = —(n*p,A0I* = Al = Al = —p,|H.|*Al
W= 5 (7 HoAL) o o 5Hol H:

3 Assuming a physical size much smaller than a wavelength A = ¢/ f for the highest frequency in I(t).

4

Infinite solenoid
with n loops per
unit length carrying
I amps per loop

B = uo,nl



in an inductor in a conducting state.

e Notice that the stored energy of the solenoid is

1 1
_0H22:_0H'H
2u| | SH

times its volume Af¢ occupied by the field H inside the solenoid. That

suggests that

1
w = é/’LOH -H
can be interpreted as stored magnetostatic energy per unit volume in

general.

— Also both inductance L and stored energies W and w would have
1 replacing p, in material media with permeabilities

= (14 Xom) o

and magnetic susceptibilities x,,, in analogy with the concepts of
permittivity € = (1 4 x.)e, and electrical susceptibility xe.

o Permeability and magnetic susceptibility notions will be ex-
amined in a future lecture.



Inductance of shorted coax: Consider a coaxial cable of some length ¢
which is “shorted” at one end (with a wire connecting the inner and outer
conductors), so that a steady current I can flow on the inner conductor of
radius a to return on the interior surface of the outer conductor at radius

b after having circulated through the short. We will next determine the
inductance L of such an inductor after first computing the magnetic flux
density By that will be produced by the inner conductor current I. In By
calculation we will assume ¢ > b so that an “infinite coax” approximation
can be invoked.

e Expanding the integral form of Ampere’s law

%B-dl:uolg
C

By2mr = pol

as

over a circular integration contour C' of a radius » > a, we find that
the magnetic flux density in the interior of the coax cable is

orr

By

e Therefore, the magnetic flux linked by the closed current path I (see
figure in the margin) is
b
qf:/B.dszzﬁl ar_ gl b
S

2T J, T 2T a

Shorted coax circulates
a current I linking a
magnetic flux\J
confined to a region
bounded by the outer
conductor of the coax.
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Clearly, we have a linear relation W = LI, with

I = ln%g
= op He

which is the inductance of a shorted coax of a finite length ¢.

— The inductance of the coax per unit length is

In g
E - 27T /’L07
which should be contrasted with capacitance per unit length
2T
C= In 5

of the same coax configuration.

Notice how £ and C are proportional to €, and u,, respectively,
having proportionality constants which are inverses of one another.



Inductance of shorted parallel plates: If a pair of parallel plates of
areas A = W/{ and separation d were shorted at one end, we would obtain
effectively an inductor with a per length inductance

d

L=—pu,

wH
that accompanies per length capacitance
W

C=—¢
d

of the same parallel plate configuration. This follows from a generalization of
our finding above that the proportionality constants of £ and C are arithmetic
inverses of one another.



16 Charge conservation, continuity eqn, displace-

ment current, Maxwell’s equations

e Total electric charge is conserved in nature in the following sense:
if a process generates (or eliminates) a positive charge, it always does
so as accompanied by a negative charge of equal magnitude.

— Example: Photoionization of atoms and molecules can generate
free positive ions and free negative electrons in pairs (see margin
figure). Photoionization is a process that converts bound charge
carriers into free charge carriers.

— Example: Recombination when a positive ion and an electron
get together to produce a charge neutral atom or molecule.

— Example: Annihilation of an electron (negative charge) by a
positron (positive charge of equal magnitude) and the reverse pro-
cess of pair creation.

As a consequence, if the total electric charge )y contained in any finite
volume V' changes as a function of time, this change must be attributed
to a net transport of charge, i.e., electric current, across the bounding
surface S of volume V' as detailed below.

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
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a neutral atom but no net charge
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Qv =0

(b) At t=t1l volume V contains

a proton and a free electron after
the ionization of the hydrogen
atom. There is still no net charge
in the volume.

‘—e

t=1

Qv =0

(c) At t=t2 volume V now contains
only a proton after the exit of
free electron through surface S.
Now V contains a net charge e.
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e Consider two distinct surfaces S7 and Sy bounded by the same closed
loop C' (as shown in the margin) such that a volume V is contained

Il—/ J - dS;

S1

IQZ/ J - dS-
So

denote currents flowing through surfaces S7 and S, respectively.

between the two surfaces.

— Let

and

— Note that current I; through surface S; enters volume V', while

current I through surface S exits volume V' (with the directions
assigned to dS; and dS,).

— If I} # I, then current out is not matched by the current in,
and as a result, the net charge )y contained in volume V' increases
with time at a rate Iy — I provided that charge is conserved in
the sense discussed above. In that case, we have

dQv
—— =1, — .
oy 1 2
This relationship can be expressed as

d
pdV /J dSl—/ J - d82
dt S1 So
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since, in terms of charge density p, charge in volume V' is

Qv = /Vpdv.

The expression can also be cast as

/@dv——%J-dS
y Ot s

where S is the union of surfaces S; and S5 enclosing V', and dS
is an outward area element of S (see margin). This relationship is

known as continuity equation. Its differential form is Continuity
tion
dp equa
L =-_v.J,
ot

which follows from the integral form above as a consequence of
divergence theorem (recall Lecture 4).

Continuity equation is a mathematical re-statement of the
principle of conservation of charge.



e While Faraday’s law

0B
E-_——
V X 5

indicates that time-varying B induces time-varying electric fields E,
Ampere’s law, written as

V xH=1J,
makes no such claim about a time-varying E inducing a time-varying

B = u ,H.

— This “asymmetry” was noted by James Clerk Maxwell who realized
that the form of Ampere’s law given above must be “incomplete”
under time-varying situations.

— Noting the inconsistency of Ampere’s law with the continuity equa-
tion under time varying conditions, he re-wrote the Ampere’s law

as aD
VXH:J—FE

in 1861 by adding the term on the right which is now called the
“displacement current”.

Revised
Ampere’s

law (with
“displacement
current”)

o Maxwell postulated that the displacement current term is needed

in Ampere’s law because only then the divergence of Ampere’s
law avoids falling into conflict with charge conservation (under
time varying conditions).

4



Verification of Maxwell’s claim: Since V x H is divergence-free
(just like the curl of vector potential A, namely B), it follows that
the divergence of Maxwell’s modified Ampere’s law — often called
Ampere-Maxwell equation — is

0
V-(VXH):V-JJrEV-D:O.
— In the absence of the second term due to displacement current,
this results would be inconsistent with the continuity equation

dp
it J=0
at+v ,

unless % = 0 (the static case).

— By, contrast, including the second term, the result above is rec-
ognized as the continuity equation per se, since by Gauss’s law
— assuming that it applies with no change under time varying

situations — 5 9
P
—V -D=—.
ot ot
e The modified Ampere’s law
oD
VxH=J+—
X + ot

postulated by Maxwell under the assumption that Gauss’s law is also
valid under time-varying conditions, leads to some specific predictions
about how time-varying fields should behave.

5



e These predictions — concerning the propagation of electromagnetic
waves — were validated experimentally by Heinrich Hertz around 1888.

— The experiments confirmed that time-varying electric and mag-
netic fields obey collectively (and at microscopic scales) the differ-
ential relations

V:-D =p Gauss’s law

V-B =0 5
B
VXE = 5 Faraday’s law
D
VxH = J+ %—t, Ampere’s law

where

D=¢E and B=pu,H

provided that p and J describe the distributions of all charges and
currents associated with free and bound charge carriers'. Alter-
natively, the same differential relations — known collectively as
Maxwell’s equations — are also valid for macroscopic fields, pro-
vided that p and J describe only the free charge contributions
and

D =¢E and B=uH

Tn the classical domain, down to scales of about #i/mc, the Compton wavelength — at shorter scales
quantized and generalized versions (known as electroweak theory) are needed.

Maxwell’s
equations



in terms of suitably defined permittivities and permeabilities € and
1 — see next Lecture.

e The unnamed Maxwell equation
V-B=0

can be viewed to be a consequence of Faraday’s law

0B
VXE_—E

and the fact that magnetic monopoles have never been observed.

Explanation: Since V x E is divergence-free, taking the divergence
of Faraday’s law, we get

V-(VXE):—%V-B:O.

This constraint requires V - B to an invariant scalar at all locations
in space. As a consequence, if V - B = 0 at some instant in time, it
should remain so at all times. Given that V - B = 0 for static fields,
this relationship must also continue to be valid when B starts changing
with time.

The fact that V - B remains fixed at a zero value everywhere, whereas V - D
varies like p, is in fact a consequence of the fact that there appears to be no
magnetic charges (monopoles) in nature. Had there been “point charges for

7



magnetic fields” in nature, V - B would have equaled the density of those
charges, and magnetic field lines would have started and stopped on them
(rather than looping into themselves). But no one has observed of any evi-
dence for such magnetic charges anywhere, even going back to the very early
times in the history of the universe (accessible by making observations of
very far astronomical objects). So, V- B = 0.

e Finally, the full set of Maxwell’s boundary condition equations concern-
ing any interface with a normal unit vector n are

n-(D"=D7) = p,
- (BY—B7) =
nx (Ef —E7)

Ax (HY —H) = J,

— We had already seen how the first and third boundary condition
equations arise.

— The second boundary condition equation concerning the normal
component of B is another consequence of the absence of magnetic
charges (see margin).

— A detailed justification of the last boundary condition concerning
tangential H will be given explicitly during Lecture 19. This equa-
tion allows a discontinuous change in the tangential component of
H if the interface contains a non-zero surface current J.

Constraint

oD
H-dl:/J+— -dS
fas [0+

around the dotted path yields
nx (HF—H7)=1J,

in w — 0 limit.

Constraint

j{B-dS:O
S

applied over the dotted volume (seen in
profile) yields

Bf —B; =0

in w — 0 limit.




17 Magnetization current, Maxwell’s equations

1n material media

e Consider the microscopic-form Maxwell’s equations

V:-D =p Gauss’s law

V-B =0 5
B
VXE = 57 Faraday’s law
D
VxH = J+ aa—t, Ampere’s law
where
D = ¢E
B = p,H.

e Direct applications of these equations in material media containing a

colossal number of bound charges is impractical.

e Macroscopic-form Maxwell’s equations suitable for material media are
obtained by first expressing p and J above as the macroscopic quantities

p=pr—V-P
and Ip
J=1J —+V xM
f+8t+ X
where

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.



— subscripts f indicate charge and current density contributions due
to free charge carriers,

— the term —V - P denotes the bound charge density,

— the term %—It) denotes the polarization current density due to
oscillating dipoles (already discussed in Lecture 11), and

— VxMis a“magnetization current density” also due to bound
charges, an effect that we will discuss and clarify later in this
section.

Using these expressions in Gauss’s and Ampere’s laws

V.-¢,E = p Gauss’s law

Vxu 'B=J+ agotE, Ampere’s law
we obtain
V- (e,E+P) = p; Gauss’s law
Vx(u'B-—M) =J;+ %(EOE +P), Ampere’s law.

Now, re-define D and H as
D=¢E+P=cE

and
H=y,;'B-M=;"B,

2



respectively, and drop the subscripts f which will no longer be needed.

Using these new definitions, the full set of Maxwell’s equations now
read as (the same form as before)

V:-D =p Gauss’s law

V-B =0 5
B
VXE = 57 Faraday’s law
D
VxH = J+ aa—t, Ampere’s law
with
D = cE
B = uH,

where p and J are understood to be due to free charge carriers only.

We had already seen many aspects of the above procedure for obtaining

the macroscopic form field equations earlier on (e.g., in Lectures 8 and
11).

— In particular we were already familiar with the revised definition
of D = eE along with the concept of medium permittivity e.

— The new feature above that requires further discussions is the rela-
tion B = pH along with the concept of medium permeability
(. The details of this relation are connected to the concept of
“magnetization current” which we discuss next.

3



o Just like “free charge” density and currents, “bound charge” densities
and currents also have to satisfy the continuity equation

dp
— 4+ V- -J=0
ot
— Substituting the bound charge density
pp=—V-P
for p in the continuity we obtain
oP
Vi(——+J)=0
=5 )
implying divergence free
P oP
VXME—%—t—I—J so that J:EwLVXMEJb,

a bound current density expressed in terms of polarization field P
and auxiliary vector field Mcalled magnetization.

The meaning of this result is it is not sufficient to represent bound
currents in material media as %—E, bound carriers can also conduct

divergence-free currents due to closed-loop orbits represented as V x M.

— In fact, electrons “orbiting” atomic nuclei certainly produce such
divergence-free current loops at microscopic scales — we account
for such currents at macroscopic scales by including a magnetiza-
tion current term V x M in J,.

4



— Also, bound charge motions within nucleon£ — proton and neu-
trons — produce magnetization currents V x M.

— Even bare electrons can produce magnetization currents V. x M
because of their intrinsic sme

Once V x M is included in J,, it follows from Ampere’s law that

H=,'B-M

where M is referred to as magnetization field.

'Physical models of protons and neutrons are constructed using bound charge carriers known as quarks

which cannot be observed in a free state.

2All elementary charge carriers carry an intrinsic magnetization proportional to charge-to-mass ratio
< and a “spin angular momentum” having quantized values of :I:% N.m.s in any measurement direction.
Using Heisenberg’s uncertainty principle, ApAr > 2, we can interpret the spin angular momentum of
an elementary particle as the lower bound of ApAr, the product of quantum uncertainties in particle
momentum and position. There is no classical interpretation of spin angular momentum for point particles.

5



e To get a physical picture about magnetization M and the physical ori-
gin of H = p,;'B — M consider a solenoid wound around some cylin-
drical shaped material as shown in the margin. We know that with

a solenoid current I,, we would have H, = nl,Z in the interior of a 1

solenoid with n loops per unit length aligned with the z-axis, and a

corresponding magnetic flux density B, = u,nl,z when the solenoid
core is free space. This will be modified to some B = B, + ,M when

a material core is introduced into the same space, where pu,M stands Within the core, stacks of
PN . . effective solenoids, giving
for the (additional) macroscopic (space averaged) magnetic flux den- Iise to madaition
. . . . . . - an average magnitude
sity produced by microscopic current loops localized within the atoms  Bo=wnl,  pALiN = jioNim = oM
) ) buc outeide the oylindrical o oooe F0 B
constituting the core. magnetic core

— If there are N, = m atoms per unit volume in the core, with
Ax separations in x direction and so forth, loop currents I; of a
stack of atoms with Az separations in z would produce an effective
solenoid with an internal z-directed magnetic flux density of MO&ZA’
and zero exterior field.

— Since one such atomic-stack solenoid with a loop area of A; will be
found for every AzAy cross-sectional area of the core, a macro-
scopic average magnetic flux density produced by these atomic
solenoids would be calculated as (this calculation is similar to
finding the average polarization field in a dielectric as discussed in

Lecture 8) AfZAy X ,uoéé = uoN.;AZ = n,M, with M = N,m,

m — IZAZQ.




o Here m is the magnetic dipole moment of each current loop
(analogous to electric dipole p = gr), M is the magnetization
field vector (analogous to P = N,p), which is a simple product
of m per magnetized atom and the atomic number density N,
in the core.

— Superposing the magnetic flux densities of u,M andB,, we obtain
B = B,+u,M for the core region, or for any region of space having

a non-zero magnetization M, which then leads to the general result
H = i, 'B — M, which is further discussed below.

— Notice, whether the flux density B = B,+1,M inside the material
medium is stronger or weaker in magnitude than B, depends on
the direction of M, which, in turn, depends on the algebraic sign
of microscopic loop currents I; introduced above.

o Negative I; is found in diamagnetic materials where |B| <
|B,|, while positive I; in paramagnetic and ferromagnetic
materials where |B| > |B,|, as discussed below.

— Also, the expression H = ;!B — M leads to H = u;'B = H,
in the exterior region where M = 0, indicating that while fields B

and Byof the interior and exterior are different, H is the same in
both regions (analogous with D in dielectrics).



e Lab measurements — e.g., inductances L measured for coils wound
around magnetic material — show that for a large class of materials

M= 'B-H

varies linearly with H (which is of course possible only when B also
varies linearly with H).

— In that case we write
M = XmHa

where Y, is a dimensionless parameter called magnetic suscep-
tibility, and obtain a relation

B = :uo(l + Xm)H = uH,

where
= ,uo(l + Xm)

is called the permeability of the medium.

3Recall from Lecture 15 that L oc x4 when inductors are wound around materials with permeability .

8
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e For a large class of materials with M o< H, it is observed that |x,,| < 1.
In that case, the material is called

— Diamagnetic if x,, < 0:

o Diamagnetism occurs when an applied magnetic field induces
electron orbital angular momentum and associated or-
bital magnetic moment m in a collection of atoms having
no net permanent magnetization M — in such materials elec-
tron clouds around atomic nuclei spin up in accordance with
Lenz’s law to generate magnetic fields opposing the applied
magnetic field so as to keep B = pH smaller than u,H.

o This happens in materials that we ordinarily think of being
non-magnetic (wood, glass, water, etc.). Diamagnetic materi-
als are in fact very weakly repulsed by permanent magnets.

— Paramagnetic if y,, > 0:

o Paramagnetism occurs in materials composed of atoms hav-
ing permanent magnetic dipole moments due to electron spin
angular momentum and associated spin magnetic mo-
mentE — it turns out that electrons are not only electric
monopoles but also magnetic dipoles as if each electron were

a current loop having a quantized magnetic dipole moment m.

“In these materials the described paramagnetism overcomes the diamagnetic tendency of the material
caused by the orbital angular momenta of its electrons around atomic nuclei.



Magnetic dipolegg of paramagnetic atoms co-align with the ap-
plied magnetic field due to v x B related torques, leading to
M x m pointing in the applied B direction.

o This paramagnetic response happens (and overcomes diamag-
netic response) for atoms with unfilled inner electron shells,
because in filled shells electron spins are opposite due to Pauli
exclusion principle and cancel one another. Unfilled outer
shells do not give rise to paramagnetism because interactions
between adjacent atoms in that case give rise to opposite
spins of their outer shell electrons. Paramagnetic materials
are very weakly attracted to permanent magnets (e.g., alu-
minum, lithium, tungsten).

e In a small class of materials known as ferromagnets — iron, nickel,
and cobalt, which are metals with atoms having unfilled inner elec-
tron shells, and their various alloys — M can arise spontaneously
because the permanent magnetic dipole moments of nearby atoms pro-
duced by electron spins become co-aligned as a consequence of con-

°In macroscopic form Maxwell equations the source of dipole magnetic fields due to unpaired bound
electrons contributing to total B show up in the bound current density term V x M included in Ampere’s
law. As for free charge carriers (electric monopoles) with random spin directions, their dipole magnetic
fields will not contribute to macroscopic B because of pairwise cancellations and such contributions are
therefore not included in macroscopic formulations. In case of spin polarized free carrier currents, an
additional V x M term could also be included in Ampere’s law, but such problems would intrinsically be
of a quantum electrodynamics QED nature where electrons would need to be modeled as quanta of an
electron matter field. See Garraway and Stenholm (1999) for a discussion about the observability of the
quantized spin of a free electron.
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duction electrons moving through the lattice — a conduction electron
passing by an atomic electron is forced to acquire the opposite spin as
a consequence of Pauli exclusion principle (sometimes said to cause an
exzchange force) to subsequently force the spin of a neighboring atom
that it passes by to acquire the spin direction (or the magnetic dipole
moment) of the first atom.

— This “double interaction” process creates small multi atom do-
mains having non-zero M’s pointing in random directions across

any macroscopic sized sample of the ferromagnetic solid. When |\ B
the sample is then exposed to a magnetizing H field, the multi e
. . | = 7
domain M’s co-align readily to produce a strong B, /
B =B(H) = uH + u,M(H) He | f f
\\1, 0y 1,
response, with M[(H) being a non-linear function of H in general. / /

Since B(H) relation is non-linear and exhibits hysteresis — see

margin — it is even possible to have non-zero B in such materials / )
with zero H — permanent magnets have that property.

= B(H) relation requires
quantum mechanics (classical models turn out to be not accurate enough).
Overall, the models give rise to frequency dependent results, involving
loss as well as resonance features (also exhibited in Lorentz-Drude mod-

First principles modeling of y,, or the B

els of x. examined in Lecture 11) relevant for applications including
various magnetic imaging techniques.
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18 Wave equation and plane TEM waves in source-
free media Copyright (©)2024 Reserved — no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

With this lecture we start our study of the full set of Maxwell’s equations
shown in the margin by first restricting our attention to homogeneous and
non-conducting media with constant € and p and zero o.

e Our first objective is to show that non-trivial (i.e., non-zero) time- V-D =p
varying field solutions of these equations can be obtained even in the V-B =0
0B
absence of p and J. UxE - —
_ : ' i oD
We already know static p and J to be the source of static electric VxH = J+22
and magnetic fields. ot

— We will come to understand that time varying p and J, which
necessarily obey the continuity equation
dp

el . J =
8t+v 0,

constitute the source of time-varying electromagnetic fields.

Despite these intimate connections between the sources p and J and
the fields
D=cE and B = uH,

non-trivial field solutions can exist in source-free media as we will see
shortly.



e Such field solutions in fact represent electromagnetic waves, a familiar
example of which is light.

e Another example is radiowaves that we use when we communicate
using wireless devices such as radios, cell-phones, WiFi, etc.

e Different types of electromagnetic waves are distinguished by their os-
cillation frequencies, and include

— radiowaves,
— microwaves,
— infrared,

— light,

— ultraviolet,

— X-rays, and gamma rays,

going across the electromagnetic spectrum from low to high fre-
quencies.

We are well aware that these types of electromagnetic waves can travel
across empty regions of space — e.g., from sun to Earth — transporting
energy and heat as well as momentum.

— Next, we will discover their general properties by examining Maxwell’s
equations under the restriction p = J = 0.



e In source-free and homogeneous regions where p = J = 0 and € and
1t are constant, we can simplify Maxwell’s equations as shown in the
margin.

— If there are non-trivial solutions of these equations, namely E(r, t) #
0 and H(r,t) # 0, they evidently need to be divergence-free.

— They also have to be “curly” according to the last two equations:
Faraday’s and Ampere’s laws.

e Next we will make use of vector identity
Vx(VxE)=V(V-E)-V’E

which should be familiar from an earlier homework problem.

— Since the electric field E is divergence-free in the absence of sources,
this identity simplifies as

V x (VxE)=-VE
where in the right side V?E is the Laplacian of E.

— Using this result we can express the curl of Faraday’s law as

oH 0

Vx[VXxE=—-u—] = —-V’°E=—u—V x H,
which combines with the Ampere’s law to produce
O’E
PA ni
V°E Méw,

V- E =
V-H =

V x E

V xH

. oH
Kot
OE
ot



which can be written explicitly as 3D vector

PE  O*E  O°E O°E wave
572 + E)E + 5.2 = MEW. equation
Recall that our objective is to see whether a non-trivial time-varying solution
of Maxwell’s equations can exist in source-free media.
Our objective at this stage is not finding a general solution; it is instead
identifying a simple example of a non-trivial time-varying E(r, t), if we can.
For example, can a field solution
E(r,t) =2E,(2,1)
that only depends on z and ¢ and “polarized” in x-direction exist? If it can
exist, what would be the properties of this z-polarized solution?
e 'To find out, we note that with E = £ F,(z,t), the above “wave equation”
is reduced to ) ) 1D scalar
O°E, _ M€6 Ex’ wave
0z* ot equation

an equation that is known as a 1D scalar wave equation, as opposed
to the 3D vector wave equation above.

— Now, by substitution, we can easily show that

E, = cos(w(t — \/uez)),
4



satisfies the 1D wave equation and represents an z-polarized time-
periodic field solution with an oscillation frequency w.

— 1D wave equation can also be satisfied by
E, = cos(w(t + \/pez)).
Let us jointly refer to these solutions as
B, = cos(w(t F -)),

where

has the dimensions of m/s (i.e., velocity) and the algebraic signs F
distinguish between the “travel directions” of these possible “wave solu-
tions” as elaborated later on.

e Let us next find out the magnetic field intensity H that accompanies
the z-polarized electric field wave solution

E = % cos(w(t F g))

— Since the curl of E is

T oy z

AaEx ~ VANNIOY)

VXE= % a% 5% =5, :iysm(w(tq:;));,
E, 0 0




Faraday’s law

oH

VXE:—ILLE

requires that H should satisty

oH o Zo W
ey T £y sin(w(t F ;));

Finding the time-dependent anti-derivative (and remembering v =

1/\/1t€), we obtain
H = ), |- cos(w(t F ) t y
= — cos(w =)).
2V F -

e The results above, namely our xz-polarized non-trivial field solutions of T
Maxwell’s equations in source-free homogeneous space, can be repre- H > z >
sented more compactly as E=2f(t+ ;)

2z tF=
E:j;f(t:':—) and H:ig}w’ v:EXI‘I
v n

where . .
ejwt + e—jwt

f(t) = cos(wt) = Re{e"} = 5

is known as intrinsic impedance (and measured in units of ohms).

is the field waveform,

n
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e Since Maxwell’s equations with constant p and € are linear and time-
invariant (LTT), the field solutions above can be further generalized by
using their weighted and time-shifted superpositions such as

f(t) = Z A, cos(wyt + 6,)

and

() = — / " F(w)edw

having frequency dependent weighting factors A, and F(w). And since

according to Fourier analysis all practical signals f(¢) can be synthe-

sized in these forms, it follows that the field solutions above are valid

with arbitrary waveforms f(t). d’Alembert
wave

Solutions solutions

E,Hocf(t$§)

of the 1D scalar wave equation with arbitrary f(t) are known as d’Alembert
wave solutions.

e d’Alembert solution

Z

describes electromagnetic waves traveling in +z direction, whereas so-
lution

E,Hocf(t+§)



Traveling wave in +z direction with speed v=c:

Time plots at z=0 and z>0:

describes electromagnetic waves traveling in —z direction (see margin).

S
=
=
IS
X
I
>
=
I
Qlw
L

In each case the travel speed is

1l — 1
free space ——— = c~ 3 x 10°m/s. R

vV HE vV Ho€o

(o

Position plots at t=0 and t>0

e H solution can be obtained from E by dividing it with n and rotating
it by 90° so that vector E x H points in direction the waves travel.

S
=
=
IS
X
I
>
=
I
Qlw
L

e E can be obtained from H by multiplying it with n and rotating it by - x

D e ct z
90° so that vector EE x H — called Poynting vector — once again A
Note: ct=300 m in 1 microsec
points in direction the waves travel. ct=300 km in 1 millisec

In each case the intrinsic impedance is

/’LO Fundamental signal waveforms: REVIEW
n = free space space — =1, ~ 1207 ohms. u(t) ult — )
6O I E— 1 [

Unit-step

Transformation rules above also hold for y-polarized wave solutions 0 i ot 1
t t_to
A z A f(t :F E) rect(;) 1'ect(T)
E — yf(t :F _> aﬂd H — :Fx—vc ! Rectangle !
v ?7 pulse
; : T oo T . 1, T
Question: What about z-polarized waves S "3
2 AC) NG
2z 1 T . 1 T
E=zf(tF 5), A\ e /\
. T T t T t, Tt
can they exist? 5 2 "3 3
tu(t) — ul(t —t,)]
Answer: No, z-polarized waves Zf(t F £) traveling in +2z direction cannot ' Ramp_
v
exist because they would violate the divergence-free condition V-E = 0. ot
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e d’Alembert wave solutions of Maxwell’s equations for homogeneous and
source-free regions obtained in the last lecture having the forms

E,Ho<f(t$§)

are classified as uniform plane-TEM waves.

— TEM stands for Transverse ElectroMagnetic, and the reason for
this designation is:

viable solutions satisfying V - E = V - H = 0 conditions have their E
and H vectors transverse to the direction of propagation which always
coincides with the direction of vector S = E X H known as Poynting

vector — more on this later on. »—>

— d’Alembert wave solutions such as

t— 2
E:i*f(t—z) and H:@M ExH
v 7 \

are also designated as uniform plane waves because: Poynting vector
E xH
these wave-fields are constant (have the same vector value) at planes

of constant phase, e.g., on planes defined by

z
t — — = const.,
v

1



which are planes transverse to the propagation direction (direction of
vector E x H).

Not all waves solutions of Maxwell’s equations are uniform plane — for in-
stance non-uniform TEM waves with spherical surfaces of constant phase are
ubiquitous, but they will be examined later on (in ECE 450, mainly).

After the next set of examples we will examine how uniform plane waves
can be radiated by infinite planes of surface currents. By contrast, spherical
waves are produced by compact antennas having finite dimensions.

Example 1: Let

t i
E = an (Y
-
12
T peaking at ¢ = 0 (defined in ECE 2107). We will next provide two different
solutions demonstrating how the wave field B accompanying E can be found.

be a wave solution in free space where A(2) is a triangular waveform of duration

Solution 1: We recognize the given wave field E as a TEM uniform plane wave travel-
ing in y-direction given the ¢t —y/c dependence of phase. Consequently, we obtain
H by dividing E with n = 7, and rotating it by 90° from Z-direction to co-align
it with E x H vector. As a result,

Mo V Ho/€ |

Hence,

t-yley _ )

B = uH = =2 /e, A (




Solution 2: According to Faraday’s law,

0B 9 0 5| 0B
E = —VxXxE=- 9z 9y 0= 228
E, 0 0 Y
_ 2A,(t—y/0)ﬁ(t— y/C) _ 2_1A/(t_y/c)
T oy T cT T

with the help of chain rule of differentiation, where A'(u) = d%A(u). Finding
the time-dependent anti derivative, we directly obtain (as before)

A t—y/c
B — _gg.
C

Example 2: Consider the Lorentz force
F =¢(E+v xB)
on a test charge ¢ in the lab where E and B are the plane wave fields considered

in Example 1. Show that electrical force term ¢E will dominate the magnetic
force term gv x B unless the particle speed v = |v]| is close to the speed of light

¢ (i.e., test charge is relativistic).

Solution: Since /e
E— A2 and B 260
it follows that Lorentz force ' ’
F—gE+vxB) =g _Ty/c)(gz Cvx é).




Clearly, the first term of F proportional to & is dominant, unless v = |v| is close
to c.

Example 3: Consider an Z-polarized plane TEM wave field in free space propagating
in +2z direction such that

B(e,t) = 2(t — =), with f(t) = At rect(é),

where ¢ = 3 x 108m/s = 300m/pus is the speed of light in free space, 7 = 1 s,

andA:QV/m
nS

Determine the corresponding H(z,t) and make the following plots:

. A plot of f(t) vst (labelled in ps units is shown in the margin.

® (a) t-plots at fixed 2’s: E.(0,t) and E,(z = 600m,1),
e (b) z-plots at fixed t’'s:  E.(z,0) and E,(z,2 us).

Solution: (a) t-plots at fixed 2’s: Since z/c = 2 us for z = 600 m, it follows that
Vv
) —

ps - m

t—2us

E.(600m,t) =2 (t — 2us) rect(

is a shifted version of . v
E.(0,t) = 2trect(—) —
lpus” m

already plotted above. A graph showing both waveforms (black for z = 0 and
red for z = 600 m) is in the margin.

W‘, t) (V/m) E(600,2) (V/m)

t (us)



(b) z-plots at fixed #’s: In this case we wish to depict

2 0—2z2/c, V
Eo(2,0) = 2(0 — 2 rect Al
(2,0) (0 C)rec( m )m
nd 2 — zfe. V
z w—z/c
E.(z,2 =202u — — (22
(2,2 p8) = 2(2p — —) vect( o ) —

The minus sign in front of z in the first term on the right indicates that the slopes
of the curves to be plotted are negative. Hence, we end up with the descending

ramp waveforms (black for t = 0 and red for ¢ = 2us) shown in the margin.

e Plane electromagnetic waves discussed above propagate in free-space in
regions of zero p and J (per our derivation).

— But what generates such waves?

e The answer must be, far away p and J variations (linked by continuity
equation) that we have not considered in our equations so far.

o We will next describe how plane TEM waves can be produced — radi-
ated — by time-varying infinite current sheets by starting from familiar
static and quasi-static solutions:
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e Consider first a static and constant surface current density
Js=2J,A/m

flowing on z = 0 surface as shown graphically in the margin. This
infinite surface current will produce a static magnetic field

Ju
H(z) = $g]? A/m for z 2 0

also shown in the margin as we learned in Lecture 13.

— Note that the fields point in opposing directions above and below
the surface current in compliance with the right hand rule and
obey the boundary condition equation for tangential H.

— Also, H is not accompanied by an electric field E since static
currents produce only static magnetic fields.

e What if the surface current J, varies with time, ie., J, = J.(t). In
that case we have quasi-statically

Ju(t)

H(z,t) = Fy A/m for z 2 0,

but only as an approximation for positions very close to z = 0 sur-
face where propagation time-delay = of d’Alembert solutions can be
neglected?.

!This solution surely cannot be an exact solution since if it were, it would imply instantaneous changes
in H in response J, at arbitrarily large distances, implying an infinite speed of propagation — we know
that is not true!



e But the exact field solution of Maxwell’s equations valid for all z is Iz
equally easy to obtain: just replace J,(t) above with J,.(t F 2) and
replace ~ with = so that

Jo(tF =
H(z,t) = IFQ@ A/m for z 2 0
complies with plane TEM d’Alembert solutions? of Maxwell’s equations RS .
in homogeneous and source free regions z 2 0. /
-
.

e As always, there is an accompanying E(z,t) that is obtained by multi-
plying H(z, t) with n and replacing its unit vector so that vector E x H JE xH
points in the direction of propagation, away from the z = 0 in this case

— hence, as illustrated in the margin,

E(z,t) = —i“gjx(t F i) V/m for z =2 0.
v

Since Maxwell’s eqn’s + boundary conditions have unique solutions in given
settings, we are assured that any solution that complies with both (as in this
case) is the solution for the given setting (surface current on z = 0, in this
case) — it was surprisingly easy to solve this radiation problem by starting
from simple static and quasi-static solutions.

*We use J,(t F £) rather than J,(t & 2) for z = 0 because we assume that J,(t) on z = 0 surface is the
only field source — in that case causality principle dictates that we use only the solutions propagating
away from the source (just like when a pebble drops in a pond, ripples propagate away).

7



Conclusion: Evidently, a time varying surface current
Js=af(t) on z=0 plane

produces plane electromagnetic waves

nftF2)

Ef=—2 — and HT = ¢ in regions z 2 0

ftF2)
2

propagating away from the z = 0 plane.

Note that: I 2
1. £, and H, waveforms are proportional to delayed versions of surface E+ E" < H ,
current .J,(¢) at each location z above and below the current sheet, with H ;

the reference directions of EE and Jg opposing one another.

2. fields E* are continuous on z = 0 surface in compliance with tangential

boundary condition equations.

3. fields H* exhibit a discontinuity on z = 0 surface that matches the E- /;I :
current density of the same surface, once again in compliance with
. ., . E xH
tangential boundary condition equations. v

Opposing E and J, vectors on z = 0 plane indicate that the surface is acting
as a source of radiated energy (the energy that feeds the waves radiated away
from the surface) — this interpretation will be discussed in more detail in
the next lecture.



Example 4: A current sheet on z = 0 surface is described by

t
Js(t) = zf(t), with f(t) = Atrect(-),
-
A/m : :
where7 = 1pusand A =1 —5 - A plot of the current waveform f (¢) is plotted in

the margin. Assuming that the current sheet is embedded in free space, construct
the following plots:

e (a) Radiated Hy(z,t = 2us) vs z,
e (b) Radiated E,(z,t = 2us) vs z.

Solution: (a) From the theory developed above, we have using delayed copies of half
the surface current density,

2 = A
'u:FC)— for z 2 0,
g " m
as plotted in the margin. Notice that the propagated field waveforms — ¢ X

2s=600 m has been covered in 2 us — are re-scaled and shifted replicas of the
source function f(¢).

1 z
H,(z,2us) = qZ§(2,u ¥ E) rect(

(b) We have, multiplying H, with 1, = 1207 (2, and adjusting the signs so that E
and Jg are pointing in opposite directions,

(SN

2 Vv
alil ) — for z 2 0.

<
E,(z,2us) = —607(2u F =) rect
(2,2ps) m(2p F ) rect( o

Plots are shown in the margin.

Ja(t) (A/m)

Hy(2,24) (A/m)

{ 300 | %00 2 (m)
0.5

E(2,2) (V/m)
60

300 ‘/oo 2 (m)
—60m



20 Poynting theorem and monochromatic Waves . e rur — oot e

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

e The magnitude of Poynting vector
S=ExH

represents the amount of power transported — often called energy flux
— by electromagnetic fields E and H over a unit area transverse to the
E x H direction.

This interpretation of the Poynting vector is obtained from a conservation
law extracted from Maxwell’s equations (see margin) as follows:

1. Dot multiply Faraday’s law by H, dot multiply Ampere’s law by E, V-D =p
OB V-B =10
- ). B
(VX E 8t)H V><E:——a
oD 5%6])
(VxH =J+55)-B VxH = I+
and take their difference:
D B
H-VXE—E-VXHZ——a -E——a -H-J - E.
~ ~~ d . Ot ot
V. (E x H) lm.wy lmw
ot 2° ol

2. After re-arrangements shown above, the result can be written as



0,1
8t( eE - E+2MH H+V- (ExH)+J-E=0.
e Poynting theorem derived above is a conservation law just like the
continuity equation % +V-J=0: Poynting theorem

— The first term on the left,

0.1 1
E-E H-H
giloE B+ ouH - H),
is time rate of change of total electric and magnetic energy den-
sity:.

Hence, Poynting theorem is the conservation law for electro-
magnetic energy, just like continuity equation is the conservation law
for electric charge.

— The second term
V- (E x H)

accounts for energy transport in Poynting theorem, just like V - J
accounts for charge transport in the continuity equation. There-
fore

S=ExH



is energy flux per unit area measured in

VA W J/s

mm m? m?
Cis A
mZ — m2
Finally, the last term in Poynting theorem (repeated in the mar-
gin),

units, just like J is charge flux per unit area in units.

J-E

is called Joule heating, and it represents power absorbed per
unit volume (which can only be non-zero in the presence of J).

[f J-E is negative in any region, then J in that region is acting as a
source of electromagnetic energy, just like any circuit component
with negative v? is acting as an energy source in the electrical
circuit.

Note that J - E had a negative value on the current sheet radiator
examined in last lecture. We return to the current sheet radiator
in the next example.

Poynting thm:

)
ot
V

(

1

2

eE-E+{pH -H) +
(ExH)+J-E=0



Example 1: On z = 0 plane we have a time-harmonic surface current specified as

Js =2 f(t) = 22 cos(wt) A
m

where w is some frequency of oscillation.
(a) Determine the radiated TEM wave fields E(z,t) and H(z,t) in the regions z 2 0,
(b) The associated Poynting vectors E x H, and
(c) Js - E on the current sheet.

Solution: (a) With reference to the solution of the current sheet radiator depicted
in the margin (from last lecture), we that an z-polarized surface current f(¢)
produces the wave fields

_ z _ 1 z
E, = 2f(Hv) and Hy—$2f(t$v)

in the surrounding regions propagating away from the current sheet on both sides.
Given that f(t) = 2cos(wt), this implies that

E, = —ncos(wt F fz) and H, = F cos(wt F Bz)

where w
f=— and n=mn,~ 1201
c
since the current sheet is surrounded by vacuum. Hence in vector form we have
.V A
E(z,t) = —ncos(wt F Bz) — and H(z,t) = F cos(wt F B2)7 3,
m

where the upper signs are for z > 0, and lower signs for z < 0.




(b) The associated Poynting vectors are
W
S = E x H = £ cos’(wt F $2)2 —;.
m

Note that the time-average value of vector S points in the direction of wave
propagation on both sides of the current sheet.

(c) Since on z = 0 surface of the current sheet the electric field vector is
Vv
E(0,t) = —ncos(wt)z —,
m
it follows that J, - E on the same surface is

) = —2n cos®(wt) W

Js(t) - E(0,t) = (22 cos(wt) é) - (—m cos(wt)x -~

m

2| <

e In the above example, a time-harmonic source current oscillating at
some frequency w produced “monochromatic waves” of radiated fields
propagating away from the current sheet on both sides.

— The calculations showed time-varying Poynting vectors E x H.

The time-averaged values of these time-varying vectors can be eas-
ily determined by making use of the trig identity

cos*(wt + ¢) = %[1 + cos(2wt + 2¢)].

Since the time-average of the second term on the right is zero, we

5



can express the time-average of this identity as
5 1 1
(cos™(wt + ¢)) = <§[1 + cos(2wt + 29)]) = 5
where the angular brackets denote the time-averaging procedure.

Consequently, the result

E x H = 4ncos?(wt T $2)2 —
m
from Example 1 implies that
1. W W

which represent the time-average power per unit area transported by
the waves radiated by the current sheet.

In Poynting theorem the Joule heating term J - E is power absorbed
per unit volume, and, accordingly, —J - E is power injected per
unit volume.

— Likewise, +J4-E can be interpreted as power absorbed /injected
per unit area on a surface.

In Example 1 above we calculated an instantaneous injected power
density of




W
—J,-E = 2ncos’(wt) —.

m?2
Clearly, its time-average works out as
W W
(=Js-E) = n— = 120m —.
m m

— Note that (—J, - E) exactly matches the sum of |(E x H)| calcu-
lated on both sides of the current sheet, in conformity with energy
conservation principle (Poynting theorem).



21 Monochromatic waves and phasor notation comm e s oot

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

e Recall that we reached the traveling-wave d’Alembert solutions

E,Ho<f(t$§)

1 B EECREERTERR >
. .. . . . . . a\ 2 Fa\
via the superposition of time-shifted and amplitude-scaled versions of /[ [\T = f /N
/ \\\ / \‘\ ’s“‘ \
f(t) = cos(wt),
namely the monochromatic waves \/ \/
-1+ A4 %
2z
Acos|w(t F —)] = Acos(wt F Bz), . Wavelength
v cos(Bz) >
l,"\ ra N 2 N
: : / \ / \\ = 5 J’/ \\
with amplitudes A where i fo B
v \\ ‘f" \\\ /,
\\\ ,// \‘\\ /
can be called wave-number in analogy with wave-frequency w. -t 7

— As depicted in the margin, monochromatic solutions A cos(wtF3z)
are periodic in position and time, with the wave-number 8 being
essentially a spatial-frequency, the spatial counterpart of w.

This is an important point that you should try to understand
well — it has implications for signal processing courses related
to images and vision.



— In general, monochromatic solutions of 1D wave-equations ob- — feoslwt) o Z2000 >
. : , : . . A 2 N
tained in various branches of science and engineering can all berep- /| fANT=21\
resented in the same format as above in terms of wave-frequency | | o
/ wave-wavenumber pairs w and [ having a ratio Vo .
\\ ,‘ \\‘\
\ / \ /
/l) E g -1+ \\// \/
A (‘oq(ﬁz) Wavelength
recognized as the wave-speed and specific dispersion relations 1+ :A """ 5
AR A= — /
such as: C B
1. TEM waves in perfect dielectrics: 2
\\ \\ /ﬁ“‘
\ / \\//
B = w /i, b

Dispersion relations
2. Acoustic waves in monoatomic gases with temperature T (K) petween

and atomic mass m (kg): wave frequency w

) and
B=w, /s, wavenumber
\ 2KT b

determine the

3. TEM waves in collisionless plasmas (ionized gases) with plasma propagation wveloc-
Ne?, ity

mey

frequency w, =

v=—==M\f
8= e w2 — w2, o]
c
for all types of
wave motions.



— For any type of wave solution — TEM, acoustic, plasma wave

— once the dispersion relation is available (meaning that it has

been derived from fundamental physical laws governing the specific

wave type), wave propagation velocity is always obtained as

or, equivalently, as

where

and

cos(wt — B2) 1=

2 1

— Waveperiod.
w

cos(wt — (z)

\/
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e Monochromatic z-polarized waves
-V
E = FE,cos(wt F fz) T —
m

can also be expressed in phasor form as

E=Ee™% 3 X
m

such that
Re{Ee'} = B, cos(wt F f2) & = E

in view of Euler’s identity:.

Example 1: Study the following table to understand monochromatic wave
fields and their phasors.

Field Phasor Comment
E = cos(wt + By) 2 E =¢lM;2 z-polarized wave propagating in —y direction
H= —ejsy T magnetic phasor that accompanies E above
H =sin(wt — B2)y | H= —je 7%y wave propagating in +z direction
E=—jne %z electric field phasor of H above
E = nsin(wt — B2) @ which is an z-polarized field (see the right column)




Example 2: Given that
H = 3H" cos(wt — 82) + §H ™ sin(wt + 32)

representing the sum of wave fields propagating in opposite directions, the corre-
sponding phasor

H=i1H" e % — jgH /P>
The corresponding E-field phasor is

E = —gnH e 7% + jinH ",
from which
E = —gnH" cos(wt — f2) — 2nH ™ sin(wt + (2).
Make sure to check that all the signs make sense, and if you think you have

caught an error, let us know.

e In general, we transform between plane TEM wave phasors E and H
as follows:

1. To obtain H from E: divide E by n and rotate the vector direction
so that vector S = E x H* points in the propagation direction of the
wave — more on complex vector S later on.

2. To obtain E from H: multlply H by 1 and rotate the vector direction
so that vector S = E x H* points in the propagation direction of the

6



wave.

Example 3: On z = 0 plane we have a monochromatic surface current specified as

A :
J, = 2f(t) = 22 cos(wt) — = Re{#2 e/},
m

Determine wave field phasors E* and H* for plane TEM waves propagating away
from the z = 0 surface on both sides (assumed vacuum).

Solution: We know that an z-polarized surface current f(¢) produces
n z 1 z
E,=——ftF- d H =F-f(tF -
o/ (tF~) and Hy=Fof(tF )
in surrounding regions. Given that f(¢) = 2 cos(wt), this implies
E, = —ncos(wt F Bz) and H, = F cos(wt F Bz)

where w
5:— and 77:770%1207'('9
C

since the current sheet is surrounded by vacuum. Converting these into phasors,
we find

E* = —ne™%¢ and H* = 5777




In the last lecture we calculated the time-average EE x H and J, - E of
the fields examined in Example 3 using a time-domain approach. The
same calculations can be carried out in terms of phasors E, I:I, and J,
as follows:

1 ~ 1 - .
(E x H) = §Re{E x H*} and (Js-E) = §Re{Js -E*}

where E x H* = S is called complex Poynting vector.

— The proof of these are analogous to the proof of

with time-harmonic signals is

1 *
(t) = SRe(v I} e
Velwt 4 cc. Tel¥t 4+ cc

o(B)ift) = (—— -

for the average power of a circuit component in terms of voltage and current

phasors Vand I (see margin). where V' and I are phasors of v(t) and
i(t) and cc indicates the conjugate of
the term to the left of + sign.

For, instance, given that This can be expanded as
VI* +cc  VIel?%t 4 cc
- A - . V v(t)i(t) = + :
J,=2t— and E*(z)=—nePs — ! !
m m

The second term has a zero time aver-
age. It follows that time-average power

in Example 3, it follows that

(=J,(t)-E(0,1)) = %Re{—js "E*(0)} =71 ~ 1207 %

in conformity with the result from last lecture.

we)i) = L 4+ e %Re{VI*}

since
VI'+cc=VI"+V*I =2Re{VI*}.

(Also see ECE 210 text.)



22 Phasor form of Maxwell’s equations and damped
Waves in Conducting media Copyright (©)2024 Reserved — no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

e When the fields and the sources in Maxwell’s equations are all monochro-
matic functions of time expressed in terms of their phasors, Maxwell’s

equations can be transformed into the phasor domain. V-D =p
V-B =0
— In the phasor domain all VxE = _8_B
ot
0 . oD
— — _
ot Jw V xH J+ BT
and all variables D, p, etc. are replaced by their phasors D, p,
and so on. With those changes Maxwell’s equations take the form
shown in the margin.
— Also in these equations it is implied that = .
quations it is impli v . [~) _ 5
D = ¢E V-B =0
B = uH VxE = —jwB

where €, i, and o could be a function of frequency w (as, strictly
speaking, they all are as seen in Lecture 11).

— We can derive from the phasor form Maxwell’s equations shown
in the margin the TEM wave properties obtained earlier on using
the time-domain equations by assuming p = J = 0.

1



We will do that, and and after that relax the requirement J = 0 with
J = oE to examine how TEM waves propagate in conducting media.

e With p = J = 0 the phasor form Maxwell’s equation take their simpli-
fied forms shown in the margin.

— Using \% :NE =0
R L - ' . V-H 0
VXx|VXE=—jwuH] = —V°E=—jwuV xH VxE = —juuH
which combines with the Ampere’s law to produce VxH = jweE

V2E + w?ueE = 0.

— For x-polarized waves with phasors

E = iF,(2),

the phasor wave equation above simplifies as
82
92 b+ w 21eE, = 0.

— Try solutions of the form

E.(z)=¢e " ore’*

where 7y is to be determined.



— Upon substitution into wave equation both of these lead to
(v? + w?ue)E, =0,
which yields
V4wne=0 = 7= —w’ne
from which one possibility is

v =3B, with B =w,/ue.

Thus viable phasor solutions are

~

E.(z) = e TIbz

as we already knew.

— Furthermore, using the phasor form Faraday’s law it is easy to

show that ;
FjB2
‘ with 7 = K
n €

H,=+

Note that we have recovered above the familiar properties of
plane TEM waves using phasor methods.

Next, the phasor method carries us to a new domain that cannot be
easily examined using time-domain methods.



e With 5 = 0 but J = ¢E # 0, implying non-zero conductivity o, the
pertinent phasor form equations are as shown in the margin.

— This is the same set as before, except that V- ]NE =0
. . V-H 0
jwe has been replaced by o + jwe. VxE = —juuH
Thus, we can make use of phasor wave solutions above after ap- V X H = oK + jweE
plying the following modifications to v and n: = (0 + jwe)E
1.
7' = e = (up)(we) | 7 11 =V (jwn)(o + juwe)
2.
y = B jwp | == n = JW
€ jwe | o #0 o+ jwe
Note that the modified v and n satisty
vn:jw,uandzzaJrjwe M:ﬁ
n Jw
. . . . . o = Re{}
leading to useful relations shown in the margin (assuming real n
valued o and €). 1
) € = —Im{l}
w U



(a) Damped wave snapshot at t=0

In terms of v and n above, we can express an z-polarized plane wave together with exponential envelope
propagating in z direction in terms of phasors e

T - E, N
E=2FE,e™* and H = +£y—e™* A N7,

\ / \ N
77 \ f \J/ N

Vem " cos(wt — B2);—0

where F, is an arbitrary complex constant (complex wave amplitude).

In expanded forms v and n appear as: (b) Snaphot at t>0, with t=0 waveform

for comparison

v = /(wi)(0 + jwe) = ajB, sothat a=Re{y} and f=Im{y}, |~

and RRINAR VA Y

\ \/r/x‘\v/e_“z cos(wt — f3z)

Jwh ‘
n=4/—————=|nle’” sothat |n| =| and 7= /4] —.
g + jJwe 0 + Jwe
— [} appears within cosine
) . . _ argument and deter-
In the special case of a perfect dielectric with o = 0, we find mines the wavelength
\ 2w
: . (4 S
v = jwy/pe = jB and n =4 /=, 0
€ and propagation speed
and, therefore, —
p
s
A y Z
E — izEOe:FjﬁZ and I:I _ j:yEOe:Fjﬁ — « .controls wave attenu-
n ation by
e$az

as before. In this case « = 7 = 0.
factor in propagation
direction.



2. Another case of imperfect dielectric (or “lousy” conductor) occurs
when o is not zero, but it is so small that are justified in using

(1+a)f =1=%pa, if o] <1,

with p = 5 as follows: For = <1,

o ln .
v =/ (jwp)(o + jwe) = jwy/pe(1— J—)1/2 ~ jwy/pe(1— J—) = §\£+Jw\/u6;
hence
E ~ $E,e™ %% with o = %\/E and 8 = wy/ue;
€

also in the same case

. VE eFlatif)z .
n el1—j=) € 2we €

|77|z\/E and Tzén%i.
€ 2we

Note: v and 1 both are complexr valued, the consequences of which

such that

will be examined later on.

3. A third case of good conductor corresponds to 2 > 1. In that case,

: .0 . O N o w W o
v—yw\/ué(l—J—) R wy e = (1+])\/L and n [ = \/M S
WE w 2 —Jo o o




(a) Damped wave snapshot at t=0

}1611CE% . together with exponential envelope
am B 2R V7 fpo while |n| =4 [2E and = /n = 45°. W\ SN T
2 o | A W A §
. Finally, perfect conductor case corresponds to o — oo, in which case e cosfut — B2)je

E, — 0 as we will show later on. Wave fields cannot exist in perfect

conductors. |
(b) Snaphot at t>0, with t=0 waveform

for comparison

\

Summarizing, in a homogeneous medium with arbitrary but con- |/

stant i, €, and o, time-harmonic plane TEM waves are in terms of NY AN ST
T \ ;"’ ’,f/ : \\ Sz
E = acRe{EOqu(o‘”ﬁ)Zej”t} = | F,|eT* cos(wt F Bz + LE,) AV
\ ) Ve cos(wt — (z)

and accompanying magnetic fields

E ‘ ‘ E ‘ ® [ appears within cosine
H = igRe{_Oe:F(a‘l‘]ﬂ)Ze]Wt} — ig_OeiFaz cos(wt FBz+/LE,— ln) argument and deter-
n ‘77‘ mines the wavelength
\_ 2
Propagation velocity -5
w w and propagation speed
VDV, = — = ,
PTB T {y/Gem(o + e} -
now depends on frequency w and it describes the speed of the nodes .
a controls wave attenu-
(zero-crossings, not modified by the attenuation factor) of the field ation by
waveform. Subscript p is introduced to distinguish v, — also called Fo

phase velocity — from group velocity v, discussed in ECE 450 (velocity

factor in propagation
of narrowband wave packets). direction.



(a) Damped wave snapshot at t=0
together with exponential envelope

e Wavelength

Ao 2T Y \ T
now depends on frequency f via both the numerator and the denomi- | |/ + / /2

nator, and measures twice the distance between successive nodes of the \ /

A '/ -z
waveform. e cos(wt — Bz)1—

e Penetration depth (also called skin depth if very small)

(b) Snaphot at t>0, with t=0 waveform
for comparison

5 — I 1 T
o Refy/Gem (o + jwe)} Ala s
is the distance for the field strength to be reduced by e~ ! factor in its | \ / | \.\Q\v/‘ z
direction of propagation. \“\vy,/\,’e_w ;Osw 52

— For a fixed o, and a sufficiently large w, the penetration depth
— [} appears within cosine

2 ar
~ . . gument and deter-
0~ T Imperfect dielectric formula mines the wavelength
‘ 2
. . . . . ﬂ-
which can be very small if o is large — with small 6 the wave is A=

severely attenuated as it propagates. and propagation speed

For a fixed o, and a sufficiently small w,

_ ¥
2 1 S
0~ = Good conductor "skin depth" formula — 4 controls wave attent-
HWo V 7Tf,LLO' ation by
which, although small with large o, increases as w decreases, mak- JFaz

ing low frequencies to be preferable in applications requiring prop-
agating through lossy media with large o, such as in sea-water.

8

factor in propagation
direction.



23 Imperfect dielectrics, good conductors Gopyrght @202 Regorval — o parts ofthis

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Condition o] Q 7] T \ = %ﬂ 5 = é
e | °=0 | V@ |0 (VI s ] e
WP | 1 | oy | B = G |~ T |~ | 2
oninetor | 51|V | <RI | VE ||~ |~
onverer | 7= | I T N R I

e The table above summarizes TEM wave parameters in homogeneous

conducting media where the propagation velocity xr-polarized phasor
w ~
Up = 3 E = 2 E et eTibz

(note that it can be frequency dependent) and field phasors can be

, S _ _ 7 7Y accompanied by
expressed in formats similar to that shown in the margin, keeping in

mind that propagation direction coincides with vector H = +LecFazcFibz
- :
S=Ex H"
such that |
(S) = (E x H) = 5Re{é}

is the average energy flux per unit area (time-average Poynting vector).

1



Example 1: Consider the plane TEM wave

E = (2 %I v

m7

in an imperfect dielectric. Determine H and time-average Poynting vector

(S). Compute (S) at 2 = 0 and z = 10 m, if € = de,, p = o, 0 = 1072 S/m,
and w = 27 - 10 rad /s

Solution: Using right hand rule, so that E x H points in propagation direction Z, we
find that 5 5 A

H=—i-e e P n e e IF7eIT 2

n /€ m

using |n| = \/g from the table above for a perfect dielectric.

The avg. Poynting vector is

1 - 1 ; 2 - ;
(S) = —Re{E x H*'} = —Re{2e e 777 x (—i——=e e 7/7e7IT)*}
2 2 e
1 2 ; 2
= ——Re{§2e % x §——e %/} = 2———e 2% cosT.
2 Vi€ Ve

With the given parameters,
o 1073 36w x 10° 9

WE 2m-109 -4 2 <4
o 9
~ — ~ 210 %rad
TR oo T
| ~ (JE= /2 =T _Gor0
€ 4e,
1
a ~ Z 8 = 2107360r = 307 - 1073 =
2\ € 2 m




Hence, at z = 0,

(S) = 2 2 L2 .1 W
=2z COST RS Zm— = S ——,
VL€ 607 307 m?
whereas, at z = 10 m,
(S) = 2—2 e~ 230mI07010 (g oy 5 Z o6T/10 50'15 Ez
/€ 607 30 m

e Note that in above example power transmitted per unit area has dropped
to 15% of its value upon propagating over a relatively short distance of
10 m.

— In the physical terms, the lost power of the wave is gained by the
propagation medium in the form of heat — average Joule heating

<This 1s what we

(J - E) in the medium will be positive and account for the loss of want to happen in a

the wave power (as seen in a HW problem).

From a communications perspective, this rapid attenuation is problematic
since it is evident that the signal energy is being wasted as heat in the
medium rather than being transmitted efficiently to distant communication

targets.

As the next example shows, we are better off using lower frequencies in

under-water communications.

microwave oven.



Example 2: Repeat Example 1 for w = 27 - 10% rad/s and 0 = 4 S/m (sea water) in
which case the propagation medium becomes a good conductor.

Solution: Using right hand rule, so that E x H points in propagation direction z, we
have
H = 26 aze=iP% —ize_o‘ze_jﬂze_ﬁ A
U 7] m
as well as

1 ~ ~ 1 , 2 : :
(S) = §Re{E x H*} = 5Re{gj26_o‘zeﬂﬂz X (—.@ﬂe_o‘ze_]ﬂze_”)*}
n

9 .
= ——Re{§2e* x 2—e e} = e ? cosT.
2 ul ul

With the given parameters,

o 4 .36 x 10°
— = —18-10°>1
We 21 - 103 - 4 >4

which confirms that the medium behaves as a good conductor at this small w,
and using the appropriate formulae from the table,

T
T ~ —rad
4

9. 103 - 41 - 107
%:\/TF 0°-4m-10 _ 2><10—4~7T\/_
o 4 100

1
o ~ \/rafpo =V 10847107 - 4 = VA22210- 4—;5
m

Q

7]

Hence, at z = 0,

2 200 ™ 100 W
(S) =z2—cosT = 2 cos——z—

ul /2 7 m?’




whereas, at z = 10 m,

1 . 1 W
(S) = A0 g0 5100, g W

T m?2

e As Example 2 illustrates, at a frequency of w = 27 - 10° rad/s or f =1
kHz, wave power is reduced to about 8% over a 10 m distance in sea
water. Less reduction in power is possible over the same distance if at
a smaller frequency f since o oc v/ f.

— The disadvantage of being forced to use smaller frequencies is of
course having a smaller available bandwidth at small frequencies.
Thus communication with submarines at great depths will only be
possible at very slow rates.

The next example identifies the penetration depth in sea water at 1 kHz.



Example 3: What is the penetration depth § = o' in a medium with ¢ =4 S/m,
€ = 8le,, and p = pu, for w = 27 - 103 rad/s.

Solution: With the given parameters we have

o 4-36m x 107 72 x 10°

i — ~10%>>1
we 2w - 103 - 81 81 x 103 > 5

i.e., good conductor situation. Hence the penetration depth is

P S 1 1100
Vafuo 7103 - 4r- 10774 V422 104 4w

25
= — =~ 7.95m.
T
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Since in perfect dielectrics the propagation velocity v, = v and the intrinsic
impedance n are frequency independent (i.e., propagation is non-dispersive),
d’Alembert plane wave solutions of the form

-
E=if(t—-) and g/
L Ui
are valid in such media.
(1)
e Consider a waveform \/\/\\/\/\/
f(t) = mft) cos(wt), s R
-2 t
where 4
— w 1Is some specific frequency having a corresponding period 7" = %”, ,m(t) cos(wt)
— m(t) is some arbitrary signal (e.g., a voice signal, a message) na .
changing slowly compared to period T /E\Unvﬂvnuf\lp\é/\]ﬂvﬂﬂ > \ A A Mn (\wﬂv/\’n ﬂ Muﬂwfl
In that case, V ' UWWV UW t

— f(t) specified above can be called narrowband AM, and

— w the carrier frequency of modulating cosine of the message

signal m(t).



The corresponding z-polarized wave fields propagating in z direction
can then be represented as Field 1

bz
E=m(t— E) cos(wt — fz)x and H = mit — 3)
v n

where 8 = w,/p€ as usuall.

cos(wt — Bz)y

e With reference to the expressions above, we could say that the AM
wave field has an z-polarized carrier.

e By contrast, Field 2

E =m(t — %) cos(wt — 2)y

represents an AM wave field with a y-polarized carrier, and so does Field 3

E=m(t— g) sin(wt — B2)y

but with a carrier that has been time-delayed by a quarter period.

e Suppose Fields 1 and 3 above were transmitted simultaneously and

therefore superpose. In that case we will have a wave field with Circular
2 o X polarized
E=m(t— ;)[Cos(wt — Bz)x + sin(wt — B2)y] carrier

'In dispersive media where 3 is a non-linear function of w, narrowband AM can propagate as

m(t — i) cos(wt — fz)& where v, = Ow

. 9
is known as group velocity — covered in detail in ECE 450.

2



. . . . . . . . CIRCULAR POLARIZATION:
which has a circular polarized carrier. Since this is just a superpo- e
le vector rotates 1nstea
of oscillating.

sition of two d’Alembert waves, the accompanying H is easily found to

The rotation frequency is also

t)(f the wave frequency.
z - ) - L X
H = m(t — —)[cos(wt — Bz)y — sin(wt — Bz)z]/n. cs{t = ) + it — 629
v B
— Circular-polarized AM wave fields just introduced are in some 4 ol >0
practical applications better to use than the linear-polarized waves _~ ‘\:E
t=0 JE u
because of, say, the peculiarities of a propagation medium (e.g, ™. /| . ’
Farth’s ionosphere or the interplanetary medium).

RIGHT CIRCULAR

— Since a circular-polarized wave field is a linear combination of
linear-polarized waves, it has a phasor that is a linear combination
of phasors of its linear components, as in Right-circular
cos(wt—B2)a+sin(wt—B2)) < e Pi—je Py = (2—jp)e 7"
or Left-circular

cos(wt—B2)t—sin(wt—B2)) < e I i4je 1%y = (a4jg)e 77, coslot =i —sintor - 2)5

e In the last step above, we have introduced two flavors of circularly

polarized waves, which correspond to fields vectors rotating in opposite / b0
directions at any position in space when viewed toward the direction the ™. A‘/E ‘

wave propagates— clockwise for right-circular, counter-clockwise
for left circular. LEFT CIRCULAR

When left-hand thumb is pointed
along propagation direction z
the fingers curl in the rotation
direction of the field vector.



e Also,

— for the right-circular wave propagating in z direction, the field
vector simplified at z = 0 as

cos(wt)z +sin(wt)y & T —jy

rotates in the direction that your right-hand fingers curl when
the thumb is directed in propagation direction z, whereas

— for the left-circular wave propagating in z direction, likewise,
vector
cos(wt)r —sin(wt)y < T+ Jy

rotates in the direction that your left-hand fingers curl when the
thumb is directed in propagation direction z.

In general, the “handedness or “helicity” of a circular polarized
wave is always obtained by matching your right or left hand to
the specified propagation and rotation directions — see example
below.

Furthermore, the rotation direction is most easily seen if the
wave is expressed in phasor form by seeing which component leads
(or lags) which. Here is an explanation by example:

RIGHT CIRCULAR

x-comp leads y-comp because of -j

T+7y

LEFT CIRCULAR

x-comp lags y-comp because of +j



Example 1: A circular polarized wave field vector is given as

E= (24 )™
Determine the propagation and rotation directions of the field vector as well as

its helicity.

Solution: The propagation direction is —x since the exponent in e/** lacks a minus
sign.

At x = 0, the wave field vector rotates as
E = Re{(2 + j§)e’'} = Zcos(wt) — ¢ sin(wt),

of which the y-component leads the z-component by 90° of phase, or, equivalently,
by a quarter period in time — therefore, the vector points in y-direction before it
points in z-direction (or in z-direction before it points in —y-direction), rotating
from y- toward z-axis.

When I direct my right thumb in —z direction, my fingers curl from z- toward y-axis,

which is curling in the wrong direction. Hence this wave is not right-circular! It
is left-circular.

Given any propagation direction, a carrier field of an arbitrary polar-
ization can always be expressed as weighted superpositions of any pair of
orthogonal polarized carrier fields — such orthogonal pairs are considered
to be complete sets of basis functions for expressing waves with arbitrary

Z+7y

t>0%,

3 Y

LEFT CIRCULAR
(i) z-comp lags y-comp because of +j.
(ii)E-vector rotates from y towards z.

(iii) since the wave propagates in -x
direction it is LEFT CIRCULAR



polarizations.

e EXAMPLE: Right- and left circular waves propagating in z directions
are weighted superpositions of orthogonal z- and y-polarized fields
as in (expressed in terms of phasors): basis functions Circulars
20-38% a0 yAe_jﬁZ i.n terms of
linears
superpose to form right- and left-circular waves

(& — jg)e™”* and (& + jy)e ™"
using the weights
1, —j and 1, j
respectively:.
e EXAMPLE: z- and y-polarized waves propagating in z directions
are weighted superpositions of orthogonal right- and left-circular

fields as in (expressed in terms of phasors): basis functions Linears

N eay i Ny in t f
(& — jg)e”” and (@ + jg)e ' e o
circulars
superpose to form linear polarized waves
ze 1% and ge I

using the weights

respectively.



e It can be argued that right- and left-circular wave pair forms an in-
trinsically more fundamental set of basis functions than, say, z- and
y-polarized waves, because while the selection of which direction is x
and which direction is y can be arbitrary, there is no arbitrariness in
how helicity is assigned to circular polarized modes propagating in a
given direction?.

e Also, oscillating charges will radiate linear-polarized fields, whereas ro-
tating charges will radiate circular-polarized fields (in the direction nor-
mal to the rotation plane) — so, source dynamics selects the radiated
wave polarization.

e Wave polarization is important because

— it depends on physical geometry and dynamics of the wave source,

— it may depend on the physical properties of the region the wave
propagates through,

— it will determine the direction of Lorentz force on any test charge
or electrical load,

— angular momentum carried by the wave depends on polarization,
ete.

2Furthermore RCP and LCP plane waves consist of photons with spin angular momenta of +h and
—h, respectively, corresponding to the eigenvalues of the quantum mechanical spin operator, while the
photons constituting LP waves will be in a “superposition state” of the eigenvectors of the spin operator
having the eigenvalues +h — upon spin measurements the photons of a LP wave will furnish one of +A
and —h with equal (50%) probabilities, unlike the RCP and LCP wave photons furnishing +# and —#,
respectively, with 100% probabilities.



Example 2: On z = 0 plane we have a time-varying surface current density
L G A
Js(t) = m(t)[cos(wt)T + sin(wt)y] —
m
with a carrier frequency of w. Determine the radiated wave fields E* and the

polarization (and the helicity if appropriate) of the carrier.

Solution: We have already learned that a surface current J4(¢) on z = 0 plane will
produce TEM wave fields

n 2
Ef= —_J,(tFx>
5 Js(tF )

in surrounding regions. With the given J(¢) , this implies

E* = _gm(t ¥ g)[cos(wt F B2)T + sin(wt F B2)y)]

which has a circular-polarized carrier

\%
m

Y

cos(wt F f2)T + sin(wt F Bz)y
that varies, on z = 0 plane, as
cos(wt)z + sin(wt)y.

This vector rotates from z- toward y-axis, and therefore the carrier of ET is
right-circular and the carrier of E~ is left-circular.

Note that this figure
only shows one linear
component of the sur-
face current on

z = 0 plane. One linear
component causes a lin-
ear polarized radiation.

An orthogonal pair of
linear components will
conspire to radiate a cir-
cular polarized wave as
in Example 2 when they
are 90° out of phase.




Example 3: In Example 2, what is the average power density of the circular polarized
carrier signal

v
E. = cos(wt — 82)% + sin(wt — fz)y —
m

in the region z > 0, assumed to be vacuum?

Solution: In phasor notation E. and is given as

- .V
E. = (& — jj)e " —,
m
The corresponding H, phasor is
~ 1, . 5V
H, = —(§+ ji)e /7 —.
To m

Therefore, the average power density is found to be

1o = ¢ 1 1 1
SRe(B. X FY = 5Re{(@ = j3) x (54 2)'} = 5-(2+2) = =
This is twice the power content of a linearly polarized wave field of an equal

amplitude!

Make sure you check and follow all the sign changes that take place in
Example 3.



25 Wayve reflection and transmission

In this lecture we will examine the phenomenon of plane-wave reflections at
an interface separating two homogeneous regions where Maxwell’s equations
allow for traveling TEM wave solutions. The solutions will also need to
satisfy the boundary condition equations repeated in the margin. We will
consider a propagation scenario in which (see margin):

1. Region 1 where z < 0 is occupied by a perfect dielectric with medium
parameters uq, €1, and o1 = 0,

2. Region 2 where z > 0 is homogeneous with medium parameters o, €,
and o9,

3. Interface z = 0 contains no surface charge or current except possibly
in o9 — oo limit which will be considered separately at the end.

where

— F, is the wave amplitude due to far away source located in z — —o0 region,

— m =,/ and 81 = w\/mer.

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

H,
E;

x Region 2

z



Fields above satisfy Maxwell’s equations in Region 1, but if there were no
other fields in Regions 1 and 2 boundary condition equations requiring
continuous tangential E2 and H at the z = 0 interface would be violated.
In order to comply with the boundary condition equations we postulate
a set of reflected and transmitted wave fields in Regions 1 and 2 as follows: Incident:

e In Region 1 we postulate a reflected plane-wave with linear-polarized field phasors

- X . - TE, E. = $F ¢ /017
E’r’ — IFEOejﬁlz and HT pum— —y 6]512 1 (0] )
m . |
H’ — @%6_]612
including an unknown I' that we will refer to as reflection coefficient. v m )

— Note that the reflected wave propagates in —z direction (direction of H, and Reflected:

the exponential terms have been adjusted accordingly).

e In Region 2 we postulate a transmitted plane-wave with linear-polarized field E, = @FEOGJ&Z’
phasors - :
TE, _ i o e
E, = i7E,e " and H, =y 12 " m ’
” Transmitted
including an unknown 7 that we will refer to as transmission coefficient. ansmitted:
— Note that the transmitted wave propagates in z direction, and
2 —Y22
— since Region 2 is conducting we have E; = 27E,e %,

JWita I:I TEO 2%
N = ——
\/ 09 + Jwes 772

Yo =/ (Jwps) (02 + jwes) = ag + 7 Pa.

and

2



e To determine the unknowns I' and 7 we enforce the following boundary
conditions at z = 0 where the fields simplify as shown in the margin:

1. Tangential E continuous at z = 0: This requires Ey,+ E,, = Etx,
leading to

1+D)E,=7E, = |[14+[=7

~

2. Tangential H continuous at z = 0: This requires ﬁ[iy +H,, = ﬁ[ty,

leading to
E, E,
1-T)—=7— = |[1-'=147
m 72 i

Replacing 7 by 1 4+ I' in the second equation, we can solve for the
reflection coefficient as

2=
n2+1m

and substituting this in turn in the first equation we can solve for the
transmission coefficient as

2
n2+m

The results are summarized in the margin on the next page.

Incident at z = 0:

Reflected at z = 0:

. - I'E,
E.=2I'E, H,=—y
m

Transmitted at z = 0:

TE,
T2

E, = 27E, H, =y



Special cases: Reflection coeft.:

1. Region 2 is a perfect conductor with o9 — oo: In that case RE _?71’
ny — 0, and consequently m2+m
Transmission coeff.:
['=—1 and 7=0.
M2+

Incident wave cannot penetrate the perfect conductor, and it reflects
totally back into Region 1 — we will study this idealized limiting case
more carefully later on.

Practical application of total reflection: mairrors

. Region 2 is the same as Region 1: In that case 7o = n;, and

consequently
['=0 and 7=1.

This is the matched impedance case when no reflection takes place
and the incident wave is transmitted in its entirety.

. Region 2 is lossless, i.e., 09 = 0: Unless 7o = 7; there will be
reflected as well as transmitted waves.

Partial reflections can be reduced by applying a “anti-glare” coat-
ing! on the surface, a practice known as “impedance matching”.

Memorize the [' for-
mula, and memorize
T as “one plus [".

Above,
H1
M=/
€1
and
_ Jwpe
2 o9 + jwey

IThis is a A\/4 thick layer of a material having a characteristic impedance given by /717, — the reason
for why this “quarter-wave matching” works will be discussed when we study transmission lines later on.

4



Example 1: An plane-wave in vacuum,
E; = #V120me 77 L,
9

is incident at z = 0 on a dielectric medium with = 1, and € = 7¢,. Determine
the average Poynting vectors (S;), (S,), and (S;) of the incident, reflected, and
transmitted fields.

Solution: The intrinsic impedance of the second medium occupying z > 0 is

_ [Ho 2
T2 = %EO — 3770-

Therefore, the reflection coefficient is

2
F:772_771_§770_770

2
g pr— pr—
m+m Ene+n, 241 243

and the transmission coeflicient is

1
T + 5

The reflected wave therefore has the field phasors

- 1 . - 1 .
E, = —5@\/1207r63512 and H, = —{V120me/M?

5770y
nd 1 11,120 1 1., W
- - T
S/p — _R, E,r. H>i< s —A_ J— 2 ~ _A_ _ 2_.
< > 2 e{ X 7‘} 22(5) 7)0 22(5) m2

H;
E;

r Region 2

z



The transmitted wave, likewise, has the field phasors

.4 . - 4 :
Etzg.f:\/lQOﬂe_jBQZ and H, = = GV 120me9%*

3'lo

and

1.4,31200 14,3 W
S} — LRelE, x FI*} — 25 ~ 5 oW
(St) Re{tx '} ()2770 “9'5) 9 m2

As for the incident wave

E; = £V120me /#* and H; = —y\/1207re ibrz

and 1120
(S;) = —Re{E x Hi} = 25 il
Mo

w

m

Nz

| —
[\

Note: We have
1.1 163 1,1 24 1
ST S = —( — —_) = —( — ) = —
S8 = 5055+ 5530 = 3055 T 35
in compliance with energy conservation (as expected) — energy flux per unit
area of the transmitted and reflected waves add up the that of the

incident wave!




2 6 Standing Waves 9 radiat ion pressure Copyright (©)2024 Reserved — no parts of this
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v Region 2

We continue in this lecture with our studies of wave reflection and transmis- HI/
sion at a plane boundary between two homogeneous media. E,
e In case of total reflection from a perfectly conducting mirror placed at st !

2z = (0 surface, I' = —1, and the incident and reflected waves in z < 0
region combine to produce standing waves of electric and magnetic (E
field: H,

— Incident wave (a traveling wave going in z-direction):

N | _ E,
E;, = i“EOe_]ﬁlZ and H; = Q—e‘jﬁlz,
T

— Reflected wave (a traveling wave going in —z-direction):

. B,

E, = —2E,6%% and H, = — ejﬁlz
m

— Standing wave:

E, . 4
E = E+E, = 2E,(e 7" —¢1%) and H = H;+H, = §—(e /7174712

which simplify as

. ~ 2FE,
E = —ji2F,sin(Bz) and H = §— cos(512). Standing

1
" waves




These are called standing wawve phasors because when we go
to the time-domain (by multiplying with /*! and taking the real
time as usual) we obtain:

2k

E(z,t) = 82E,sin(f1z) sin(wt) and H(z,t) = §— cos(f2) cos(wt);

m

these, unlike d’Alembert solutions of the format f(t F Z), describe os-
cillations in time ¢, with different amplitudes at different positions z
(see margin and the animation linked in class calendar).

— Standing waves carry no net energy, that is, with standing wave
fields we have
(Ex H) =0,

because of the cancellation of the power transported by its travel-

ing wave components in opposite directions.
Verification: Using the phasors

~ ~ 2F,
E = —j22F,sin(p1z) and H = g— cos(/12),
Uil

we have

1.~ - 1 2E,
(ExH) = §Re{E x H'} = §Re{—j.@2EO sin(f12z) X g— cos(f12)}
m
287 .
= zn— sin(fyz) cos(f1z)Re{—7j} = 0.
1

E,(z,t) o sin(fz) sin(wt)

Note: Nulls in Ex and Hy are
separated by half wavelength.

Adjacent nulls of Ex and Hy
are separated by quarter
wavelength.

It is useful to think of nulls
of Ex as "shorts" in analogy
to shorts in circuits where v=0.

Conductor shorts Ex on its
surface where a current flows.

Also useful to think of nulls
of Hy as "opens" in analogy
to opens in circuits where i=0.



— Note that E(0,¢) = 0 on z = 0 surface satisfying the tangential
electric boundary condition as expected (recall that the fields are
zero within the perfect conducting mirror).

— Also note that R
H(0,t) = §— cos(wt)
Uil

on z = 0 surface. Since this tangential magnetic field is not zero,
boundary condition equations imply that there must be an oscil-
lating surface current

2F,
Js = 12— cos(wt) %,
Uil
satisfying
—z x H(0,t) = J,.

Js on mirror surfaces is really a convenient idealization of volume cur-
rents flowing in thin layers — just a few skin depths — near good-
conductor surfaces (real-life mirrors are good but not perfect conduc-
tors!). Radiation due to Js in effect causes the reflected wave and also
cancels out the incident wave field in z > 0.

Next we examine reflections from a good conductor and see of how
the limiting case of a perfect conductor is naturally reached.

E,(z,t) o sin(fz) sin(wt)

Note: Nulls in Ex and Hy are
separated by half wavelength.

Adjacent nulls of Ex and Hy
are separated by quarter
wavelength.

It is useful to think of nulls
of Ex as "shorts" in analogy
to shorts in circuits where v=0.

Conductor shorts Ex on its
surface where a current flows.

Also useful to think of nulls
of Hy as "opens" in analogy
to opens in circuits where i=0.



e Going back to the partial reflection case, consider the transmitted fields
E; and H; in Region 2 shown in the margin. Also shown in the margin
are the phasors for current density J; and magnetic flux density B;.

In the box below we integrate the volumetric current density J; of a good
conductor from z = 0 to oo and find out that this “depth integral” matches
the surface current density found above for the case of perfect conductor. In
this calculation we assume that Region 1 is vacuum, and also take po = p,:

Effective surface current: Assuming that Region 2 is a good conductor,

[ Jwus [ Jw o : : .
=, 4V = d = ~
2 72 + jwes s and 72 \/JWM2(02 + jwer) = £/ jwiiaos

and therefore

2 219 20912 2\/Jwp2o2 27
T = ~ and 09T ~ = = :
To + 12 Mo Mo Mo Mo

The depth integral of the volumetric current density in Region 2, that is, the effective
surface current of the region is then

fa > 1 2F,
/ Jidz = i/ 09T E,e " dy = 2 E,—(09T) = 81—
0 0 72 Tlo
in phasor form, matching the phasor of the time-domain result from above, namely
E
J, = 2= cos(wt) %

Mo

representing the surface current on an idealized perfect conductor surface.

E; = 27E,e 7%

I:It — QTE06_72Z
2
J, = oK = 2097 E,e %"
~ ~ TE,
B; = pH; = ZQM e %

Up:



Surface resistance: Let J, stand for the effective surface current of a good con-
ductor with a propagation constant

VRN Jwuo = a+ j8 =a+ ja

and a volumetric current density J(z) such that

J, = /ZOO J(2)dz = /:O J(0)e dz = w

=0 =0 g

In that case

- - 3,
J(z) =Jgye™ ™ and E(z) = T e
o

inside the good conductor in terms of the effective surface current J,, and the average
power dissipated per unit volume (Joule heating) is

6—2az 1 2@26—20@

[,

o 2 o

(3()- B(2)) = 51Tl

The depth integral of the same quantity, that is the power dissipated per unit area,
is then

|06 Be): = SR
0

@ _ vmipe TR )
o o o
called the surface resistance.

The surface resistance concept is useful to model loss effects in waveguides and
cavity resonators as studied in ECE 450. Also, we can make use of surface resistance
when modeling lossy transmission lines (see Lecture 39).

with
R,




e Let’s finally calculate the magnetic component of the Lorentz force on
charge carriers of a good conductor due to the penetrating fields:

Radiation pressure: If there are N free charge carriers per unit volume inside a

reflecting mirror, then
NF:NQVXBt:JtXBt

will be the force per unit volume of the mirror, expressed in terms of current density
J; = Ngv and the magnetic flux density B;.

Its integral over all z can be interpreted as the total force per unit area of the
mirror,

P, - / J, x By d=.
0

having a magnitude known as radiation pressure of the reflecting wave. This is a
time-varying quantity, with a time-average

(Prad) = / %Re{ij*}dz
0

o0 1 EO
_ / “Re{ (097 E,)(FE=2) e 22
0 2 T2
| Eol? 279  22m2, 1 N Eo|? Re{a} po
= Z Re{(—)(——)}7— = 22 —
2 No " M2 Mo~ 200 2n, a2 M,
EO2 0]
_ solFl Ho — 9(8)) /e,
216 Mo
where \E |2
S,’ =z °
S =2

is the time-average Poynting vector of the incident wave reflected from the mirror (factor
of 2 in (P,qq) is due to the recoil of the wave off the mirror; see Rothman and Boughn,
Am. J. Phys., 77,122, 1977).

Radiation pressure propor-
tional to

(Si)/c

shows that plane-TEM waves
not only carry and transport
energy, but also momentum.

TEM waves not only
heat, but also push!

((It can also be shown that the momen-
tum density of the wave is

(S;)/c* N.s/m?
and (spin) angular momentum density
+(S;)/we N.s/m?

for right- and left-circular waves. Mo-
mentum per photon of energy hw can be
obtained by dividing the above expres-
sions by [(S;)|/wch, the number density
of photons in the wave field.))
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e An I polarized plane TEM wave propagating in z direction is depicted in the mar-

gin.
— A pair of conducting plates placed at *+ = 0 and = d would not perturb /fE e
the fields except that charge and current density variations would be induced " unguided uniform plane
on plate surfaces at © = 0 and = = d (on both sides) to satisfy Maxwell’s otk e

boundary condition equations. y

e [f charge and currents were confined only to interior surfaces of the plates facing one

another, fields E and H accompanying them would be restricted to the region in

\ 4

between the plates, constituting what we would call guided waves. E<E

> ExH Plate 1

— Such a guided wave field confined to the region between the plates will sat- - 7_/5 plate 2

isfy Maxwell’s equations including a minor fringing component that can be /
neglected when the plate width W is much larger than plate separation d. Y

In the following discussion of guided waves in parallel-plate transmission lines
(TL) we will assume W > d and neglect the effects of fringing fields.

— Guided waves produce wavelike surface charge and current variations on plate
surfaces.

— Conversely, wavelike charge and current variations on plate surfaces would
produce guided wave fields.

[t is sufficient to apply a time-varying current and /or charge density at some location
z on a parallel-plate TL — e.g., by a time-varying voltage or current source — in
order to “excite” the TL with propagating guided fields.



How such excitations propagate away from their “source points” on TL systems will

be our main subject of study for the rest of the semester.

In a parallel-plate TL we ignore any fringing fields and assume that 771
W

TEM wave fields
E=2FE,(zt) and H=y9yH,(z,1)

occupy the region between the plates. For these fields uniform in  and

y, Faraday’s and Ampere’s laws reduce to scalar expressions

OH 0E,  0H,
VxE=-uge = Hr=—ng
and OE OH OF
— S Y p— i
VXH_OE+€6t = 5 aEereat.

Now, multiply both equations by d and let
V = E,d voltage drop from plate 2 to plate 1

to obtain

oV OH, OH, OV
—/de and —dW—GE—FO—V

Next, multiply these with W and let
I = H,WW current in z-direction on plate 2

(because J;, = H, on plate 2) to obtain

ov ol o0l ov
W% = —,uda and — d% = GWE +oWV.

2

T
A

4

I

-
E

4

> ExH Plate 1

—> Plate 2

5

Note that voltage drop
1

V= / E-d=FE.d
2

is uniquely defined — inde-
pendent of integration path
— on constant z surfaces be-
cause with TEM fields

Bz :LLHZIO,

and consequently circulation

%E-dlz—E/BdS:O
c dt Js

when C'is on constant z plane

and dS = +dxdy?z.



e We can re-write these equations as

oV ol ol oV
_8z_£8t and —%—CE—FQV
utilizing
d W 4%
£—/Lw, C—EF, g—O'F

appropriate for the parallel-plate TL — we recognize these parameters
as inductance, capacitance, and conductance of the parallel plate TL.

— In the equations above the GV term accounts for Ohmic losses of
wave fields having to do with currents leaking between the wires

(plates) of the TL.

— Another possible loss term that we have not picked up — because
we assumed infinite conducting plates — is a missing RI term in
the right-hand-side of the first equation.

Rather than correcting for that at this stage, we will drop the GV term
from the second equation, and focus our attention for a while (until
the last day of the semester, in fact) on ideal lossless transmission lines
governed by the equations shown in the margin — they are known as

known as telegrapher’s equations!.

ITelegrapher’s equations were first compiled by Oliver Heaviside (of close-up method, unit-step, and
countless other contributions) in 1880’s. Telegraphy was being used worldwide by 1850’s as a means of
rapid communications.

Telegrapher’s

equations:



e Except for —% on the left, the telegrapher’s equations look like the

V' — I relations of inductors and capacitors (which is the best way of
remembering them).

e The equations can be readily combined to obtain a 1D scalar wave

equation
0*V 0%V
— = LC—.
022 ot?
In analogy to
O’E, B O’E,
522 Mo
the wave equation for V' has d’Alembert wave solutions

1 1
vVLC  /pe

Viz,t) = f(tF %) where v =

e In that case the second telegrapher’s equation demands

ol oV , 2
—g—cg—cf(t¥;>

implying an anti-derivative

I(2,t) = +Cv f(t F %) — 4+

Zzl_vﬁc_\ﬁ_i\/E
" Cv C VC CGFVe
4

with

Telegrapher’s

equations:
oV ol
o~ Fa
_or LoV
Jz Ot
where

with “geometrical factor”

GF = % parallel-plate

2T
= b coax
ln 2

- T twin-lead

cosh™! 22
a



e In summary, d’Alembert wave solutions of telegrapher’s equations are

Vizt) = fltF §> and  I(z,t) = i@
with a propagation speed

1 1
VIC e

that equals the wave speed of the associated electric and magnetic fields,

and voltage-to-current ratio representing a characteristic impedance

L I
Z,=1]= = —/E.
0 \fc GF\/Z

Telegrapher’s equations and their d’Alembert solutions provide us with a
“handle” on the following physics:

e Suppose that + and - terminals of a 3 V battery makes contact with
the terminals of a charge neutral TL at ¢ = 0 as depicted in the margin.
We will assume that V(z,t) = I(z,t) = 0 on the TL for ¢ < 0.

As soon as contact is made between the terminals of the battery and the
TL, the excess + and - charges on battery terminals will “spill onto” the TL
terminals as shown in the figure for ¢t = 07:

e what really happens is,

Wire

Wire

Wire

Wire

Wire

Wire

-<77
c)t>0 —
tHiia44
3y — % %gFZQM
__——:7



— electrons move from the - terminal of the battery onto the bottom
wire of the TL,

— replenished by an equal amount of electrons moving from the top
wire into the battery via its + terminal,

giving the overall impression of current flows I (in opposite direction
to electron motion) as marked on the two wires in the diagram.

— currents I and voltage V marked in the diagram are confined only

to location 2z = 07 at ¢ = 07, while there is still zero current on
the rest of the TL!!!

Having unequal currents on a length of wire is in conflict with our
notions from earlier circuit courses, but that’s because earlier courses
taught us “lumped-circuit analysis’, an approximate technique jus-
tified when it’s OK to ignore certain time delays of charge movements
in the circuit (when wire lengths are sufficiently short).

Having unequal currents on the TL wire is really what happens
— because, for instance, electrons at some z > 0 on the top wire will
start moving towards the battery terminal only after the neighbor-

ing electrons at z~ deplete the region leaving some excess positive
charge.

Thus, currents I on the wires, and voltage V' defined and measured
across the wires, spread out of z = 0 region at a finite speed v, in

6

Wire

Wire

tiy

Wire

3v%“

Wire

<7

) t>0"

t+ii441

Wire

Wire

\/



analogy with ripples spreading out on a pond surface when perturbed
by a falling pebble.

e Telegrapher’s equations and their d’Alembert solutions will
allow us to calculate how [ and V evolve on the TL in quan-
titative terms.

To appreciate the distinction between lumped and distributed circuit anal-
ysis, we next develop a lumped circuit model of a very short length of a TL
over which lumped circuit notions may be applicable:

e Let us re-write the first telegrapher’s equation as

—AV =V (z,t) = V(z+ Az, t) = Azﬁ%

after approximating the left side as a ratio of infinitesimals.

— This relation shows that in the current flow direction there is an
infinitesimal inductive voltage drop of Azﬁ% between points z
and z+ Az on the wire carrying current [ = I(z,t) =~ I(2+Az,t).

e Likewise, the second equation re-arranged as

—AI =1(z,t)—I(z+ Az, t) = AZC%—‘;,

— this shows that an infinitesimal capacitor current AzC %—‘t/ flows out

of a node located between z and z + Az on the wire with current
I into a node on the second wire at the same location.

7

ov

0z

)i
0z

ol

ot
ov

ot

I(ﬁmi(erAz)

Wire 2 + Az[

V(z) FA2C

Wire 1 —

z

z+ Az



Evidently, a short section Az of the TL has an equivalent T-network with I(z I(z + Az)

2228
1. a series inductance AzL carrying a current I(z,t) &~ I(z + Az,t), and wire 2 + AL
2. a shunt capacitance AzC carrying a voltage V(z + Az, t) = V(z,1) ot Viz) T8:C

Wire —

as shown in the margin. z 2+ Az

This lumped-circuit equivalent is only accurate for Az so small that
I(z,t) =~ I[(z 4+ Az,t) and V(z+ Az t) = V(z,1)
are both true, which is of course possible only if Az < A, A being the shortest
wavelength in I(z,t) o H(z,t) and V(2,t) o< E(z,t) waveforms. TL’s can also support non-TEM

modes having non-zero compo-

e Going back to parallel-plate TL in TEM mode, observe that the total
power transported in the guide will be the Poynting vector E x H =

nents of H, or E,. These modes

are non-propagating (evanescent)

E,H,z times the cross-sectional area of the guide, namely, Wd.

at low frequencies and remain lo-

Thus, power transported in z direction is

calized near their excitation re-
p(ZJ7 t) = VVdE‘,L,(Z7 t)Hy<Z’ t)) gions (e.g., discontinuity points on
— (Ex(Z,t)d)(Hy(Z,t)W) — V(Z,t)](z,t) the line) if d < 4 (pp TL) or if

a+b< 2 (coax). At high frequen-
the familiar formula from circuit theory.

cies when these modes cannot be

I_Ience7 the CirCU.it theory formula avoided with practical dimensions
1 d, a, and b, it may be practicable

7 Tk
P = ERG{VI } to use them rather than the TEM

mode. Use single-wire waveguides

for average power will also hold in sinusoidal-steady state TL problems when

in that case instead of two-wire

we use phasors V(z) and I(z) to represent the V/(z,t) and I(z,t) waveforms. o

8



28 Distributed circuits and bounce diagrams o e reme — mopsori
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Last lecture we learned that voltage and current variations on TL’s are gov-
erned by telegrapher’s equations and their d’Alembert solutions — the latter
can be expressed as

Vi(zt) = f(t = =)+ gt +-) and I(z1) = ft—%) gt+7)

Zo Zo
in terms of
1 ,C, Sizrce Transmission line
U = and Z = — R Az?t) Wire 2 I1
V ’ C + +_zoad
and functions f(¢) and g(¢) corresponding to signal waveforms propagated in £ [(z7t£<z’t) WZi‘;e . VL% b
+2z and —z directions, respectively. 0 I 2

e In this lecture we will learn how to solve distributed circuit prob-
lems containing TL segments and two terminal elements such as resis-
tors and voltage (or current) sources. In solving the problems, we will
apply the usual rules of lumped circuit analysis at element terminals
and treat the TL’s in terms of d’Alembert solutions above.

e Consider a TL with a characteristic impedance Z, extending from z = 0
to z = [, where a two-terminal source circuit (e.g., a receiving antenna)
modeled by a Thevenin equivalent with voltage f;(t) and resistance
R, is connected between the TL terminals at z = 0 and a load (e.g.,
a receiver circuit) modeled by a resistance Ry terminates the line at
z = [ (see margin).



— We want to determine voltage and current signals V(z,t) and
I(z,t) on the TL and the load Ry for time ¢ > 0 in terms of
source signal f;(¢) assuming that f;(¢) =0 for t < 0.

Using the d’Alembert solutions V(z,t) and I(z,t) from above at z = I,
we have

Ve t) flt—5)+gt+1) J+gt+5) W

Source Transmission line

Kkt R _uz t) 7

Wire 2

l
_ — G = = R, L
I(¢,1) ﬂ;@_g?@ fE=9—gt+%) L ' é;w Z, %1
0 0 fy( ) (Z t)<_ Wire 1

from which we obtain

[ R; — Z, [ 21

t — f(t — — t I} t— —
t+3) = Fr gt ft=0) = g(t) =Tuf(t—=)
N—_——
I'y
where
_RL—ZO
L_RL—I—ZO

is the load reflection coefficient in the TL circuit. We can re-write
the d’Alembert solution for V(z,t) and I(z,t) in terms of only f(¢) as

) _ft=3) Tuf+i-Y)

Vi(z,t) = f(t—§>+FLf<t—|—§—;> and [I(z,t) = 7 2

Assuming that f;(t) = 0= f(¢) for t < 0, we can relate f(t) to fi(t) in
t > 0 interval using the KVL equation at z = 0 that states

fi(t) = R,1(0,t) + V(0,1),
2

0 e



which is, using V' (z,t) and I(z,t) at z = 0,

o) = Ry M0 - DI g g -2)
M&) v,y

Now, since f(t —2) =0 for t — 2L <0, we find out that for the
(or time interval) 0 < t < ;,

Z,
=m0 ) = i = 2 g
g )
Tg
where 7
""" R+ 7,

is the injection coefficient of the TL circuit!.

2]

v )

e Thus, for the epoch 0 < t <
solutions

21 _ Tefilt — %)_

epoch

Source Transmission line

thR Az t Wire 2 ]L
+
L
f( ) (Z t)<_ WJ.re 1
0 l "z

we have the voltage and current

Prryfilt+ 1 — %l)

V(z,t) = Tgfi(t—g)‘l-rLTgfi(t—F%——) and I(z,t)

v N Z,

on the line.

Zo

'Note how f(t) appears to be related to f;(¢) according to a voltage division rule with Z, representing

the resistance across which voltage f(t) is measured.

3



— So far f;(t) function is arbitrary and the above results would also
be valid for f;(t) = §(t), Dirac’s impulse, in which case

21 1,0t —2) Tprd(t+2—2)

(%

z z
Vi(z,t) = Tg(5<t—;>—|—FLTg(5<t—|—;—;> and I(z,t) = 7

would be the voltage and current impulse response functions
of the TL circuit for the 0 <t < %l epoch.

e To extend the impulse response functions above to the “next epoch”
2 <t <2 we note that at z = 0 the KVL equation with f;(t) = §(¢)
reads as

_ 2
o) = R, (- LU=y gy -2,
10,1 v,y

R R 21

0(t) = (1+2)f(t)+ (1 =T f(t — =),
Z, Z, v
795(t — %)

where for f(t — 2L) we used a delayed copy of f(t) = 7,f;(t) solution
for f(t) from the previous epoch in view of the time delay %l contained
within f(¢ — 2).

Z

R!J A'Z? t)
+

Ctg\/\/v V(Z,t) Zo
ST I(ztls

0

Bounce diagram

S|~



— Hence, solving this for f(t), we find, for this epoch,

R, - Z, 2l
Dot — 2

&+%L@( )

——

Ly

f(t) = 740(t) +

where

B R, — Z,
' R,+7Z,
is the source reflection coefficient of the TL circuit.

— Substituting f(¢) for the epoch %l <t < 4;[ within voltage and

current formulae

l t—2) DT f(t+2-4
Vizt) = f(t—g)—l—FLf(twL%—%) and I(z,t) = 1 72 D) T/ ;0 o)

we obtain the “extended” voltage and current impulse response

functions
21 21 41
VWZtW_ﬂﬂ@——%HEﬂﬁ@+E— )+ T D70 (t——— )T T2 7,8 (b= ——)
v v v
and
21 21 41
1(2,8) = 23 [ry8(t=2)=Tmyd(t+=— )41, Dyt —==—) =T, P 0+ =——)
v v v
respectively.



o At this point the algebra is pretty messy, but a straightforward R, (=) i
pattern is emerging (to obviate the need for algebraic analysis + ¥
for the upcoming epochs) that is best appreciated with the 5(t5237t£(2’t) % VL_%RL
help of bounce diagrams explained next: 0 e

— A bounce diagram is a plot of the “trajectories” of traveling im-

Bounce diagram

pulses found on transmission line segments excited by impulse in-
puts.

— The horizontal axis represents position z of the traveling impulses
while time ¢ is represented by a downward pointing axis.

— The first slanted line on the top of the diagram, representing the

traveling impulse
2z

7_95<t o _)7

(%

(first term of h,(t) = V/(z,t)) is “reflected” at time ¢ = £ from load
Ry to turn into a backward propagating impulse
z 2

TgrLé(t + ; - ;)

represented by the second line of the diagram.

— The backward propagating impulse reaches z =0 at ¢t = %ﬁ and is
reflected once more with a reflection coefficient
R, —Z,

' R, + Z,



to become a forward propagating impulse

z W
TgFLrgé(t — ; — ;)

represented by the third line of the diagram.

o Reflection at R, is in effect the same physical process as re-
flection at IRy, and therefore its coeflicient I'; is identical with

R,  I(2,1) _{L
+

[';, except for the replacement of Ry by R,. -
— The bounce diagram is advanced in time with further reflections 5(t) [(z7t£<z’t) Zo VL% 2
occurring at both ends. 0 AL

— We show the calculated weights of traveling impulses directly on
the diagram just above the slanted lines representing the trajec-
tories of each traveling impulse (each having a lifetime of ¢/v)

Bounce diagram

S|~

e Using the bounce diagram, the full expressions for the voltage and
current impulse response functions of the circuit can be written as

- n z 20 P
V(z,t) = 1) (Tly)"s(t — ——n—)
n=0
+7,I'p, i(FLF )'O(t + z (n+ 1)2—€)
g — g v y
and
. n z 20
I(z,1) =% Z(FLFQ) ot — o ”;)
n=0
Doy i(l“ )"0t + - (n+ 1)2—6)
7z, - ot Loy v v’

7



e Although these series formulae look daunting, only the lower order
terms usually matter — that is true because |[I'f| < 1 and |I'y| <1 and
thus (I'tI'y)" is typically a rapidly diminishing function of n (unless
the ckt is “dissipation free” and resonant, a concept explored in Lecture
31).

e We typically rely on the bounce diagram technique more so than the
series expressions developed above. This will be illustrated by several
examples in the next lecture.

— The main idea is to combine delayed versions of the circuit input
fi(t) with the impulse weights indicated on the bounce diagram,

since, in general, the convolution 6(t — T3,) % f;(t) = fi(t — T%.) for

z 20

any z-dependent delay such as =, = — = etc...

R!J ﬂ'% t)
+

Ctg\/\/v V(Z,t) Zo
ST I(ztls

0

Bounce diagram

S |~



29 Bounce diagram examples

Example 1: A transmission line of length ¢ = 900 m and speed v = ¢ has Ry = 27,.
[t is excited by a generator having an open circuit voltage f;(t) = sin(wt)u(t) and
Thevenin resistance Ry = Z,. The source frequency is 5= = 1MHz. Determine
the voltage response V(z,t) in the circuit after first determining the impulse
response function h,(t).

Solution: In the circuit, the injection coefficient is
Ly Zy 1
TR+ 2, Z,+Z, 2
The load and generator reflection coefficients are
Ry—2Z7, 22,—Z, 2-—1 1 R,—Z, Z,—2,

SRt Z, 2,47 241 3 ML= R T =T
respectively. Also, time-delay

20 2-900m 6

v 300m/ps HE
The corresponding bounce diagram is shown in the margin. Note that the dia-

gram terminates at t = % because Z, is matched to R, and I'j) = 0. From the
diagram we deduce the impulse response

L 07

1 z 1 z
h.(t) = 55(t_2)+65(t+5 — 611).

Convolving h.(t) with sin(wt)u(t), we obtain the voltage response of the TL to
the sinusoidal input as (see plots in the margin)

V(z,t) = h,(t)*sin(wt)u(t) = %sinw(t—%)u(t—%)—i—é Sinw(t—l—%—ﬁ)u(t—l—%—fi).

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

Z,  A(2,1)
V(Z,t) Zo % RL
FOT 12tz :
0 I~
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1/2
¢
1/6 v
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t
For t =1 pus:

For t = 2 us:
A

200 400 600
-05
-10

See an animated version of
this and another where
I'y=-1

linked in the class calendar.




Example 2: Consider a TL circuit where Z, = 502, v = ¢, [ = 2400 m, R,
Ry, =1009. Determine and plot V(1200,t) if f(t) = u(t).

Solution: For this circuit

ZO R - ZO RL - ZO
"TR,+2, ' Re+2, " TR+ 4
Also, the transit time across the TL is
[ 2400 m
— = 8 us.

v 300 x 105m /s

=0, and

1
5

From the bounce diagram shown in the margin, the impulse response for z = 1200

m (the location marked by the vertical dashed line) is found to be

1 1 1 1
V(1200,1) = 8t — 4) + 58(t — 12) = 58(t — 20) = 56(t = 28) + £0(t — 36) + - -

Replacing the () in this expression with the unit-step u(t), the specified source

function f(t), we get

V(1200 1) = u(t —4) + St — 12) — 2u(t —20)  Lur—28) + Lugr—36) + -

3 3 9 9

which is plotted in the margin.

z = 1200 m

(z,1)
—
V(zt) | Ry =100
u(§> I(z,ts ;Zo =500
0 e

Bounce diagram

0.5+

0 10 20 30 40 50 60
Animated version of this is
linked in the class calendar.




Bounce diagram

e Note that as t — oo, V(1200,¢) — 1 V in Example 1, as if DC condi-
tions prevail and the TL becomes a pair of wires in the lumped circuit
sense.

— DC steady-state corresponds to w = 0 and signal wavelength A —
oo. In that limit [ < A is always valid and TL can be treated like
an ordinary lumped circuit.

— Of course this simplification can only occur with f(¢) oc u(t), or
its delayed versions, which are all asymptotically DC in t — o0
limit. The simplification does not apply for f(t) = sin(wt)u(t), for -
example.




Example 3: In the TL circuit described in Example 1, determine V' (z,t) and I(z,1)
for a new source signal f(t) = rect(%)+2rect(=L), T =1 ps. Plot V(z,¢) versus
zatt =3 pus and t = 11 us.

Solution: With 7, =1,y = -1, I'y = 3, and 2 — 16 us, we obtain, by convolving
with the general impulse response, the voltage response

V(z,t) = Z(—%)”f(t i nl6) + % Z(—l)"f(t + % — (n+1)16)

C

V(e3) = 3 () B~ 2 = n16) + 3 S (~2) B+~ (n+1)16),

3

which is plotted in the margin using f(f) = rect(t) 4+ 2rect(t — 1). Likewise, at

t =11 us,
V(e 1) = S (-2) f(01 = 2 = n16) 4 3 3 ()" F(11+ 2 — (n + 1)16).
n=0 n=0

f(t)
20+

0.5+

0.5+

L . .
500 1000 1500 2000

V(z11)
200

0.5+

. . | .
0 500 1000 1500 2000

Animated version of this is
linked in the class calendar.
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30 Multi-line circuits

e In this lecture we will extend the bounce diagram technique to solve
distributed circuit problems involving multiple transmission lines.

e One example of such a circuit is shown in the margin where two distinct
TL’s of equal lengths have been joined directly at a distance L away

2
from the generator.

— The impulse response of the system can be found by first con-
structing the bounce diagram for the TL system as shown in the
margin.

— In this bounce diagram, z = % happens to be the location of ad-

ditional reflections as well as transmissions because of the sudden
change of Z, from Z; to Zy = 225.

These reflections and transmissions between line j and k& — transmis-
sion from j to k, and reflection from k& back to 7 — can be computed
with reflection coefficient

_ Zk— 2
Ik 2. + Zj

and transmission coefficient
Tik = 1+ ij

that ensure the voltage and current continuity at the junction

1

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

R, =22,

7 7. —97 Load
1 2= 1 RL _ ZZ
f n (% Vg = 21)1
0 1/2 !
1 4
ijry:r‘m:g 7'1275 =0
0 l z




— Zj is the characteristic impedance of the line of the incident pulse,
while

— Z. is the impedance of the cascaded line into which the transmitted
pulse is injected.

Verification:

— Let
V]+(1 + ij> and V7+(1 — Fj]{;)/Zj
denote the total voltage and current on line Z; expressed in terms
of incident voltage wave V' (of d’Alembert type), and

— let

‘/;-+Tjk and V}-ﬂLTj;{;/Z;C

denote the voltage and current on line Z;, adjacent to line Z;.

This notation identifies I'j; and 7j;, as reflection and transmission coef-
ficients at the junction.

— Taking

V;—i_(l + F]]{;) = VFLT]‘]{;

and
V(L =Tw)/Z; = Vi 1j1) Zi

in order to enforce voltage and current continuity, we can solve for
[';1 and 7j; expressions stated above.

2

R, =27,

Su

0

Z
v

Load
Ty =27 %
2 1 R, = 7
vy = 211

12

Sl=




Example 1: In the circuit shown in the margin with two TL segments, line 2 has twice
the characteristic impedance and propagation velocity of line 1, i.e.,

Z2 = 2Z1 and Vo = 2U1.
Determine L9 and Cy in terms of £; and C;j.

Solution: We have

Ly L
Zy =27 = =Z==4=

Cy Ci
and { {
2= e L.Co LG
The product of the two equations gives
1 1 1
— =16— = Cy=-Cy,
C2 C2 VRS
while their ratio leads to
Lo = L.

z Z=22, £9°
1 y =27, R, = 7
f n (% Vg = 21)1

12 !

1
g = 3 T2 = 5 p=0
0




Example 2: In the circuit of Example 1, determine V'(z,t) and I(z,t) if
f(t) = sin(2nt)u(t), tin us,
and [ = 2400 m, v; = 150 m/us, and Z; = 25€.

Solution: From the bounce diagram we infer the following impulse-response for the
voltage variable:

for z < %, and

Vit =1 307500 - = — (n+ )L

3 3 V2 (%)
n=0

for

< z < [. The impulse response for the current is

(a0 = g7 DGO ) = g0l = (k1))

0 (%1 U1 3 (%1 (%)

for z < %, and

1 =, 1,4 z 1/2
I(z,t Mgt — — — (4n+1
(50 = 57, (500 1~ (n 4 DS
[ .
for 5 <z <. Using l 2100
= 16
o 10
and replacing 6(t) with f(t) = sin(27t)u(t) the plot depicted in the margin was
obtained.

R, =22,

12

7. —97 Load
P Ry =2,
V9 = 211

l

2 alx =




Vt—v- v

AR/,
Example 3: Two TL’s with characteristic impedances Z; and Z, are joined at a junc- visvo s VT

Z
tion that also includes a “shunt” resistance R as shown in the diagram in the !

=

margin. Determine the reflection coefficient I';5 and transmission coefficient 75
at the junction.

Solution: Consider a voltage wave
z

Vit ——
=)
coming from the left producing reflected and transmitted waves

z z

V(t+—=) and V1Tt — =

(%] V2
on lines 1 and 2 traveling to the left and right, respectively, on two sides of the
junction. Using an abbreviated notation, KVL and KCL applied at the junction

can be expressed as

\Van \Vam VvVt VTt

VPV =V and
+ e i R

where in the KCL equation the first term on the right is the current flowing down
the resistor R, and the second term is the TL current on line 2 (as marked in the
circuit diagrams in the margin). The equations can be rearranged as

Vi+Vvs = vt
VvtV = ﬁVJFJr
Zeq ’
where R
Loy = 2
"7 R+ 7,

\/



is the parallel combination of R and Zs. Solving these equations, we find that

V- Zeq — 7
[ = =
V+ Zeq + Z
and
vt 22,
Ti2 = = :
v+ Leqg + 21
By, symmetry, the coefficients
Zeg — Lo
21 = 5
Zeq + 2y
and
224
K = —
21 Zer ¥ 7

would describe reflection and transmission when a wave is incident from right
provided that
RZ,

Zey= 5t v v
R+ Zl 7, —> — /s
—/\\— ees——
1s used. V*+V*+ R +V++

Z

Hint: in this ckt I'|, has the
usual form in terms of 7., =

R+Z,. For 115, we need 1+1"15

. : T o ) _ multiplied by a voltage divi-
Exercise: Two TL’s with characteristic impedances Z; and Z, are joined at a junction | sjon factor Z,/(R + Z»).

that also includes a series resistance R as shown in the margin. Determine the

reflection coefficient I'15 and transmission coefficient 715 at the junction.




31 Periodic oscillations 1n lossless TL ckts

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

e Lossless LC circuits (see margin) can support source-free and co-sinusoidal

voltage and current oscillations at a frequency of

known as LC resonance frequency.

e Lossless TL circuits can also support source-free voltage and current
oscillations, but the number of resonance frequencies is infinite and the
oscillation waveforms are not restricted to co-sinusoidal forms.

— Resonance frequencies of lossless TL’s are harmonically related,
and therefore superpositions of resonant oscillations on TL’s can
add up to arbitrary periodic waveforms as in Fourier series repre-
sentation of periodic functions.

In this lecture we will examine the periodic oscillations and resonances
encountered in lossless and source-free TL circuits.

Open 3 Open
4

0 U
A TL segment — a ‘“stub”,
so to speak — open circuited
at both ends can support
voltage and current oscilla-
tions such that the current
waveform vanishes at both
ends. Absolute values of a
possible set of voltage and
current waveforms satisfying
this boundary condition are
depicted above.



e Consider first a TL segment of some length ¢ having no electrical con-
nection to any elements at either end, as shown in the margin.

: L V(z,8)]
— Effectively, both ends of the TL have been “open circuited”, and ~  ~ 0/
. . I A N A /
thus TL current I(z,¢) needs to vanish at z =0 and z = ¢. Since /[ /' /7
fE=2) glt+3)
I(z,t) = — [ [
ZO ZO Open A Open
4
in general, these boundary conditions 0 L2
A TL “stub” open circuited
f(t) g(t) at both ends can support
I (O, t) = — =0 voltage and current oscilla-
Zo Zo tions such that the current
d waveform vanishes at both
an ends. Absolute values of a
f(t — ﬁ) g(t + ﬁ) possible set of voltage and
I(l, t) = v =0 current waveforms satisfying
Zo Zo this boundary condition are

require that depicted above.

o g(t) = f(t)
o flt—=1)=ft+y) = fl)=flt+7).

— the first condition says that forward and backward going waves
are described in terms of a single time function f(¢),

— while the second condition indicates that function f(¢) is neces-
sarily periodic with a

o period T'= %ﬁ

o fundamental frequency w, = % = 7

2



Since no other constraint is imposed, any waveform with the spec-
ified period is admissible, and the most general such expression is
given by the Fourier series

ft)=F,+ i F,, cos(nw,t + 6,)

n=1

having harmonically related frequencies nw, and arbitrary Fourier
coefficients F, and 6,

— Hence, in general, the line current

J=32) - flt+3)

I<Za t) - 7
00 Fn
- Z 7[cos(nw0t +0n — nfoz) — cos(nwot + 0, + nBo2)]
n=1 ¢

where 8, = w,/v = 7/l is the fundamental wavenumber.

— The same result written in phasor form is

(0. ¢] F (0. ¢]
— -n ]Hn[ —jnBoz _ jnﬁoz ]9n 2
e’’rle e e 7)sin(nf,z),

which also means that (back in the time domain)

o0

I(z,t) = Z 25” sin(nw,t + 6,,) sin(nB,2).

(0]

n=1

3



Also! N
Vi(z,t) = Z 2F,, cos(nw,t + 6,) cos(nS,z)

n=1

from the phasor V(z) = 3. F,e/fn[e iz 4 einfoz],

In summary:

— Periodic variations of arbitrary complexity — or timbre, in analogy
with musical instruments — in V (2, ) and I(z, t) are allowed on an
open circuited (on both ends) TL segment of length ¢ and consist
of superpositions of resonant modes (see margin)

cos(n%ut +6,) cos(n%z) and Sin(n%ut +6,) Sin(n%z),

respectively, in the range n > 1, each one being a standing wave.

— Each resonant mode or standing wave of index n > 1 has a

O resolance frequency

TV (%
w=—nrad/s or f=—mn Hz
14 20
o resonance wavelength

v 2

)\ === —,

f n

Note that an arbitrary DC term can also be included in V(z,t).

4

0.5

=051

-1.0-
A time-snapshot of the cur-
rent standing wave modes
n=12,3,4 on a TL segment
300 m long, open ended on
both sides. Each mode n has
n half wavelengths fitted into
the line length [ and high n
modes oscillate with higher
frequencies. See animation
of these modes linked in the
class calendar.



implying that
¢ =n—,
2

that is, the line length is an integer multiple of half-
wavelength at each resonance.

e The resonances examined above also apply to TL’s of length ¢ shorted
at both ends, provided that the mode equations above are swapped
between voltage and current — that is, periodic variations of arbitrary
complexity in I(z,t) and V(z,t) consist of superpositions of resonant
modes

Cos(nﬂ—vt +6,) cos(nzz) and Sin(nW—vt + 0,) Sin(nzz),

14 14 14 14
respectively, in the range n > 1.

Note that in this case the voltage modes vanish at z =0 and z = £ as
required by the boundary condition V(0,¢) = V(¢,t) = 0 imposed by
having shorts at both ends.



e For TL’s of length ¢ open at one end shorted at the other end,
resonant wavelengths and frequencies can be identified by requiring ¢

to be an odd multiple of %

— the reason for this is, the nulls of waveforms o< cos(8z) and sin(8z)  open

are separated by odd multiples of
A 21/ oo

4 4 2

— Hence, resonance condition is

A
and since
fa=w
it follows that the resonance frequencies are
1 1
f:2%(§+n) and w:%}(§+n

) for n > 0.

0 I 4
A TL stub open at one end
short at the other can sup-
port voltage and current os-
cillations such that the cur-
rent waveform vanishes at
the open end while the volt-
age waveform vanishes at the
shorted end. Absolute values
of a possible set of voltage
and current waveforms sat-
isfying this boundary condi-
tion are depicted above. Res-
onant standing waves modes
on this line will have voltage
and current nulls separated
by an odd multiple of a quar-
ter wavelength.



Example 1: A lossless TL of 600 m length is left open at z = 0 and shorted at
z = [ = 600 m. Determine (a) resonant frequencies of the line, (b) resonant
current modes, (c¢) resonant voltage modes obtained from the current modes
using the telegrapher’s equations. The line has a characteristic impedance of
Z, =502 and a propagation velocity v = c.

Solution: (a) The line must be an odd multiple of quarter wavelengths at the resonant
frequencies. Therefore,

A
600m=(2n+1)7 = 600m:(2n+1)c{7f
leading to
300 m/ us 1
= (2n 4+ 1) 9p 1 1)= MHz, n > 0.

(b) Since the current modes need to vanish at z = 0, we can express them in terms
of a sine function as
sin(fz) sin(wt)
where

w=2f=(2n+ 1)%Mrad/s,

and
2 T

b= =+ D

rad/m.

In explicit terms, current modes are

I,(z,t) =sin((2n + 1)

T T
in((2 1)—
1200z) sin((2n 4+ 1) 415)

where 2z is in m and ¢ in us.

0.5

=051

-1.0-
A time-snapshot of the volt-
age standing wave modes n =
0,1,2,3 on a TL segment 600
m long, open ended at z =
0 and shorted at z = 600
m. Each mode n has 2n +
1 quarter wavelengths fitted
into the line length [ and the
high n modes oscillate with
higher frequencies. See ani-
mation of these modes linked
in the class calendar.



(c) Let’s find the voltage modes V,,(z,t) from the current modes above using one of
the telegrapher’s equations,

oV ol
——— =L—.
0z ot
Substituting I,,(z,t) into this equation and differentiating we find
ov s T T
— = —(2 1)—=Lsin((2 1 2 1)—t).
5 (2n + )4£sm(( n + )12002)608(( n+ )415)
Next finding the anti-derivative of the above, we conclude
T s
Via(z,t) = 300L cos((2n + 1) 12002) cos((2n + 1)115).

A snapshot of the animation of resonant voltage modes is shown in the margin.

Note that the amplitudes of current and voltage modes cannot be assigned independent
of one another — above we set the current amplitudes to unity and obtained 300L
for voltage amplitudes.




e How can one get source free oscillations in a TL?
One answer is, the TL might have been connected to a source in the

past before being disconnected from it.

— Consider the circuit shown in the margin where a 3V battery is
switched in and out for 1 us on a line of length { = 600 m.

For v = ¢, we can write the voltage and the current on the line at
t = 1 us (by inspection) as

z — 150 3rect(zg§go)

300 Z

After t = 1 us both ends of the TL will be open, and, therefore, only
periodic waveforms with a

V(z,1) = 3rect( )V oand I(z,1) = A.

— fundamental period of T' = %ﬁ = % =4 us and

— fundamental frequency of w, = 2% = 5 Mrad/s

will be allowed on the source free line.

Therefore, V' (z,t) and I(z,t) for t > 1 us can be expressed as a weighted
superposition of the resonant modes of the line with resonant frequen-
cies nw,, subject to the initial conditions V(z,1) and I(z,1) given
above.

Also, resistors R at tempera-
ture 7' connected to TL ter-
minals can transfer thermal
noise energy to the TL. If
the resistors are disconnected
at some point in time, the
energy left on the TL will
be shared between its res-
onant modes (up to a fre-
quency limit K7T/h imposed
by quantum mechanics) at an
average level of KT joules
(per mode) where K is the
Boltzmann constant. Lossy
lines with finite conductivity
also produce thermal noise.
Thermal noise is easy to
detect and routinely inter-
feres with weak communi-

cation signals that we care

about!



32 Input impedance and microwave resonators o cmm ke o psot i
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e The input impedance and admittance of the series and parallel
LC resonators shown in the margin are, respectively,

1 1

Zs=jwL ——) and Y, =j(wC ——),
wC wl Series Parallel
both of which vanish at the common resonance frequency of these net- —
works, namely %
1 L
W= —= wWw,.
m 0 I 3 — C
— Recall that LC resonators play an important role in the design of TC¢
filter and tuning circuits.  — o
In this lecture we will examine the input impedance of microwave
resonators consisting of open or short circuited TL stubs. ape’ 7 Short
e First let us consider a shorted stub of some length £ as a two-terminal
circuit element as depicted in the margin. e L— >

— If the circuit containing this element is in sinusoidal steady-state
at a source frequency w matching one of the resonant fre-

quencies
T
wy, = (2n + 1)5, n >0,
of the shorted stub — the resonances corresponding to an odd

number of quarter wavelengths — then the element will draw no

1



. . . . Open
current from the source circuit in analogy with the parallel LC' inpae  Farallel resonance

network, and consequently the input admittance of the element
will be zero (open condition), which we will indicate by Y()=0  Z, Short

Y (1) = 0.

0dd # of quarter wavelengths

This type of resonant behavior of the shorted stub will be called
parallel resonance because of the analogy just mentioned.

— By contrast, if the circuit containing the element is in sinusoidal
steady-state at a source frequency w matching one of the other
resonant frequencies

TV

Wp = nT, n > 1, JS_E;EE Series resonance

of the shorted stub — the resonances corresponding to integer mul-

Short
tiples of half wavelengths — then the voltage across the element % (=0 Z °
terminals will be identically zero in analogy with the series LC l
network, and consequently the input impedance of the element =~ s -

_ o ) o ) Integer # of half wavelengths
will be zero (short condition), which we will indicate by

Z(1) = 0.

This alternate type of resonant behavior of the shorted stub will
be called series resonance.

We will next examine how Z(I) and Y () = % varies with w for frequencies

not matching any of the resonant frequencies of the shorted stub.

2



e If the stub is a part of a circuit in sinusoidal steady-state at an arbitrary
frequency w, then d’Alembert solutions of voltage and current on the
line are

~

Vi(z,t) = Re{VTe 4RV e#H0)} o V(z) = Ve /gyl

and
+ pJw(t jw(t+3) N +o—iBz _ /- piBz
I(.t) = Re{V+e/#lt=9)} — Re{V—e/v(t+3)} I . V©e V~e |
Z, Zo
where

— 8= % = wV LC is the wavenumber at frequency w, and

— VT and V'~ are complex constants to be determined.

We have expressed the phasor counterparts of co-sinusoidal waves V (z, t)

. : . . GENERATOR, LOAD
and I(z,t) above on the right, for it will be necessary to use phasors in  circuit

defining an input impedance — the impedance concept belongs to the Input

frequency domain! port Zo shore
e Before applying the boundary condition at the shorted end of the TL .

stub, it will be convenient to shift the origin of our coordinate system j ____________________ _ 0 2

to coincide with the shorted termination rather than the input port of |

the TL. a1 0

e [t will also be convenient to refer to “—2” as “d’, with the variable d
growing to the left from the short termination toward the input terminal
of the line.



In that case, the input impedance can be denoted as

~

( ) — M’ GENERATOR, LOAD
I(d — l) Circuit
where post. Z, Short

V(d)y=VTeP? 1 Ve and I(d) = . , .

Zo 1 ) 2
_____________________ L)
e An immediate benefit of our new notation comes when we apply the . .
voltage boundary condition at the short termination. d 1 0

— We apply it as
V(0,t)=0 < V(0)=VI+V =0
from which it follows that
Vo =-V"
and thus

V(d) = V(e — e = j2V T sin(Bd)

and — 4
- J -
I(d) = e Z+ <) _ Y, 2V ™" cos(Bd),
where |
Y, = Characteristic admittance.

Z,
4



tan(Sl)

— Finally the input impedance of the shorted stub is

Z(l) = =—= = jZ,tan(pl).

Note that: input impedance Z(l) =0+ jX(I) is (see margin for X (1)) st

1. purely reactive for all [,

2. has a positive imaginary part and therefore it is inductive for

2 A
bl = ;l < g rad =90 = 0<lI< 1= Quarter wavelength.

3. has a negative imaginary part and therefore it is capacitive for

2 A A
g < Bl = ;l < mrad = 180° = 1 <l< 5 = Half wavelength.

4. is periodic with a period of % over [, which means that

all possible reactive impedances of the form ;X are realized for
0<1<3.

e ashorted TL stub oflength 0 < [ < % spans all possible impedances
that can be provided by all possible inductors and capacitors!

for a length { < 2 shorted stub is a pure inductor with impedance
& 1

Z(l)=jZ,tan(Bl) = jZ,Bl = j\/ng LCl = jwLl.

5




e here we used tan(f5l) ~ Bl, which is valid when Bl < 1 in radians.

b.at [ = % the input admittance of the shorted stub,

I
Z(1)  jZ,tan(Bl)

Y(l) = = —j¥,cot(Bl),

vanishes, meaning that

e a shorted stub of length [ = % appears at its input terminals like
an open (see margin).

6. at [ = % the input impedance of the shorted stub returns back to
zero, which in turn indicates, in view of (5), that

e an open ended stub of length [ = % must appear at its input

terminals like a short (see margin).

Next set of examples illustrate the uses of shorted /opened TL stubs as circuit
elements.

}/(D — 0 2% Short

termn.




Example 1: A shorted TL stub of length [ = 3 m is connected in series with a resistor

Ry = 50€2 as shown in the diagram in the margin. Plot the magnitude of the
frequency response H(w) = % as a function of frequency f = 3= if Z, = 500
and v = ¢ on the stub. Interpret the amplitude response curve |H(w)| in terms

of resonance frequencies of the shorted line.
Solution: Using § = < and voltage division, we find that frequency response

L Ry B 1
 F  Rp+jZ,tan(Bl) 1+ jtan(2l)

H(w)

The plot of |H (w)| with the given parameters is shown in the margin. The peaks
of the amplitude response occur at the series resonance frequencies of the shorted
stub when its input impedance is zero (an effective short). The nulls of the
amplitude response correspond to parallel resonances of the stub when it appears
like an open at its input terminals.

f(t)

Amplitude Resp.

1.0

0.8+

0.6+

0.4+

02

L f (MHz



Example 2: Consider a shorted TL connected at d = [ to an inductor L. Determine
the resonances of the combined network.

Solution: The input impedance of the shorted line is
Z(l) = jZ,tan(Bl) = jZ,tan(wV LCI)

whereas inductor L has an impedance Z;, = jwL. If the inductor and shorted stub
are connected in series (see margin), then the series resonances of the network
will be observed when the network input impedance

Zr+ Z(l) = jwL + jZ, tan(wV LCl)

equals zero. The parallel resonances of the network will be observed when the
impedance is infinite. While the series resonance frequencies of the stub will be
shifted because of the inductor, parallel resonances will not shift (infinities due
to tan function cannot be shifted by the finite additive term due to the inductor).
The shifted series resonance frequencies w,, can be found graphically by plotting
Zr, + Z(1) and looking for the zero crossings.

If the inductor and shorted stub are connected in parallel, to then the parallel reso-
nances of the network will be observed when the network input admittance

1 1
. +
JwL 7, tan(wv LCI)

equals zero. The series resonances will be observed when the admittance is
infinite. Series resonances of the stub will not be shifted with, unlike the parallel
resonances. The shifted parallel resonance frequencies w, will equal the series
resonance frequencies of the series connected network (described above).

Series network:

Y short

L ||
v,

Parallel network:

short



Example 3: A shorted TL stub of length [ = 3 m is connected in series with a a
capacitor C' = 10 pf and a resistor Ry, = 502 as shown in the diagram in the
margin. Plot the magnitude of the frequency response H(w) = Vi a5 a function

of frequency f = 5~ if Z, = 50€) and v = c on the stub. Interpret the amplitude

response curve |H(w)| in terms of resonance frequencies of the shorted line.
Solution: Using § = % and voltage division, we find that frequency response

Vi R 1
F  Rg + = =+ %, tan(ﬁl) 14 ——= + jtan(¥l)

H(w) =
]wR

The plot of |H(w)| with the given parameters is shown in the margin. The peaks
of the amplitude response occur at the shifted series resonance frequencies of the
shorted T.L. stub. The nulls of the amplitude response correspond to parallel
resonances of the stub when it appears open.

R, VL (t)
f(t) )

Can change the short
location on the stub
to tune the filter

Amplitude Resp.
1.0}

0.8+

0.6 -

0.4+

02+

. . . . . _ f(MHz
50 100 150 200 250 300




Example 4: (a) If in the TL circuit shown in the margin Ir = 2Z0° A, what is the
line length [ in terms of wavelength A of the given source frequency on the line?

(b) Repeat for Ir = 0.

Note: starting in this example we are dropping the tildes on
the phasors.

Solution: (a) If I = 2£0° A, then KCL application at the source terminal implies
that I(l) = 0.

In that case the TL has an open at d = [. Since d = 0 is also an open,
we need to have [ to be an integer multiple of %

In other words, the condition of Ip = 2/Z0° will only be realized in the
above circuit if the source frequency is such that the TL length [ happens to be
some integer multiple of % at the given frequency.

(b) If I = 0, then V(1) = (50Q2)Ir = 0, implying that the T.L. has a short at d = .

Since d = 0 is an open, we need to have [ some odd multiple of %.

10




33 TL circuits with half- and quarter-wave trans-
formers Copyright (©)2024 Reserved — no parts of this

set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

e Last lecture we established that phasor solutions of telegrapher’s equa-
tions for TL’s in sinusoidal steady-state can be expressed as

‘ . Teifd _ \y—e—ibd
V(d) = Vel L Ve i and I(d) = Ve ¢

Zo

in a new coordinate system shown in the margin.
By convention the load is located on the right, at z = 0 = d, and the &eaie™ 1@
TL input connected to a generator or some source circuit is shown on Topu , v+< 2 m
the left at d = . 7

o . 0 -
We have replaced the short termination of the previous lecture with an | |
arbitrary load impedance d 0

Z1 = Ry + jX1.

In this lecture we will discuss sinusoidal steady-state TL cir-
cuit problems having arbitrary reactive loads but with line
lengths [ constrained to be integer multiples of % (at the op-
eration frequency).

The constraint will be lifted next lecture when we will de-
velop the general analysis tools for sinusoidal steady-state TL
circuits.



e In the TL circuit shown in the margin an arbitrary load Zj, is connected
to a TL of length [ = % at the source frequency.

Given that

oD 2 A\ .
6:&]57 _ 6ijT7 +g7

=e /" = —1,

the general phasor relations

Vid)=V*te" 1 Ve P and I(d) =

Zo
imply \
Vi, = V<§) =V -V = —V(0) = =V,
Ao —VTH+VT
]}n = ]-—— = == —iI O — —‘I .
(5) 2 (0) L

We conclude that a %-transformer

— inverts the algebraic sign of its voltage and current inputs at the
load end (and vice versa), and

— has an input impedance identical with the load impedance since

Vi -V
_ p— Z .
L, -1, "

Zm

These very simple results are easy to remember and use.

Half-wave transformer:

iy, L= —In

+ +

10 Zo Zr| Vi =V,
0



e In the TL circuit shown in the margin an arbitrary load Zj, is connected
to a TL of length [ = % at the source frequency.

Given that

Quarter-wave transformer:

Vin
L=y,

0

SoA 27\ -0 .

B

+
general phasor relations Zr| Vi =—jl.Z,

<

+

8

<

=

<

<

o

J

=

<
=+

3

QNj

V(d)=VTe" 4+ V=e P and I(d) = 7 i !
lmply ZmZL = Zg
A
Vin = V(Z) — ]V+ - ]V_ — ]I(O)ZO = j]LZm
A GVTE4+4Ve 0 V(0) Vg
7 7, I Ty
We conclude that a %-transformer Quarter-wave

. _ current-forcing
— has an input impedance

, : 2 2
Vie L%, 7} 7 s

Ly  jVi/Z, Vi/I,  Zp Iy =—j—

equation:

Zm

— and provides a load current Load voltage

R
- Zy Vi =21
proportional to input voltage V;,, but independent of load impedanceonce I; is available

4. from above equation.



1;

*:

Example 1: Given Z; = 50+ 3502, what is Z;, for a % transformer with Z, = 50 €27

Solution: It is
oz 50> 50 50 1—341
 Zp 504450 1441 14411—31

Z; — 25 — j25 Q).

Notice that an inductive Zj has been turned into a capacitive Z;, by % trans-
former.

Example 2: The load and the transformer of Example 1 are connected to a source
with voltage phasor V;, = 100£0° V at the input port. What is the load current
I;, and what is the average power absorbed by the load?

Solution: Since Vj, =V, = 100£0°V, the current-forcing formula for the quarter-wave

transformer implies

Vin 100 .
I, = A i —Jj2A.

To find the average power absorbed, we first note that load voltage
Vi, = ZpI;, = (50 + 750)(—72) = 100 — 5100 V.
Thus,
P = %Re{VLl}:} = %Re{(lOO — 7100)(j2)} = 100 W.

+

2

+
Zp =50+ j50 Q
Zy =50 Q-

0

B~ >

Z2
"~ 7

Zm

— 50 + 550
V= e




Example 3: Load Z; = 1002 is connected to a T.L. with length [ = 0.75\. At the
generator end, d = 0.75A, a source with open circuit voltage V;, = 710 V and
Thevenin impedance Z, = 25 is connected. Determine V7, and I7, if Z, = 50 €.

Solution: First we determine input impedance Z;, by noting that Z; = 100 () trans-
forms to itself, namely 100 €2 at d = 0.5\, but then it transforms from d = 0.5\

to 0.7\ as e <02
Lin = = = 25.
Z(0.5)) 100
Hence, using voltage division, we find,
Z; , 25

Vi

L= V=~ 10 — j5V.
97, + Zim ) 25+25 7

Next, using half-wave transformer rule, we notice that
V(0.250) = =V, = —j5V,

and finally applying the quarter-wave current forcing equation with V' (0.25\) we

get

V(0.25) —Jd

Clearly, then, the load voltage is
Vi =Zpl, = (100Q2)(—=0.1A) = —-10V.

Zy =250

=
F10°V

P Z,=500i V(D)

d

0.75\

0.5\



Example 4: In the circuit shown in the margin, Z;; = 50€2, Z» = 1002, and Z,; =
Zy = 502, Determine I and Iy if V;, = 5V. Both T.L. sections are quarter-
wave transformers.

Solution: Using the current-forcing equation, we have

Vin D .
Ii1=1;p=—7j— = —j— = —j0.1 A.
L1 L2 JZO 350 J
Consequently;,
le = ]L1ZL1 = —jOlA X 50 = —j5v
and

VL2 = ILQZLQ = —jOlA x 1002 = —leV

Thus, total avg power absorbed is
1 1
P = §R6{VL1121} + §R6{VL2122}

1 1
= = 5Re{=j5 x j0.1} + jRe{~j10 x j0.1} = 0.75 W.




34 Line impedance, generalized reflection coef-
ficient, Smith Chart

e Consider a TL of an arbitrary length [ terminated by an arbitrary load
Z;, =R+ jX7.

as depicted in the margin.

Voltage and current phasors are known to vary on the line as

: . +piBd _ \/—p—ibd
V(d) = Vel 4 Ve and I(d) = L ZV S

In this lecture we will develop the general analysis tools needed
to determine the unknowns of these phasors, namely V' and
V=, in terms of source circuit specifications.

e Our analysis starts at the load end of the TL where V(0) and I(0)
stand for the load voltage and current, obeying Ohm’s law

V(0) = Z.1(0).
Hence, using V(0) and I(0) from above, we have

oy Z1 — 7,
viav ozl L L oA

= 2L oy
ZO ZL + Zo

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
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GENERATOR, LOAD
Circuit ]Lci)
Input N
port ZO V(d) |j
= Z;,=Rp+3X
-1 I 0 %
e >
d 1 0



— Define a load reflection coefficient
_ ZL - ZO

L

~ 7.+ 7,

and re-write the voltage and current phasors as

— Define a generalized reflection coefficient

['(d) = e %7

and re-write the voltage and current phasors as

V(d) =V +T(d)] and I(d)=
— Line impedance is then defined as
Z(d) = —= =

for all values of d on the line extending from the load point d = 0
all the way to the input port at d = [.

With the dependence on d of Z(d) as well as I'(d) tacitly implied,
we can re-write this important relation and its inverse as

1+T

Zo

Z_

. . +elPd[1 — ', e—720d
V(d) = Ve 4 Tye 9 and 1(d) = Lo L= T

Zg

_ Vel — r(d)

oy

1(d)

1 =T

[

- Z-2Z,
I+ 7,

Zg

“Load reflection coefficient”
is a well justified name for
I';, since the forward travel-
ing wave with phasor V*e/f?

gets reflected from the load.

The term “generalized reflec-
tion coefficient” is also well
justified even if there is no
reflection taking place at ar-
bitrary d — the reason is, if
the line were cut at location
d and the stub with the load
were replaced by a lumped
load having a reflection co-
efficient equal to I'(d), then
there would be no modifica-
tion of the voltage and cur-
rent variations on the line to-

wards the generator.

Each location d on the line
has an impedance Z and a re-
flection coefficient I' linked by

these equations.



Properties of Z(d) = R(d) + jX(d) and I'(d) = I';e 7?7 linked by the

relations
YA B 14T e T
Z, 1-T

Z—Z,
47,

1. For real valued Z, and R(d) >0, |I'(d)| < 1:

Verification:

1Z-Z) |(R=Z)+jX| +(R—Z,)>+X?
Z + Z,| (R+Z,) + 5 X| \/(R-I-ZO)Q—I—XQ.

Since with R > 0

T

VIR—=Z,)2+X2<\(R+Z,)2+ X2 = [I|<1.

2. Since
| =|'y] and Z0I'(d) = £T';, —26d

property (1) implies that I'(d) is a complex number which is constrained
to be on or within the unit-circle on the complex plane.

3. Relationships
Z 14T e - Z — Z,
Z, 1-T - Z+Z,

between ' and Z are known as bilinear transformations — here the

term bilinear refers to the numerator as well as the denominator of
these transformations being linear in the variable being transformed
(from right to left).



Bilinear (or Mobius) transformations are known to have the general
property of mapping straight lines into circles on the complex num-
ber plane.

Bilinear transformations between
r=r,.+40, = 1,,1%)

and

=z=r-+9x
— ==
YA Js

o
known as normalized impedance, lead to an ingenious graphical aid

known as the Smith Chart.
— On a Smith Chart (SC), straight lines on the right hand side of
the complex number plane (see margin), represented by

r = const. and a = const.,

are mapped onto circular loci of
Z —Z, z-—1
"7 + Z, T2 +1
occupying the region of the plane bordered by the unit circle.

(Fra Fz) - r

Circles corresponding to z = const. 4+ jx and z = r + jconst.constitute
a gridding of the unit circle and its interior. By means of this grid,
the normalized impedance z corresponding to every possible I' can be

directly read off the SC.

x=const.



e SC can be constructed by first noting that

z—1 r+jz—1 [r—=1)+jzl[(r+1)—jz] (*+2*-1)+j220 ,
I'= - : = = = I +15
z+1 r+jr+1 (r+1)% 4 22 (r+1)% 4 22
thus ) ) WL
— 1 2 SmithfChart
T:(T T )andFZ»: ‘ :
(r+1)? 4 22 (r+1)? 4 22
and by direct substitution we can verify the following equations
o4l Tor+1 ' "oz x Tt

describing r and x dependent circles, respectively, on complex plane
constituting the grid lines of the SC.

e Typical SC usage:

1. Locate and mark z(0) — normalized load impedance — on the
SC, which places you at a distance |I'(0)] = |I'z| from the origin
of the complex plane (and the SC), at an angle of § = Z1'(0).

2. Draw a constant |I'| = |I'| circle with a compass going through
point z(0) on the SC (the read circle in the margin). Rotate clock-
wise on the circle by an angle of

47 d
2 = — = — ©
Bd ) drad )\/2360

to land on z(d) that can be read off using the SC gridding.
5

Smath Chart is the unit cir-
cle and its interior on the
complex number plane corre-
sponding to the generalized
reflection coefficient I'. The
gridding allows direct identi-
fication of the bilinear trans-
form of I', namely the nor-
malized line impedance =.



— Rotation by an angle of 28d amounts to SmithChart
rotation by full circle for d = %,
rotation by half circle for d = %,
rotation by quarter circle for d = %7 etc.

3. Also,
1
d) =
vid) = 23
which is the normalized line admittance is located on the SC
on the constant |I'| = |I"| circle across the point corresponding to
z(d).
Verification: Since
1+7T I 1-T 1+(-T)

1-T z 140 1—(=I)

hence whereas z is the transform of I', y is the transform of —I,

having the same magnitude as I' but an angle off by 4180°.

— Therefore, “reflect” on the SC across the origin to jump

from z(d) to y(d) if you need the value of the normalized
admittance.

Our first SC example is given next.



Example 1: A transmission line is terminated by an inductive load of
Zr, =50+ 5100 €.

Determine the input impedance Z;, = Z(I) of the line at a distance

A\
d=1=2
8

if the characteristic impedance of the line is Z, = 50€). Also determine the
normalized input admittance y(1).

Solution: The normalized load impedance is

 Zy 50+ 4100

0
#(0) 7. 50

=14 j2.

Enter z(0) on the SC and then rotate clockwise by % & (quarter circle) to obtain
the normalized input impedance

() =1-32,
and the normalized input admittance
y(1) = 0.2+ j0.4
right across z(l). The input impedance is

Zin = Zy2(1) = 50(1 — j2) = 50 — 5100 €.

~

(d)
: —>
+
Z,=s5ha V) Zp, =50+ 5100 ©
i =

d 01257 i 0

(a) At load point:
SmithChart

02-04i

(b) at input point:
SmithChart
1




Blow up of the SC’s used in Example 1:

SmithChart SmithChart
1 1

(a) At load point -1 (b) at input point :1

e A SmithChartTool linked from the class calendar (a javascript util-
ity that requires a Safari or Firefox browser to work properly) marks
and prints z(d) in red and y(d) in magenta across from z(d) on the
constant-|['z| circle (shown in red) as in the above examples. Also

— printed in black is the real valued normalized impedance z(d,,,,) discussed in
the upcoming lectures (also known as VSWR).

— also printed in red is |I';|Z'(d) where the second entry is expressed in terms
of an equivalent % such that % = 0.5 corresponds to an angle of 360°. This
way of referring to ZI'(d) will be convenient in many SC applications that we
will see.



35 Smith Chart examples

Example 1: A load Z; = 100 + 5502 is connected across a TL with Z, = 502 and
[ = 0.4X. At the generator end, d = [, the line is shunted by an impedance
Zs = 100€. What are the input impedance Z;, and admittance Y;, of the line,
including the shunt connected element.

Solution: Normalized load impedance
Zr, 100+ 750
0 = =
=7 50
is entered in the SC shown in the margin on the top. Clockwise rotation (from
load toward generator) at fixed |I'| (red circle) by

0.4\ < 0.8 x 360° = 288°

=2+ 41

takes us to
2(1) = 0.6 + j0.66 and y(l) ~0.75 — j0.83

as shown on the SC in the middle. Hence, including the shunt element with
normalized input impedance z,; = 2 and admittance y,; = %, we obtain

Yin = y(1) + ysi ~ 1.25 — 70.83
for the overall normalized input admittance of the shunted line as shown on the

SC in the bottom — the corresponding normalized input impedance is

1
i = — = 0.56 4 j0.37.

Yi

Hence, the unnormalized input impedance and admittance are

Lin = LoZin = 27.8 + 718.4Q and Y}, = Y,y = 0.025 — 70.017S.

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without peifitiion from the author.




Example 2: The TL network described in Example 1 is connected to a generator with
open circuit voltage phasor V;, = 100£0 V and internal impedance Z, = 25
What is the average power (a) input of the shunted line, (b) delivered to the
shunt element, delivered to the load.

Solution: (a) Using the input impedance
Zin = 27.8 4 718.4€),
from Example 1, we can write

Vs

Z.
Vi =V,— 2" and I, = —9
al Z,+ Zim

mn g Zg n Zm

Therefore, the average power input of the shunted line is

1 1 V,Z; V.
P = —Re{V,,I}} = —Re{—22" )
2 1002
Vol*  perzon = % 27.8 ~ 44.44W.

21Zy + Zin|? 2|25 + 27.8 + j18.4

(b) The shunt element Z5 = 100 (2 sees the same voltage V;, and conducts a current
Vin/Zs. Therefore it absorbs an average power of

Vinvey _ Vinl® _ Ve Zunl?
ZS) r= 275 27| Zy+ Zin?
100 - (27.8 4 j18.4)
2-100 - (25 + 27.8 4 j18.4)?

The remainder of 44.44 W will be absorbed in Z;.

1
P = SRe{Vi(

~ 17.78 W.

Zy =259

Vg =
10020 V

I(d
—>

C;N\” %Zs =100Q

Z, =50

+
V(d
Q

=

<

]

7 =
100 + j50 ©

0.4\



I(d) SmithChart

—
Zs = 50+ 50 Q e
in — J V(d) B
Z, =500 Zp ="
«— |
0.3) 0

Example 3: A TL of length [ = 0.3\ has an input impedance Z;, = 50 + 550 2.
Determine the load impedance Z;, = Z(0) and Yz, = Y(0) given that Z, = 502
for the line.

Solution: First enter the normalized input impedance SmithChart

Zin  50+550
Z, 50

L+

Zin =

in the SC as shown in the margin on the top. Counter-clockwise rotation (from
generator toward load) at fixed |I'| (red circle) by

0.3A < 0.6 x 360° = 216°

takes us to
2(0) ~ 0.76 — j0.84 and y(0) ~ 0.59 + 50.66

as shown on the next SC at the load point. Hence, we find

Z1, = Z,2(0) ~ 50 - (0.76 — j0.84) = 37.97 — j41.88

and
1
Y, =Y,y(0) = %(0.59 + 70.66) = 0.012 + j0.013S.




SmithChart

~
—~
=

0 <
=

'y =0.5

d 05X 0.2 0

Example 4: A TL of length [ = 0.5\ and Z, = 50 has a load reflection coefficient
I'y, = 0.5 and and a shunt connected TL at d = 0.2\. The shunt connected TL
has [ = 0.3\, Z, = 5012, and a load reflection coefficient I';, = —0.5. Determine
the input impedance of the line.

Solution: Recall that the SC covers the unit circle of the complex plane and therefore
the complex number

I =054+30=05

can be entered directly in the SC as shown on the top SC in the margin. Clockwise
rotation (from load toward generator) at fixed |I'| (red circle) by

0.2\ < 0.4 x 360° = 144°

takes us to
2(0.2X) =~ 0.36 — j0.29 and y(0.2)\) ~ 1.7+ 51.33
as shown on the SC in the middle. Likewise, entering

T, =—0.5+j0=—05




SmithChart

for the shunt connected stub in the third SC and rotating clockwise by
0.3\ < 0.6 x 360° = 216°
we obtain
25(0.30) &~ 1.7 — j1.33 and y,(0.3\) &~ 0.36 + j0.29.
We proceed by combining the normalized admittances as
Ye = y(0.20) + y5(0.3X) =~ (1.7 + j1.33) + (0.36 + j0.29) = 2.065 + j1.61837,
and entering it in the next SC. Finally rotating clockwise once again by
0.3A < 0.6 x 360° = 216°
we obtain, from the last SC

Zin = 3.38 —70.69 = Z;, = zinZ, = 169 — 534.4 Q).

\
33§3§(5§ 6875374
—9

;
0558955 —o.(’/nuw%




Example 5: What is the load impedance Z;, terminating the shunt connected stub
in Example 47

Solution: Given that the corresponding reflection coefficient is
['rs =—0.5,

it follows from the bilinear transformation linking zr and I'z¢ that

14Ty 1-05 1

s =1 T, 1+05 3

Hence, the impedance is
50
ZLS = ZO'ZLS = ? Q.

Example 6: What is the load impedance Z; in Example 47

Solution: This is similar to Example 5. Given that the load reflection coefficient is
'y =0.5,
it follows from the bilinear transformation linking z; and I'; that

14T, 1405
S 1-T; 1-05

21, 3.

Hence, the impedance is
ZL = ZOZL = 150€2.
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e Consider the general phasor expressions

; : +teiBd(1 _ T, e—i28d
V(d) = VJFGJBd(l + FLG_ﬂBd) and I(d) = Vel ™ LE )

Generator Transmission line

ZO _]id> Wire 2
+ Load
describing the voltage and current variations on TL’s in sinusoidal % y(a) Z, |sz
d
I

steady-state. - wire 1

— Unless I';, = 0, these phasors contain reflected components, which
means that voltage and current variations on the line “contain”

standing waves. i
Complex addition displayed
graphically superposed on a

In that case the phasors go through cycles of magnitude variations as a Smith Chart

function of d, and in the voltage magnitude in particular (see margin) SmithChart
varying as

V(d)| = [VH1+Tre 7 = [VF[1 + T(d)
takes maximum and minimum values of
V(d)lmaz = VT +|T2]) and [V(d)|min = V(1 = [Tg])
at locations d = d,,,,, and d,,,;,, such that

D (dpae) = Dpe 729mar = 01| and T(dp,) = Dpe /20 min = — ||,

o |1+ ['(d)| maximizes for d = dpqs
—d... s an multiple of —.
Amaz — Amin 18 an odd multiple o 4 |1 + ['(d)| minimizes for d = d,

| such that T'(din) = —T'(dmar)



Generator Transmission line

— These results can be most easily understood and verified graphi- 1(d)
cally on a SC as shown in the margin. — Ej

Wire 2

oad

Z1

9 V(d) Zo
F =V, — Wire 1

e We define a parameter known as voltage standing wave ratio, or
VSWR for short, by

V(dmao)| _ 14Tt VSWR —1
= = I = -
Vidn)| 1= T VSWR + 1

VSWR =

Complex addition displayed
graphically superposed on a

Notice that the VSWR and |['z| form a bilinear transform pair just

hke Smith Chart
1+T z—1 ,
z = @ F — . SmithChart
1-T z+1 T
Since L T(d)
—I_ max
[(dmas) = |T = VSWR = : N 2l
( ) ’ L‘ I — F(dmax> /\*T R(d> ‘%z}.:l)k
this analogy between the transform pairs also implies that — i : nﬁ/ |
\\ (dmal |FL‘
2(dmaz) = VSWR, NN
as explicitly marked on the the SC shown in the margin . Consequently, S

— the VSWR of any TL can be directly read off from its SC plot [+ (d)] maximizes for d = dya,

as the normalized impedance value z(d,,q,) on constant-|I'z| circle o
|1+ I'(d)| minimizes for d = d,,

crossing the positive real axis of the complex plane. such that T{dyi) = —(dy)



The extreme values the VSWR can take are:

1. VSWR=1 if |I'z| = 0 and the TL carries no reflected wave.

2. VSWR=oc if [I'z| = 1 corresponding to having a short, open, or
a purely reactive load that causes a total reflection.

SmithChart

—

e PATE 11 4 I'(d)| maximizes for d = dq,
=N \ R

\

PR r=5,\

dma\ﬁ ‘ I’z |

| 11+ I'(d)| minimizes for d = d,;,
such that I'(dpin) = —1'(dpaz)



Transmission line

e In the lab it is easy and useful to determine the VSWR and d,,q, or *75 )

Wire 2

dyin of a TL circuit with an unknown load, since Z B B Ejozad
F =V, - Wire 1
1. given the VSWR,
Tl = VSWR — 1
L7 VSWR + 1

is easily determined, and

2. given dp,q; OF dpin the complex I'y or its transform z; can be easily
Complex addition displayed

obtained. graphically superposed on a
Smith Chart

SmithChart

Say d,,..: 18 known: then,
e since (as we have seen above)
[(dmas) = ;e 20dmar — Ty

it follows that

_1+FL
1Ty

FL:‘FL|ej25dmax = 2

e alternatively, z; can be obtained directly on the SC by rotating counter- |1+ I'(d)| maximizes for d = dya.

clockwise by d,,., from the location of
|1+ I'(d)| minimizes for d = d,,

Z(dmm) = VSWR. such that ['(dyin) = =1 (dnas)

These techniques are illustrated in the next example.

4



Example 1: An unknown load Z; on a Z, = 50€) TL has
V(dmin) =20V, dpin = 0.125A and VSWR—4.

Determine (a) the load impedance Zy, and (b) the average power Pp absorbed
by the load.

Solution: (a) As shown in the top SC in the margin, VSWR=4 is entered in the SC
as z(dmaz) = 4 + 70, and constant |I'z| circle is then drawn (red circle) passing
through z(de:) = 4.

Right across z(de.) = 4 on the circle is z(di,) = 0.25.

A counter-clockwise rotation from z(d,,;,) = 0.25 by one fourth of a full circle corre-
sponding to a displacement of d,,,;, = 0.125\ (a full circle corresponds to a A/2
displacement) takes us to

zr =~ 0.4706 — j0.8823
as shown in the second SC. Hence, this gives

Zy = Zpzp = 50(0.4706 — 50.8823) = 23.53 — j44.129).
(b) We will calculate Py, by using V (dpi) and I(dyn,). Since

1
2(dpmin) = 0.25 it follows that Z(dpyn) = 150 Q=1250Q.

Therefore the voltage and current phasors at the voltage minimum location are

20V

SmithChart

SmithChart

0.470588 + 0.882353 i




Average power transported toward the load at d — d,,;, is, therefore,

20 400

1 1

Since the TL is assumed to be lossless we should have

Py = P(dyn) = 16 W.

Example 2: If the TL circuit in Example 1 has [ = 0.625), and a generator with an
internal impedance Z, = 50 (2, determine the generator voltage Vj,.

Solution: Given that [ = 0.625\ and d,,;, = 0.125)\, we note that there is just one
half-wave transformer between [ = 0.625\ and d,,,;, = 0.125\. Therefore

But also 7
ng + ZZTL
Consequently,
Zg+ Z; 504+ 12.5 62.5
Vo=V Lin ¥ 12.5 012.5 00

Generator Transmission line

—">(d> Wire 2
7 + Load
7 V(d) Z, A
F =V, - Wire 1
I 4 0
1 |
I 1
V(d)|
dﬂllll”
I
I I
dmi’r
SmithChart

SmithChart




Example 3: Determine V' and V™ in the circuit of Examples 1 and 2 above such that
the voltage phasor on the line is given by

V(d) =Vt 4 Ve ibd,

Solution: Looking back to Example 1 (also see the SC’s in the margin), we first note

that
VSWR -1 4-1

VSWR+1 4+1
Hence, evaluating V' (d) at d = d;p, we have

Ty| = = 0.6 = D(dpas) = —T(duin)-

V(dmin) = VFTePmin(1 4T (dpin))
= V(TR (1+ (—0.6)) =046/ TV =20V,
from which |
VvVt =50e 77 V.

Since , ,
I =T(0) = T'(dypin)e?* min = —0.6¢72,

it follows that

Vo =TV =-06e% x 5075 = —30¢’% V.




Example 4: Determine the load voltage and current V, = V(0) and I, = I(0) in the
circuit of Examples 1-3 above.

Solution: In general,

) ) +,ipd _ \;/—,—jBd
V(d) =VTelP — Ve P and I(d) = Ve Zv S

Therefore,

+ Y-
VL:V<O):V++V_ and [L:[(()):%

Using Z, = 502 and
VT =50e71V and V- = -30¢/1V
from Example 3, we find that

50797 + 306’1

= = 7T +0.66/T A,

Vi = 50775 — 306’7V and I; =

SmithChart

SmithChart

0.470588 + 0.882353 i
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e In lossless TL circuits the average power input P, at the generator end 4d)

+ oad
precisely matches the average power delivered to the load, Py, ZER Z, ﬁZL
In fact, P, and Pp, also match the average power P(d) transported on F= -
the line at an arbitrary d. dl 0

e We have in general
1
P(d) = sReiV(d)I*(d);}
_ ERG{(VjLejﬁd n V—e—jﬁd)(v+€jﬁd — V_e_jﬁd)*} Power tx’ed toward the load:
2 Zo ‘V+|2
1 VT 2 V- 2 V-Vt —j2Bd __ |Vl Vaame —72Bd\* .
L WVIR VR Vv (e iy T
2 Ly Zy Zo
— ower tx-'e owar e gen-
V2 VP P tx’ed toward the g
— VA o o7 erator:
V- 2
— Note that P(d) is the difference of power transported |2 Z‘ :
g toward the load by the “forward-going” wave, and ’
|V_O|2 Power reflection coefficient:

57, toward the generator by the reflected wave.

9
— Also note that L]
VIR VIR VP
27, °07, 27,

Power transmission coeff.:

P(d) = (1—1T?)

1— |
so that |I'z|? is an effective power reflection coefficient.

1



e In TL circuits with load impedances Z; unmatched to the character-

istic impedance Z,, the reflected power )
V2L % +V(d)
T's] - )
27, F
will be non-zero and the VSWR>1. VIR

This a condition not favored by practical signal generators used in
TL circuits.

e Most generators are designed (in their biasing arrangements) to oper-
ate in circuits with low VSWR (close to unity), requiring Z;, closely
matched to Ry, most frequently 50 {2, an optimal characteristic impedance
value for coax-lines (when line losses are taken into account).

e Thus a standard procedure is to use TL’s with Z, = R,, and uti-
lize a lossless impedance matching network on the TL if the load
impedance Zj, # Z,,.

— This practice is called impedance matching.
Impedance matching achieves VSWR=1 between the generator and the match-

ing network inserted at a location between the load and the generator.

e The inserted network should be designed to yield an input impedance
equal Z, at its input terminals.

The following examples illustrate different ways of achieving an
impedance match.



Quarter-wave matching

Z{) Zq = ZoZ(dy) ZL
Example 1: Quarter-wave matching of resistive loads:

Consider a TL with Z;, = 25Q and R, = Z, = 50Q2. Since Zj # Z, the load is d di U
unmatched and the VSWR>1.

To reduce the VSWR on the line connected to the generator to unity, we can insert
a quarter-wave transformer right after Z; — ie., at d; = 0 in the circuit
shown in the margin — with a characteristic impedance

Z, = /25 x 50 = V1250 = 35.35 .

The impedance at the input terminals of the quarter-wave transformer (on the left)
is then Z,, i.e., 50 2, implying a perfect impedance match.

e Quarter-wave matching illustrated above is a very commonly used match-
ing technique.

e It is a straightforward application of the quarter-wave transformer impedance

formula

Z2

“q

Zr

for a transformer with characteristic impedance Z,,.

iy =



Example 2: Quarter-wave matching of reactive loads:

Consider a TL with Z; = 50 + j50Q and R, = Z, = 50€). Since Z1, # Z, the load
is unmatched and the VSWR>1.

We cannot insert the quarter-wave transformer right after the load because then we
would need a complex valued Z, implying a lossy matching network.

Instead, we insert a quarter wave transformer a distance d; to the left of 7,
where d; is selected, using a SC, to have a purely resistive Z(d;). In that case,
the quarter-wave transformer impedance formula

Z, = ~/Z(dy) x 50

yields a real valued Z, as needed. This procedure leads to having d; = dyq, or
d1 = d,;, corresponding to the positions of voltage maxima and minima on the
line.

As shown in the margin,
Z(dy) = 50(2.62 + j0) = 131 9.

for
d; =~ 0.250\ — 0.162\ = 0.088\

is a suitable choice for quarter-wave matching. In that case we need

Zy = V131 x 50 = 50 x v2.62Q

for the quarter wave transformer in order match to load to a line with Z, = 50 €.

Quarter-wave matching

Note that:

2(dy) = 2(dmas) = VSWR ~ 2.62

as marked on the SC.
Also

ez = 0.088\

since, as marked on the SC,
the angle of I'; is 0.088\.



Example 3: Single-stub tuning:

Consider a TL with Z; = 100 — 750 and R, = Z, = 502. Since Z1, # Z, the load
is unmatched and the VSWR>1.

We will insert a shorted-stub a distance d; to the left of Z in parallel with the line
to achieve an impedance match.

Distance d; will be selected, using a SC, to have a normalized admittance of
y(di) =14 jb
so that a stub, with a normalized input admittance
Ystub = —Jb,
can be added in parallel to have a combined admittance of
y(d1) + ystup = 1+ 50
and achieve a perfect impedance match (i.e., VSWR=1).

In specific

A 1

=L =2—3j1 and y, = — = 0.4 + 50.2
219 2L

as shown on the SC on the top in the margin. We rotate clockwise on the SC by

an amount corresponding to d; to obtain

on the “g = 17 or “y = 1 4 7b” circle as shown in the bottom SC. From the
amount of rotation we determine

dy =~ 0.162)\ — 0.037A = 0.125\.

Single-stub

tuning
Zo
d | dy 0
want y(d1) + Yseup = 1

SmithChart

\
2\26ﬂ803r:5<:::

SmithChart

/
N

(0447214,20.161896]



The required input impedance of the shorted stub to achieve

y(dl) + Ystup = 1 + J0
1S
Ystub = —17. SmithChart

To achieve this input admittance the required stub length is

A
ls = 3= 0.125)
as determined from the SC — start at y = oo point on the SC on the far right
(corresponding to the short termination), and then rotate clockwise (toward the
generator) until the normalized admittance reads —j1; the amount of rotation

indicates the required ;.

e Another matching technique called double-stub tuning uses two
shorted stubs of lengths [; and [y located at fixed values of d; and d».

SmithChart

— Typically d; is zero or 2, and

49
— doy = di + 3%.
Vary [; and [ until VSWR is reduced to 1 near the generator end.

0

The advantage of double-stub tuning is avoiding changes of stub loca-
tions when Z, is changed. It’s implementation on a SC is considerably R
more complicated than single-stub tuning.
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e A corporate ladder network that combines 4
CORPORATE LADDER NETWORK

identical loads Z} into a single equivalent input Z s 2

. . . . Loads
impedance Zj is shown in the margin.

e In this network 6 different quarter-wave trans-

Quarter-

formers with arbitrary but identical characteris- 2237%¢>7

tic impedances Z, are utilized.

You should be able to compute the load volt-
ages V7 in the network in terms of input volt-

Quarter-

age Vj, applied across the input port by using wave tx's 11 quarter—wave

tx’s have the
same Z o

the current-forcing formula for the quarter-wave
transformer introduced earlier on. Input
port Z’in = ZL

Input impedance is the
same as load impedance

By symmetry, the loads absorb equal avg power,
a quarter of the input power each.

e If in a corporate ladder network, Z; = Z,, then TL segment lengths
connected to each Z; can be varied at will without affecting the input
impedance Z; = Z, (why?).

e Allowing variable length TL’s connected to each Z makes it possible to
adjust and vary the phase of the voltage and current of each Z; — this
is useful, for instance, in feeding phased antenna arrays (Z represents
an antenna load) to achieve steerable radiation patterns.

1



e A hybrid combiner network shown in the mar-
gin can be used to excite two identical TL loads
R (e.g., antenna arrays impedance matched to
have input impedances R) with independent sig-
nal generators V4 and Vpz having equal internal
resistances R matched to the load resistance.

The hybrid “rat-race” combiner is built with 6
quarter-wave transformers of identical

Z, = V2R,

in which case the generators V4 and Vp see
impedance-matched loads (at the hybrid inputs
where they are connected) and produce load
voltages proportional to V4 £+ Vg as shown in
the diagram.

HYBRID COMBINER --- SUM and DIFFERENCE OF ISOLATED
GENERATOR SIGNALS V_A AND V_B ARE APPLIED TO LOADS R

. Va-Vp
N

s Zo=+"2R
LOAD|
INPUT A
Zo NV2R

. Va+Vp
10

A
N
Il
=
=
| >~
.V
N
Il
)
=
i = w|

INPUT

B

e Generators A and B with open ckt voltages V4 and Vg are usolated from one another’s influence
because of “destructive interference” between the two paths from each generator to the other one

(two paths have a 4 length difference).

e This very special situation allows one to calculate the various terminal voltages on the hybrid

due to V4 and Vp one-at-a-time as if loads R were isolated from generator-B and -A (by “virtual

shorts” existing across generator terminals when Vg and V4 are suppressed) in turns, and then

superpose the results.



e Terminal voltages obtained with that procedure (those shown on the diagram) turn
out to be valid when both generators are active as can easily be checked for self-
consistency by using the current-forcing equations introduced earlier. For instance,
the total current into generator-A terminal (flowing from both sides) is

L= (A ey
2v/2 2v/2 2R’

CRV2 RV2

and hence the voltage drop from the same terminal to the ground is

V V
IAR+VA:—£R+VA=7A

as marked explicitly on the diagram. All self-consistency tests that can be applied
with the given expressions are passed, and so the results given are valid.

e The input and output ports of a

HYBRID COMBINER --- SUM and DIFFERENCE OF ISOLATED
hybrld combiner can be Swapped GENERATOR SIGNALS V_A AND V_B ARE APPLIED TO LOADS R
while still maintaining the proper-
__VA7VB E __VA+VB
ties of the hybrid — namely, input 2 - {2

impedance R, and output signals the R%\ Zo= V2R éH Zo=VIR
D) Va

. LOA!
sum and difference of generator volt-

INPUT A ZNe V2R
ages. e
E

INPUT B

A ‘
N
Il
S
=
N
\ 4 4
N
Il
S
=
i = o
=




39 Lossy lines

e Lossless TL’s we have been studying so far are idealizations of real TL’s
which are invariably lossy.

— Here, we are making reference to Ohmaic energy losses in the
conducting wires of the TL, as well as to losses in the imperfect
dielectric separating the two conductors.

o The effect of wire losses in TL’s is modeled by adding a AzR resis-
tance in series with Az/L inductor in the equivalent circuit model of an
infinitesimal (Az < \) TL section as shown in the margin.

e In addition, a shunt conductance AzG in parallel with capacitance AzC
accounts in the lossy model for dielectric losses.

e While the phasor form of telegrapher’s equations for a lossless TL is

ov o0l

0z 0z

for lossy lines — where impedance per unit length jw.L must be replaced
by jwLl 4+ R and conductance per unit length jwC by jwC + G — the
equations take the form

oV

0z
e We will next show that

= jwLI and = jwCV,

= (jJwL+R)[ and — or _

2 (jwC + G)V.

Copyright (©)2024 Reserved — no parts of this
set of lecture notes (Lects. 1-39) may be re-
produced without permission from the author.

IDEAL LOSSLESS T.L.:

I(z+ Az)
=

V(z) =FAzC

z 24+ Az

REALISTIC LOSSY T.L.:

AZR  I(z+ Az)

I(2)
—_— T AAA
+ AzL
V(z) AzC =+ = AzG
z

z+ Az

Using perturbation theory, it can
be shown that for a coax of inner
and outer radii a and b,

while for a parallel-plate transmis-
sion line of width W,

dr | fp
R=—1/—
WV no’

in terms of conductivity ¢ and per-
meability 4 of the T.L. conductors.



1. lossless line solutions can be readily modified to account for loss
effects introduced by Ohmic energy losses in R and G,

2. lossless line results we have learned up till now are by and large
valid even on lossy lines provided that

(a) frequency w is sufficiently large, and

(b) voltage and current solutions V*e*/7? and r—;oeijﬁd are mod-

+ad

ified by multiplying an attenuation term e™** which only mat-

ters in practice when d > .

e Note that lossless line solutions of telegrapher’s equations can be re-

stated as N
4 +rvd

V=V*eP? and I = :I:Zoe :

where

)= 3B = JVIC = R GeC) and Z,= /% = %

— Replacing jwL by jwL + R, and jwC by jwC + G, we obtain

in the lossy case.



While waves governed by lossy v and Z, (see margin) can exhibit substan-
tially different behavior than the lossless waves (examined in the previous
sections), at high frequencies the wave properties are reasonably similar as
alluded in item (2) above. We next examine this simplified high-frequency
limit.

e At high frequencies w, such that wl > R and wC > G, we have

— characteristic impedance

g jwﬁ—l—RN\/E
"V jwc+g T Ve

just as in the lossless case!, and

— complex propagation constant

v o= \/(jw£+72)(jwc+g)ij\/E\/lJr—\/lJr—

Jwl JwC
~ JVIC 4 D)1+ - )~ juVEC + (K gz,

J2wL J2wC 2 Z
= jB+«
with
R g 1R
fr~wVLC and a = B(Qwﬁ ch) = E(Z +G7,).

is exact even for a lossy line if % =<

In fact Z, = G

3

’y:

vV (jwL + R)(jwC + G)

g Jwl +R
*\ jwC+G



e Note that § = 2{ is the same as in the lossless case, and since

R g
20wL * 2wC

the “penetration depth” 0 = - of voltage and current waves on the TL
2

is much longer than a wavelength \ = 7 in this regime.

In summary, in the high-frequency regime, characteristic impedance Z,

a~ [

) <L B,

and wavenumber 3 are (practically) the same as they are on lossless lines,
but signals do attenuate by a factor e=*? which should not be (and cannot
be) neglected over long distances d exceeding many wavelengths A.

e At lower frequencies where the above approximations cannot be justi-
fied, a more careful analysis of lossy line equations is warranted.

e Finally, for an air-filled coax with inner and outer radii a and b, it can
be shown that the attenuation constant

IR 1y E0+Y)
27,2 Ilyb)

(87

which minimizes, at a fixed outer radius b, for g ~ 3.6, which in turn
results in an “optimal” characteristic impedance of

b b
Z, = ;7— In(=) = 601n(=)Q ~ 750

v a a

for the same coax. Note that this result is independent of o, the con-
ductivity of inner and outer conductors of the coax.

4



— For a dielectric filled coax having € = %60 — implying v, = %c =
2 x 10% m/s — the same ratio g ~ 3.6 of outer and inner conductor
radii leads to Z, ~ 50§, the most common Z, encountered in

practical applications.

— The above result should also explain why having a thicker coax —
larger b — is better when losses are a concern.



