Charge Distributions

The geometries that we have looked and
determined the associated electric field are all
examples of “charge distributions”.

We have made assumptions about how these
distributions relate to points charges.

Macroscopic view:

- we are not interested in the fields very close to
the charge distribution which is really made up of
point charges. We know that the fields near the
collection of charges varies quickly, but these
variations disappear quickly as you move away from
the distribution.

Microscopic view:

- we are interested in the fine details of
structure of the fields and so need to identify the
exact placement of each charge and its contribution
to the total field.




Charge Distributions
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ﬁDifferentiaI Form of Gauss' law

\ \ A;aw volume of charge
6045 E-dS=0

the flux of E out of the closed surface S
is equal to the amount of charge
enclosed by the surface...

...any surface of any shape, even...
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rential Form of Gauss' law

eogiz’-d:S::Q

...a really, really small one.




Differential Form of Gauss' law

E:Ex(x—kﬁ ¥y Z))Ac—i—Ey(x—l—%,y, z)j/+EZ(x—|—@ v,z)z
eogﬁ E-dS’ZQ
Let's compute the electric flux flowing
\ (X,Y,2) out of each of the 6 faces of this
. surface
dz >
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eo_” E-d:S::eoEx(x+2—,y, z)dydz

what assumption did we make?



Differential Form of Gauss' law

EZEx(x—%, y,z)fc—I—Ey(x—%, ¥V, Z))A/-l‘EZ(X—%, V,z)z
eogﬁ E-dS’ZQ

\ d S= —dydzXx
/ Let's compute the electric flux flowing

(x,y}) out of each of the 6 faces of this
. surface
dz
BACK -
dx dx

eoﬂ E-dg’:—eoEx(x—z—,y,z)dydz

what assumption did we make?



Differential Form of Gauss' law

dz
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eoff E-dgzeoEx(x—F;Z—x,y, z)dydz

electric flux flowing through the

combining:
volume in the x-direction

eogﬁE-dS*:Q

Let's compute the electric flux flowing
out of each of the 6 faces of this
surface



Differential Form of Gauss' law

€, gﬁ E-dS= 0
Let's compute the electric flux flowing
(X,y,2) out of each of the 6 faces of this
dz ° surface
dx
dy

Repeat for the y- and z- directions

- - d d
6045 E-dS= eo(Ex(x—I—Tx,y, Z)—Ex(x—%,y, z))dy dz+



dz

Differential Form of Gauss' law

(x,¥.2)

dx

Qtotal — pv dx dy dZ

eogﬁE-dS*:Q

Now compute the total charge
contained in the volume defined by
the small surface

again, what assumption did we make?



Differential Form of Gauss' law

eogﬁE-dS*:Q

(X’Y’Z)
dz

dx

dy

Repeat for the y- and z- directions

e, E-d3= EO(Ex(x-I-d—zx,y,z)—Ex(x—%,y,z))dydz—k - p dxdyd:

eO(Ex(x,y—l—c;—y, D—E (x, - 2))dvde+

€ (E (x,y, z-l—%)—Ex(x,y, z—%))dxdy



Differential Form of Gauss' law

remember - from your
early calculus class —
the definition of a partial

derivative
8f(x,y,z):1im flx+dx,y,z)—f(x,y,z)
ox dx
(X’Y’Z) or equivalently,
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Differential Form of Gauss' law

(X,,2)
dz
dx
dy
V-E <1 divergence
1
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over an infinitesimally small volume



Differential Form of Gauss' law

Differential Form of Gauss' Law Integral Form of Gauss' Law
EOV-EZpV eogsl:f'-d:S::Q



Differential Form of Gauss' law

Il e, V-Edxdydz=¢,$ E-d S



Differential Form of Gauss' law

fill original volyme with
y the infinitesimal
y volumes and add up the

contributions

\

([ €,V -Edxdydz=e,$ E-d3

divergence theorem



Maxwell's Equations

static fields
Vb:p Gauss' Law for the electric field ¢ l_jd:S::Q
VE:O Gauss' Law for the magnetic field ﬁEdS’ZO
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Maxwell's Equations

static fields




Maxwell's Equations

static electric fields

s - -
V ) D — P Gauss' Law for the electric field i D . d S — Q

we know that Gauss' Law tells us that the electric field in any region is related to its source (electrical charges) in
a special way. Because all electric fields are generated by charge distributions, if you look at the electric flux
through a closed surface it is directly related to the enclosed charge.

-

VXE=0 §E-d7=o

What do these equations tell us?



Maxwell's Equations

static electric fields

¢ E-d1=0




Maxwell's Equations

static electric fields

¢ E-d1=0
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Maxwell's Equations

static electric fields

20
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ds the electric field
bt is TANGENT to

10 omponent by a

-15

the work needed to move a unit charge

a small distance dl along the path a0



Maxwell's Equations

static electric fields

the work needed to move a unit charge
all the way around the path

$E-di




Maxwell's Equations

static electric fields

20

15 7
dl
magnitude specifies an

infinitesimal increment
of the path

. _ N v direction specifies a
- direction TANGENT to
the path

10

-10

this is a line integral that computes the

“circulation” of the vector field E. Just

o as we need a special vector dS to help
-20 us compute the flux of a vector field 20

through a surface here we need a

special vector dl

-15
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Maxwell's Equations

static electric fields

If fﬁ Ed_i the work needed to move a unit charge

all the way around the path Is correct then

@ E-dl=0 states that the amount of work needed to move a



Maxwell's Equations

static electric fields

If Sﬁ Ed_i the work needed to move a unit charge

all the way around the path Is correct then

gﬁ E-d1=0 states that the amount of work needed to move a

CONSERVATIVE FIELD



...and just as VD = p is equivalent to Sﬁ D-dS :Q over an infinitely small surface
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SO V X | = O is equivalent to ¢ Ed Z — () over an infinitely small path.



[y
__ O
-+
]
(7))
O
Q
N
=

(V)]
-
L C

(@)
et
O
.._n||a-a
S o
O ©
o >

A B,C




Example 1: Find the divergence of D = £5z + 12 C/m?

Solution: In this case
D, =5z, D,=12, and D, =0.

Therefore, divergence of D is

oD, 0D, D,

v-D = oz + dy + 0z
0 0 0

C
= 5+0+0=5—5.
-

Note that the divergence of vector D is a scalar quantity which is the volumetric

charge density in space as a consequence of Gauss’s law (in differential form).



Example 3: Find the curl of the vector field

E=2Zcosy+ 1l

Solution: The curl is

T U 2z
VXE = | & &
cosy 1 O
0 0 0 0 0 0
= (70— =—1)—g(=0— — Z2(—1— —
* oy 0z ) (33: 0z cosy) + (Bm oy cosy)

= 20— 90+ 2(0+ siny) = Zsiny

which is another vector field.



CURL-free and DIVERGENCE free






