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Basic TL: Time Domain, Not Steady State

Generator injection coefficient: 𝜏𝑔 =
𝑍0

𝑅𝑔+𝑍0
≠ 1 + Γ𝑔

Load reflection coefficient: Γ𝐿 =
𝑍𝐿−𝑍0

𝑍𝐿+𝑍0

Generator reflection coefficient: Γ𝑔 =
𝑅𝑔−𝑍0

𝑅𝑔+𝑍0



Basic TL: Time Domain, Not Steady State

Special cases:
• What if 𝑍𝐿 = 0?

• What if 𝑍𝐿 = ∞?

• What if 𝑍𝐿 = 𝑍0?



Problem 1: Bounce Diagrams
Input: 𝑉𝑔 = 5𝑢 𝑡 [V]
𝑍𝐿 = 50Ω, 𝑅𝑔 = 50Ω, 𝑍0 = 100Ω

𝑣 = 𝑐, TL length = 3 [m].

Create a voltage bounce diagram for the first 45 nanoseconds.
Create a current bounce diagram for the first 45 nanoseconds.



Problem 2: Bounce Diagrams
Input: 𝑉𝑔 = 5𝑢 𝑡 [V]
𝑍𝐿 = 50Ω, 𝑅𝑔 = 50Ω, 𝑍0 = 100Ω

𝑣 = 𝑐, TL length = 3 [m].

Plot 𝑉 0.75m, 𝑡 for the first 45 nanoseconds.



Problem 2: Bounce Diagrams
Input: 𝑉𝑔 = 5𝑢 𝑡 [V]
𝑍𝐿 = 50Ω, 𝑅𝑔 = 50Ω, 𝑍0 = 100Ω

𝑣 = 𝑐, TL length = 3 [m].

What is the steady-state voltage over the load?
What is the steady state current through the load?



Multiline TL Circuits Time Domain

When we travel FROM line 𝑗 TO line 𝑘:

Γ𝑗𝑘 =
𝑍𝑘 − 𝑍𝑗

𝑍𝑘 + 𝑍𝑗

𝜏𝑗𝑘 = 1 + Γ𝑗𝑘



Problem 3: Bounce Diagrams w/ Multiline
Input: 𝑉𝑔 = 5𝑢 𝑡 [V]
𝑍𝐿 = 50Ω, 𝑅𝑔 = 50Ω

𝑍0 = 100Ω, 𝑍1 = 200Ω
𝑣 = 𝑐
First TL length = 3 [m]. Second TL length = 4.5 [m].

Create a voltage bounce diagram for the first 45 nanoseconds.
Create a current bounce diagram for the first 45 nanoseconds.



Bounce Diagrams: General Formulation
This is an LTI system!
Input: 𝛿 𝑡
Output (at position 𝑑): 𝑉(𝑡)
Time to travel down the line: 𝑡0.

𝑉 𝑑, 𝑡 = 𝜏𝑔  

𝑛=0

∞

Γ𝐿Γ𝑔
𝑛
𝛿(𝑡 +

𝑑

𝑣
− 𝑛𝑡0) + 𝜏𝑔Γ𝐿  

𝑛=0

∞

Γ𝐿Γ𝑔
𝑛
𝛿(𝑡 −

𝑑

𝑣
− (𝑛 + 1)𝑡0)

For any general input: convolve!



Multiline TL Circuits
Series resistor (harder to deal with ):

Parallel resistor (easier to deal with ):



Multiline TL: Parallel Resistor 



Basic TL: Phasor Domain, Steady State

On TL: Forward-going voltage wave + backward-going voltage wave

On TL: Forward-going current wave + backward-going current wave



Basic TL: Phasor Domain, Steady State

Impedance as a function of position?



Midterm 1 equations, in one place
 𝐹 =

𝑞1𝑞2

4𝜋𝜖0𝑟2
 𝑟

𝐸 =
𝑞2

4𝜋𝜖0𝑟2
 𝑟

𝜖∯ 𝐸 ⋅ 𝑑  𝑆 = 𝑄enclosed

∯ 𝐵 ⋅ 𝑑  𝑆 = 0

 𝐹 = 𝑞1𝐸 + 𝑞1(  𝑣1 × 𝐵)
∯ 𝐷 ⋅ 𝑑  𝑆 = 𝑄enclosed

𝐼 = ∯  𝐽 ⋅ 𝑑  𝑆 = −
𝜕𝑄enclosed

𝜕𝑡

∭ 𝜌𝑑𝑉 = 𝑄enclosed

 𝑛 ⋅ 𝐷1 − 𝐷2 = 𝜌𝑠

 𝑛 × 𝐸1 − 𝐸2 = 0

𝐸 = −𝛻𝑉

∮ 𝐸 ⋅ 𝑑 𝑙 = ∬ 𝛻 × 𝐸 ⋅ 𝑑  𝑆

∯ 𝐷 ⋅ 𝑑  𝑆 = ∭ 𝛻 ⋅ 𝐷𝑑𝑉

𝛻 × 𝐸 = 0

∮ 𝐸 ⋅ 𝑑 𝑙 = 0

𝑉𝑎𝑏 = 𝑉 𝑏 − 𝑉(𝑎) = −  
𝑎

𝑏

𝐸 ⋅ 𝑑 𝑙

𝛻 ⋅ 𝐷 = 𝜌

𝛻 ⋅  𝐽 = −
𝜕𝜌

𝜕𝑡
 
𝑎

𝑏

𝛻𝑉 ⋅ 𝑑 𝑙 = 𝑉 𝑏 − 𝑉(𝑎) 𝐽 = 𝜎𝐸

 𝑃 = 𝜖0𝜒𝑒𝐸

𝐷 = 𝜖0𝐸 +  𝑃 = 𝜖𝐸

𝜖 = 𝜖0(1 + 𝜒𝑒)

−𝛻2𝑉 =
𝜌

𝜖𝜌𝑏 = −𝛻 ⋅  𝑃

𝛻 ⋅ 𝜖0𝐸 = 𝜌𝑓 + 𝜌𝑏

 𝑛 ⋅  𝑃1 −  𝑃2 = −𝜌𝑏,𝑠



Midterm 2 equations, in one place
𝑄 = 𝐶𝑉

𝐺 =
𝜎

𝜖
𝐶 𝑅 =

1

𝐺

𝐵 =
𝜇𝐼

2𝜋𝑟
 𝜙

𝑑𝐵 =
𝜇𝐼𝑑ℓ ×  𝑟

4𝜋𝑟2

 
𝐶

𝐵 ⋅ 𝑑ℓ = 𝜇𝐼encl

𝛻 × 𝐻 =  𝐽 +
𝜕𝐷

𝜕𝑡

𝛻 ⋅ 𝐵 = 0

 
𝐶

𝐻 ⋅ 𝑑ℓ =  
𝑆

 𝐽 ⋅ 𝑑  𝑆

Ψ =  
𝑠

𝐵 ⋅ 𝑑  𝑆

−
𝑑

𝑑𝑡
 

𝑠

𝐵 ⋅ 𝑑  𝑆 =  
𝑐

𝐸 ⋅ 𝑑 𝑙

 
𝑐

𝐸 ⋅ 𝑑 𝑙 = 𝜀

𝜀 =
𝑊

𝑞
=  

𝐶

 𝐹

𝑞
⋅ 𝑑 𝑙

𝜀 = 𝐼𝑅

𝛻 × 𝐸 = −
𝜕𝐵

𝜕𝑡

Ψ = 𝐿𝐼

 𝐽𝑏 =
𝜕  𝑃

𝜕𝑡
+ 𝛻 × 𝑀

𝐻 =
𝐵

𝜇0
− 𝑀

𝑀 = 𝜒𝑚𝐻

𝐵 = 𝜇0𝜇𝑟𝐻 = 𝜇𝐻

 𝑛 × 𝐻1 − 𝐻2 =  𝐽𝑠

 𝑛 × 𝑀1 − 𝑀2 =  𝐽𝑏,𝑠

𝜔 = 2𝜋𝑓 =
2𝜋

𝑇

𝑣 =
𝜔

𝛽
= 𝜆𝑓 =

1

𝜇𝜖

𝜂 =
𝜇

𝜖

𝛽 = 𝜔 𝜇𝜖

𝛻2𝐸 = 𝜇𝜖
𝜕2𝐸

𝜕𝑡2

 𝑛 ⋅ 𝐵1 − 𝐵2 = 0

𝜕

𝜕𝑡

1

2
𝜖𝐸 ⋅ 𝐸 +

1

2
𝜇𝐻 ⋅ 𝐻 + 𝛻 ⋅  𝑆 +  𝐽 ⋅ 𝐸 = 0

 𝑆 = 𝐸 × 𝐻 𝐴cos 𝜔𝑡 − 𝛽𝑥  𝑧 ⟷ 𝐴𝑒−𝑗𝛽𝑥  𝑧

<  𝑆 > =
1

2
Re{  𝐸 ×  𝐻∗}

 𝑆 =  𝐸 ×  𝐻∗



Midterm 3 equations, in one place

𝑣 =
𝜔

𝛽
= 𝜆𝑓

𝛻2  𝐸 = 𝑗𝜔𝜇 𝜎 + 𝑗𝜔𝜖  𝐸

Γ =
𝜂2 − 𝜂1

𝜂2 + 𝜂1
𝜏 =

2𝜂2

𝜂2 + 𝜂1
= 1 + Γ

Waves:

𝜏𝑔 =
𝑍0

𝑅𝑔 + 𝑍0

Γ𝐿 =
𝑍𝐿 − 𝑍0

𝑍𝐿 + 𝑍0

Γ𝑔 =
𝑅𝑔 − 𝑍0

𝑅𝑔 + 𝑍0

TLs:

𝜏𝑗𝑘 = 1 + Γ𝑗𝑘

Γ𝑗𝑘 =
𝑍𝑘 − 𝑍𝑗

𝑍𝑘 + 𝑍𝑗

Half-wave:
𝑉𝑖𝑛 = −𝑉𝑜𝑢𝑡

𝐼𝑖𝑛 = −𝐼𝑜𝑢𝑡

𝑍𝑖𝑛 = 𝑍𝑜𝑢𝑡

Quarter-wave:
𝑉𝑖𝑛 = 𝑗𝐼𝑜𝑢𝑡𝑍0

𝐼𝑖𝑛 =
𝑗𝑉𝑜𝑢𝑡

𝑍0

𝑍𝑖𝑛 =
𝑍0

2

𝑍𝑜𝑢𝑡



Units
Charge 𝑄: C
Current 𝐼: A
Electric field strength 𝐸: N/C or V/m
Electric flux density 𝐷: C/m2

Polarization field 𝑃: C/m2

Electric potential 𝑉: V
Capacitance 𝐶: F
Magnetic flux density 𝐵: T or Wb/m2

Magnetic field strength 𝐻: A/m
Magnetic flux Ψ: Wb
Electromotive force 𝜀: V
Inductance 𝐿: H

Electric permittivity 𝜖: F/m
Magnetic permeability 𝜇: H/m
Conductivity 𝜎: Si/m

Charge density 𝜌: C/m3

Surface charge density 𝜌𝑠: C/m2

Current density  𝐽: A/m2

Intrinsic impedance 𝜂: Ohm
Wave number 𝛽: rad/m

Characteristic impedance 𝑍: Ohm


