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General line integrals



Polarization noises



Boundary Conditions



Problem 1
Suppose the -plane in free space holds a surface charge density of 
௦ C/m2. The electric displacement field on the side is given as 

. Find the electric displacement field on the side 
using boundary conditions.
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Conductors: The intuition



Conductors: The math
Described by , aka conductivity (units: Siemens/meter)

What to know:
• (Ohm’s Law)

Assumption: We are dealing with electrostatics.
• If , material is an equipotential with zero internal fields and 

finite surface charge densities.



P fields: The intuition



P fields: The math

଴ : The defining equation.

Assumption: Dielectric is ‘isotropic’, so is collinear to . Then:
• ଴ ௘ with electric susceptibility ௘ nearly always in this 

class.
• Let electric permittivity be ଴ ௘

• Let relative electric permittivity be ௥ ௘

•



P fields: The math
Assumption: Dielectric is ‘isotropic’, so is collinear to . Then:

Divergences:
• Gauss’s Law: ଴ ௙ ௕

• Gauss’s Law: ௙

• Therefore, ௕



Problem 2
Find , , and , in all volumes. Find ௦ at each material boundary. 
What is the voltage drop from to ?

𝜖 = 2𝜖଴, 𝜎 = 10଺

𝜖 = 𝜖଴, 𝜎 = 10ଷ

𝜖 = 3𝜖଴, 𝜎 = 0

𝜖 = 5𝜖଴, 𝜎 = 0

𝑧 = 0

𝑧 = 1

𝑧 = 2

𝑧 = 3

𝑧 = 4

𝜌௦ = 6 C/m2
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Problem 3
Let ଴ ௦ C/m3. The displacement field in the 

region is given as ଴ ଴ and the electric permittivity is 
known to be ଶ ଴. It is known that ௭ ଴ and ଷ ଴ for the 

region, while ଵ ଷ for the region.
Find ௦. Find and , in all volumes. Is the plane at an 
equipotential surface?



Problem 3: Blank slide
Find ௦. Find and , in all volumes. Is the plane at an 
equipotential surface?

𝐷 = 𝜖଴𝑥ො + 3𝜖଴𝑧̂

𝜖ଵ = 2𝜖଴

𝜖ଶ = 4𝜖଴

𝑧 = 0

𝑧 = 4
𝜖ଷ = 2𝜖଴𝐷௭ = 2𝜖଴
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Poisson’s Equation



Laplace’s Equation



Problem 4

Verify that the fields given 
satisfies Maxwell's boundary 
condition regarding at the 
boundary between the two 
dielectric slabs.

𝐸ଶ = −
3𝜖ଵ
8𝜖଴

𝑧̂

𝐸ଵ = −
3𝜖ଶ
8𝜖଴

𝑧̂ 𝜖ଵ = 2𝜖଴

𝜖ଶ

𝑧 = 0

𝑧 = 𝑑

𝑧 = 1

𝑉 0 = 0

PEC

PEC



Problem 4
Write the expression for the 
electrostatic potential V (z) for 

in terms of ଵ, ଶ, and 
.

Determine ଶ if the surface 
charge density on the top plate 
௦ ଴ C/m2.
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Week 3 equations, in one place
𝐹⃗ =

𝑞ଵ𝑞ଶ
4𝜋𝜖଴𝑟

ଶ
𝑟̂

𝐸 =
𝑞ଶ

4𝜋𝜖଴𝑟
ଶ
𝑟̂

𝜖∯ 𝐸 ⋅ 𝑑𝑆 = 𝑄enclosed

∯𝐵 ⋅ 𝑑𝑆 = 0

𝐹⃗ = 𝑞ଵ𝐸 + 𝑞ଵ(𝑣ଵ × 𝐵)
∯𝐷 ⋅ 𝑑𝑆 = 𝑄enclosed

𝐼 = ∯ 𝐽 ⋅ 𝑑𝑆 = −
𝜕𝑄enclosed

𝜕𝑡

∭𝜌𝑑𝑉 = 𝑄enclosed

𝑛ො ⋅ 𝐷ଵ − 𝐷ଶ = 𝜌௦

𝑛ො × 𝐸ଵ − 𝐸ଶ = 0

𝐸 = −𝛻𝑉

∮ 𝐸 ⋅ 𝑑𝑙 = ∬ 𝛻 × 𝐸 ⋅ 𝑑𝑆

∯𝐷 ⋅ 𝑑𝑆 =∭𝛻 ⋅ 𝐷𝑑𝑉

∇ × 𝐸 = 0

∮ 𝐸 ⋅ 𝑑𝑙 = 0

𝑉௔௕ = 𝑉 𝑏 − 𝑉(𝑎) = −න 𝐸 ⋅ 𝑑𝑙
௕

௔

∇ ⋅ 𝐷 = 𝜌

∇ ⋅ 𝐽 = −
𝜕𝜌

𝜕𝑡

න ∇𝑉 ⋅ 𝑑𝑙
௕

௔

= 𝑉 𝑏 − 𝑉(𝑎)𝐽 = 𝜎𝐸

𝑃⃗ = 𝜖଴𝜒௘𝐸

𝐷 = 𝜖଴𝐸 + 𝑃⃗ = 𝜖𝐸

𝜖 = 𝜖଴(1 + 𝜒௘)

−∇ଶ𝑉 =
𝜌

𝜖

𝜌௕ = −∇ ⋅ 𝑃⃗

∇ ⋅ 𝜖଴𝐸 = 𝜌௙ + 𝜌௕



Units
Charge : C
Electric field : N/C or V/m
Displacement field : C/m2

Polarization field : C/m2

Electric potential : V
Magnetic field : T or Wb/m2

Charge density : C/m3

Surface charge density ௦: C/m2

Current density : A/m2

Electric permittivity : F/m
Magnetic permeability : H/m
Conductivity : Si/m



Office Hours
Any questions?


