
ECE 329 Homework 5 � Solutions Due: Friday, September 26, 2025, 4:59:00PM

1. Applying Gauss' law
∮
S B · dS = 0 and de�ning the closed surface S composed by the semicircle S1

with radius R, the semicircle S2 with radius 2R, the trapezoid S3 with bases 2R and R and height
L, and partial cone surface S4 as shown in the below �gure, we can rewrite Gauss' law as,∮

S

B · dS =

∫
S1

B · dS1 +

∫
S2

B · dS2 +

∫
S3

B · dS3 +

∫
S4

B · dS4 = 0.

Now, the �ux through each surface can be calculated as follows. On the semicircle S1, the magnetic
�ux is given by ∫

S1

B · dS1 =

∫
S1

(
−3Box̂+ 2Boŷ +−πR

L
Boẑ

)
· (−x̂) dS1 = 6πR2Bo.

On the semicircle S2, the magnetic �ux is given by∫
S2

B · dS2 =

∫
S2

(
−3Box̂+ 2Boŷ +−πR

L
Boẑ

)
· x̂ dS2 = −3

2
πR2Bo

On the trapezoid S3, the magnetic �ux is given by∫
S3

B · dS3 =

∫
S3

(
−3Box̂+ 2Boŷ +−πR

L
Boẑ

)
· (−ẑ) dS3 = 3πR2Bo.

Finally, the magnetic �ux through S4 is calculated as∫
S4

B · dS4 = −

∫
S1

B · dS1 +

∫
S2

B · dS2 +

∫
S3

B · dS3


= −15

2
πR2Bo.
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2. An in�nite current sheet with a uniform current density Js = JsẑA/m produces magnetostatic �elds
B with µoJs

2 magnitude on both sides of the sheet and with opposing direction.

a) Magnetic �eld intensity at the origin due to sheet 1 (Js1 = 2ẑ A
m) is given by

H1 =
1

2
Js1 × x̂ = 1ŷ

A

m
,

whereas the magnetic �eld intensity at the origin due to sheet 2 (Js2 = 2ẑ A
m) is found as

H2 =
1

2
Js2 × (−x̂) = −1ŷ

A

m
.

Then, we �nd the resultant displacement vector due to both sheets as

H = H1 +H2 = 0
A

m
.

b) Magnetic �eld intensity at the origin due to sheet 1 (Js1 = 2ŷ A
m) is given by

H1 =
1

2
Js1 × x̂ = −1ẑ

A

m
.

whereas the magnetic �eld intensity at the origin due to sheet 2 (Js2 = −2ŷ A
m) is found as

H2 =
1

2
Js2 × (−x̂) = −1ẑ

A

m
.

Then, we �nd the resultant displacement vector due to both sheets as

H = H1 +H2 = −2ẑ
A

m
.

c) Magnetic �eld intensity at the origin due to sheet 1 (Js1 = −2ẑ A
m) is given by

H1 =
1

2
Js1 × x̂ = −1ŷ

A

m
.

whereas the magnetic �eld intensity at the origin due to sheet 2 (Js2 = 2ŷ A
m) is found as

H2 =
1

2
Js2 × (−x̂) = 1ẑ

A

m
.

Then, we �nd the resultant displacement vector due to both sheets as

H = H1 +H2 = −ŷ + ẑ
A

m
.
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3.

a) Using integral form of Ampere's Law :
∮
B · dl = µ0Ienc where Ienc is the current enclosed by

the de�ned path. In this geometry setup, we will de�ne our closed path as a circle with radius
r. For r < a, since there is no current enclosed, B = 0. For a < r < b :∮

B · dl = µ0Ienc

B · 2πr = −µ0[π(r
2 − a2)J0]

B = −µ0(r
2 − a2)J0
2r

ϕ̂

For r > b :

B · 2πr = −µ0[π(b
2 − a2)J0]

B = −µ0(b
2 − a2)J0
2r

ϕ̂

where ϕ̂ is the azimuthal unit vector in cylindrical coordinate system.

b) The direction of the �eld can be found using right-hand rule with thumb pointing in −ẑ, and the
intensity of the �eld shows a 1

r decrease when moving away from the hollow cylinder. In general,
for r > b, the magnetic �eld is the same as an in�nite line with current I in −ẑ direction.

c) For r < a, since there is no current enclosed, B = 0. For a < r < b :∮
B · dl = µ0Ienc

B · 2πr = −µ0

∫ r

a

∫ 2π

0

J0
r′
r′dr′dϕ

B = −µ0J0(r − a)

r
ϕ̂

For r > b :

B · 2πr = − µ0

∫ b

a

∫ 2π

0

J0
r′
r′dϕdr′

B = −µ0J0(b− a)

r
ϕ̂
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d) The di�erential form of Gauss's Law for magnetic �eld states that ∇ ·B = 0. For r < a, since
the magnetic �eld is 0, the divergence of it is also 0. For a < r < b :

∇ ·B =
1

r

∂

∂ϕ
[
−µ0J0(r − a)

r
] = 0

since Bϕ does not have any ϕ dependence, the divergence is 0. For r > b , this is the same case,
so divergence of magnetic �eld is also 0.
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4.

a) Biot-Savart law tells us that the direction of the magnetic �eld generated by an in�nitesimal
current element is parallel to the cross product between the direction of the current and the
vector joining the current element and the point under consideration. In our case, the current is
parallel to x̂. Then, using the right-hand rule, we can easily verify that, above the slab (z > 1),
B should be along x̂,

b̂ = 2ŷ × ẑ =⇒ b̂ = 2x̂,

while, below the slab (z < −3), B should be along −x̂,

b̂ = 2ŷ ×−ẑ =⇒ b̂ = −2x̂.

Since the current distribution is symmetric with respect to the plane at z = −1, the �elds at the
same distance from above and below the slab should have equal amplitudes.

b) The magnetic �elds slightly above and below z = −1 should have equal amplitudes but point in
opposite directions. Exactly at z = −1 the �elds must cancel each other such that

B(z = −1) = 0Wb/m2.

c) To compute B above the slab using Ampere's law, let us �rst de�ne a rectangle R placed on the
x-z plane as it is shown in the �gure below.

Integrating B along the perimeter of the rectangle and noting that only the segment above the
slab contributes to the integration, we have

1

µo

∮
R

B · dl =
∫
S

J · dS

1

µo
(Bx × l) = 2× W

2
× l

Bx = µoW = 4µ0Wb/m2.

Similarly, we can compute B below the slab and obtain

B =

{
4µo x̂Wb/m2 for z > 1m,

−4µo x̂Wb/m2 for z < −3m.
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d) Applying the same technique, but considering a rectangle of height shorter than W/2 (2m), we
can compute B inside the slab (i.e., for −3 ≤ z ≤ 1m) as follows

1

µo

∮
R

B · dl =
∫
S

J · dS

1

µo
(Bxl) = 2× (z + 1)× l

Bx = 2µo(z + 1).

Finally, extending this result to negative z, we obtain

B = 2µo(z + 1) x̂Wb/m2 for − 3m ≤ z ≤ 1m.

e) Plotting Bx as function of z.

−4µo

4µo

-1-2-3 1 2

Bx(Wb/m2)

z(m)
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5. In the limiting case of the electron barely grazing the electrode, the system looks like

The change in kinetic energy (ΔK) equals the change in potential energy (ΔU):

∆K = Kf −Ki = −∆U = −(Uf − Ui)

� Initial state (cathode, z=0):

� Final state (anode, z=d):

So, the energy conservation equation is:

1

2
mu2 = |e|V0

At the cut-o� condition, the electron reaches the anode (z=d) with only a horizontal velocity component,

1

2
mu2x = |e|V0 (1)

Now we need to �nd an expression for this �nal horizontal velocity,
The total force is

F = q(E+ u×B) = −|e|(E+ u×B)

The cross product is:

u×B = uzBx̂− uxBẑ

So the x-component of the force is:

Fx = −|e|(uzB)

From Newton's second law:

m
dux
dt

= −|e|Buz, uz =
dz

dt
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Integrating from z=0 to z=d:

mux = −|e|Bd

So the �nal horizontal velocity magnitude is

|ux| =
|e|Bd

m

Finally, substitute into (1):

1

2
m

( |e|Bd

m

)2

= |e|V0

Simplify:

|e|2B2d2

2m
= |e|V0

Therefore, the Hull cut-o� voltage is:

V0 =
|e|B2d2

2m
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