ECE 329 Homework 5 — Solutions Due: Friday, September 26, 2025, 4:59:00PM

1. Applying Gauss’ law fs B - dS = 0 and defining the closed surface S composed by the semicircle Sy
with radius R, the semicircle Sy with radius 2R, the trapezoid Ss with bases 2R and R and height
L, and partial cone surface S4 as shown in the below figure, we can rewrite Gauss’ law as,

S Sl SQ 53 54

Now, the flux through each surface can be calculated as follows. On the semicircle Sj, the magnetic
flux is given by
n “ 7TR N ~ 2
B.-dS; = —3Byi + 2B, + —TBOZ (=) dS; = 67 R*B,.
S1 Sl
On the semicircle Sy, the magnetic flux is given by

R 3
/B - dSy = / (-33055 +2B,j + —7TLBO,2> . #dSy = —“7R%B,

2
SQ 52

On the trapezoid S3, the magnetic flux is given by

/B -dS3 = / (—330:2 +2B,7 + —TBoé) - (—2) dS3 = 37 R*B,.

Finally, the magnetic flux through Sy is calculated as

/B-dS4:— (S/B'dsl+/B'dSQ+/B'dS3
Sy 1 Sa Ss3
15

= —?WRQBO.
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2. An infinite current sheet with a uniform current density Js = JsZ A/m produces magnetostatic fields
B with ”"TJS magnitude on both sides of the sheet and with opposing direction.

a) Magnetic field intensity at the origin due to sheet 1 (Jg = 22 %) is given by

A
H, = Jag xz=1y —,
m
whereas the magnetic field intensity at the origin due to sheet 2 (Jgo = 22 %) is found as
1 . A
H2 = §J52 X (—x) = —].y E

Then, we find the resultant displacement vector due to both sheets as

A
H=H;+H,=0—.
m

b) Magnetic field intensity at the origin due to sheet 1 (Js = 23 %) is given by
1 A
H1 = *Jsl XT=-12—.
2 m
whereas the magnetic field intensity at the origin due to sheet 2 (Jgo = —27 %) is found as
1 ) A
H2 = 5.]52 X (—.I) =—-1z E

Then, we find the resultant displacement vector due to both sheets as

A
H:H1—|—H2=—22f.
m

¢) Magnetic field intensity at the origin due to sheet 1 (J5 = —22 %) is given by

1 A
H1 = 7.]31 X T = _1:&7_
2 m
whereas the magnetic field intensity at the origin due to sheet 2 (J52 = 27 %) is found as
1 . A
H2 = 5-]32 X (-ZL') =1z B

Then, we find the resultant displacement vector due to both sheets as

A
H=H,+Hy=-9+2—.
m
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a) Using integral form of Ampere’s Law : 55 B - dl = polepe where Iy is the current enclosed by
the defined path. In this geometry setup, we will define our closed path as a circle with radius
r. For r < a, since there is no current enclosed, B =0. For a <r < b :

f B - dl = yiglenc

B-2mr = —po[r(r® —a?)Jy
2 ~
B — (i —a)h,
2r
Forr > b :
Boomr = —poln(t? — ).
2
B - _fol -~ )J
2r

where qg is the azimuthal unit vector in cylindrical coordinate system.

b) The direction of the field can be found using right-hand rule with thumb pointing in —Z, and the
intensity of the field shows a % decrease when moving away from the hollow cylinder. In general,
for r > b, the magnetic field is the same as an infinite line with current I in —2Z direction.

B(Wb/m’)
g

0 b 2b 3b
Distance (m)

c) For r < a, since there is no current enclosed, B=0. Fora < r < b :

fB -dl = NOIenc
T 2
B - 2mr = —HO/ / i?r'dr’dgb
a JO r

B — _MOJO(T—Q)QZ;

r

Forr > b:
b 27 JO
B-2xr =-— uo// —/r’d¢dr’

a JO r
B — _M()Jo(b—@)q;S

r
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d) The differential form of Gauss’s Law for magnetic field states that V- B = 0. For r < a, since
the magnetic field is 0, the divergence of it is also 0. Fora < r < b :

1 g[_MOJO(T - a)]

V.B:;&b r

=0

since By does not have any ¢ dependence, the divergence is 0. For r > b , this is the same case,
so divergence of magnetic field is also 0.
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a) Biot-Savart law tells us that the direction of the magnetic field generated by an infinitesimal
current element is parallel to the cross product between the direction of the current and the
vector joining the current element and the point under consideration. In our case, the current is
parallel to #. Then, using the right-hand rule, we can easily verify that, above the slab (z > 1),
B should be along z,

b=2)x 2 = b=22,
while, below the slab (z < —3), B should be along —z,
b=2) x -2 = b= —23.

Since the current distribution is symmetric with respect to the plane at z = —1, the fields at the
same distance from above and below the slab should have equal amplitudes.

b) The magnetic fields slightly above and below z = —1 should have equal amplitudes but point in
opposite directions. Exactly at z = —1 the fields must cancel each other such that

B(z = —1) = 0Wb/m?.

¢) To compute B above the slab using Ampere’s law, let us first define a rectangle R placed on the
x-z plane as it is shown in the figure below.

Integrating B along the perimeter of the rectangle and noting that only the segment above the
slab contributes to the integration, we have

L B-dlZ/J~dS
Ko

R S
1

—(Bmxl):2><%xl
B, = puoW = 4p0 Wh/m?.
Similarly, we can compute B below the slab and obtain

B 441, & Wb /m? forz > 1m,
| =440 2 Wh/m? forz < —3m.
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d) Applying the same technique, but considering a rectangle of height shorter than W/2 (2m), we
can compute B inside the slab (i.e., for —3 < z < 1m) as follows

1 B-dl:/J-dS

Ho
R S

1
— (Bgl)=2x(241) x1
B, =2u(z+1).

Finally, extending this result to negative z, we obtain

B = 2u,(z+1)#Wb/m? for —3m <z <1m.

e) Plotting B, as function of z.

B.(Wb/m?)

1 1 / 1 1 #(m)
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5. In the limiting case of the electron barely grazing the electrode, the system looks like

&)
w

¢ z2=0,V=0

The change in kinetic energy (AK) equals the change in potential energy (AU):
AK = K;— K; = AU = —(U; — Uy)
e Initial state (cathode, z=0):

e Final state (anode, z=d):

So, the energy conservation equation is:

1
§mu2 = le|W

At the cut-off condition, the electron reaches the anode (z=d) with only a horizontal velocity component,

1
5mu:20 =lelVo (1)

Now we need to find an expression for this final horizontal velocity,
The total force is
F=¢g(E4+uxB)=—l¢/(E+uxB)

The cross product is:

uxB=u,Bx —u,Bz

So the x-component of the force is:

F, = —|e|(u,B)
From Newton’s second law:

du dz
m dtz - _|6|Buza Uy = —7

dt
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Integrating from z=0 to z=d:

mu, = —|e|Bd

So the final horizontal velocity magnitude is

Finally, substitute into (1):

Simplify:
le|2B2d?
2m eV
Therefore, the Hull cut-off voltage is:
le| B2d?
V pu—
0 2m
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