Due: Friday, September 12, 2025, 4:59:00PM

Homework 3 — Solutions

ECE 329
1. Given that
E = &sin(y) + gcos(x)
Let us calculate the following,
a) Curl of E,
T U Z 5
VxE= % % % = (%(cos(az)) — a—(sm(y)))z? = (—sin(z) — cos(y))z.
sin(y) cos(x) 0O Y
Curl of curl of E,
Vx(VXE)= 8% 5,% % = sin(y)& + cos(x)y.
0 0 —sin(z)—cos(y)

b) Applying Gauss law(in differential form)
V-D=¢V-E=p,

we find that
p=¢6¢V- -E=0.
2. Given an electrostatic potential V(x,y,z) = x? — 2V in certain region of space, let us calculate the
following,
a) Electrostatic field E,
0 0 Vv
E=-VV = —%(332 —2)i — a—y(ac2 —2)§ — a(xQ = 2)2 = —2w[ ]
b) Curl of E,
T ¥z
VxE={ & & L V=0
—2x 0 0
c) Divergence of E,
0
V-E=—(-21)=-2.
B 2%)
C

d) Charge density p,
3. In electrostatics, we generate a curl-free vector field E(z,y, z) if we take the gradient of a scalar

function V' (z,y, z). Therefore, VX E =V x (=VV) =0

The same answer can be reached by calculating:
E=-VV ==-2z2+ 20+ y2
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r gz
VxE = | £ £ £ |=0
—2x z y
4. Starting with the left-hand side of V x (V x A) = V (V- A) — V2A, we write
z 7 z
Vx(VxA) = Vx % a% %
r—y z+y 2
= Vx(22)=0.

Solving the right-hand side of the equation, we obtain
j —V? ((z —y)d + (z +y)§ + 22)

V(V-A)-V?’A = V(V-((x—y)i+ (x+y)7+22))
V(2)-0=0.
=V (V-A)— V2A is verified since both sides have the

Consequently, we can see that V x (V x A)

same solutions.
(z,y, z) can be calculated by performing a vector

5.
) The electrostatic potential V' at any point P
line integral by using the path shown in the below figure
z
MP = ( 5, Y, Z)
(0,0,0)

Therefore, we can write
P
V(P)-V(©O) = - [Bd
0
T Y z
/ (2,0,0)d. /Ey (z,y,0)dy — /Ez(x,y, 2)dz
0 0 0
= v
Given that V(0) = 0V, the electrostatic potential at P = (1,2,3) is V(1,2,3) = -2 V.

b) Using differential form of Gauss’ Law
p=V-D=¢,(4+4z)

de, 5 and at (1,2,3), p = 16¢,

At (0,0,0), p
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a) In this part, consider the following geometry:

HGI"MQI

o1
Medium 1 A

Medium 2

We know that the boundary conditions for the electric field at an interface are n- (DT — D7) =
ps and 1 x (ET —E~) = 0. We also know that the electric field magnitudeF;is 10 V/m at
a1 = 30°from the normal. Therefore, we can compute the components of the field in medium 1.

E1n = F cos(30°) = 5v/3V/m ~ 8.66V/m
Elt = E1 sin(30°) = 5V/m

Since the tangential component of the electric field is continuous at a boundary, we know that

Ey; = E9 = 5V/m. From the boundary condition on the normal component of the displacement
field, Bap = & By, = 53V /m ~ 2.165V/m. Therefore, By = \/E3, + E3,V/m ~ 5.449V /m.
The direction of the field in medium 2, ao, is given by tanfl(E—;) ~ 66.7°.

b) Again, consider the geometry from part a).

Now, |E3| = 10 V/m, so we must compute its components in order to determine the charge
density on the boundary.

Still tangential Fo; = Ey; =5 V/m, so normal component Fs, = v/10%2 — 52 ~ 8.66 V/m

Evaluating the boundary condition ps = €1E1, — €2Fa, &~ €y(10cos(30°) — 4¢g - 8.66 ~ —3 x
8.66¢0 ~ 25.98¢9 C/m?.

¢) Now, the geometry has changed from the previous two parts.
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o1
Medium 1

Medium 2

Medium 3

It is stated that the boundaries between the media are charge-free, and that medium 2 is now a
slab of finite thickness, while medium 3 is free space. To find a3, the angle from normal of the
electric field in medium 3, we must again use boundary conditions.

Since ps23 = 0, we know that eaFo, = e3E3,and Eo = E3; due to the continuity of tan-
gential electric fields at boundaries. Since eaFo, = €3FEs3,, E3, = %Egn = 4. Fy,. From part a),

Bz = 23V /m and Ey = 5V/m.
Then we can find EF3,as 4 - 5%4/5‘//171 = 5v/3V/m, which is also the value of E1,,!

Finally, since F3; = Eoy = 5V/m, ag = tan_l(%) = 30°.
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