ECE 329

1.

a)

Homework 10 — Solutions Due: Friday, October 31, 2025, 4:59 PM

As the wave travels at the speed of light

K= Ho
and the impedance is given by
="
Wavelength can be calculated by ;
A= ? =0.1m

Since the wave travels at the speed of light, the above wavelength represents the free space
wavelength. This wave lies in the radio wave region and is not visible. Consequently, the
wavevector is 5
4 -1
=—=20mm
P A
Since the electric field is right hand circular polarized, the form is different from the last two

parts,
E = E,[cos(wt — Bz)T + sin(wt — B2)7]

= EB,[cos(6m x 109t — 2072)& + sin(67 x 107t — 2072)7)] %
H = 1?70 [cos(wt — Bz)y — sin(wt — Bz)7]
= Zo[cos(6m x 10% — 20m2)y — sin(67 x 10% — 207z)2] 2

The phasor forms of electric field and magnetic field

E = E,exp(—jfz)(d — jij) = B, exp(—j20m2) (& — i9) %
(I +

H-= E“ exp(—jpz) (g + jz) = 12% exp(—520mz) Jjz) %

The complex poynting vector is given by

. 2F? E?
S=ExH*=""°2=_"9°¢
n 607

and the time average poynting vector by

- 1 _ E? E?
= — E H>‘< fry 70 5 pry L 5
<S> pftedB x|} = =22 = o0

1 Jep— 4 _ 5 . . .
Since - = 5—gorsiasscio=z = 588 X 10 > 1, we use the approximations for good conduc

tors, i.e. a = 8 =~ y/mfuo. Therefore, we find

a=B~\Vrx103x 47 x 107 x 4 = 0.126m ™
Therefore the propagation constant is given by

y=a+jB~0.126(1+ ;) m L.
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The wavelength is

2T
A= — =49.87m,
B

whereas the penetration depth in the media with the intrinsic impedance

B wujw/4_\/27r><103><47r><10_7<1 .1>_ :
= [ Eeim/a = = =0.03(1+j) Q,
g o 4 V2 ]\/i el

is calculated as

1
6=—="7.94m.
Q
b) Since 2 = 27r><109><81i8.85><10—12 = 0.88, we will not be able to use the approximations listed in

the first table of Lecture 23. Then, The propagation constant is given by v = /jwu (o + jwe)
which yields

v = /(527 x 109 x 47 x 10-7)(4 + j27m x 109 x 81 x 8.85 x 10~12)
= 77.46 + j203.87m L.

Since a = 77.46m~! and B = 203.87m™!, the penetration depth and the wavelength are

1 2
§=—=0013m and A=~ =0.03lm.
o

s

Finally, the intrinsic impedance is

Jwh
o+ jwe

7”’:

_ j2m x 109 x 47 x 10~7
V44527 x 109 x 81 x 8.85 x 1012

= 33.84 + j12.869

¢) In the ocean, 0 = 4S/m, €, = 81, and u, = 1. For w = 407 x 103 rad /s, the propagation constant
is

v = Vjwu(o + jwe) = 1/50.316 x (4 + j1.8 x 10=4) = 0.56 + 50.56 m "

Since o = 0.56 m™!, the distance at which a submarine should be located in order to receive at
least 0.1% of the amplitude of an EM signal transmitted from a ship located at the surface can
be calculated as follows

1
€ =0.001 — z=—=1In(0.001)=12.34m.
(6

a) For the wave described by Eq = 4 cos(wt — 82)& X,

i. the corresponding phasors are given by

. oV
E; = ide 77 —
m
H, = gie—jﬁz é
Tlo
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ii. It is linearly polarized in Z-direction.
b) For the wave described by Eg = 5 cos(wt — By)& + 5sin(wt — By)2 X,

i. the corresponding phasors are given by

5 A A Y%
E; = #5e — 255 %Y = 5e 8V (& — j2) —
m

. 5 . A

Hy = —e 9% (-2 — ji) —.

Mo m

ii. Given that the wave propagates along ¢ direction, it is seen that the wave is left-hand-
circularly polarized.

c) For the wave described by H3 = 2 cos(wt + Bz + §)Z + 2sin(wt + Bz — §)7 %,
i. the corresponding phasors are given by

~ . - . s . s A
H; = 32677 el5 — §2e7829(575) = 2/(F2+3) (3 — ) -

_ - 1%
Es = 21,6/ %*T3) (§ + &) —.
m

ii. Thus the wave is linearly polarized in % direction.

d) For the wave described by Hy = 4 cos(wt — )z — 3sin(wt — Sz)y %,
i. the corresponding phasors are given by

- . . . A
Hy = 24e 957 4 4357787 = ¢795% (42 4 355) —
m

, 1%
Ey = noe77" (49 — 3j2) —.
m

ii. Since the two components have different magnitudes, the wave is elliptical polarized.

e) For the wave described by Hs = 2sin(wt + By)# — 2sin(wt + By — )2 &,

i. the corresponding phasors are given by

~ . o . 7 A
H; = —:&2]'636@/ + 22]'6]5?4_]1 — Qjeyﬁy (—i’ + 6—312> il
m

- . - \V4

Es = 21,j¢’" (73 + eijaA:) —

m

ii. Since the phase angle between & and 2 components of E; is 7> not an integer multiple of 7,
it is seen that the wave is elliptical polarized.
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a) The phasors form of surface current densities are
- A
Ja=2J1e77° = (z=0),
m

~ A A
J52 = yJQE ($ = Z)

Then, recalling g = 27”, the corresponding electric fields propagating in the region x > % are
given by

E, = g@Jlej(*ﬁfE*Qprﬂ’)X
2 m’

E2 _ ﬁ@JQQj(—Bx+37”)X_
2 m

The total field is E = E; + Eq = %Ojej(—ﬁl’ﬂf) (er% + 2e79?) where J = J; = Jo.

i. The direction of propagation is +2 and the wave is RHC. Then, the § component needs to
lead the Z component by 90°. Therefore

¢+g:g+2rm%¢:2nw

where n is an arbitrary integer. The electric field phasor for the region will be E =
B Jei(~Ba+) (gIF 4 seitm) V.
ii. To have LHC polarization, the Z component needs to lead by 90° the ¢ component. There-
fore . .
P+ - =—=+42nm = ¢ =2nw —m,
2 2
where n is an arbitrary integer. The electric field phasor for the region will be E =
o Jei (ZBT+m) (gel s — zei2nm) %
iii. To have linear polarization, the Z component needs to be in phase with the § component or
off by 180°. Thus, we write
m

¢+g:mrﬁd>:mrf§

where n is an arbitrary integer. The electric field phasor for the region will be E =
Lo JeI (=Ba47) (jel 3 — 2jelT) %

b) The corresponding magnetic field is

. 1. - oA
H= §J€J(—ﬁx+7r)(2ejg — e i) =,
m

where J = J; = Jo = 1 A/m. Therefore, the time-averaged Poynting vector is
1 .
(5) = ;Re {E X H}
1
:§%ﬁ&ﬂﬂ

Mo &
4
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This result does not depend on the angle ¢, therefore the time-averaged Poynting vector

(S) = 30w

m2

¢) If Jo =0, then Ey = 0, and Hy = 0. We are left with:

E, = Zé@t]lej(*ﬁquﬂrﬂ) v
2 m
and
H, = _gljlej(—ﬁw—qﬁ-kﬂ) v
2 m
therefore the time-averaged Poynting vector is
1 ~ ~ 1710 9.
() = ;Re {E1 x Hl} = S
N I RN W
= a:gJ =2 157 2

d) Note that the two currents in (b) generally produces circular polarized waves, while the single
current sheet in (c¢) produces linear polarized waves. From the results of (b) and (c), we can see
that in case of circularly polarized waves the power content is twice that of a linearly polarized
wave field of an equal instantaneous peak electric field magnitudes.
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5. When a wave is incident on a boundary between two different media, a reflected wave is produced.
In addition, if the second medium is not a perfect conductor, a transmitted wave is set up. Together,
these waves satisfy the boundary conditions at the interface of the two media. We shall assume that
a wave is incident from medium 1 (z < 0) onto the interface, thereby setting up a reflected wave in
that medium, and a transmitted wave in medium 2 (z > 0).

a) The reflection coefficient for this boundary is defined from lecture:

I\:772—771
N2+ M

and the transmission coefficient:

— 2
T:1+I‘:1+772 mo_ 42

Me+m  m+m

b) Given an incident field of E(z,t) = yEpcos(wt — 1z), this can be written in phasor form as:

E; = jEoe IM*

The reflected field is defined as

E, = ' |E;| e?%% = jT Egel*

Similarly, the transmitted electric field is
E, = ir ‘EZ‘ eI — rEpeIP2?

The magnetic field’s incident, reflected and transmitted components will have their amplitudes
scaled by the characteristic impedance of each region and will be oriented to satisfy 2 x E; =
mH;, 2 x E; = noHy, and (—2) x E, = nH,. Therefore, we can write

H A@e*jﬁlz

i =7
m

H :%—FEOejﬂlz

m
and
H, = —:%TEO e 1022
2
¢) The complex Poynting vectors are given by
_ 5 N E2 E2
S, =E; xH =(§ x (1)) =2 =22
m m
- = = g2 g2
S,=E, xH'=(yx1 =30
m m
and 22 2772
- - E, E,
S, =By x Hj = (j x (—2)) —0 = ;720
2 2

(©) 2025 Victoria Shao. All rights reserved. Redistributing without permission is prohibited.



The time average Poynting vectors are therefore given by

(S)) = “Re [S] - Z2E77(2)1
(8,) = ;Re [$,] = Ar;fg

and

d) The conservation of energy states that the power incident on the boundary must be equal to the
power leaving the boundary. Because we are considering uniform plane waves, the power density
(given by the Poynting vector) is constant over the x-y plane, so equivalently we can say that
the incident power density must equal the outgoing power density. This can be expressed as

[(Sa)| = [(Sr)| +1(S)]

To verify this for the given case, we can first calculate I' and 7, noting that n; = 7y (free space)

and 72 = \/pu0/(2¢0) = 10/ V2, as

p_—m :Tio/\f—no
m4+m  no/V2+m
ieve
YA

—0.1715

Similarly
7=14+T =~ 0.8285

Next, we can insert these values to check that the conservation equation holds:

E2
(S| = 270 ~ 0.00132E2

m
g2
[(S,)] = =2 ~ 3.882 x 107 °E2
2 0
m
and 5o
E
1(Se)] = =20 ~ 0.001287E2
2m2

These values can be inserted into the conservation equation to check that
E2
(S| = =2 = 0.00132F2
2m

and
[(Sr)] + [(S¢)| = 3.882 x 107°E2 + 0.001287E2 = 0.00132E3 = |(S,)|

confirming that conservation of energy is obeyed.
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e) We will prove that conservation of energy is obeyed for arbitrary values of ; and 79, correspond-
ing to any lossless medium. First insert the definitions of the time-average power density of part
(c) into the conservation equation of part (d):

2 2 12 2 12

Ey I°E§  T°Ej

(80| = o = 5 0+, 0 = Sl + {80

Next, we can divide both sides of the middle equation by the common factor of £3/2 to reveal

1 12 7

Em 12

an equivalent condition that must hold to satisfy conservation of energy. To show that this
holds regardless of the impedances, we can substitute in the definitions of the reflection and
transmission coefficients from (a) as

1:1(172—771>2+1( 22 )2
moom\m+m N2 \M2+m

Multiply both sides by 1172 to gain common denominators on the right hand side:

2
m(me—m) +4mna 03+ 2mm +ni -

2 = =12 =
(n2 +m)° n2 + 2mm1 + 12

implying that the conservation of energy equation holds regardless of the values of 1, 7.
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