Agenda

Final Review | (Post-midterm?2)
* Joint Probability

e Estimators
e Functions of RV

e Joint PDF of functions of RV



Joint PMF

If X and Y are discrete, joint PMF pxy(u,v) = P{X = u,Y = v}
Compute via counting or series.

Marginalization
* Getting single RV PMF/ PDF from joint PMF/ PDF
¢ py(u) = Zvj pxy (U, v)) called “marginal PMF”

Conditional PMF

(Uo,V)
* pyix(lug) = SR

px(Uo)




Example

Roll two fair dice, denote the output as Z; and 2,
LetX |Zl T Zzl and Y mln(Zl, Zz)
?Z. u=0 VE [ 6]
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. P{X =Y}

O otherwise
. P{X>Y)

* PY|X(V|2)
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N fY|X(U|u0)
Joint Probability Density fxy (u, v) /7
=4

X=U

/
N
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X and Y are described by fy y (u, v)
* ElgCoy)] = [, [, 9w ) fry (u, v)dudy

* Double integrate over x and y m

0

- L fX,Y(uOrv) g
fY|X(V|uO) | fx(ug) T 00 fX(u)
e Conditional distribution (| 4)= ‘Sv J jf CV,M)J\/
e Usefulin unconstrained estimator -4 i

¢ fx@) = [T fuyv)dv and E[X]= [ uf%, fuy(wv)dvdu
e Marginalization il
g += jj; M‘Fx () 0(/&




Vo4 =
Example A/// M7V s A= (uv)) = A (-4t V)
ACT=v4m) ] > L

fx,y(u,v)={A(1_|O”_{]D if 0<“<1'0<”<1:f0(ﬁ/4([/\'4w(u

else +a)

« Solve 4 J: f/:) Al [w—y |)Awl\/, ;jol JOX( |- Vi) dudv

* Find fx(u) and fy(v) + rl o
fo L/«\ ([ 1-psv) dvdy

+ Find P{X +Y < 1|X >} = |

P > 4= 2






Example

fx,y(U,v)z{C(l_y) if 0<x<y<l1 C;é

0 else
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Estimators

e (Constant estimator
¢« c" =E[Y], MSE =Var(Y)

e Unconstraint estimator
+ g*(X) = E[Y|X] MSE=E[Y?] - E[(E[Y|XD?] = E[Y?] — E[(¢"(X)) ]

* Best estimator, but requires fy|x

e Linear estimator

N Cov(X,)Y)
« ElY|X]=py + ) (X — pux) = uy + pxyoy(

Cov(X,)Y) 2
* MSE= 0-1? I ( VCLT(X)) — Oy (1 o pX,Y)

X— .uX)




Example

b
f (uv)_{o(u+v) if O<u<l0<v<li
X, YY) R

0 else
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+ Find E[Y|X] 7CY’ f: (4V) 3[&2- vl

. L
>+

1L | L
+ Find E[Y|X] /w(-«fo V(L) dy
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Functions of joint RVs

e W=g9(XY)
* Find Fy,(¢)
* fw(c) = Fy(c)

e LetW =X-Y

< nrV+C
e Fu(c)=P{X—-Y<c}= V 0(\/
* fw(c) = Fy(c) =

D e I

X&M+e



Example

fxry(u,v) =4uvif0 <u,v <1, 0else
LetS =X +Y, find fs(c) Swﬂvort T OIEISI= 2
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Functions of joint RVs

 SingleRVY = g(X)
1. Find support of X andY
2. Find Fy (c¢) from integrating fx(x) over {x: g(x) < c}
3. Getfy =Fy’

. W\ (X _|la b
Multiple RV(Z) = A (Y)’ where A = [c q

* fwzla,pB) = |det1(A)|fX,Y(u» V) = |det1(A)|fX,Y(A_1 (g))




Generalize to one-to-one mapping (not in exam)

Suppose (MZ/) =A ();) where det(4) # 0

* fW,z(Ol»,B) = |de,:(A)|fX,Y(u' V)

soese(7) = (7)) = (i)

* fwz(“ L) = 7 |j§%@
1(7“7) (u,v)

e J = au ‘i /




Example

W=2X-Y,Z=X+2Y.Express fy, z(a, ) interms of fy
- (Z)= Z10)
Z 1 21\Y
* Det(A) =

* For(W,Z) =(a,p),(X,Y) =

: fW,Z(auB) =



